ORTHONORMAL POLYNOMIAL BASES IN FUNCTION SPACES

P. Wojtaszczyk and K. Woźniakowski

Institut of Mathematics Polish Academy of Sciences Warszawa, POLAND

Abstract. We construct polynomial orthonormal bases in various function spaces. Our bases have linear order of growth of degrees of polynomials. We show that this order is optimal.

Section 1 - Introduction

In this paper we construct bases consisting of trigonometric polynomials of small degree in spaces of functions on the circle T. It is well known that C(T) has a Schauder basis, so by a classical stability results it has a basis consisting of trigonometric polynomials. Two questions appear naturally

(1) how small the degrees of the polynomials in the basis can be (2) can we construct such a basis to be orthonormal, and if so what are the degrees?

Probably [Fab] is the first paper dealing with this question. Various forms of those questions were asked in many papers (see [Ul1], [F-S]) and a lot of effort was spent on various partial solutions. A good and relatively complete survey is [Ul2]. The only significant omission is that the important paper [Pri] is not mentioned there.

Given any system of trigonometric polynomials (Φ_k)^∞_{k=0} on T we define v_n(Φ_k) = v_n = max_{k≤n} deg Φ_k. Clearly (v_n)^∞_{n=0} is an increasing sequence. A simple algebra shows that if (Φ_k)^∞_{k=0} is a Schauder basis then v_{2n+1} ≥ n and Faber in [Fab] have shown that equality for infinitely many n’s is impossible for any Schauder basis in C(T). A recent result of Privalov [Pri] says that in C(T) we always have v_n ≥^1_2 (1 + ε)n for some positive ε. On the other hand Bočkariov [Boč] have constructed a basis (but not orthonormal) in C(T) with v_n ≤ 4n. For every ε > 0 orthonormal bases in C(T) are known with v_n ≤ n^{1+ε} (see [Ča1]). Similar question for unconditional bases in L_p(T), 1 < p < ∞ p ≠ 2 have been considered in [Ča2] where for every ε > 0 an orthonormal unconditional basis in L_p(T) with v_n ≤ n^{1+ε} have been constructed. The main result of this note can be stated as follows:

Theorem A. There exists an orthonormal system of trigonometric polynomials (Φ_k)^∞_{k=0} on T such that

(1) v_n(Φ_k) ≤^4_3 · n (2) (Φ_k)^∞_{k=0} is a Schauder basis in C(T) (and so in L_1(T) )

Typeset by AMS-TEX 1

(3) (Φ_k)^∞_{k=0} is an unconditional basis in ReH_1 and thus in all L_p(T) for 1 < p < ∞. We also give a simple proof of the result of [Boč] and extend the result of [Pri] to other function spaces.

It should be pointed out that our methods are direct (we do not use any approximation of good bases by trigonometric polynomials) and are a direct outgrowth of a construction of J. Bourgain [Bou] of a Schauder bases with uniformly bounded basis constants in spaces of trigonometric polynomials of a fixed degree.

The organisation of the paper is as follows. Section 2 contains some known Lemmas and estimates to be used later. In Section 3 we construct (for each ε) an interpolating basis in C(T) with v_n ≤ (1 + ε)n. Better result have been obtained in [Pri1] (see also Remark 4 in Section 3). This Section is included for two reasons; our construction is very simple and it may serve as an introduction to a more technically complicated but basically similar construction of an orthonormal system with properties described in Theorem A. This construction and the proof of i) and ii) of Theorem A are contained in Section 4. In this Section we also construct a polynomial basis in the disc algebra A with v_n ≤ 8/3 · n. This basis is an ”analytical” version of the system (Φ_k)^∞_{k=0}. Section 5 contains a proof of property iii) of Theorem A. It is a modification of a proof that the Franklin system is unconditional in ReH_1, given in [Wo1]. Section 6 contains the extension of the Theorem of Privalov [Pri]. We show that his result holds also in spaces L_1(T), A and H_1. It solves some problems left open in [Sh1] and [Sh2].

Hidden in our constructions are projections in C(T) with uniformly bounded norms whose ranges are contained in spaces of polynomials of small degree. Such examples are related to the well known ”finite dimensional π_λ-problem” (see also Remark 3 in Section 4). For more detailed investigation of ranges of such projections and construction of polynomial orthonormal bases with v_n as small as possible we refer the reader to the forthcoming paper of the second named author.

Clearly analogous questions can be considered for algebraic polynomials on an interval. They seem to require different techniques. We do not discuss them in this paper.

Section 2 - Definitions, notations and some Lemmas

We will freely use the basic and elementary facts about bases in Banach spaces. Those facts and definitions can be found in any text on Banach spaces. For obvious personal reasons we suggest [Wo2] which contains everything we will need. Naturally we will assume some familiarity with trigonometric polynomials. In particular we will freely use the natural identification of the circle T with the interval [0, 2π] with identified endpoints. Let us also point out that for a function f ∈ L_1(T) its n-th Fourier coefficient will be denoted by f̂(n). Let us recall some well known facts.

By F_M we will denote the Fejer kernel

(2.1) F_M (t) = M∑ k=−M (1 −^{|k|}_{M+1} )e^{ik} = sin^2(M + 1)t/2 (M + 1) sin^2 t/2 . The function V_{M,N} , M > N is defined by the formula

(2.2) V_{M,N} =

M + 1 M − N F_M − N + 1 M − N F_N .

Simple calculation gives that

(2.3) V_{M,N} (t) = sin(M + N + 2)t/2 · sin(M − N)t/2 (M − N) sin^2 t/2 . The functions V_{M,N} are well known de la Vallée Poussin kernels. From (2.2) and the fact that ‖F_M ‖_1 = 1 we get

(2.4) ‖V_{M,N} ‖_1 ≤

2(M + 1) M − N . Remark. As a matter of fact^{2(M+1)}_{M−N} in (2.4) can be replaced by C log^{M+1}_{M−N} . This is known and can be obtained from Lemma 2.2.

Now we can prove Lemma 2.1. If f is a polynomial of degree at most N then the following holds

(2.5) M∑ j=1 |f(t_0 − x_j )| ≤ C · M‖f‖_1 max(^N_M , 1)

where C is a constant and (2.6) x_j =^{2πj}_M for j = 1, 2, . . . , M.

Proof. For the trigonometric polynomial F_N we have M∑ j=1 |F_N (t_0 − x_j )| = M∑ j=1 F_N (t_0 − x_j ) = M∑ j=1 N∑ k=−N F̂_N (k)e^{ik(t}0^{−x}j^) = N∑ k=−N F̂_N (k)e^{ikt}0^M ∑ j=1 e^{−i2πkj/M} ≤ M · cardD where D = {k : |k| ≤ N and k = l · M for some integer l}. This gives (2.5) for the polynomial F_N . Now let us observe that f = f ∗ V_{2N,N} so M∑ j=1 |f(t_0−x_j )| = M∑ j=1 | ∫ T V_{2N,N} (s+x_j −t_0)f(s) ds | ≤ ∫ T (^M∑ j=1 | V_{2N,N} (s−t_0+x_j ) |) |f(s)| ds. Since we know already that (2.5) is valid for F_N and F_{2N} , from (2.2) we obtain that the expression between round brackets is estimated by CM max(^N_M , 1). This gives (2.5).

