Under consideration for publication in Math. Proc. Camb. Phil. Soc. 1

On weak non-equivalence of wavelet–like systems in L_1†

By Smbat Gogyan Institut of Mathematics, Armenian National Academy of Sciences, Marshal Baghramian ave. 24b, 375019 Yerevan, Armenia e-mail : smbatino@freenet.am

and P. Wojtaszczyk Institut of Applied Mathematics, Warsaw University, ul. Banacha 2, 02-097 Warsaw, Poland e-mail : wojtaszczyk@mimuw.edu.pl

(Received )

Abstract We show that in L_1(R) the Haar wavelet basis is not equivalent to any permutation with any signs of the Strömberg wavelet basis. We also construct a Haar-type system in L_1[0, 1] which is not equivalent to any subsequence with signs of the classical Haar basis.

1. Introduction Equivalence of bases is a rich subject in the theory of Banach (and other) spaces, see e.g. [3] for the review of the subject. In this paper we introduce a new kind of equivalence

DEFINITION 1. Suppose that {x_n}_{n∈N} and {y_m}_{m∈M} are two systems of vectors in Banach spaces X and Y respectively. We say that those systems are weakly equivalent if there exists an 1-1 and onto map π : N → M and a sequence of signs {η_n}_{n∈N} and constants 0 < c ≤ C < ∞ such that for every (finitely non-zero) sequence of scalars {a_n}_{n∈N} we have c ‖ ‖ ‖ ‖ ∑ n∈N a_ny_{π(n)} ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖ ∑ n∈N a_nη_nx_n ‖ ‖ ‖ ‖ ≤ C ‖ ‖ ‖ ‖ ∑ n∈N a_ny_{π(n)} ‖ ‖ ‖ ‖ . (1·1)

Despite apparent nonsymetry this weak equivalence is really an equivalence relation. If systems {x_n}_{n∈N} and {y_m}_{m∈M} are unconditional bases this is simply permutative equivalence. If N = M, π is the identity and η_n = 1 we get the equivalence. For more information about those notions see e.g. [3]. The need for such a concept arose in the subject of m–term approximation [8] and [12]. This is a study of approximation from

† This research was started during the first authors visit in the Institut of Applied Mathematics of the Warsaw University. Both authors expres their gratitude to the Foundation for Polish Science for support. The second author was partially supported by Polish Grant KBN 1 PO03A 038 27

2 Smbat Gogyan and P. Wojtaszczyk

sets

Σ_n = { ∑ n∈Λ a_nx_n : Λ ⊂ N has n elements, a_n’s are arbitrary scalars } . (1·2)

It is clear that if {x_n}_{n∈N} and {y_m}_{m∈M} are weakly equivalent the corresponding sets Σ_n have the same properties in spaces X and Y . This was used in the work of V.N. Temlyakov [9] when he showed the good properties of the thresholding algorithm with respect to the Haar system in L_p, 1 < p < ∞ and used known results about equivalence to get the same results for very general wavelet systems. For the importance of this type of results in numerical analysis see [2].

Our results deal with weak equivalence in L_1 norm. It is generally the case that results which hold for 1 < p < ∞ fail for p = 1. In particular it is well known that the good wavelet bases, in particular Strömberg system, are equivalent in L_p(R) with 1 < p < ∞ to the Haar wavelet basis (see e.g. [10], [11]). It is also known that many of those results fail for L_1(R). It was proved by Sjölin [6] that the Franklin system and the Haar system are not equivalent in L_1[0, 1]. Analogous result was shown by P. Bechler for Strömberg and other wavelet system [1]. In Theorem 2 we show that Haar wavelet basis and Strömberg wavelet basis are not weakly equivalent in L_1(R). Theorem 3 gives an example of a Haartype system which is not weakly equivalent in L_1[0, 1] norm to any subsystem of the Haar system. It was shown by A. Kamont [4] that any Haar-type system in L_p[0, 1] for 1 < p < ∞ is equivalent to a subsequence of the Haar system.

2. Computation of some integrals Strömberg wavelet was introduced in [7] as an analog on R of the classical Franklin system. Let us recall the definition of the Strömberg wavelet see e.g. [7], [10]. Let

A_1 = { k 2 with k = 1, 0, −1, −2, . . . } ∪ {k with k = 1, 2, . . . } and A_0 = { k 2 with k = 0, −1, −2, . . . } ∪ {k with k = 1, 2, . . . }.

