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Abstract
In the k-KEMENY problem, we are given an ordinal election,
i.e., a collection of votes ranking the candidates from best to
worst, and we seek the smallest number of swaps of adjacent
candidates that ensure that the election has at most k differ-
ent rankings. We study this problem for a number of struc-
tured domains, including the single-peaked, single-crossing,
group-separable, and Euclidean ones. We obtain two kinds of
results: (1) We show that k-KEMENY remains intractable un-
der most of these domains, even for k = 2, and (2) we use
k-KEMENY to rank these domains in terms of their diversity.

Code — www.github.com/Project-PRAGMA/kKemeny-
Diversity-of-Domains-AAAI-2026

Extended version — www.arxiv.org/pdf/2509.15812

1 Introduction
An ordinal election consists of a set of candidates and a col-
lection of votes, ranking these candidates from the most to
the least desirable one, where each vote comes from a given
domain. We study the diversity of structured domains, such
as the single-peaked (Black 1958), single-crossing (Mirrlees
1971; Roberts 1977), group-separable (Inada 1964, 1969),
and Euclidean ones (Enelow and Hinich 1984, 1990), as well
as the diversity of elections with votes from these domains
(see Section 2 for detailed definitions). In essence, struc-
tured domains restrict possible votes to those that are some-
how reasonable; for example, in the single-peaked domain
over the standard political left-right axis, one could not rank
the extreme left-wing and right-wing candidates on the two
top positions. To capture diversity, we employ a technique
based on solving the k-Kemeny problem of Faliszewski
et al. (2023). The idea is that an election—or, a structured
domain—is diverse if it includes many very different votes
that cannot be easily grouped into (a small number of) clus-
ters. Our results come in two main flavors. First, we estab-
lish the computational complexity of the k-Kemeny prob-
lem across our domains. Second, we rank these domains—
as well as several statistical cultures used to sample elections
from them—with respect to their diversity.

Studying the diversity of structured domains and struc-
tured elections is important for several reasons:
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1. Diversity is a fundamental property of elections and do-
mains, yet formally capturing this intuitive notion is chal-
lenging (see the discussion of the related work below).
Hence, it is valuable to both develop tools for analyzing
diversity and to use these tools to gain better insights into
various domains and elections.

2. Faliszewski et al. (2023) argued that one can understand
the nature of elections—specifically, their locations on
the map of elections (Szufa et al. 2025; Faliszewski et al.
2023; Boehmer et al. 2022b)—by analyzing their three
natural properties, including diversity (the other two are
polarization and agreement).

3. When designing numerical experiments on elections, one
may wish to consider synthetic datasets with different
levels of diversity. In particular, one may choose various
statistical cultures—i.e., probabilistic distributions over
votes—based on the diversity of the data they produce.

The classic Kemeny score of an election is the smallest
number of swaps of adjacent candidates required to ensure
that all votes are identical (in Section 2 we give a differ-
ent but equivalent definition; this one follows the distance-
rationalization framework (Baigent 1987; Meskanen and
Nurmi 2008; Elkind, Faliszewski, and Slinko 2015)). Sim-
ilarly, the k-Kemeny score is the smallest number of swaps,
which ensure that the election consists of at most k different
votes. Intuitively, to compute the k-Kemeny score we need
to find k groups of similar votes (thereby solving a cluster-
ing problem) and compute their Kemeny scores separately.
Faliszewski et al. (2023) argued that a weighted sum of k-
Kemeny scores for different values of k gives a good mea-
sure of diversity; the same approach, albeit with different
weights, was taken by Faliszewski et al. (2025a).

1.1 Our Contributions
We obtain the following sets of results. First, we find a
polynomial-time algorithm for computing the k-Kemeny
score of single-crossing elections, but show NP-hardness for
single-peaked and group-separable ones, already for k = 2.
For Euclidean elections, the results are more varied and de-
pend on the exact assumptions.

Second, using k-Kemeny scores, we rank our structured
domains from the most to the least diverse one. Surprisingly,
the caterpillar group-separable domain turns out to be the



most diverse one, suggesting that it might deserve to be used
in experiments more often.