We will also need the following Lemma, which in full generality can be found in [S-W].

Lemma 2.2. Let f(t) be a complex-valued function defined on the real line such that ‖f‖_1 < ∞. Then for every integer n there exists a function F on the circle T such that (2.7) F̂ (k) = h(^k_n ) for all k where h is the Fourier transform of f. This function F belongs to L_1(T) and satisfies (2.8) ‖F ‖_1 ≤ (2π)^{−1}‖f‖_1.

Section 3 - Interpolating basis In this Section we construct a polynomial interpolating basis in C(T). Let us fix a natural number N > 0 and consider the sequence of functions {W^k(t)}^∞_{k=0} defined by

(3.1) Ŵ^k(l) = 1, if |l| ≤ N2^k (N+1)2^k −|l| 2^k , if N2 k < |l| < (N + 1)2^k 0, otherwise

Those are de la Vallée Poussin kernels V_{(N+1)2}k_{−1,N2}k_{−1}. Thus from (2.2) we see that

(3.2) W^k = (N + 1)F_{(N+1)2}k_{−1} − NF_{N2}k_{−1}.

and from (2.3) we get

(3.3) W^k(t) = 1 2^k sin(2N + 1)2^{k−1}t · sin 2^{k−1}t sin^2 t/2

Let us define

d(N, k) = N2^{k+1} + 2^k

(3.4)

x^k_j = 2πj d(N, k) for j = 0, 1, . . . , d(N, k) − 1 (3.5)

V^k_j (t) =

W^k(t − x^k_j ) d(N, k) k = 0, 1, 2, . . . j = 0, 1, . . . d(N, k) − 1 (3.6)

Theorem 3.1. The system (Φ_n)^∞_{n=0} given explicitely as

V^0_0 , . . . , V^0_{d(N,0)−1}, V^1_1 , V^1_3 , V^1_5 , . . . , V^1_{d(N,1)−1}, V^2_1 , V^2_3 , . . .

is an interpolating basis in C(T). Each Φ_n is a trigonometric polynomial and deg Φ_n ≤ ( 1 +^1_{2N+1} ) n for n > d(N, 0). Proof. From (3.3) we see that

(3.7) V^k_j (x^k_i ) = δ_{i,j} .

Let us denote B_k = span ( V^k_j )_{d(N,k)−1} j=0 . Spaces B_k, k = 0, 1, . . . have two remarkable properties :

(3.8) e^{ilt} ∈ B_k for |l| ≤ 2^kN

(3.9) max 0≤j≤d(N,k)−1 |a_j | ≤ ‖ ‖ d(N,k)−1 ∑ j=0 a_j V^k_j ‖ ‖_∞ ≤ C max 0≤j≤d(N,k)−1 |a_j | where the constant C depends on N but not on k.

To check (3.8) we write for |l| ≤ 2^kN

(3.10)

d(N,k)−1 ∑ j=0 e^{2πiljd(N,k)} V^k_j (t)

= d(N, k)^{−1} d(N,k)−1 ∑ j=0 e^{2πiljd(N,k)} ∑ |s|<(N+1)2^k Ŵ^k(s)e^{i(t−xk}j^{)s}

= d(N, k)^{−1} ∑ |s|<(N+1)2^k Ŵ^k(s)e^{its} d(N,k)−1 ∑ j=0 e^{2πi(l−s)j} d(N,k) = eilt

To see the last equality note that ∑_{d(N,k)−1} j=0 e^{2πi(l−s)jd(N,k)} equals 0 if (l − s) is not an integer multiple of d(N, k) and equals d(N, k) if (l − s) is an integer multiple of d(N, k). But this happens only when l = s. In this case Ŵ^k(s) = 1.

The left hand side of (3.9) follows from (3.7) and the right hand side follows from Lemma 2.1 and (2.4). From (3.8) we see that B_k ⊂ B_{k+1} k = 0, 1, 2, . . . . We can also define natural projections P_k from C(T) onto B_k by the formula

P_k(f) = d(N,k)−1 ∑ j=0 f(x^k_j )V^k_j .

It follows from (3.9) that (3.11) ‖P_k‖ ≤ C. From (3.5) we see that P_kP_r = P_rP_k = P_{min(k,r)}. From (3.5) we infer that x^k_j = x^{k+1}_{2j} so (3.7) gives P_k(V^{k+1}_{2r−1}) = 0 for r = 1, 2, . . . ,^{d(N,k+1)}_2 . Since the space B_{k+1} =

span ( B_k, {V^{k+1}_{2r−1}}^{d(N,k+1)/2} r=1 ) (count dimensions) and ⋃ k≥0 B_k is dense in C(T) (use (3.8)) we see that the system (Φ_n)^∞_{n=0} is a Schauder basis in C(T). From the definition of the projections P_k and (3.7) we see that it is an interpolating basis. Since each V^k_j is a trigonometric polynomial of degree (N + 1)2^k we see that for n > d(N, 0) we have deg Φ_n ≤ (1 +^1_{2N+1} )n.

Remark 1 The basis constant of the basis (Φ_n)^∞_{n=1} is at most 3C where C is a constant appearing in (3.9). This constant can be majorised by c ln N ( cf. the Remark after (2.4)).

Remark 2 The estimate for the degree of the polynomial Φ_n looks a little better than it really is. One has to remember that the dimension of the space of trigonometric polynomials of degree at most n is 2n+1. Thus our basis really takes a bit more than twice as big a degree as is needed algebraically.

Remark 3 A very similar basis was constructed by S.V. Bočkariov [Boč]. In the construction the difference seems to be that we use de la Vallée Poussin kernels while Boc̆kariov uses Fejer kernels. Our proof, however is much simpler.

Remark 4 Before we started the work on this paper we have been informed by S.V. Bočkariov that polynomial bases for C(T) with v_n ≤ (ε + 1/2)n were constructed earlier by Al. A. Privalov modyfying the construction from [Boč]. After the present paper was submitted the paper of Privalov [Pri1] have appeared. He uses de la Vallée Poussin kernels and our basis is a special case of his construction. His proof however contains many technical complications which are superflous in our simple case.

Section 4 - Construction of an orthogonal system In this section V_k k = 0, 1, 2, . . . will always denote the classical de la Vallée Poussin kernel V_2k+1_{−1,2}k_{−1} (see (2.2)). We consider the functions F_k = V_k − V_{k−1} k = 0, 1, 2, . . . (by V_{−1} we mean 0). In terms of Fourier coefficients functions F_k are given by

F̂_k(l) = (2^{k+1}−|l|) 2^k , for 2 k ≤ |l| ≤ 2^{k+1} (|l|−2^{k−1}) 2^{k−1} , for 2 k−1 ≤ |l| ≤ 2^k if k > 0 0 otherwise,

F̂_0(l) = { 1, for |l| ≤ 1 0 otherwise.

