1

Wavelets as unconditional bases in L_p(R)^{∗†}

P. Wojtaszczyk^‡ Instytut Matematyki Uniwersytet Warszawski 02–097 Warszawa Banacha 2 e-mail przemekw@mimuw.edu.pl

Abstract We present weak sufficient conditions for decay of a wavelet so that the wavelet basis is an unconditional basis in L_p(R), 1 < p < ∞. We also prove that some unimodular wavelets yield unconditional bases in L_p(R).

It is a part of the general wisdom that (good) wavelet bases are unconditional bases in L_p(R) for 1 < p < ∞. Results of this type are proven in almost every book on wavelets, see e.g. [3], [8], [9], [14]. In all those places, however, some assumptions on the smoothness of wavelets are used. Since the definition of L_p–spaces does not involve any smoothness, this may seem strange, and clearly is a result of the method of the proof, which in one way or the other involves the methods of the Calderon–Zygmund operators. The only result on the unconditionality of wavelet bases in L_p(R) which uses no smoothness of wavelet is a theorem of Gripenberg [6]. One of the aims of this paper is to improve this result. In our second main result we deal with unimodular wavelets, also called in the literature minimally frequency supported wavelets (cf. [8]) or s-elementary wavelets (cf. [2]). It is an interesting class of wavelets which are very smooth but have quite bad decay.

Let us start with some definitions and notations. The symbol R will always denote the real line and the symbol Z will denote integers. The Lebesgue measure of a set A ⊂ R will be denoted as |A|. A wavelet is a function Ψ(x) ∈ L_2(R) such that the system { 2^{j/2}Ψ(2^jx − k) } j,k∈Z ∗Key words: wavelet, unimodular wavelet, unconditional basis †1991 AMS Mathematics Subject Classification: 42C10, 46B15, 46E30 ‡This research was partially suported by the grant 2 PO3A 00113 from Komitet Badań Naukowych

is an orthonormal basis in L_2(R). To simplify the notation, for any function f on R by f_{jk}(x) we will denote the function 2^{j/2}f(2^jx − k). For a wavelet Ψ the system {Ψ_{jk}}_{jk∈Z} is called a wavelet basis.

Let us recal that a biorthogonal system (x_n, x^∗_n)_{n∈A} in a Banach space X is an unconditional basis if for every x ∈ X the series ∑ n∈A x^∗_n(x)x_n converges to x unconditionally in norm. The detailed, elementary discussion of unconditional bases, especially in the context of wavelets, is presented in [14].

1 Wavelets with decay only

The assumptions on the wavelet we are making in this section are summarised in the following:

• There exists a function φ(x) on R such that 1. φ(x) = φ(−x) 2. φ(x) is decreasing on (0, ∞) 3. φ(x) is bounded on R 4. ∫_∞ 0 φ(x) ln(1 + x) dx < ∞ 5. |Ψ(x)| ≤ φ(x) for all x ∈ R Our assumptions about the function φ yield the following facts to be used later Lemma 1 For every u ∈ R we have ∑ k∈Z φ(k)φ(u − k) ≤ Cφ(u/2) (1) and ∑ k∈Z φ(u − k) ≤ C. (2) Proof Note that 4. implies that ∫ R φ(x) dx is finite. Since φ is monotone on [0, ∞) and on (−∞, 0] the second inequality easily follows. To prove the first note that without loss of generality we can assume that u ≥ 0. Then we have ∑ k∈Z φ(k)φ(u − k) = ∑ k≤u/2 + ∑ k>u/2 φ(k)φ(u − k) ≤ 2φ(u/2) ∑ k≤u/2 φ(k) ≤ Cφ(u/2).

♠ Our aim in this Section is to prove the following result

Theorem 1 If a wavelet Ψ satisfies the above assumption •, then the system {Ψ_{jk}}_{j,k∈Z} is an unconditional basis in L_p(R) for 1 < p < ∞.

Remark This theorem improves upon the main result of G. Gripenberg [6] in two ways. First it replaces his condition ∫_∞ 0 φ(x)(1 + x) dx < ∞ by a clearly weaker condition 4. in •. Second, we do not assume that the wavelet is associated with a multiresolution analysis. However the general structure and idea of our proof follows rather closely the paper [6] of G. Gripenberg.