Third, we find that the typical way of sampling Euclidean
elections, used in most computational social choice papers
that employ these models—see the survey of Boehmer et al.
(2024)—by necessity does not generate a sizable fraction of
votes that belong to this domain. We show how this affects
the diversity of generated elections, as compared to sam-
pling votes from these domains uniformly at random.

We also make multiple remarks about our domains, show-
ing their various quirks. Proofs are in the extended version.

1.2 Related Work
The two most related papers are those of Faliszewski et al.
(2023, 2025a), where the authors introduce and use mea-
sures of diversity based on computing weighted sums of k-
Kemeny scores. The former work also argues that many pre-
viously studied notions of diversity—e.g., those considered
by Alcalde-Unzu and Vorsatz (2013, 2016), Can, Ozkes, and
Storcken (2015, 2017) and Hashemi and Endriss (2014)—
capture (dis)agreement among the votes rather than diver-
sity, and conflate the notions of diversity and polarization.

Recently, Ammann and Puppe (2025) developed a num-
ber of diversity notions for preference domains, based on the
multi-attribute approach of Nehring and Puppe (2002). The
main idea is to count how many “attributes” its votes have,
where an attribute can be a property such as “candidate c is
ranked on top.” In similar spirit, Karpov et al. (2024) analyze
how many different rankings of at least s candidates appear
in a given Condorcet domain. While we focus on several
mainstream domains, Karpov et al. (2024) consider numer-
ous special ones (and Ammann and Puppe (2025) did not ap-
ply their measures to any particular domain). Overall, these
approaches count occurrences of particular structures in the
votes of a domain, whereas our k-Kemeny-based approach
analyzes interrelations between these votes.

The problem of computing the Kemeny score was shown
to be NP-hard by Bartholdi, Tovey, and Trick (1989),
and its exact complexity was established by Hemaspaan-
dra, Spakowski, and Vogel (2005). There are various ways
of circumventing these intractability results, ranging from
approximation algorithms (Ailon, Charikar, and Newman
2008), through parameterized approaches (Betzler et al.
2009; Betzler, Bredereck, and Niedermeier 2014), and
heuristics (Conitzer, Davenport, and Kalagnanam 2006).
While it is well-known that Kemeny score can be com-
puted in polynomial-time for Condorcet domains (Barbut
1980; Truchon 1998), doing so is also possible if the in-
put election is, in a certain formal sense, close to being in
some such domains (Cornaz, Galand, and Spanjaard 2012,
2013). Researchers also considered the complexity of com-
puting Kemeny scores in Euclidean elections (Escoffier,
Spanjaard, and Tydrichová 2022; Hamm, Lackner, and Rap-
berger 2021). Furthermore, De et al. (2024) analyzed (pa-
rameterized) complexity of finding all 1-Kemeny rankings,
and Arrighi et al. (2021) looked for a set of good approxi-
mations of 1-Kemeny rankings that are dissimilar from each
other. Computational aspects of k-Kemeny scores were, so
far, considered only by Faliszewski et al. (2023).

2 Preliminaries
Given a set of candidates C = {c1, . . . , cm}, we write L(C)
to denote the set of all strict rankings (linear orders) over C,
and we refer to L(C) as the full domain over C. We often
focus on various other domains D that are subsets of L(C),
typically referred to as structured domains. For a ranking v
and candidates a and b, we write v : a ≻ b to indicate that v
ranks a higher than b. If A and B are two disjoint subsets of
candidates, then by v : A ≻ B we mean that v prefers each
member of A to each member of B. The swap distance of
two rankings u, v ∈ L(C) is the number of swaps of adja-
cent candidates needed to transform u into v (equal to the
number of inversions, i.e., the number of pairs of candidates
that are ranked differently in u and v).