(4.1)

Let us note also that from (2.3) and definitions of F_k we get

(4.2) F_k ( 2π(j − j^′) 3 · 2^{k−1} ) = 3 · 2^{k−1}δj, j^′ . We define polynomials P^k_0 for k = 0, 1, 2, . . . by the formula

(4.3) P̂^k_0 (n) = √ F̂_k(n) for n ≤ 0

(−1)^k √ F̂_k (n) for n ≥ 0

The desired orthogonal basis consists of polynomials P^0_0 (t), P^0_1 (t), P^0_2 (t) and P^k_j (t) for k = 1, 2, . . . and j = 0, 1, . . . , 3 · 2^{k−1} − 1 given by

(4.4) P^k_j (t) = P^k_0 ( t − 2πj 3 · 2^{k−1} ) . Let us start our investigation of this system with the observation that for a fixed k functions ( P^k_j )_{3·2}k−1_{−1} j=0 are orthogonal. This follows from (4.4), (4.3) and (4.2) because

(4.5)

⟨P^k_j , P^k_j′ ⟩ = ∞∑ s=−∞ P̂^k_j (s)P̂ k_{j′} (s)

= ∞∑ s=−∞ P̂^k_0 (s)e^{− 2πijs}_{3·2}k−1 P̂^k_0 (s)e^{2πij′ s}_{3·2}k−1

= ∞∑ s=−∞ F̂_k(s)e^{2πis(j′ −j)} 3·2k−1

= F_k ( 2π(j^′ − j) 3 · 2^{k−1} ) = 3 · 2^{k−1}δ_{j,j}′ .

For k > 0 consider spaces (4.6) B^0_k = span { P̂^k_0 (n)e^{int} + P̂^k_0 (n + 3 · 2^k)e^{i(n+3·2k )t} : −2^{k+1} ≤ n ≤ −2^k − 1 }

B^1_k = span { P̂^k_0 (n)e^{int} + P̂^k_0 (n + 3 · 2^{k−1})e^{i(n+3·2k−1 )t} : −2^k ≤ n ≤ −2^{k−1} − 1 }

Clearly B^0_k is orthogonal to B^1_k for each k. Since for −2^{k+1} ≤ n ≤ −2^k − 1 we have

(4.7)

3·2^{k−1} −1 ∑ j=0 e^{2πinj} 3·2k−1 P kj = 3 · 2k−1 ( P̂^k_0 (n)e^{int} + P̂^k_0 (n + 3 · 2^k)e^{i(n+3·2k )t} )

and for −2^k ≤ n ≤ 2^{k−1} − 1 we have

(4.8) 3·2^{k−1}−1 ∑ j=0 e^{2πinj} 3·2k−1 P kj = 3 · 2k−1 ( P̂^k_0 (n)e^{int} + P̂^k_0 (n + 3 · 2^{k−1})e^{i(n+3·2k−1 t} ) . The calculation for (4.7) and (4.8) are similar to (3.10). Counting dimensions we infer that the space B_k = span ( P^k_j )_{3·2}k−1_{−1} j=0 is (for k > 0 ) an orthogonal sum of B^0_k and B^1_k. Observe also that

(4.9) B_0 = span(P^0_j )^2_{j=0} = span(e^{int})^1_{n=−1}

From (4.7), (4.8) and (4.9) we see that spaces B^0_k, B^1_k for k = 1, 2, . . . and B_0 are mutually orthogonal. The only thing which is not obvious here is to check that B^0_k is orthogonal to B^1_{k+1}. This follows from (4.6) and the following equalities

(4.10)

P̂^{k+1}_0 (n) = (−1)^kP̂^k_0 (n + 3 · 2^k) P̂^k_0 (n) = (−1)^{k+1}P̂^{k+1}_0 (n + 3 · 2^k)

valid for −2^{k+1} ≤ n ≤ −2^k − 1, which are easy consequences of (4.1) and (4.3). Note also that (4.10) and simple induction implie that

(4.11) span (B_k)^n_{k=0} = span ( {e^{ist}}^{2n−1}_{s=−2}n ∪ B^0_n ) for n = 1, 2, . . .

Thus we have Lemma 4.1. The system of polynomials defined by (4.4) is a complete orthogonal set.

In order to investigate the properties of this set in the space C(T) we will need the following estimate Lemma 4.2. There exists a constant C such that ‖P^k_j ‖_1 ≤ C for k = 0, 1, 2, . . . and j = 0, 1, 2, . . . , 3 · 2^{k−1} − 1.

Proof.. First of all note that (4.4) implies ‖P^k_j ‖_1 = ‖P^k_0 ‖_1 for all admissible j’s. To estimate ‖P^k_0 ‖_1 note that P^k_0 (t) = ∑_∞ n=−∞ g(n/2 k+1)e^{int} for

(4.12) g(s) = { ±φ(s), for s ≥ 0 φ(−s), for s ≤ 0 where the choice of sign depends on the parity of k and

(4.13) φ(s) = √ 4s − 1, for 1/4 ≤ s ≤ 1/2 √ 2 − 2s, for 1/2 ≤ s ≤ 1

0 otherwise.

We see from Lemma 2.2 that it is enough to show that φ̌(t) = ∫_∞ −∞ e^{ist}φ(s)ds is in L_1(R). This follows from the following Lemma which we state explicitely because

we will need it also in Section 5.

Lemma 4.3. Let φ be defined by (4.13). Then there exists a C such that

(4.14) |φ̌(t)| = | | | ∫_∞ −∞ e^{ist}φ(s) ds | | | ≤ { Ct^{−3/2} if |t| >^{4π}_3 C if |t| ≤^{4π}_3 Proof.. Integrating by parts and substituting we get | | | | ∫_∞ −∞ e^{ist}φ(s)ds | | | | = 1 t | | | | ∫_∞ −∞ e^{ist}φ^′(s)ds | | | | = 1 t^2 | | | | ∫_∞ −∞ e^{iu}φ^′(^u_t )du | | | | . Since φ^′(s) has only two singularities, in 1/4 and 1, and at those it behaves like 1√ s , we get |φ̌(t)| ≤ t^{−2}C ∫_∞ 0 1 √_u t du = ct^{−3/2}. Since φ̌ is clearly bounded by ‖φ‖_1 we get the desired estimate.

Lemma 4.4. There exist constants C_1 and C_2 such that for every k = 0, 1, 2, . . .

we have

(4.15) C_13 · 2^{k−1} sup_j |α_j | ≤ ‖ ‖^{3·2} k−1 −1 ∑ j=0 α_j P^k_j ‖ ‖_∞ ≤ C_23 · 2^{k−1} sup j |α_j |

for all sequences of scalars (α_j )^{3·2k−1−1}_{j=0} .