By S(A_i) we denote the set of all square integrable, continuous, piecewise–linear functions on R with nodes in A_i. The Strömberg wavelet is the function S ∈ S(A_1) which is orthogonal to S(A_0). To fix the normalisation we choose S(1) = 1. The explicite values of the Strömberg wavelet are as follows:

S(k) = ( √ 3 − 2)^{k−1} for k = 1, 2, 3, . . . (2·1) S( 1 2 ) = −( √ 3 + 1 2 ) (2·2) S(− k 2 ) = (2 √ 3 − 2)( √ 3 − 2)^k for k = 0, 1, 2, . . . (2·3)

We introduce the function F (x) as a continuous, piecewise linear function on R given by the conditions

F (x) =

0 if x ≤ 0 or x ≥ 1 1 if x =^1_2 −^1_2 if x =^1_4 or x =^3_4 .

(2·4)

Weak non-equivalence 3

One easily checks that F is orthogonal to all functions linear on the interval [0, 1].

For a dyadic interval I = (^k_{2j} ,^{k+1}_{2j} ) with k, j ∈ Z we will denote

S_I (x) = S_{j,k}(x) = 2^j S(2^j x − k).

It is well known that (S_{j,k})_{j,k∈Z} is an orthogonal basis in L_2(R) and one easily checks that ‖S_{j,k}‖_1 = ‖S‖_1 for all j, k ∈ Z, so we normalise dilates and translates of S in L_1.

We will denote F_I (x) = F_{j,k}(x) = F (2^j x − k), so dilates and translates of F are normalised in L_∞.

We need to calculate scalar products ∫ R F_I (x)S_J (x) dx. Let us start with the following

Lemma 1. Let a < b and let f and g be linear functions on [a, b]. Then ∫_b a f(x)g(x) dx = b − a 3 ( f(a)g(a) + f(b)g(b) + 1 2 f(a)g(b) + 1 2 f(b)g(a) ) . (2·5)

Proof. Straightforward calculation.

Proposition 1. If j < 0 or j ≥ 2 the integral

∫_∞ −∞F S_{j,k} = 0 for every k ∈ Z. In the remaining cases we have:

∫_∞ −∞ F S_{0,0} =

∫_∞ −∞ F S_{[0,1]} = − 1 2 √ 3 (2·6) ∫_∞ −∞ F S_{0,k} =

∫_∞ −∞ F S_{[k,k+1]} = 0 for k = −1, −2, . . . (2·7) ∫_∞ −∞ F S_{0,k} =

∫_∞ −∞ F S_{[k,k+1]} = 1 2 (7 − 4 √ 3)^{k−1}(5 − 3 √ 3) for k = 1, 2, . . . (2·8) ∫_∞ −∞ F S_{1,k} =

∫_∞ −∞ F S_[ k_{2 ,} k+1_{2 ]} = 0 for k = 2, 3, . . . (2·9) ∫_∞ −∞ F S_{1,−k} =

∫_∞ −∞ F S_[ −k_{2 ,} −k+1_{2 ]} = 1 2 ( √ 3 − 2)^k for k = 1, 2, . . . (2·10)

Remark: In the above Proposition we omit cases (1,0) and (1,1) because we will not use them. Also note that in (2·8) all the integrals are negative while in (2·10) integrals change signs.

Proof. All claims that

∫_∞ −∞F S_{j,k} = 0 follow by standard change of variables either from the fact that F is orthogonal to linear functions on [0, 1] or from the definition of Strömberg wavelet. The remaining claims are a matter of routine but slightly tedious calculations. Since the exact numerical values are important to us we will provide at least an outline.

To get (2·6) let g(x) be a linear function such that g(1) = S(1) and g(^1_2 ) = S(^1_2 ). Then we easily get that S − g is continuous, equals 0 on [^1_2 , 1], is linear on [0,^1_2 ] and (S − g)(0) = 4 √ 3. So (S − g)(^1_4 ) = 2 √ 3. Because F is orthogonal to linear functions we get ∫_1 0 S(x)F (x) dx =

∫_1 0 (S − g)(x)F (x) dx. Using Lemma 1 twice we get ∫ 1_4 0 F (x)(S − g)(x) dx = − 1 6 √ 3 ∫ 1_2 1 4 F (x)(S − g)(x) dx = 0.

Summing this we get (2·6).