Remark A theorem stronger than our Theorem 1 is claimed in [1], but the proof presented there contains a serious error in the last few lines.

Now we can start the proof of Theorem 1. For a function f ∈ L_1(R) ∩ L_2(R) we can write f = ∑ j,k ⟨f, Ψ_{jk}⟩ Ψ_{jk} where the series converges in L_2. For any sequence of signs ϵ = {ε_{jk}}_{j,k∈Z} with ε_{jk} = ±1 we can write Uϵf = ∑ jk ε_{jk} ⟨f, Ψ_{jk}⟩ Ψ_{jk}. This clearly is an L_2–function and each operator Uϵ defined in this way is an isometry on L_2(R).

The main technical ingredient of our proof is the following

Proposition 2 Operators Uϵ are uniformly in ϵ of weak type (1,1) i.e. there exists a constant C such that for each f ∈ L_2(R) ∩ L_1(R), for each λ > 0 and each ϵ we have |{x ∈ R : |Uϵf(x)| > λ}| ≤ C λ ‖f‖_1. (3)

By I_{rl} we will denote the dyadic interval [2^{−r}l, 2^{−r}(l + 1)). Very often we will identify such an interval with an ordered pair of integers (r, l). Clearly two such dyadic intervals are either disjoint or one is contained in the other. To prove 3 we fix a function f ∈ L_2 ∩L_1, a sequence of signs ϵ and a number λ > 0. From the Calderon–Zygmund decomposition (see e.g. [14] Th. 6.9.) we obtain a collection S of ordered pairs of integers such that the corresponding dyadic intervals are disjoint and such that for (r, l) ∈ S λ < 1 |I_{rl}| ∫ I_{rl} |f| ≤ 2λ (4) and for x ∈ R \ ⋃ (r,l)∈S Irl we have |f(x)| ≤ λ almost everywhere. (5)

It easily follows from 4 that | | | | | ⋃ (r,l)∈S I_{rl} | | | | | ≤ 1 λ ‖f‖_1. (6)

We denote F =: R \ ⋃ (r,l)∈S Irl and frl =: f · χIrl . By P_j we denote the orthonormal projection in L_2(R) onto span{Ψ_{ik}}_{k∈Z,i<j}, so we can write P_jh = ∑ i<j ∑ k∈Z ⟨h, Ψ_{ik}⟩ Ψ_{ik}. (7) By Q_j h we will denote the complementary orthonormal projection i.e.

Q_j h = h − P_j h = ∑ i≥j ∑ k∈Z ⟨h, Ψ_{ik}⟩ Ψ_{ik}. Operators P_j and Q_j clearly commute with operators Uϵ.

Using those notions we decompose f into two functions. We write

g = f · χ_F + ∑ (r,l)∈S P_r(f_{rl}) (8) and h = f − g = ∑ (r,l)∈S f_{rl} − P_r(f_{rl}). (9) Later on we will prove the following two facts:

Fact 1 There exists a constant C, independent of f, λ and ϵ such that ‖ ‖ ‖ ‖ ‖ ‖ ∑ (r,l)∈S P_r(f_{rl}) ‖ ‖ ‖ ‖ ‖ ‖_2 ≤ C √ λ‖f‖_1. (10)

Fact 2 There exists an even, integrable function η(x) monotone decreasing for x > 10 and a constant C, independent of f, r, l and ϵ such that for each function f ∈ L_1(R) ∩ L_2(R) with supp f ⊂ I_{rl} we have |UϵQ_rf(x)| ≤ C‖f‖_12^rη(2^rx − l) (11) for all x ∈ R such that |2^rx − l| > 10.