Proof. From (2.1) and Lemma 4.2. we get 3·2^{k−1}−1 ∑ j=0 |P^k_j (x)| = 3·2^{k−1} −1 ∑ j=0 | | |P^k0 (x − 2πj 3 · 2^{k−1} ) | | | ≤ C3 · 2^{k−1}‖P^k0 ‖^1 ≤ C · 3 · 2^{k−1}

so the right hand side inequality of (4.15) follows. On the other hand, orthogonality

of P^k_j ’s gives

(4.16)

‖P^k_{j0} ‖_1 · ‖ ‖^{3·2} k−1 −1 ∑ j=0 α_j P^k_j ‖ ‖_∞ ≥ | |⟨P^k_{j0} ,^{3·2} k−1−1 ∑ j=0 α_j P^k_j ⟩ | | = |α_{j0} | · ‖P^k_{j0} ‖^2 = |α_{j0} | · ‖P^k_0 ‖^2.

It follows from (4.5) that ‖P^k_0 ‖_2 = √ 3 · 2^{k−1}, so Lemma 4.2 and (4.16) give the left

hand side inequality in (4.15).

Theorem 4.5. Let (Φ_n)^∞_{n=0} be the orthogonal system ( P^k_j ) for k = 0, 1, 2, . . . and j = 0, 1, . . . , 3 · 2^{k−1} − 1 ordered as

P^0_0 , P^0_1 , P^0_2 , P^1_0 , P^1_1 , P^1_2 , P^2_0 , . . . , P^2_5 , P^3_0 , . . . .

The system (Φ_n)^∞_{n=0} is a Schauder basis in the space C(T), and each Φ_n is a trigonometric polynomial of degree at most 4/3 · n.

Proof. The estimate for the degree of Φ_n follows from (4.1) and (4.3). Let us consider an orthogonal projection Q_k onto the span(B_s)^k_{s=0} (see (4.11) ). It easily follows from (4.11), (4.6), (4.3) and (4.1) that Q_k can be explicitely written as (4.17)

Q_k(e^{ist}) = e^{ist}, if |s| ≤ 2^k 0, if |s| > 2^{k+1} P̂ k_0 (s) ( P̂ k_o (s)eist + P̂ k_0 (s + 3 · 2k)ei(s+3·2^k )t ) , if − 2^{k+1} ≤ s ≤ −2^k − 1

P̂ k_0 (s) ( P̂ k_0 (s)eist + P̂ k_0 (s − 3 · 2k)ei(s−3·2^k )t ) , if 2^k − 1 ≤ s ≤ 2^{k+1} so (4.18) Q_k = V_k + A^k_1 + A^k_2

where V_k is the operator of convolution with the de la Vallée Poussin kernel V_k and

(4.19)

A^k_1 (e^{ist}) = P̂^k_0 (s) · P̂^k_0 (s + 3 · 2^k)e^{i(s+3·2k )t}

A^k_2 (e^{ist}) = P̂^k_0 (s) · P̂^k_0 (s − 3 · 2^k)e^{i(s−3·2k )t}.

It is well known that norms of V_k in C(T) are uniformly bounded. The same for operators A^k_1 and A^k_2 follows from Lemma 4.2. The uniform boundedness of projections (Q_k)^∞_{k=0} and Lemma 4.4 show that (Φ_n)^∞_{n=0} is indeed a Schauder basis in C(T).

Now let us consider the space A_r of all functions f ∈ C(T) such that its trigonometric conjugate f̃ ∈ C(T). The norm in A_r is defined by |||f||| = ‖f‖_∞ + ‖f̃‖_∞. We have

Theorem 4.6. The system (Φ_n)^∞_{n=0} considered in Theorem 4.5 is a Schauder basis in A_r.

Proof. We will use results obtained in the course of proof of Theorem 4.5. Note that the action of the trigonometric conjugation~on each B_k k ≥ 1 can be represented as a convolution with the difference of two appropriately shifted de la Vallée Poussin kernels. This shows that~acts on each B_k with the uniformly bounded norm. This implies that norm ‖ · ‖_∞ and ||| · ||| are on B_k’s uniformly equivalent, so Lemma 4.4 holds for ||| · ||| as well. The final step is to observe that projections Q_k are uniformly bounded in ||| · |||. This can be easily checked for each of the operators in the decomposition (4.18).

The importance of the space A_r stems from the fact that it is naturally isomorphic to the disc algebra A (see [Wo2, III.E.16 ]). Let us recall that

A = {f(z) : f is continuous for |z| ≤ 1 and analytic for |z| < 1}

equipped with the supremum norm. One look at the isomorphism given in [Wo2, III.E.16] convinces us that the following holds:

Corollary 4.7. The disc algebra A has a Schauder basis (Ψ_n)^∞_{n=0} consisting of polynomials such that degΨ_n ≤ 8/3 · n.When considered on the unit circle this basis is orthogonal with respect to the Lebesque measure.

Remark 1 One can easily see that the proof of Theorem 4.5 works as well for the system (Φ̃_n)^∞_{n=0}. Using this observation one can easily construct a basis in the space C(T ) of continuous functions on the unit circle such that a subsequence of this basis is a basis for the disc algebra. The periodic Franklin system also has this property (see [BoČ3]).

Remark 2 Let us explain in some detail the relation between our constructions of Sections 3 and 4 and the work of J. Bourgain [Bou]. In [Bou] (among other things) a basis in the space span{e^{ikt}}^{3·2q}_{k=1} is constructed. The first half of the basis consists of functions of the form ∑_{3·2}q−1 k=2^{q−1} ake ikt and next he constructs functions whose non-zero Fourier coefficients are contained in two intervals, in each step shorter and closer to numbers 0 and 3 · 2^q. In our construction we start from the ”middle” and next expand the size of the support of the Fourier transform to get it further away from the number 0. This is the basic change made in Section 3 while in Section 4 further modifications are made to get orthogonality. It is possible to carry on a ”shrinking” version of the construction of Section 4 to get an orthogonal basis with uniformly bounded basis constant in spaces span{e^{ikt}}^N_{k=1} for N = 3 · 2^q. Without any restriction on N such bases were constructed by S. V. Bočkariov in [Boč2]. His construction uses a discrete version of the Franklin system and is difficult to visualise in terms of Fourier coefficients.

Remark 3. The paper of J. Bourgain [Bou] have its fundamental motivation in the so called finite dimensional π_λ-problem. This problem asks the following : does there exist a function f(λ) such that d(X, ℓ^{dimX}_∞ ) ≤ f(λ) for every finite dimensional subspace X ⊂ C(T) such that there exists a projection P from C(T) onto X with ‖P ‖ ≤ λ. The symbol d(·, ·) denotes the classical Banach-Mazur distance [Wo2, II.E.6]. Using Lemma 4.1 from [Bou] we can show that spaces span{Φ_j }^M_{j=N} ⊂ C(T) (where Φ_j ’s are as in Theorem 4.5) are uniformly isomorphic to ℓ^{d(n)}_∞ -spaces. This isomorphism, however, is not constructive. It would be interesting to exhibit explicitely in those spaces a basis equivalent to the unit vector basis in ℓ^{d(n)}∞ . In some cases this is done in the forthcoming paper of the second named author. A related problem is to establish if the basis we obtained in Theorem 4.5. is equivalent to some classical basis like Haar or Franklin basis.