4 Smbat Gogyan and P. Wojtaszczyk

To get (2·8) we note from (2·3) that ∫_1 0 f(x)S(x − k) dx = ( √ 3 − 2)^{2k−2}

∫_1 0 F (x)S(x − 1) dx (2·11)

so we need to compute one integral only. Let g(x) be a linear function such that

g(1) = S(0) = 2 √ 3 − 2 and g( 1 2 ) = S(− 1 2 ) = (2 √ 3 − 2)( √ 3 − 2). (2·12)

As in the previous case we have

∫_1 0 F (x)S(x − 1) dx =

∫_1 0 F (x) ( S(x − 1) − g(x) ) dx, so using Lemma 1 twice we get ∫ 1_4 0 F (x) ( S(x − 1) − g(x) ) dx = −(2 √ 3 − 2) 1 4 (2 − √ 3) ∫ 1_2 1 4 F (x) ( S(x − 1) − g(x) ) dx = 0.

Simplifying slightly and using (2·11) we get (2·8).

To get (2·10) we write explicitely ∫_1 0 F (x)S_{1,−k}(x) dx = 2

∫_1 0 F (x)S(2x + k) dx

= 2( √ 3 − 2)^{k−1}

∫_1 0 F (x)S(2x + 1) dx.

From (2·1) and (2·3) and using f(x) = F (1 − x) we see that up to a factor (2 √ 3 − 2) the last integral above reduces to the integral

∫_1 0 F (x)S(x − 1) dx considered above. This gives (2·10).

3. Strömberg system Let D denotes the set of all dyadic subintervals of R. It is partially ordered by inclusion.

For a set Λ ⊂ D and an interval I ∈ Λ we introduce the following notation

max(I, Λ) = {J ∈ Λ : J ⊂ I, J ≠ I and if J ⊂ K ⊂ I with K ∈ Λ then either K = J or K = I}.

If the set Λ is clear we will write max(I) instead of max(I, Λ). We will call elements of max(I) sons of I in Λ; if the set Λ is clear simply sons of I. We will divide intervals from Λ into three types as follows

(i) I ∈ Λ is of type I if max(I) is empty (ii) I ∈ Λ is of type II if max(I) consists of exactly one element (iii) I ∈ Λ is of type III if max(I) consists of more than one element.

Λ_1, Λ_2, Λ_3 will denote the set of intervals from Λ of the corresponding type. Also Λ^′ will denote the set of all intervals in Λ which are not sons of any interval from Λ.

Let us start with the following

Lemma 2. If Λ is finite, then (i) |Λ^′| ≤ |Λ_1| (ii) |Λ_3| < |Λ_1| (iii) ∑ I∈Λ_3 | max(I)| < 2|Λ1|

Weak non-equivalence 5

Proof. Claim 1. is clear since each element from Λ^′ contains at least one element from Λ_1. To see 2. and 3. let us look at M = Λ_1 ∪ Λ_3. We observe that M has no intervals of type II and that Λ_1 consists of intervals of type I and Λ_3 consists of intervals of type III (all with respect to M). Also for I ∈ Λ_3 the number of sons in M and in Λ is the same. To get 2. we use induction on the cardinality of M. If we have M with N + 1 elements we fix an interval I ∈ M which is not a son of any interval from M (in M) and apply the inductive hypothesis to each of the sets M_K = {J ∈ M : J ⊂ K} where K ∈ max(I) and M \ (⋃ K∈max(I) MK ∪ {I} ) . Now 3. follows from 2. because ∑ I∈Λ_3

| max(I)| < |M| = |Λ_1| + |Λ_3| < 2|Λ_1|.

For I ∈ Λ_2 let K(I) be the (unique) element of max(I). Let us state the following obvious observation.

Lemma 3. Sets I \ K(I) for I ∈ Λ_2 are disjoint and sets I ∈ Λ_1 are disjoint.

First of our main results is the following

Theorem 1. There exists a constant c > 0 such that for all finite Λ ⊂ D ‖ ‖ ‖ ‖ ‖ ∑ I∈Λ S_I ‖ ‖ ‖ ‖ ‖_1

≥ c|Λ|.

Using the definition introduced in [5] we may say that the Strömberg wavelet basis is democratic in L_1(R).