Elections. An election E = (C, V ) consists of a set C of
candidates and a collection V of voters, where every voter
has a vote from L(C), ranking the candidates from the most
to the least desirable one. To streamline our discussion, we
use the same symbols to refer to both the voters and their
votes, with the exact meaning clear from the context. We
often focus on elections where the votes are restricted to be-
long to some structured domain, rather than the full one.

(k-)Kemeny Rankings. Let us fix an election E = (C, V )
and let r be some ranking from L(C). Its Kemeny score is:

KemenyE(r) =
∑

v∈V swap(v, r).

A ranking with the lowest Kemeny score is known as a
Kemeny ranking (Kemeny 1959). Similarly, the k-Kemeny
score of a set R = {r1, . . . , rk} of k rankings is:

k-KemenyE(R) =
∑

v∈V mini∈[k] swap(v, ri).

We refer to the set that minimizes the k-Kemeny score as
the k-Kemeny set and to its members as k-Kemeny rank-
ings (Faliszewski et al. 2023). We study the problem below.
Definition 2.1. In the k-KEMENY problem we are given an
election E as well as integers k and q, and we ask if there is
a set R of k rankings such that k-KemenyE(R) ≤ q.

Structured Domains. In addition to the full domain, we
also consider its various structured variants defined below:
Single-Peaked Domain (SP). Let ◁ be some ranking from

L(C), referred to as an axis. The single-peaked domain
(SP) for ◁ consists of all rankings v ∈ L(C) that satisfy
the following condition: For every t ∈ [|C|] the top t
candidates in v form an interval within ◁. This domain
was introduced by Black (1958).

Single-Crossing Domains (SC). A subset of L(C) is
single-crossing (SC) if it is possible to order its mem-
bers as (v1, . . . , vn), so that for each pair of candidates
a, b ∈ C there is a number tab ∈ [n] such that voters
v1, . . . , vtab

rank a and b in one way, and the remaining
ones rank them in the opposite way. These domains were
introduced by Mirrlees (1971) and Roberts (1977).

Group-Separable Domains (GS). Let T be a rooted, or-
dered tree, where each leaf is labeled with a unique can-
didate from C and each internal node has at least two
children. A vote v ∈ L(C) is consistent with T if we



can obtain it by reading the labels of the leaves from left
to right, after possibly reversing the order of some nodes’
children. A group-separable domain (GS) for tree T con-
tains all votes consistent with T . The notion of group-
separability is due to Inada (1964, 1969), but we follow
the equivalent definition of Karpov (2019). Whenever we
speak of GS, we mean its variant for a given binary tree.

It is well-known that all single-peaked domains for candi-
date sets of the same cardinality are isomorphic, so we typi-
cally speak of the single-peaked domain. On the other hand,
if there are at least three candidates then there are many
different single-crossing domains; these observations are
made explicitly, e.g., by Faliszewski et al. (2025b). Group-
separable domains are isomorphic, provided that the under-
lying trees are isomorphic. We are particularly interested in:

Balanced Group-Separable Domain (GS/bal). A GS do-
main is balanced if its underlying tree is a binary tree
where each level—except possibly the last one—is com-
pletely filled (we refer to such trees as balanced)

Caterpillar Group-Separable Domain (GS/cat). A GS
domain is caterpillar if its underlying tree is binary,
where each internal node has at least one leaf as a child
(we refer to such trees as caterpillar).

A domain D is a Condorcet domain if for each election in
D there is a ranking r, called Condorcet ranking, such that
for each two candidates a and b, r : a ≻ b implies that at
least half of the voters prefer a to b. All the above domains
are Condorcet. Other domains we consider are:

Single-Peaked on a Graph Domains (SP/G). For a graph
G where each vertex is labeled with a unique candidate,
a vote v ∈ L(C) is single-peaked with respect to G if for
each t ∈ [|C|] the graph induced by the top t candidates is
connected (so, for a path we get the classic single-peaked
domain). Similarly to GS, in each SP/G domain we as-
sume a specific connected graph G for each candidate
set, which we can compute in polynomial-time. This do-
main was mentioned, e.g., by Elkind, Lackner, and Peters
(2017); its variant for trees is due to Demange (1982).