Section 5 - Unconditionality

Our aim in this Section is to show that the orthogonal system constructed in Section 4 is an unconditional basis in L_p(T) for 1 < p < ∞. Our approach will be via the space BMO, so let us recall appropriate definitions. We say that a function on T belongs to the space BMO if and only if for every interval I ⊂ T there exists a constant c_I such that

(5.1) sup_{I⊂T} 1 |I| ∫ I |f − c_I |^2 < ∞ It is easy and well known that (5.1) is equivalent to the condition

(5.2) sup_{I⊂T} 1 |I| ∫ I | | | |f − 1 |I| ∫ I f | | | | 2 < ∞.

It is also well known that the space BMO (after obvious identification of functions equal almost everywhere) is a Banach space when equipped with the norm

(5.3) ‖f‖_{BMO} = ‖f‖_1 + sup_{I⊂T} ( 1 |I| ∫ I | | |f − 1 |I| ∫ I f | | | 2)_{1/2} .

We will also need the space ReH_1. This is the space of all functions f ∈ L_1(T) such that its trigonometric conjugate f̃ also belongs to L_1(T). Recall that the well known Fefferman duality Theorem asserts that (ReH_1)^∗ = BMO with the natural duality. This and much more about BMO and H_1 can be found in almost any modern text on harmonic analysis. As an example we point out [Tor].

In this Section it will be convenient to change the notation in order to introduce a more geometric picture. Let f^k_j = ‖P^k_j ‖^{−1}_2 P^k_j where polynomials P^k_j were defined in (4.4). This is a complete orthonormal system. For f^k_j we will use the notation f_v where

(5.4) v = [ (2j − 1)π 3 · 2^{k−1} , (2j + 1)π 3 · 2^{k−1} ] .

We treat v as a subinterval of T using the obvious covering map from real numbers onto T. The set of all intervals as in (5.4) for k = 0, 1, 2, . . . and j = 0, 1, . . . , 3 · 2^{k−1} − 1 will be denoted by J . Observe that for a fixed k all such intervals form an almost disjoint covering of T. Also two intervals from J are either disjoint or one is contained in the other.

Convention. In this Section symbols v, w (with subscripts as needed) will always denote intervals from J . An arbitrary subinterval of T will be denoted by I (with subscripts when needed).

Now we can formulate the main result of this Section.

Theorem 5.1. A function f ∈ L_1(T) belongs to BMO if and only if

(5.5) sup_{w∈J} ( 1 |w| ∑ v⊂w | | | ∫ T ff_v | | | 2) < ∞.

Before we proceed with the proof let us note some Corollaries of this result.

Corollary 5.2. The orthogonal system (Φ_n)^∞_{n=0} considered in Theorem 4.5 is an unconditional basis in L_p(T) for 1 < p < ∞.

Proof. Clearly the difference between the system (Φ_n)^∞_{n=0} and the system (f_v)_{v∈J} is only in the normalisation. From (5.5) we see that the system (f_v)_{v∈J} is unconditional in BMO and being orthonormal it is unconditional in L_2(T). Since L_p(T) for 2 < p < ∞ are interpolatiion spaces between BMO and L_2(T) (see [C-W]) we get that (f_v)_{v∈J} is unconditional in L_p(T) for 2 ≤ p < ∞. Since it is linearly dense (see Theorem 4.5) it is an unconditional basis. The case 1 < p < 2 follows by duality.

Corollary 5.3. The system (f_v)_{v∈J} is an unconditional basis in the space ReH_1.

Proof. This follows immediately from the well known Fefferman duality theorem that (ReH_1)^∗ = BMO.

Remarks. The formula (5.5) gives a characterisation of BMO functions. It is the same characterisation as the one given in [Wo1] using the Franklin system. As a consequence we see that the system (f_v)_{v∈J} is equivalent in BMO with the Franklin system. In L_p(T) for 1 < p < ∞ it is equivalent to both Haar and Franklin system.

Now we return to the proof of Theorem 5.1. We start with the following preliminary Lemma.

Lemma 5.4. For each function f^k_j = f_v we have

(5.6) |f^k_j (t)| = |f_v(t)| ≤ { C|v|^{−1/2} for t ∈ v C|v| | |t −^{2πj}_{3·2k−1} | |^{−3/2} for t /∈ v

Note that |v| = (3 · 2^{k−1})^{−1}. We will denote this quantity by L(k)

Proof. From the construction we see that it is enough to consider f^k_0 =^{1√}_3 2^{− k−12} P^k_0 . Like in the beginning of the proof of Lemma 4.2 we observe that P^k_0 (t) = ∑_∞ −∞ g(n2^{k+1})e^{int} where g is given by (4.12) and (4.13). From this and the standard transference or the Poisson’s summation formula (see [S-W]) we infer that

(5.7) P^k_0 (t) = 2^{k+1} ∞∑ s=−∞ ǧ(2^{k+1}t + 2π2^{k+1}s)

This formula together with (4.12), (4.13) and Lemma 4.3 immediately yields (5.6).

Remark. The formula (5.7) can be easily checked directly. We have to compute Fourier coefficients of both sides and check that they are the same.

Proof of Theorem 5.1 is contained in two following Propositions.

Proposition 5.5. If a sequence of complex numbers (a(v))_{v∈J} for some constant C satisfies

(5.8) ∑ v⊂w |a(v)|^2 ≤ C|w| for all w ∈ J

then

(5.9) f = ∑ v∈J a(v)f_v ∈ BMO

and ‖f‖_{BMO} ≤ C^′. Proposition 5.6. There exists a constant C such that for every function f ∈ BMO with ‖f‖_{BMO} ≤ 1 and f = ∑ v∈J a(v)f_v we have

(5.10) ∑ v⊂w |a(v)|^2 ≤ C|w| for all w ∈ J .

Proof of Proposition 5.5. From (5.8) we see that f ∈ L_2(T). Let us take an arbitrary interval I ⊂ T. Without loss of generality we can assume that |I| <^{2π}_{12} . Let us fix two adjacent intervals v_1 and v_2 from J such that

(5.11) |v_1| = |v_2| ≤ 6|I|

and such that

(5.12) v_1 ∪ v_2 ⊃ 3I

where 3I denotes the interval with the same center as I but three times longer. The interval v_1 ∪ v_2 will be denoted by ω. Let us write

(5.13) f = ∑ v⊂ω + ∑ v:v∩ω=∅, |v|≤|I| + ∑ v:|v|>|I| a(v)f_v =

∑_1 + ∑_2 + ∑_3 .

From (5.8) we get

(5.14) ∫ I | ∑_1

|^2 ≤ ∫ T | ∑_1 |^2 ≤ 2C|ω| ≤ C|I| From (5.8) we infer in particular that |a(v)| ≤ C|v|^{1/2} so for x ∈ I we have

(5.15) | ∑_2 (x)| ≤ ∑ v:v∩ω=∅, |v|≤|I| |a(v)||f_v(x) ≤ C ∑ k: L(k)≤|I| 2^{k/2} ∑ v:v∩ω=∅, |v|=L(k) |f_v(x)|.