Proof. In what follows we fix the set Λ and we will denote G = ∑ J∈Λ S_J (x). Let a > 0 denote a small constant to be fixed later. We will split the proof into three cases:

Case 1: |Λ_1| ≥ a|Λ|. Then for I ∈ Λ_1 we look at ∫ R ( ∑ J∈Λ S_J (x) ) F_I (x) dx = ∑ J∈Λ ∫ R S_J (x)F_I (x) dx. (3·1)

By a change of variables we can assume that I = [0, 1]. Then from Proposition 1 we see that we get nonzero integrals only from J’s (if any) of length 1 and lengths^1_2 . J = I gives us negative integral −^1_2^√_3 and from (2·7) and (2·8 we infer that ∑ J∈Λ : |J|=1 ∫ R S_J (x)F_I (x) dx ≤ − 1 2 √ 3 . (3·2)

In the ∑ J∈Λ : |J|=^1_2 ∫ R S_J (x)F_I (x) dx we may have some positive and some negative summanda but from (2·10) we see that positive summands add up to at most 1 2 ∞∑ k=1 ( √ 3 − 2)^{2k} =

7 − 4 √ 3 8 √ 3 − 12 = 1 12 (2 √ 3 − 3). (3·3)

Comparing (3·2) with (3·3) we see that ∫ R ( ∑ J∈Λ S_J (x) ) F_I (x) dx ≤ − 1 2 √ 3 + 1 12 (2 √ 3 − 3) = − 1 4 . (3·4)

6 Smbat Gogyan and P. Wojtaszczyk

Since intervals in Λ_1 are disjoint the function H = ∑ I∈Λ_1 FI is uniformly bounded by 1

and from(3·1) and (3·4) we infer that | | | | | ∫ R ( ∑ J∈Λ S_J (x) ) H(x) dx | | | | | ≥ 1 4 |Λ_1| ≥ a 4 |Λ| which implies ‖ ‖ ‖ ‖ ∑ J∈Λ S_J (x) ‖ ‖ ‖ ‖ 1 ≥ a 4 |Λ|. (3·5)

Case 2: The number of intervals in Λ_2 such that K(I) is not adjacent to the left end of I is greater than a|Λ|.

Denote this set as Λ^r_2.

In such a case let J(I) denotes the dyadic interval such that |K(I)| = |J(I)| just to the left of K(I). Clearly J(I) ⊂ I. We define H(x) = ∑ I∈Λ^r_2 FJ(I)(x). From Lemma 3 we

infer that all intervals J(I) in this sum are disjoint, so ‖H‖_∞ = 1. Like in the previous case we look first at the sum ∑ J∈Λ ∫ R S_J (x)F_{J(I)}(x) dx = ∫ R G(x)F_{J(I)}(x) dx. (3·6)

By the change of variables we can assume that |J(I)| = 1 and we see from Proposition 1 that we get nonzero integrals only from J’s (if any) of length 1 and lengths^1_2 . J = K(I) gives us negative integral^1_2 (5 − 3 √ 3) and from (2·7) we infer that ∑ J∈Λ : |J|=1 ∫ R S_J (x)F_{J(I)}(x) dx ≤ 1 2 (5 − 3 √ 3). (3·7) The ∑ J∈Λ : |J|=^1_2 ∫ R S_J (x)F_{J(I)}(x) dx may have some positive and some negative summanda but from (2·10) we see that positive summands add up to at most 1 2 ∞∑ k=1 ( √ 3 − 2)^{2k} =

7 − 4 √ 3 8 √ 3 − 12 = 1 12 (2 √ 3 − 3). (3·8)

Comparing (3·7) with (3·8) we get ∫ R G(x)F_{J(I)}(x) dx ≤ 1 2 (5 − 3 √ 3) + 1 12 (2 √ 3 − 3) = 2 1 4 − 4 3 √ 3 < −0.0594.

From this we infer that ‖G‖_1 ≥ 0.0594a|Λ|. (3·9)

Case 3: Neither Case 1 nor Case 2 holds.

Since Case 1. does not hold we infer from Lemma 2 that |Λ_2| ≥ (1 − 2a)|Λ|. Let Λ^l_2 be the set of all intervals I from Λ_2 such that K(I) is adjacent to the left endpoint of I. Since Case 2. does not hold we get |Λ^l_2| ≥ (1 − 3a)|Λ|. Let Λ denote the set of those intervals I from Λ^l_2 which are of the form K(J) for some J ∈ Λ^l_2. For an interval I ∈ Λ^l_2 \ Λ we have the following possibilities:

• I ∈ Λ^′, but by Lemma 2 there are at most a|Λ| such intervals. • I ∈ max(J) for some J ∈ Λ_3 but from Lemma 2 there are at most 2a|Λ| such intervals.

• I = K(J) for some J ∈ Λ_2 \ Λ^l_2 but there are at most a|Λ| such intervals.

Weak non-equivalence 7

So we get |Λ| ≥ (1 − 7a)|Λ|. Let us iterate this procedure once more and define the set Ω to be the set of all intervals I ∈ Λ^l_2 which are sons of some J ∈ Λ^l_2 (so far I ∈ Λ) and J is also a son of some S ∈ Λ^l_2. As above we get |Ω| ≥ (1 − 11a)|Λ|.