Using the above two Facts we can give a proof of Proposition 2 Clearly |{x : |Uϵf(x)| > λ}| ≤ |{x : |Uϵg(x)| > λ/2}| + |{x : |Uϵh(x)| > λ/2}|. (12) From 5 we obtain ∫ F |f(x)|^2 dx ≤ λ ∫ F |f(x)| dx ≤ λ‖f‖_1. From this and Fact 1 we obtain ‖g‖_2 ≤ C √ λ‖f‖_1. Thus using the Markov’s inequality we obtain |{x : |Uϵg(x)| > λ/2}| = |{x : |Uϵg(x)|^2 > λ^2/4}| ≤^4_{λ2} ‖Uϵg‖^2 =^4_{λ2} ‖g‖^2 ≤^C_{λ2} λ‖f‖_1 =^C_λ ‖f‖_1. (13) Let us denote A =: ⋃ (r,l)∈S 10 · Irl. It follows from 6 that

|A| ≤^{10}_λ ‖f‖_1. (14) On the other hand ∫ R\A |Uϵh| ≤ ∑ (r,l)∈S ∫ R\A |UϵQ_r(f_{rl})| ≤ ∑ (r,l)∈S ∫ R\10Irl |UϵQ_r(f_{rl})|. Using now Fact 2 we get ∫ R\A |Uϵh| ≤ C ∑ (r,l)∈S ‖f_{rl}‖_1 ≤ C‖f‖_1. (15) From the Markov’s inequality, 14 and 15 we get |{x : |Uϵh(x)| > λ/2}| ≤ |A| + |{x ∈ R \ A : |Uϵh(x)| > λ/2}| ≤^{10}_λ ‖f‖_1 +^{2C}_λ ‖f‖_1 =^C_λ ‖f‖_1. (16) Putting together 13 and 16 we get Proposition 2

Now we will aim at Fact 1 and Fact 2.

Proposition 3 If f ∈ L_1(R) and supp f ⊂ [0, 1], then for |x| > 10 we have |UϵQ_0f(x)| ≤ C‖f‖_1 ∑ j≥0 2^jφ(^1_3 2^jx). (17)

Proof We have UϵQ_0f(x) = ∑ j≥0 ∑ k∈Z ε_{jk} ⟨f, Ψ_{jk}⟩ Ψ_{jk}. We split this sum into two as follows UϵQ_0f(x) = ∑ j≥0 ∑ |k|<5·2^j + ∑ j≥0 ∑ |k|≥5·2^j ε_{jk} ⟨f, Ψ_{jk}⟩ Ψ_{jk} =: Σ^1(x) + Σ^2(x) (18) Note that for each j ∈ Z and t ∈ R we have ∑ k∈Z |Ψ(2^jt − k)| ≤ ∑ k∈Z φ(2^jt − k) ≤ 4 ∫_∞ 0 φ(x) dx ≤ C (19) and also for |k| < 5 · 2^j and |x| > 10 |Ψ(2^jx − k)| ≤ φ(2^jx − k) ≤ φ(|2^jx/2|) = φ(2^{j−1}|x|). (20) Those facts and 1 allow us to estimate Σ^1(x) as follows: |Σ^1(x)| ≤ ∑ j≥0 ∑ |k|<5·2^j ∫ R |f(t)2^{j/2}Ψ(2^jt − k)| dt · 2^{j/2}φ(2^jx − k) ≤ ∑ j≥0 2^jφ(2^{j−1}x) ∫ R |f(t)| ∑ |k|<5·2^j |Ψ(2^jt − k)| dt (21) ≤ ∑ j≥0 2^jφ(2^{j−1}x)‖f‖_1 · ‖ ∑ k∈Z φ(u − k)‖_∞ ≤ C‖f‖_1 ∑ j≥0 2^j φ(2^{j−1}x).

The summand Σ^2(x) we estimate as follows: |Σ^2(x)| ≤ ∑ j≥0 ∑ |k|≥5·2^j 2^j

∫_1 0 |f(t)||Ψ(2^jt − k)| dt |Ψ(2^jx − k)| ≤ ∑ j≥0 ∑ |k|≥5·2^j 2^j ‖f‖_1 sup_{t∈[0,1]} φ(2^jt − k) φ(2^jx − k) ≤ ‖f‖_1 ∑ j≥0 2^j ∑ |k|≥5·2^j φ(k − 2^j )φ(2^jx − k) ≤ ‖f‖_1 ∑ j≥0 2^j ∑ k∈Z φ(k)φ(2^j(x − 1) − k) The appeal to Lemma 1 completes the proof of Proposition 3. ♠ Proposition 4 The series ∑ j≥0 2^j φ(2^jx) is absolutely convergent for x ≠ 0 and the function F (x) =: ∑ j≥0 2^jφ(2^jx) is even, monotone decreasing on (0, ∞) and integrable on each half-line (δ, ∞) with δ > 0.