Using (5.12) and Lemma 5.4 we majorise the internal sum in (5.15) by

(5.16) C ∞∑ s=1 |v| ( |I| + (s − 1 2 )|v| )_{−3/2} ≤ |v||v|^{−3/2}C ∞∑ s=1 ( |I| |v| + s )_{−3/2}

≤ C|v|^{−1/2} ( |I| |v| )_{−1/2} ≤ C|I|^{−1/2}. From (5.15) and (5.16) we immediately get that for x ∈ I

(5.17)

∑_2 (x) ≤ C|I|^{−1/2} ∑ k:L(k)≤|I| 2^{k/2} = C

For arbitrary points x, x_0 ∈ I we have | ∑_3 (x) − ∑_3

(x_0)| ≤ ∑ v:|v|>|I| |a(v)||f_v(x) − f_v(x_0)| ≤ C ∑ k:L(k)>|I| 2^{−k/2} ∑ v:|v|=L(k) |f_v(x) − f_v(x_0)|

= C ∑ k:L(k)>|I| 2^{−k/2} ∫_{x0} x ∑ v:|v|=L(k) |f^′_v(ξ)|dξ

(5.18)

Since ‖ ‖ ∑ v:|v|=2^{−k} |f^′_v(ξ)| ‖ ‖_∞ = sup { ‖ ‖( ∑ v:|v|=2^{−k} ε_vf_v )_′‖ ∞ : |ε_v| = 1 }

and since each f_v is a trigonometric polymomial of degree at most C · 2^k from

Bernstein’s inequality and Lemma 5.4 (or Lemma 2.1) we get

(5.19) ‖ ∑ v:|v|=L(k) |f^′_v(ξ)| ‖ ∞ ≤ C · 2^k ‖ ∑ v:|v|=L(k) |f_v| ‖ ∞ ≤ C · 2^{3k/2}.

From (5.19) and (5.18) we get | ∑_3 (x) − ∑_3 (x_0)| ≤ C ∑ k:L(k)>|I| 2^{−k/2} · |x − x_0| · 2^{3k/2} ≤ C|I| · ∑ k:L(k)>|I| 2^k ≤ C. (5.20)

From (5.14), (5.17) and (5.20) we get^1_{|I|} ∫ I |f − ∑_3 (x_0)|^2 ≤ C so f ∈ BMO.

Proof of Proposition 5.6. Observe first that norms ‖f_v‖_1 and ‖f_v‖_{ReH1} are uni-

formly equivalent for v ∈ J . This can be done exactly like in the proof of Theorem

4.6. This implies that

(5.21) ‖f_v‖_{ReH1} ≤ c|v|^{1/2}.

For given w ∈ J let us write f = ∑ v∈J a(v)f_v = ∑ v⊂w + ∑ v:|v|≤|w| and v∩w=∅ + ∑ v:|v|>|w| a(v)f_v =

∑_1 + ∑_2 + ∑_3

Note that from (5.21) we get (5.22) |a(v)| = |⟨f, f_v⟩| ≤ ‖f‖_{BMO} · ‖f_v‖_{ReH1} ≤ c|v|^{1/2}. We will show that | | ∫ w ∑_1| ≤ C|w| (5.23) ( 1 |w| ∫ w | ∑_2

|^2 )_{1/2} ≤ C (5.24) | ∑_3 (x_0) −

∑_3

(x)| ≤ C for x, x_0 ∈ w

(5.25) (∫ T\w | ∑_1

|^2 )_{1/2} ≤ C|w|^{1/2} (5.26)

Using (5.22) and Lemma 5.4 we get | | | | ∫ w ∑_1 | | | | ≤ ∑ v⊂w |a(v)| | | | | ∫ w f_v | | | | = ∑ v⊂w |a(v)| | | | | ∫ T\w f_v | | | | ≤ C ∑ k:L(k)≤|w| 2^{−k/2} ∑ v⊂w : |v|=L(k) | | | | ∫ T\w f_v | | | |

≤ C ∑ k : L(k)≤|w| 2^{−k/2} |w| |v|∑ s=1 ∫_∞ s|v| 2^{−k}t^{−3/2}dt

≤ C ∑ k : L(k)≤|w| 2^{−3k/2} |w| |v|∑ s=1 (s|v|)^{−1/2}

≤ C ∑ k :, L(k)≤|w| 2^{−k} ( |w| |v| )_{1/2}

= C|w|^{1/2} ∑ k : L(k)≤|w| 2^{−k/2} ≤ C|w|.

Thus (5.23) holds. We also have

(∫ w | ∑_2 |^2 )_{1/2} ≤ ∑ k : L(k)≤|w| ∫ w | ∑ v : v∩w=∅, |v|=L(k) a(v)f_v|^2 1/2

≤ ∑ k : L(k)≤|w| 2^{−k/2} ∫ w ( ∑ v : v∩w=∅, |v|=L(k) |f_v|)^2 1/2 .

(5.27)

Elementary computations using Lemma 5.4. show that for x ∈ w we have

(5.28) ∑ v : v∩w=∅, |v|=L(k) |f_v(x)| ≤ C max_{a,b} ( min(2^{k/2}, (x − a)^{−1/2}), min(2^{k/2}, (b − x)^{−1/2}) )

where a and b denote endpoints of the interval w, i.e. w = [a, b]. From (5.27) and

(5.28) we get (∫ w | ∑_2 |^2 )_{1/2} ≤ C ∑ k : L(k)≤|w| 2^{−k/2} ( ln(1 + 2^k|w|) )_{1/2} ≤ C|w|^{1/2}

so (5.24) holds.

The proof of (5.25) is exactly the same as the proof of (5.20).

Using Lemma 5.4. we get (∫ T\w | ∑_1 |^2 )_{1/2} ≤ ∑ v⊂w |a(v)| (∫ T\w |f_v|^2 )_{1/2}

≤ C ∑ k : L(k)≤|w| 2^{−k/2} ∑ v⊂w : |v|=L(k) (∫ T\w |f_v|^2 )_{1/2}

≤ C ∑ k : L(k)≤|w| 2^{−k/2} |w| |v|∑ s=1 (∫_∞ s·2^{−k} 2^{−2k}x^{−3}dx )_{1/2}

≤ C ∑ k : L(k)≤|w| 2^{−3k/2} |w| |v|∑ s=1 (s · 2^{−k})^{−1}

≤ C ∑ k : L(k)≤|w| 2^{−k/2} ln(1 + |w| |v| ) ≤ C|w|^{1/2}.

This shows that (5.26) holds. Now we are ready to show (5.10). From (5.23), (5.24) and (5.25) we get |

∑_3 (x_0)−^1_{|w|} ∫ w f| ≤ C so from the definition of the BMO norm we get

(5.29) ( 1 |w| ∫ w |f − ∑_3

(x_0)|^2 )_{1/2} ≤ C. From (5.24), (5.25) and (5.29) we see that

(5.30) ∫ w | ∑_1 |^2 ≤ C|w|. Since ∑ v⊂w |a(v)|^2 = ∫ T | ∑_1 |^2 (5.10) follows immediately from (5.30) and (5.26).