For I ∈ Λ^l_2 we set U(I) = (^{k+2}_{2j} ,^{k+4}_{2j} ) where K(I) = (^k_{2j} ,^{k+1}_{2j} ). Since^k_{2j} is the left end of the interval I ⊃ K(I) we see that k is even and so U(I) ∈ D.

Lemma 4. Intervals U(I) with I ∈ Λ are disjoint.

Proof. Suppose that for two intervals I, J ∈ Λ we have U(J) is strictly contained in U(I). So |U(J)| < |U(I)| and also

|K(J)| < |K(I)|. (3·10)

Let I = K(S) and J = K(S_1) for some S, S_1 ∈ Λ_2. From the definition of U(.) we infer that U(I) ⊂ S and U(J) ⊂ S_1. Constructing K(J) from U(J) and using those inclusions we see that K(J) ⊂ S so since S ∈ Λ_2 we get from (3·10) that J ⊂ K(I). If J = K(I) we see from the construction that U(J) is to the left of U(I). If J ≠ K(I) then S_1 ⊂ K(I) so also U(J) ⊂ S_1 ⊂ K(I) which is also to the left of U(I). Those contradictions prove the Lemma.

As in the previous cases we look at ∑ J∈Λ ∫ R S_J (x)F_{U(I)}(x) dx = ∫ R G(x)F_{U(I)}(x) dx. (3·11)

for a fixed I ∈ Ω. By the change of variables we can assume that |U(I)| = 1, so from Proposition 1 we see that we need only to consider J’s with |J| =^1_2 and |J| = 1. From (2·10) we have ∫ R S_{K(I)}(x)F_{U(I)}(x) dx = 1 2 ( √ 3 − 2)^2 ∼ 0.035898 (3·12)

For other intervals J such that |J| = |K(I)| =^1_2 we see from (2·10) that the sum of all negative integrals is greater than 1 2 ∞∑ k=1 ( √ 3 − 2)^{2k+1} = 1 2 ( √ 3 − 2)^3 1 1 − ( √ 3 − 2)^2

(3·13) = − 1 12 (7 √ 3 − 12) ∼ −0.01036.

The intervals with |J| = 1 will give only negative integrals but since I ∈ Ω at least two closest to U(I) from the right are not in Λ so the sum of all integrals corresponding to J’s with |J| = 1 is greater than 1 2 (5 − 3 √ 3) ∞∑ k=2 (7 − 4 √ 3)^k = 1 2 (5 − 3 √ 3)(7 − 4 √ 3)^2 1 4 √ 3 − 6

(3·14) = 1 12 (265 √ 3 − 459) ∼ −0.0035446

From (3·12), (3·13) and (3·14) we get ∫ R G(x)F_{U(I)}(x) dx ≥ 1 4 (78 √ 3 − 135) ∼ 0.024990. (3·15)

As in the previous cases we define H(x) = ∑ I∈Ω F_{U(I)}(x) and summing (3·15) we get

8 Smbat Gogyan and P. Wojtaszczyk ∫ R G(x)H(x) dx ≥ c|Ω|. From Lemma 4 we infer that ‖H‖_∞ = 1 so we get

‖G‖_1 ≥ c|Ω| ≥ c(1 − 11a)|Λ|. (3·16)

Lemma 5. Let η_I = ±1 for I ∈ D be given. There are sets Λ_1 ⊂ Λ_2 ⊂ · · · ⊂ D such that each Λ_n has exactly n elements and ‖ ‖ ‖ ‖ ∑ I∈Λ_n

η_I h_I ‖ ‖ ‖ ‖_1

≤ 2.

Proof. We can assume that η_{[0,1]} = 1. Let us start with I(1) = [0, 1] and I(2) = [0,^1_2 ] and we put Λ_1 = {h_{I(1)}} and Λ_2 = {h_{I(1)}, h_{I(2)}}. We easily see that h_{I(1)} + η_{I(2)}h_{I(2)} equals 2^2 − 1 on a dyadic interval I(3) ⊂ I(2) of length 2^{−2} and has absolute value 1 on the rest of [0, 1]. Clearly

h_{I(1)} + η_{I(2)}h_{I(2)} + η_{I(3)}h_{I(3)}

equals 2^3 − 1 on an interval I(4) ⊂ I(3) of length 2^{−3} and has absolute value equal to 1 on the rest of [0, 1]. We continue in this way to get desired sets.

Now we are ready for our second result.