Single-Peaked on a Circle Domain (SPOC). This is the
SP/G domain for the case where graph G is a cycle; it
is due to Peters and Lackner (2020).

d-Euclidean Domains. Let d be a positive integer and let
x : C → Rd be a function that associates each candidate
with a point in the Euclidean space (called embedding
function). A vote v ∈ L(C) belongs to the domain in-
duced by x if there is a point xv ∈ Rd such that for each
two candidates a, b ∈ C, if v : a ≻ b then the Euclidean
distance between xv and x(a) is smaller than between xv

and x(b). These domains are discussed, e.g., by Enelow
and Hinich (1984, 1990).

Statistical Cultures. Fix a candidate set C and some do-
main D ⊆ L(C). A statistical culture is a distribution over
the votes from D. In particular, by impartial culture over
D we mean the uniform distribution over D. If we omit D,
then we mean impartial culture of L(C). We introduce fur-
ther statistical cultures in Section 4.1.

3 Computational Complexity of k-KEMENY
The k-KEMENY problem is NP-hard even if k = 1 and
n = 4 voters (Dwork et al. 2001; Biedl, Brandenburg, and
Deng 2009). However, for Condorcet domains and k = 1
it can be solved trivially (it suffices to compute the Ke-
meny score of the Condorcet ranking, which is guaranteed
to be optimal). We show that for some prominent Condorcet
domains, including SP, GS/bal, and GS/cat, as well as for
SP/G domains, k-KEMENY becomes NP-hard already for
k = 2. We also discuss the complexity of k-KEMENY on
Euclidean domains. We supplement these results with a gen-
eral FPT algorithm for Condorcet domains, parameterized
by the number of voters, and an outright polynomial-time
algorithm for SC elections.

3.1 Intractability Results for Structured Domains
The key idea of our hardness proofs is to give reductions
from the HYPERCUBE 2-SEGMENTATION (H2S) problem.
To define this problem, we need some additional notation.
For a binary string x, we write x[j] to refer to its j-th symbol.
Hamming distance between two equal-length strings x and
y, denoted ham(x, y), is the number of positions on which
these two strings differ. For a sequence S = (s1, . . . , sn)
of binary strings, each of length m, the Hamming dis-
tance between S and another binary string r of length m is
ham(S, r) =

∑n
i=1 ham(si, r). A string that minimizes the

Hamming distance to S is called central for S and for every
position i ∈ [m], has the same symbol on this position as at
least half of the strings in S (in case of a tie, a central string
can take either symbol). The Hamming distance of such a
string to S is the Hamming score of S, denoted ham(S).

Definition 3.1. An instance of H2S consists of a sequence
S = (s1, . . . , sn) of binary strings and of an integer t. We
ask if it is possible to partition S into two groups, such that
the sum of their Hamming scores is at most t.

The first NP-completeness claim for H2S appears in the
conference paper of Kleinberg, Papadimitriou, and Ragha-
van (1998), but without a proof. Its journal version does
not include a proof either (Kleinberg, Papadimitriou, and
Raghavan 2004), but claims MAXSNP-hardness (also with-
out proof). The NP-hardness proof was eventually presented
16 years later by Feige (2014), who also argued why the
MAXSNP-hardness claim was incorrect.

Theorem 3.1. k-KEMENY is NP-complete even for k = 2
and elections that are both SP and GS/bal.

Proof sketch. To show NP-hardness, we reduce from H2S.
Let the input instance consist of an integer t and a sequence
S = (s1, . . . , sn) of binary strings, each of length m. We
form a set of candidates C = {a1, . . . , am} ∪ {b1, . . . , bm}
and we say that a preference order v is aligned if it is of
the form: v : {a1, b1} ≻ {a2, b2} ≻ · · · ≻ {am, bm}. An
aligned vote is consistent with length-m binary string x if
for each j ∈ [m], we have v : aj ≻ bj when x[j] = 1 and
vi : bj ≻ aj if x[j] = 0. We form an election E = (C, V ),
where for each string si we have exactly one vote vi, aligned
and consistent with it. We form a k-KEMENY instance with



election E, k = 2, and q = t. We observe that election E is
single-peaked with respect to societal axis:

am ◁ · · ·◁ a2 ◁ a1 ◁ b1 ◁ b2 ◁ · · ·◁ bm.