Remark We will show (see Corollary 6.3) that in spaces A, H_1, C and L_1 we have to have a linear growth of v_n with the slope bigger then the smallest algebraically possible. So our constructions for those spaces are close to optimal. It seems to be an open problem what is the situation for unconditional bases in L_p(T) for 1 < p < ∞, p ≠ 2. To be more precise let us ask following questions: Let ( Φ_k )_∞ k=0 be an unconditional polynomial basis in L_p(T), 1 < p < ∞, p ≠ 2.

(1) Can we have lim_n^{vn}_n =^1_2 ?

(2) Can we have v_{2n+1} = n for infinitely many n’s ?

It is well known that {e^{ikt}}^∞_{k=−∞} is an unconditional basis in L_p(T) only if p = 2 [Wo2, Proposition II.D.9]. On the other hand it is a classical result of Marcinkiewicz (see e.g. [Wo2, Theorem II.E.9]) that span{e^{ikt}}_{|k|≤n} in L_p(T) 1 < p < ∞ is uniformly isomorphic to ℓ^{2n+1}_p , so it has an unconditional basis. The problem is to glue those bases together. We suspect that the answer to our second question above is positive. It is impossible, however to have v_{2n+1} = n for all n’s. This was observed by A. Pełczyński. The proof is based on the following fact (Corollary 9 from [K-P])

Fact A. If (x_n)^∞_{n=0} is a normalised, unconditional basis in L_p, 2 < p < ∞, then lim inf ‖x_n‖_2 = 0.

Now suppose that (ϕ_n)^∞_{n=0} is a normalised, unconditional basis in L_p(T) for some p, 1 < p < ∞, p ≠ 2 such that span(ϕ_n)^{2N}_{n=0} = span(e^{ikt})_{|k|≤N} for all N’s. Thus ϕ_n = ∑ |j|≤^{n+1}_2 b n j e^{ijt}. The biorthogonal functionals (ϕ^∗_n)^∞_{n=0} form a normalised unconditional basis in L_p′ (T) and ϕ^∗_n = ∑ |j|≥^n_2 a n j e^{ijt}. Thus we have

(5.31) 1 = ϕ^∗_n(ϕ_n) = ∑ n 2 ≤|j|≤^{n+1}_2 a^n_j b^n_j . If 1 < p < 2 we majorise (5.31) by ‖ϕ_n‖_p · ‖ϕ^∗_n‖_2 so we infer from Fact A that (ϕ^∗_n)^∞_{n=0} is not an unconditional basis, so (ϕ_n)^∞_{n=0} also is not an unconditional basis. If 2 < p < ∞ we majorise (5.31) by ‖ϕ_n‖_2 · ‖ϕ^∗_n‖_p′ and once again Fact A gives that (ϕ_n)^∞_{n=0} is not an unconditional basis.

Section 6. Estimates from below for v_n.

The main result of this Section is Theorem 6.1. which is an extension of a result of [Pri]. It gives immediately that if (Φ_k )^∞_{k=0} is any basis in C(T) or L_1(T) consisting of trigonometric polynomials, then v_n(Φ_k) ≥ (1 + ε)n/2 and for polynomial bases in A(T) and H_1(T) we have v_n ≥ (1 + ε)n. Our argument is a small modification and simplification of arguments in [Pri] and is given here mostly to make the paper selfcontained.

Theorem 6.1.. Let W_n = span{e^{ikt}}^n_{k=0} and let X be a subspace of W_n of codimension m. Assume that P is an operator from A(T) (resp. from H_1(T)) into W_n such that P |X = id. Then ‖P ‖ ≥ c ln^n_m for some absolute constant c.

Proof. We will present the proof simultaneously for both spaces A(T) and H_1(T), so the symbol ‖.‖ will denote one of the norms (fixed for the whole proof). In the proof we will be dealing with polynomials in two variables t and τ, so when we want to stress the variable with respect to which the norm is computed we will use the symbol ‖.‖_{(t)} or ‖.‖_{(τ )}. It suffices to consider integers m such that m < 16^{−3}n and^n_m = k^3 for some integer k. From known properties of the Dirichlet kernel (see [Kor]) we infer that there exists a polynomial F (t) = ∑_{2k} s=0 F̂ (s)e^{ist} such that

‖F ‖ = 1 and F̂ (k) = 0

(6.1) ‖ ‖^{k−1} ∑ s=0 F̂ (s)e^{ist} ‖ ‖ ≥ c ln k. (6.2)

We will write F_1 = ∑_{k−1} s=0 F̂ (s)eist and F_2 = ∑^{2k}_{s=k+1} F̂ (s)eist. For M =^n_k − 3m = k^2m − 3m we put

(6.3) f(t) = F (Mt), f^1(t) = F_1(Mt), f^2(t) = F_2(Mt).

Clearly ‖f‖ = ‖F ‖, ‖f^1‖ = ‖F_1‖ and ‖f^2‖ = ‖F_2‖. Let us fix functionals ( x^∗_j )_m j=1 such that X = ⋂_m j=1 kerx^∗_j ∩ W_n. Let us consider the following system of linear equations

(6.4) x^∗_j ( e^{iMqt} · 2mk∑ l=0 α_le^{ilt} ) = 0 for j = 1, 2, . . . , m and q = 0, 1, . . . , k − 1, k + 1, . . . , 2k with 2mk + 1 unknown α_l. Since it is a system of 2mk equations there exists a non-zero solution which we identify with a polynomial Q(t) = ∑_{2mk} l=0 α_le^{ilt} with ‖Q‖ = 1.

We will use the standart notation: for a function g on T we denote by g_τ the function g_τ (t) = g(t + τ). Let us consider the function (6.5) [P (f_τ · Q)]_{−τ} = [P (f^1_τ · Q)]_{−τ} + [P (f^2_τ · Q)]_{−τ} Note that f^1_τ · Q is for every τ ∈ T a polynomial in t of degree at most 2mk + M(k − 1) < 2mk + n − 3mk = n − mk < n. Thus we infer from (6.4) that for each τ ∈ T the function f^1_τ · Q ∈ X, so (6.6) P (f^1_τ · Q) = f^1_τ · Q.

Let us consider [P (f^2_τ ·Q)]_{−τ} as a function of τ (for a fixed t ∈ T). One checks that it is a polynomial and the lowest non-zero coefficient has number ≥ (k+1)M −n. From our restrictions on m we see that (k + 1)M − n ≥ 4mk. Since [f^1_τ · Q]_{−τ} = f^1 · Q_{−τ} we see that ( fot every t ∈ T) it is a polynomial in τ of degree at most 2mk. Using (6.5) and properties of the de la Vallée Poussin kernel in the variable τ we get ‖ ‖‖[P (f_τ · Q)]_{−τ} ‖_{(t)} ‖ ‖_{(τ )} = ‖ ‖‖[P (f_τ · Q)]_{−τ} ‖_{(τ )} ‖ ‖_{(t)} = ‖ ‖‖f^1 · Q_{−τ} + [P (f^2_τ · Q)]_{−τ} ‖_{(τ )} ‖ ‖_{(t)} ≥ c ‖ ‖‖f^1 · Q_{−τ} ‖_{(τ )} ‖ ‖_{(t)} = c‖f^1‖ · ‖Q‖ ≥ c ln k

(6.7)

On the other hand ‖ ‖‖[P (f_τ · Q)]_{−τ} ‖_{(t)} ‖ ‖_{(τ )} = ‖ ‖‖[P (f_τ · Q)]‖_{(t)} ‖ ‖_{(τ )} ≤ ‖P ‖ ‖ ‖‖f_τ · Q‖_{(t)} ‖ ‖_{(τ )} = ‖P ‖

so comparing with (6.7) we get ‖P ‖ ≥ c ln k ≥ c ln^n_m .