Theorem 2. The Haar wavelet system (h_I )_{I∈D} is not weakly equivalent in L_1(R) to a subsequence of the Strömberg wavelet system (S_I )_{I∈D}.

Proof. If not there exist a sequence of signs η_I = ±1 for I ∈ D and a 1-1 map π : D → D such that ‖ ‖ ‖ ‖ ∑ I∈D a_I η_I h_I ‖ ‖ ‖ ‖ 1 ∼ ‖ ‖ ‖ ‖ ∑ I∈D a_I S_{π(I)} ‖ ‖ ‖ ‖ 1 (3·17)

for all (finite) sequence of scalars a_I . Now we use Lemma 5 for this sequence η_I to get sets Λ_n. From Lemma 5, (3·17) and Theorem 1 we get 2 ≥ ‖ ‖ ‖ ‖ ∑ I∈Λ_n

η_I h_I ‖ ‖ ‖ ‖_1 ∼ ‖ ‖ ‖ ‖ ‖ ∑ I∈π(Λ_n)

S_I ‖ ‖ ‖ ‖ ‖_1

≥ cn (3·18)

which is clearly impossible for all n.

4. An example of a Haar type system nonequivalent to any subsequence of the Haar system In this section we will work on the interval [0, 1]. Let us recall the definition of a Haartype system. We will normalise it in L_1[0, 1]. Let us put t_0 = 0, t_1 = 1 and Δ^{(1)}_0 = [0, 1). We choose an arbitrary internal point t_2 ∈ Δ^{(1)}_0 and we define Δ^{(1)}_1 = [0, t_2), Δ^{(2)}_1 = [t_2, 1). In general for arbitrary i = 1, 2, . . . and j = 1, 2, . . . 2^i we take arbitrary internal point t_2i_{+j} ∈ Δ^{(j)}_i = [a, b) and we define Δ^{(2j−1)}_{i+1} = [a, t_2i_{+j} ), Δ^{(2j)}_{i+1} = [t_2i_{+j} , b). The only requirement we impose in this construction is that lim i→+∞ max 1≤j≤2^i

|Δ^{(j)}_i | = 0. (4·1)

Weak non-equivalence 9

This means that the set of points {t_i} is dense in [0, 1]. We define h_1 = h^{(0)}_0 ≡ 1 and for j = 1, 2, . . . 2^i; i = 0, 1, 2, . . . we define

h_2i_{+j} (x) = h^{(j)}_i (x) =

1 2|Δ^{(2j−1)} i+1 | for x ∈ Δ

(2j−1) i+1

−1 2|Δ^{(2j)}_{i+1} | for x ∈ Δ

(2j) i+1

0 otherwise.

(4·2)

It is clear that each function h_n has mean zero, is normalised in L_1[0, 1] and that the system {h_n}^∞_{n=1} is orthogonal. When {t_i} = {0, 1,^1_2 ,^1_4 ,^3_4 ,^1_8 ,^3_8 , . . .} we get the Haar system on [0, 1] which we denote as {χ_n}^∞_{n=1}. Note that this system consists of all functions from the Haar wavelet system (h_I )_{I∈D} such that I ⊂ [0, 1] and also contains the constant function. Under the density assumption (4·1) the Haar-type system is a basis in the space L_1[0, 1].

A. Kamont [4] has shown that in L_p[0, 1] with 1 < p < ∞ every Haar-type system is equivalent to a subsequence of the Haar system. Our aim here is to show that this does not hold for p = 1. We have the following

Theorem 3. There exists a Haar-type system {h_n}^∞_{n=1} which is not weakly equivalent to any subsequence of the Haar system.

Explicitely we will show that for every sequence of signs ϵ_n = ±1, n = 1, 2, . . . and any sequence of distinct natural numbers {σ(n)}^∞_{n=1} the system {h_n} is not equivalent in L^1[0, 1] to {ϵ_{σ(n)}χ_{σ(n)}}. Suppose we are given a sequence of signs {ϵ_n}^∞_{n=1}. For every finite set of natural numbers S we define a polynomial in the Haar system Id_S by the formula Id_S = ∑ i∈S ϵ_iχ_i. (4·3)

Lemma 6. For any finite disjoint subsets P and Q of natural numbers and any sequence of signs ϵ_i = ±

‖Id_P ‖ ≤ 2‖Id_P + 1 2 Id_Q‖. (4·4)

In the following ‖.‖ will denote the norm in L_1[0, 1] and ‖f‖_I = ∫ I |f|.