Proof Since φ(x) is even, positive and monotone decreasing on (0, ∞), once we show that ∫_∞ δ F (x) dx < ∞ for every δ > 0 all the rest follows. ∫_∞ δ F (x) dx = ∑ j≥0 ∫_∞ δ φ(2^j x)2^j dx = ∑ j≥0 ∫_∞ 2^j δ φ(u) du = ∑ j≥0 ∑ k≥j ∫_2k+1_δ

2^kδ φ(u) du = ∑ k≥0 (k + 1)

∫_2k+1_δ

2^kδ φ(u) du ≤ C(δ) ∫_∞ δ ln(u + 1)φ(u) du ≤ C(δ). ♠ Proof of Fact 2. Fact 2 follows immediately from Proposition 3, Proposition 4 and an appropriate change of variables. ♠ Proposition 5 There exists a constant C such that for each ϵ and every function f ∈ L_1(R) ‖UϵP_j f‖_∞ ≤ C · 2^j · ‖f‖_1 (22) Proof A change of variables argument shows that it suffices to prove 22 for j = 0.

The following calculation which uses properties of φ and Lemma 1 shows 22 in this case: |UϵP_0f(x)| ≤ ∑ j<0 2^j ∑ k∈Z ∫ R |f(t)||Ψ(2^jt − k)| dt |Ψ(2^jx − k)| ≤ C ∑ j<0 2^j ∑ k∈Z ∫ R |f(t)|φ(2^jt − k) dt

≤ C ∑ j<0 2^j ∫ R |f(t)| ∑ k∈Z φ(2^jt − k) dt ≤ C ∑ j<0 2^j ‖f‖_1 · ‖ ∑ k∈Z φ(2^jt − k)‖_∞ ≤ C‖f‖_1. ♠ Proposition 6 There exists a bounded, even, integrable decreasing on (0, ∞) function α(t) constant on each interval (2k + 1, 2k + 3) with k ∈ Z, such that for f ∈ L_2(R) with supp f ⊂ I_{jk} we have |P_jf(t)| ≤ 2^j‖f‖_1α(2^jt − k). (23)

Proof Using an appropriate change of variables we see that it suffices to check 23 for j = 0 and k = 0. From Proposition 5 we see that we can take α(t) = const for |t| < 10. We make sure that this constant is ≥ F (10) where the function F is defined in Proposition 4. Since P_0f = f − Q_0f we see that for |t| > 10 we have P_0f(t) = −Q_0f(t) and we apply Propositions 3 and 4. Next we modify the resulting function to make it constant where needed. We simply define α(x) = α(|x|) = F (k) for |x| > 10 and k ≤ |x| < k + 1. ♠ Now we are ready to establish Fact 1. It follows immediately from the following

Proposition 7 Suppose I_{jk} are disjoint dyadic intervals and f_{jk} are functions such that supp f_{jk} ⊂ I_{jk} and λ < 1 |I_{jk}| ∫ I_{jk} |f_{jk}| ≤ 2λ. Then ∫ R | | ∑ jk P_j f_{jk} | |^2 ≤ Cλ ∑ jk ‖f_{jk}‖_1. (24)

Proof Let us write ∫ R | | ∑ jk P_jf_{jk} | |^2 = ∑ jk ∑ j^′k^′ ∫ R P_j f_{jk}P_j′ f_j′_k′ = I. Since P_j’s are orthonormal projections and P_jP_j′ = P_{min(j,j}′_), using 23 we get I = ∑ jk ∑ j^′k^′ ∫ R P_{min(j,j}′_)f_{jk} · f_j′_{,k}′ ≤ 2 ∑ jk ∑ j^′≥j,k^′ | | ∫ R P_jf_{jk} · f_j′_k′ | |