Corollary 6.2. Suppose that P is an operator from the space C(T) or from the space L_1(T) into span{e^{ikt}}_{|k|≤n}. Assume that P |X = id for some X ⊂ span{e^{ikt}}_{|k|≤n} and codim X = m. Then ‖P ‖ ≥ c ln^{2n+1}_m .

Proof. Since the multiplication by e^{int} is an isometry of C(T) and L_1(T) we see that we can assume as well that X ⊂ span{e^{ikt}}^{2n}_{k=0}. From Theorem 6.1 we see that ‖P |A(T)‖ or ‖P |H_1(T)‖ satisfies the desired estimate. This clearly implies the estimate for ‖P ‖. Corollary 6.3.

(1) Let (Ψ_k)^∞_{k=0} be a polynomial basis in the space C(T) or L_1(T). Then there exists an ε > 0 such that v_n ≥ (^1_2 + ε)n.

(2) Let (Ψ_k)^∞_{k=0} be a polynomial basis in the space A(T) or H_1(T). Then there exists an ε > 0 such that v_n ≥ (1 + ε)n.

Proof. We will prove only the case (1). The proof of (2) is the same with Theorem 6.1 replacing Corollary 6.2. To prove (1) we apply Corollary 6.2 with X being span{Ψ_k}^n_{k=0} ⊂ span{e^{ikt}}_{|k|≤vn} and P being the natural partial sum projection with respact to the basis (Ψ_k). We get bc(Ψ_k) ≥ ‖P ‖ ≥ c ln^{2vn+1}_{2vn+1−n} so v_n ≥ C 2(C−1) n − 1 for some C > 1.

Let us point out that results of Privalov [Pri] and also our Theorem 6.1 generalise the main results of [Sh1] and [Sh2] and solves problems asked in those papers. We have

Corollary 6.4. Let X be either the space C(T) or the space L_1(T) and assume that T : X −→ span(e^{ikt})_{|k|≤n} ⊂ X is such an operator that T^∗|Y = id_Y for some subspace Y ⊂ X^∗. Then ‖T ‖ ≥ c ln^{2n+1} 2n+2−dimY . Proof. Clearly we have dimY ≤ 2n + 1. The assumption means that 1 is an eigenvalue of T^∗ with the multiplicity at most dimY . But elementary spectral theory, or linear algebra, shows that 1 is an eigenvalue of T^{∗∗} with multiplicity at least dimY . Since T^{∗∗}(X^{∗∗}) ⊂ span(e^{ikt})_{|k|≤n} and T^{∗∗}|X = T we see that there exists a subspace Y_∗ ⊂ span(e^{ikt})_{|k|≤n} such that dimY_∗ = dimY and T |Y_∗ = id_{Y∗} . Thus Theorem 6.1 gives the claim.

Theorem 2 of [Sh1] is Corollary 6.4 for X = C(T) and Y = span(ν_j )^m_{j=1} where ν_j ’s are measures with disjoint supports. The main result of [Sh2] is Corollary 6.4. for X = L_1(T) and Y = span(f_j ) where f_j ’s are disjointly supported functions in L_∞(T). The problems asked in those papers deal with removing the assumption of disjointness of support. Our Corollary 6.4 clearly showes that the only assumption needed is linear independence.

An analog of Corollary 6.4 for spaces H_1 and A clearly also holds with the same proof.

References

[[Boč]]S. V. Bočkariov, Construction using Fejer kernels of interpolating dyadic basis in the space of continuous functions, Trudy Steklov Inst. 172 (1985), 29–59, (in Russian).

[[Boč2]]S. V. Bočkariov, Construction of polynomial bases in finite dimensional spaces of functions analytic in the unit disc, Trudy Steklov Inst. 164 (1983), 49–74, (in Russian).

[[Boč3]]S. V. Bočkariov, Conjugate Franklin system – a basis in the space of continuous functions, Doklady AN SSSR 285 (1985), 521-526, (in Russian).

[[Bou]]J. Bourgain, Homogenous polynomials on the ball and polynomial bases, Israel J. Math (1990). [[Čan1]]

Z. A. Čanturija, On orthogonal polynomial bases in the spaces C and L, Analysis Math 5 No 1 (1979), 9–17.

[[Čan2]]

Z. A. Chanturia, On unconditional polynomial bases of the space L_p, Studia Math. 71 (1981), 163–168.

[[C-W]]R. R. Coifman and G. Weiss, Extensions of Hardy spaces and their use in analysis, Bull.

Amer. Math. Soc. 83 (1977), 569-645.

[[Fab]]G. Faber, Über die interpolatorische Darstelung stetige Funktionen,, Jahresber. D. M. V. 23 (1914), 192–210.

[[F-S]]C. Foias and I. Singer, Some remarks on strongly linearly independent sequences and bases in Banach spaces, Revue Rom. Math. Pures et Appl. 16 No 3 (1961), 589–594.

[[Kor]]P. P. Korovkin, Linear operators and approximation theory, Fiz.-Mat. Gos. Izdat., Moscow, 1959, (in Russian).

[[K-P]]M.I. Kadec and A.Pełczyński, Bases, lacunary sequences and complrmrntrd subspaces in the spaces L_p, Studia Math. 21 (1962), 161-176.

[[Pri]]Al. A. Privalov, On the growth of degrees of polynomial basis and approximation of trigonometric projections, Mat. Zametki 42 No. 2 (1987), 207–214, (in Russian).

[[Pri1]] , On the growth of degrees of polynomial bases, Mat. Zametki 48 No. 4 (1990), 69-78, (in Russian).

[[Sh1]]B. Shekhtman, On the norms of interpolating operators, Israel J. Math. 64 No 1 (1989), 39-48.

[[Sh2]]B. Shekhtman, On polynomial ”interpolation” in L_1, preprint.

[[S-W]]E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton University Press, 1971.

[[Tor]]A. Torchinsky, Real-Variable Methods in Harmonic Analysis, Academic Press Inc., 1986.

[[Ul1]]P. L. Ulianov, On some solved and unsolved problems in the theory of orthogonal series, Proc.

IV All Union Math. Congress vol. 2, Publishing House AN SSSR, Moscow, 1964, pp. 694–704, (in Russian).

[[Ul2]]P. L. Ulianov, On some results and problems in the theory of bases, Zapiski LOMI, 274 –283, (in Russian).

[[Wo1]]P. Wojtaszczyk, The Franklin system is an unconditional basis in H_1, Arkiv för Matematik 20 No 2 (1982), 293–300.

[[Wo2]]P. Wojtaszczyk, Banach spaces for analysts, Cambridge University Press (to appear).