Proof. Let us write elements of the set P ∪ Q in an increasing order:

P ∪ Q = {k_1, k_2, ..., k_m} (m = |P | + |Q|).

To simplify the notation we will write P_i = S_{ki} (Id_P ) and Q_i = S_{ki} (Id_Q), where S_n(f) is the n-th partial sum of f in the Haar system. Using induction on i we will show that

‖P_i‖ ‖P_i +^1_2 Q_i‖

≤ 2. (4·5)

For i = 1 when k_1 ∈ Q we have

‖P_1‖ ‖P_1 +^1_2 Q_1‖

= 0 (4·6)

10 Smbat Gogyan and P. Wojtaszczyk

and when k_1 ∈ P ‖P_1‖ ‖P_1 +^1_2 Q_1‖

= 1. (4·7)

Now we assume that for some 1 ≤ i ≤ m − 1 inequality (4·5) holds and we will show the analogous inequality for i+1. If k_{i+1} ∈ Q, using the monotonicity of the Haar system we get ‖P_{i+1}‖ ‖P_{i+1} +^1_2 Q_{i+1}‖ = ‖P_i‖ ‖P_i +^1_2 Q_{i+1}‖ ≤ ‖P_i‖ ‖P_i +^1_2 Q_i‖

≤ 2.

So let us assume k_{i+1} ∈ P. We define numbers n and s by the condition suppχ_{ki+1} = [^s_{2n} ,^{s+1}_{2n} ] = I. Functions P_i and P_i +^1_2 Q_i are constant on I. Let us denote those values by H and L respectively. Clearly H = 2^{n−1}δ_{n−1} + 2^{n−2}δ_{n−2} + . . . + 2δ_1 + δ_0 + δ^{(0)}_0 and L = H +

2^{n−1}η_{n−1} + 2^{n−2}η_{n−2} + . . . + 2η_1 + η_0 + η^{(0)}_0 2 where δ^{(0)}_0 , δ_0, . . . , δ_{n−1}, η^{(0)}_0 , η_0, . . . , η_{n−1} takes values −1, 0, +1, and moreover δ^{(0)}_0 ·η^{(0)}_0 = 0 and δ_i · η_i = 0 for all 0 ≤ i ≤ n − 1 because sets P and Q are disjoint. From this follows |H| ≤ 2^{n−1} + 2^{n−2} + . . . + 2^1 + 1 + 1 = 2^n (4·8) and 2|L| = |2H + 2^{n−1}η_{n−1} + 2^{n−2}η_{n−2} + . . . + 2η_1 + η_0 + η^{(0)}_0 | ≤ |H| + |2^{n−1}(δ_{n−1} + η_{n−1}) + 2^{n−2}(δ_{n−2} + η_{n−2}) + . . .

+2(δ_1 + η_1) + (δ_0 + η_0) + (δ^{(0)}_0 + η^{(0)}_0 )| ≤ |H| + 2^n so we get

|L| ≤

|H| + 2^n 2 . (4·9)

From(4·8) and (4·9) we infer that |L| ≤ 2^n. (4·10) From (4·8) we get

‖P_{i+1}‖_I = 1 2^{n+1} ( |H + 2^n| + |H − 2^n| ) = 1,

and from (4·10) we get

‖P_{i+1} + 1 2 Q_{i+1}‖_I = 1 2^{n+1} ( |L + 2^n| + |L − 2^n| ) = 1.

From the two last inequalities we infer

‖P_{i+1}‖ = ‖P_i‖ − ‖P_i‖_I + ‖P_{i+1}‖_I = ‖P_i‖ + 1 − |H| 2^n

(4·11)

Weak non-equivalence 11 and ‖P_{i+1} + 1 2 Q_{i+1}‖ = ‖P_i + 1 2 Q_i‖ − ‖P_i + 1 2 Q_i‖_I + ‖P_{i+1} + 1 2 Q_{i+1}‖_I (4·12)

= ‖P_i + 1 2 Q_i‖ + 1 − |L| 2^n From (4·5), (4·9), (4·11) and (4·12) we get

‖P_{i+1}‖ = ‖P_i‖ + 1 − |H| 2^n

≤ 2‖P_i + 1 2 Q_i‖ + 1 − |H| 2^n = 2‖P_i + 1 2 Q_i‖ + 2 − 2 |L| 2^n

− 1 +

2|L| − |H| 2^n ≤ 2‖P_{i+1} + 1 2 Q_{i+1}‖,

so we get the inductive claim. To finish the proof of the Lemma one has to observe that for i = m we have P_m = S_{km} (Id_P ) = Id_P and Q_m = S_{km} (Id_Q) = Id_Q.