≤ 2 ∑ jk ∑ j^′≥j,k^′ ∫ I_j′_k′ ‖f_{jk}‖_12^j α(2^jx − k)|f_j′_k′ (x)| dx ≤ 2 ∑ jk 2^j ‖f_{jk}‖_1 ∑ j^′≥j,k^′ ∫ I_j′_k′ α(2^jx − k)|f_j′_k′ (x)| dx. Since j^′ ≥ j we see that α(2^jx − k) is constant on interval I_j′_k′ , so we can write each integral as ∫ I_j′_k′ α(2^jx − k)|f_j′_k′ (x)| dx = 1 |I_j′_k′ | ∫ I_j′_k′ |f_j′_k′ (x) dx ∫ I_j′_k′ α(2^jx − k) dx so from our assumptions we get I ≤ 2 ∑ jk ‖f_{jk}‖_12^j ∑ j^′≥j,k^′ ∫ Ij^′k^′ α(2^jx − k) · 2λ

≤ 4λ ∑ jk ‖f_{jk}‖_12^j ∫ ⋃_{Ij′k′} α(2^jx − k) dx ≤ 4λ ∑ jk ‖f_{jk}‖_12^j ∫ R α(2^jx − k) dx ≤ 4λ ∫ R α(u) du ∑ jk ‖f_{jk}‖_1 ≤ Cλ ∑ jk ‖f_{jk}‖_1. ♠ Now we can formally conclude the proof of Theorem 1.

Proof of Theorem 1 First observe that from Proposition 2, Marcinkiewicz interpolation theorem (see e.g. [11], [13] or [14] Theorem 6.23) and basic duality we infer that all operators Uϵ are continous on L_p(R) for 1 < p < ∞ and their norms on each L_p(R) are uniformly bounded. Since those L_p spaces are reflexive we infer that for each f in L_p(R) the series ∑ jk∈Z ⟨f, Ψ_{jk}⟩ Ψ_{jk} converges unconditionally in L_p(R) to some function. Since for f ∈ L_2 ∩ L_p this series converges to f, one easily checks that it has to converge to f for all f ∈ L_p(R). ♠ Remark It follows from Theorem 2.1 from [5] that for 1 < p ≤ 2, and thus by duality for all p, 1 < p < ∞, the basis (Ψ_{jk})_{jk∈Z} considered in Theorem 1 is equivalent in L_p(R) with the classical Haar basis.

2 Unimodular wavelets

In this section we want to prove that some unimodular wavelets, among them the most important Shannon wavelet, give unconditional bases in L_p(R), 1 < p < ∞. Those wavelets have very bad decay; they are not in L_1(R) and decay like (1 + |x|)^{−1}.

A unimodular wavelet, also called in the literature minimally supported frequency wavelet [8] or s-elementary wavelet [2], is a wavelet Ψ ∈ L_2(R) such that √ 2πΨ̂(ξ) is a characteristic function of a set. Clearly the symbol f̂ denotes the Fourier transform of f and the symbol f̌ denotes the inverse Fourier transform of f. For more information on unimodular wavelets see books [8], [14] and original papers [7], [4] or [2]. The most important of them is a Shannon wavelet S given by Ŝ(ξ) =^1_{√2π} χ_{[−2π,−π]∪[π,2π]}. (25)

From 25 we easily obtain the explicite formula for the Shannon wavelet, namely S(x) = 1 πx (sin 2πx − sin πx) . (26) This formula easily gives that S(0) = 1 and S(k) = 0 for k ∈ Z and k ≠ 0. In order to prove the unconditionality of wavelet bases associated with unimodular wavelets we will use the classical Littlewood–Paley Theorem (cf. [11] or [13]) which we now describe. Let 0 ≤ a_1 < a_2 < . . . and 0 ≥ b_1 > b_2 > b_3 > . . . be two sequences of real numbers and let I_j = [a_j, a_{j+1}) if j > 0 I_0 = [b_1, a_1) (27) I_j = [b_{−j−1}, b_{−j}) if j < 0. Assume that there exists a number λ > 1 such that^{aj+1}_{aj} ≥ λ and^{bj+1}_{bj} ≥ λ for all j ∈ Z. Theorem 2 (Littlewood-Paley) There exists a constant C_p such that for all sequences of ϵ = (ε_j)_{j∈Z} with ε_j = 0, ±1 and all f ∈ L_p(R), 1 < p < ∞ g(ξ) = ∑ j∈Z ε_jχ_{Ij} f̂(ξ) is the Fourier transform of a function fϵ ∈ L_p(R) and ‖fϵ‖_p ≤ C_p‖f‖_p. (28) We also have ( ∫ R ( ∑ j∈Z |(χ_{Ij}f̂)^∨(x)|^2)^{p/2}dx )_{1/p} ≤ C_p‖f‖_p. (29) First we will consider the special case of the Shannon wavelet.