It is also balanced group-separable, as witnesses by balanced
binary tree T with 2m leaves, where reading the labels of the
leaves from left to right gives order a1 ≻ b1 ≻ a2 ≻ b2 ≻
· · · ≻ am ≻ bm. We ask if there are two rankings r′ and r′′

such that k-KemenyE({r′, r′′}) ≤ t.

Before we discuss an analogous result for caterpillar
group-separable elections, we make an observation about
how one can generate GS/cat votes, or verify that votes are
GS/cat. Take an axis c1◁ · · ·◁cm, corresponding to a cater-
pillar tree (the leaves, read from left to right, are labeled with
c1, . . . , cm). To form a GS/cat vote for this axis, we consider
the candidates in the order c1, c2, . . . , cm and for each ci we
choose whether to place it on the highest or the lowest still
available position. We refer to this as caterpillar vote con-
struction (CVC). The appeal is that if we sample decisions
in CVC uniformly at random, it is very similar to uniform
sampling of SP votes: There, we always place the consid-
ered candidate in the lowest available position, randomizing
between selecting the top- or bottom not-yet-ranked candi-
date from the axis (Walsh 2015); a similar relation between
GS/cat and SP was already noted by Boehmer et al. (2022a).
Theorem 3.2. k-KEMENY is NP-complete even for k = 2
and elections that are caterpillar group-separable.

Proof sketch. We sketch a reduction from H2S, similar in
spirit to the one for Theorem 3.1, but with a different rep-
resentation of the votes. Consider an H2S instance with se-
quence S = (s1, . . . , sn) of binary strings of length-m each,
and an integer t. Let M = m10n10.

We form a candidate set C = A ∪ B ∪ X , where A =
{a1, . . . , am}, B = {b1, . . . , bm} and X = {x1, . . . , xM},
where X is a large set of dummy candidates. For each binary
string z of length m and each position j ∈ [m], we let cz(j)
be aj if z[j] = 1, and we let cz(j) be bj if z[j] = 0. By cz(j)
we mean the unique candidate in {aj , bj}\{cz(j)}. For each
binary string z of length m, we define ranking r(z):

r(z) : cz(1) ≻ · · · ≻ cz(m) ≻ X ≻ cz(m) ≻ · · · ≻ cz(1),

where by X we mean listing members of X from x1 to xM .
For example, if z has prefix 101, then r(z) is of the form:

r(101...) : a1 ≻ b2 ≻ a3 ≻ · · · ≻ X ≻ · · · ≻ b3 ≻ a2 ≻ b1.

We form an election E with candidate set C and a single
vote r(si) for each string si ∈ S. Note that E is GS/cat for
axis a1 ◁ b1 ◁ a2 ◁ b2 ◁ · · ·◁ am ◁ bm ◁ x1 ◁ · · ·◁ xM .

Our k-KEMENY instance consists of election E, k = 2,
and q = 2Mt + 2nm2. Intuitively, whenever some sym-
bol differs between a string from the input and the central
one for its group, this corresponds to, at most, 2M + 2m2

swaps within a corresponding vote (2M to swap the respec-
tive members of A and B between the sides of X , and the
remaining ones to arrange their final positions).

We can also extend Theorem 3.1 to show NP-hardness for
all SP/G domains, which, e.g., include the SPOC domain.

Theorem 3.3. For every SP/G domain, k-KEMENY is NP-
complete even for k = 2 and elections from this domain.