Now we are ready to prove Theorem 3. We take any Haar-type system {h_n}^∞_{n=1}, such that

h^{(1)}_{2n} (x) = {(_8 3 )_n

for 0 ≤ x <^1_2

(_3 8 )_n − (_8 3 )_n

, for^1_2

(_3 8 )_n

≤ x <

(_3 8 )_n (4·13) and h^{(1)}_{2n+1}(x) =

{_4 3 (_8 3 )_n

for 0 ≤ x <

(_3 8 )_{n+1} −4 (_8 3 )_n

, for

(_3 8 )_{n+1} ≤ x <^1_2

(_3 8 )_n . (4·14)

Assume that the system {h_n} is equivalent to {ϵ_{σ(n)}χ_{σ(n)}}, with the coefficient of equivalence C > 0. For every natural number d we define the function

F_d = h^{(0)}_0 + d∑ i=1 ( h^{(1)}_{2i} + 1 2 h^{(1)}_{2i+1} ) . Clearly

F_d(x) =

(_8 3 )_{2d+1}

0 ≤ x <

(_3 8 )_{2d+1}

0,^1_2

(_3 8 )_{2d+1} ≤ x ≤ 1,

so we have ‖F_d‖ = 1. (4·15)

Using induction on d we can show that

‖h^{(0)}_0 + d∑ i=1 h^{(1)}_{2i} ‖ ≥ d 8 . (4·16)

The assumed equivalence equivalence of {h_n} with {ϵ_{σ(n)}χ_{σ(n)}} would transfer h^{(0)}_0 + ∑_d

i=1 h^{(1)}_{2i} onto Id_P for appropriate set P (see (4·3) ) and

∑_d i=1 h^{(1)}_{2i+1} onto Id_Q for appropriate set Q, clearly P ∩ Q = ∅.

Using (4·15), (4·16) and the equivalence of {h_n} with {ϵ_{σ(n)}χ_{σ(n)}} we get

‖Id_P +

Id_Q 2 ‖ ≤ C‖F_d‖ = C

12 Smbat Gogyan and P. Wojtaszczyk and ‖Id_P ‖ ≥ 1 C ‖h_1 + d∑ i=1 h_22i_{+1}‖ ≥ d 8C . So we have ‖Id_P ‖ ‖Id_P +^1_2 Id_Q‖ ≥ d 8C^2 . But for large d this inequality will contradict Lemma 6. So systems {h_n} and {ϵ_{σ(n)}χ_{σ(n)}} are not equivalent and Theorem 3 follows.

REFERENCES [1] P. Bechler, Inequivalence of wavelet systems in L1(R^d) and BV(R^d), Bull. Pol. Acad. Sci.

Math. 53 (2005) no. 1, 25-37 [2] A. Cohen, Numerical Analysis of wavelet methods, Elsevier 2003 [3] L. Tzafriri, Uniqueness of structure in Banach spaces, in Handbook of the geometry of Banach spaces, vol.2 North-Holland, Amsterdam, 2003; 1635-1669 [4] A. Kamont, General Haar systems and greedy approximation, Studia Math. 145 (2001) 165-184 [5] S.V. Konyagin, V.N.Temlyakov, A remark on greedy approximation in Banach spaces, East J. Approx. 5 (1999), 365-379 [6] P. Sjölin, The Haar and Franklin systems are not equivalent bases in L1, Bull. Acad. Polon.

Sci. Ser. Sci. Math. Astronom. Phys. 25 (1977) no. 11, 1099-1100 [7] J.-O. Strömberg, A modified Franklin system and higher order spline systems on R^n as unconditional bases for Hardy spaces, in Conference in Harmonic Analysis in Honor of A. Zygmund, vol. II, Wadsworth, Belmont 1983, pp.475-493 [8] V.N. Temlyakov, Nonlinear methods of approximation, Found. Comput. Math. 3 (2003) n.

1, 33-107 [9] V.N. Temlyakov, Best N-term approximation and greedy algorithms, Advances Comp.

Math. (1998) 8, 249-265 [10] P. Wojtaszczyk, A mathematical introduction to wavelets, London Math. Soc. Student Texts 37, Cambridge University Press, 1997 [11] P. Wojtaszczyk, Wavelets as unconditional bases in Lp(R), Journal of Fourier Analysis and Applications, v. 5 n.1 (1999) pp.73-85 [12] P. Wojtaszczyk, Greedy type bases in Banach spaces, in Constructive theory of functions, 136-155, DARBA, Sofia,2003