Proposition 8 The wavelet basis (S_{jk})_{jk∈Z} associated with the Shannon wavelet S is an unconditional basis in L_p(R) for 1 < p < ∞.

Proof We will compare the Shannon wavelet with the Haar wavelet h (cf. [14]) defined as h(t) = 1 for t ∈ [0,^1_2 ) −1 for t ∈ [^1_2 , 1) 0 otherwise.

It is classical and also follows from Theorem 1 that the Haar basis (h_{jk})_{jk∈Z} is an unconditional basis in L_p(R) for 1 < p < ∞. We will show that for any (finite) sequence of scalars (a_{jk})_{jk∈Z} we have c_p ‖ ‖ ‖ ∑ jk∈Z a_{jk}h_{jk} ‖ ‖ ‖_p ≤ ‖ ‖ ‖ ∑ jk∈Z a_{jk}S_{jk} ‖ ‖ ‖_p ≤ C_p ‖ ‖ ‖ ∑ jk∈Z a_{jk}h_{jk} ‖ ‖ ‖_p (30)

where constants C_p ≥ c_p > 0 depend only on p. By duality it suffices to show only the left hand side inequality in 30. From the Littlewood-Paley Theorem and the definition of the Shannon wavelet we see that ‖ ‖ ‖ ∑ jk∈Z a_{jk}S_{jk} ‖ ‖ ‖^p ≥ c ∫ R ( ∑ j∈Z | ∑ k∈Z a_{jk}S_{jk}(x)|^2 )_{p/2} dx. (31) Now let M denotes the classical Hardy-Littlewood maximal function (for definition and basic properties see e.g. [11], [13], [14]). From the Fefferman-Stein result (see e.g. [13] XII.1 Theorem 1.1) we get that 31 can be minorized by (a constant times) ∫ R ( ∑ j∈Z [ M( ∑ k∈Z a_{jk}S_{jk})(x) ]_2)_{p/2} dx. (32) To minorize this we will need the following Lemma whose proof is momentarily postponed.

Lemma 9 There exists a constant c such that for any (finite) sequence of scalars (a_k)_{k∈Z} M( ∑ k∈Z a_kS(• − k))(x) ≥ c ∑ k∈Z |a_k||h(x − k)|. (33) Using this Lemma and a change of variables we immediately get that for each j ∈ Z M( ∑ k∈Z a_{jk}S_{jk})(x) ≥ c ∑ k∈Z |a_{jk}||h_{jk}(x)| (34) so we can minorize 32 further by c ∫ R ( ∑ j∈Z ( ∑ k∈Z |a_{jk}||h_{jk}(x)|)^2 )_{p/2} dx = c ∫ R ( ∑ jk∈Z |a_{jk}|^2|h_{jk}(x)|^2 )_{p/2} dx. (35) Since the Haar basis is unconditional we can finally minorize 35 to obtain ‖ ∑ jk∈Z a_{jk}S_{jk}‖_p ≥ c‖ ∑ jk∈Z a_{jk}h_{jk}‖_p which shows 30. To obtain the Proposition we need to observe that 30 implies that for each f in L_p(R) the series ∑ jk ⟨f, S_{jk}⟩ S_{jk} converges unconditionally to some function and that for f ∈ L_2(R) ∩ L_p(R) it converges to f, so it converges to f for all f’s in L_p(R).

♠ Proof of Lemma 9 Let us denote F (x) = ∑ k∈Za_kS(x − k). From 26 we see that

F (k) = a_k for k ∈ Z. (36)

Also supp F̂ (ξ) ⊂ [−2π, 2π]. This implies that F is a restriction to R of an entire function of exponential type and thus the Bernstein type inequality holds i.e. we have |F^′(x)| ≤ C‖F ‖_p for all x ∈ R. (37) The proof of this inequality can be found in [10] sections 3.2.2 and 3.3. Now 37 and 36 and the definition of M easily imply 33. ♠ Remark This proof is a modification of the proof of Proposition 3.6 of [15] which really is a periodic version of our Proposition 8.

Now let us consider unimodular wavelets Ψ such that √ 2πΨ̂(ξ) is a characteristic function of a set K which is a union of a finite number of intervals. Note that almost all unimodular wavelets considered in [4], [7], [8], [2] are of this type.

Theorem 3 Let Ψ(x) be a unimodular wavelet as described above. Then (Ψ_{jk})_{jk∈Z} is an unconditional basis in L_p(R), 1 < p < ∞.

Proof We know that √ 2πΨ̂(ξ) = χ_K where K = ⋃_N r=1 I_r where I_r’s are intervals.

Since Ψ is a wavelet we infer that sets 2^j K with j ∈ Z are disjoint (up to a measure 0). Thus, may be increasing N, we can write K = ⋃_N r=1 2^{s(r)}J_r where s(r) ∈ Z, each J_r is a union of at most two intervals, one contained in [−2π, −π] and the other contained in [π, 2π] and sets 2^{s(r)}J_r are disjoint. This implies that for each r sets 2^j J_r are disjoint (up to a measure 0) for j ∈ Z. Let us denote A_r =: ⋃ j∈Z2^jJ_r. Let us use the convention that for a set B ⊂ R we consider an orthonormal projection P (B) defined on L_2(R) by (P (B)f)^∧ = f̂ · χ_B .

It follows from the Littlewood-Paley Theorem that all projections of this type used in this Section are actually continuous on L_p(R) for 1 < p < ∞.

Let us take f = ∑ jk∈ZajkΨjk. Since all the constants appearing later are independent

of f in order to avoid formal problems we can assume that this sum is actually finite.

Then we have ‖f‖_p ≤ C(p, N) N∑ r=1 ‖P (A_r)f‖_p = C(p, N) N∑ r=1 ‖ ∑ jk∈Z a_{jk}P (A_r)Ψ_{jk}‖_p (38) = C(p, N) N∑ r=1 ‖ ∑ jk∈Z a_{jk}P (2^{j+s(r)}J_r)Ψ_{jk}‖_p. Now instead of the function P (A_r)(f)(x) = ∑ jk∈Z a_{jk}P (2^{j+s(r)}J_r)(Ψ_{jk})(x) let us consider the function g_r(x) = P (A_r)(f)(2^{−s(r)}x).

Then ‖g_r‖_p = 2^{s(r)/p}‖P (A_r)f‖_p. (39) On the other hand a standard calculations using elementary properties of the Fourier transform give P (A_r)(f)(2^{−s(r)}x) = ∑ jk∈Z a_{jk}(χ_2j+s(r)_{Jr} )^∨(2^{−s(r)}x) = 2^{s(r)} ∑ jk∈Z a_{jk}(χ_2j_{Jr} )^∨(x) (40) = 2^{s(r)}P (A_r) ∑ jk∈Z a_{jk}S_{jk}(x). Thus from 38, 39 and 40 we get ‖f‖_p ≤ C(p, N) N∑ r=1 2^{−s(r)/p}‖g_r‖_p = C(p, N) N∑ r=1 2^{−s(r)/p}‖2^{s(r)}P (A_r) ∑ jk∈Z a_{jk}S_{jk}‖_p ≤ C(p, N) N∑ r=1 2^{(1− 1p )s(r)}‖P (A_r) ∑ jk∈Z a_{jk}S_{jk}‖_p. Since N and s(r) depend only on the wavelet and P (A_r) are bounded projections in L_p(R) by the Littlewood-Paley Theorem, this clearly implies that ‖ ∑ jk∈Z a_{jk}Ψ_{jk}‖_p ≤ C‖ ∑ jk∈Z a_{jk}S_{jk}‖_p. (41)

Since both systems (Ψ_{jk})_{ij∈Z} and (S_{jk})_{jk∈Z} are orthonormal bases, by duality we get the converse inequality ‖ ∑ jk∈Z a_{jk}S_{jk}‖_p ≤ C‖ ∑ jk∈Z a_{jk}Ψ_{jk}‖_p (42)

so from Proposition 8 we infer (exactly like in the end of the proof of Proposition 8) that (Ψ_{jk})_{jk∈Z} is an unconditional basis in L_p(R) with 1 < p < ∞. ♠ Remark Let us note that our proofs show that bases discussed in Theorem 3 are equivalent to Haar basis.

Let us observe that we cannot adapt methods of Section 1 to unimodular wavelets discussed above. The reason is that the operators Uϵ when applied to the Shannon wavelet are not uniformly of weak type (1-1). To see it observe that if all Uϵ would be of weak type (1-1), then also operators

R_N (f) = N∑ j=0 (−1)^j ⟨f, S_{j0}⟩ S_{j0} would be uniformly of weak type (1-1). If we take f_ε(t) =^1_{2ε} χ_{(−ε,ε)}(t) , i.e. f_ε is a sufficiently good approximation of the Dirac’s delta, then we have

lim_{ε→0} R_N (f_ε) = R_N (δ_0) = N∑ j=0 (−1)^j2^{j/2}S_{j0}(x).

Thus we would have that

R_N (δ_0) = N∑ j=0 (−1)^j2^j S(2^jx) = N∑ j=0 (−1)^j 1 πx (sin 2^{j+1}πx − sin 2^jπx) = 1 πx [ 2 N∑ j=1 (−1)^j sin 2^jπx − sin πx + (−1)^N sin 2^{N+1}πx ]

is uniformly of weak type (1-1). Clearly 1 πx [ − sin πx + (−1)^N sin 2^{N+1}πx ]

is uniformly in N of weak type (1-1). Thus to justify our initial claim we need to show that F_N =: 1 πx [ 2 N∑ j=1 (−1)^j sin 2^jπx ]

is not uniformly in N of weak type (1-1). But by the classical result of Salem and Zygmund (see [12] or [16, Chap. XVI Th. 5.5]) we know that the distribution of 1√ N ∑_N j=1(−1)^{j+1} sin 2^jπx on the interval [−1, 1] tends to the standard gaussian distribution. This implies that for N big enough we have | |^N∑ j=1 (−1)^{j+1} sin 2^jπx | | ≥ 1 2 √ N

on a set A_N with |A_N | ≥ c > 0. But then for x ∈ A_N we have |F_N (x)| ≥^1_π √ N which shows that functions F_N are not uniformly of weak type (1-1).

References

[1] Chang, Kuei Fang, A wavelet-like unconditional basis, Bull. Inst. Math. Acad. Sinica 24 N.3 (1996) pp. 167-185

[2] X. Dai & D. R. Larson, Wandering vectors for unitary systems and orthogonal wavelets, Mem. Amer. Math. Soc. (to appear)

[3] I. Daubechies, Ten lectures on wavelets, SIAM, Philadelphia 1992

[4] X. Fang & X. Wang, Construction of minimally supported frequencies wavelets, Journal of Fourier Analysis and Applications 2 (1996) pp. 315-327

[5] G.G. Gevorkian & B. Wolnik, Square functions for wavelet type systems, preprint

[6] G. Gripenberg, Wavelet bases in L_p(R), Studia Math, 106(2) (1993) pp. 175–87

[7] Y-H Ha, H. Kang, J. Lee & J. Seo, Unimodular wavelets for L^2 and the Hardy space H^2, Michigan Math. J. 41 (1994) pp. 345-361

[8] E. Hernandez & G. Weiss, A first course on wavelets CRC Press, Boca Raton, 1996

[9] Y. Meyer, Wavelets and operators, Cambridge University Press, Cambridge 1992

[10] S. M. Nikolskij, Approximation of functions of several variables and embedding theorems, Moscow, Nauka 1969 (in Russian)

[11] E. Stein, Singular integrals and differentiability properties of functions, Princeton University Press, Princeton, New Jersey, 1970 [12] R. Salem & A. Zygmund, On lacunary trigonometric series, Proc. Natl. Acad. Sci.

USA, 33 n.11 (1947) pp. 333-338 [13] A. Torchinsky, Real variable-methods in harmonic analysis, Academic Press, 1986 [14] P. Wojtaszczyk, A mathematical introduction to wavelets, Cambridge University Press, Cambridge 1997 [15] P. Wojtaszczyk, On Unconditional Polynomial Bases in L_p and Bergman Spaces, Constructive Approximation 13 (1997) pp. 1-15 [16] A. Zygmund, Trigonometric series second ed. Cambridge University Press, Cambridge 1979