For the case of 2-Euclidean elections (and, naturally,
higher-dimensional ones), Escoffier, Spanjaard, and Tydri-
chová (2022) have shown that already deciding if there is a
Kemeny ranking with a given score is NP-complete, even if
the embedding function is given. One of the reasons why this
NP-hardness is possible is that there is no guarantee that the
Kemeny ranking belongs to the given 2-Euclidean domain
(which stands in contrast to Condorcet domains). Indeed, if
we seek a ranking that minimizes the Kemeny score and be-
longs to the domain, then Hamm, Lackner, and Rapberger
(2021) gave a polynomial-time algorithm for this problem.
Briefly put, the size of each d-Euclidean domain is at most
O(m2d), where m is the number of candidates, so one can
use brute-force search (the approach of Hamm, Lackner, and
Rapberger (2021) is faster, though). We can also perform
such a brute-force search for k-Kemeny scores.
Definition 3.2. In the d-EMBEDDABLE k-KEMENY prob-
lem we are given an election E over some d-Euclidean do-
main, an embedding function x for this domain, and an inte-
ger q. We ask if there is a set R = {r1, . . . , rk} of k rankings
from the domain, such that k-KemenyE(R) ≤ q.
Corollary 3.4. For each fixed d and k, d-EMBEDDABLE k-
KEMENY is polynomial-time solvable.

So, as opposed to k-KEMENY for SP, GS/bal and GS/-
cat domains, d-EMBEDDABLE k-KEMENY is tractable for
k = 2. Yet, if k is part of the input then d-EMBEDDABLE k-
KEMENY is NP-complete, even for 2-Euclidean elections.
Theorem 3.5. d-EMBEDDABLE k-KEMENY is NP-
complete for d ≥ 2.

3.2 Algorithms for Condorcet Domains
Faliszewski et al. (2023) have shown that for every ε > 0
there is an FPT approximation algorithm for k-KEMENY
with 1+ε approximation ratio, parameterized by the number
n of the voters and running in time O∗(nn). Using dynamic
programming, for Condorcet domains we improve this to an
exact FPT algorithm, running in time O∗(3n). For the gen-
eral domain such a result seems impossible, as 1-Kemeny is
NP-hard even for n = 4 voters (Dwork et al. 2001; Biedl,
Brandenburg, and Deng 2009).
Theorem 3.6. There is an FPT algorithm parameter-
ized by the number n of the votes that given an instance
of k-KEMENY—where the votes come from a Condorcet
domain—solves it in time O∗(3n).

For single-crossing elections we even get a polynomial-
time algorithm. The idea is to model k-KEMENY as a
Chamberlin–Courant (CC) multiwinner election (Chamber-
lin and Courant 1983), where each vote from the original
election is both a candidate and a voter in the CC one, rank-
ing itself and the others with respect to the swap distance
from itself. This produces single-peaked election, for which
CC is tractable (Betzler, Slinko, and Uhlmann 2013; Sornat,
Vassilevska Williams, and Xu 2022).
Theorem 3.7. Single-crossing instances of k-KEMENY can
be solved in time Õ(nm+ n2).



4 Diversity of Structured Domains
Next we move on to the diversity analysis of our domains
and the elections that one can sample from them. Given an
election E and an integer k, we write κE(k) to denote its
k-Kemeny score, i.e., the k-Kemeny score of its k-Kemeny
set. In this section we often view domains as elections that
include a single copy of each possible vote.

Faliszewski et al. (2023, 2025a) proposed to measure the
diversity of an election E = (C, V ) using function D de-
fined as follows (w1 ≥ w2 ≥ · · · are weights and N(E) is
a normalizing factor, depending on |C| and |V |):

D(E) = N(E) ·
(
w1κE(1) +w2κE(2) +w3κE(3) + · · ·

)
;

the larger is the value D(E), the more diverse is E. How-
ever, the choice of w1, w2, . . . and N(E) is not obvious
and the two above-cited papers make different ones. We fol-
low their general approach, but focusing on qualitative com-
parisons between diversities of various elections/domains,
by analyzing vectors κ(E) = ( 1

|V |κE(1), . . . ,
1

|V |κE(|C|)).
We refer to values 1

|V |κE(k) as normalized k-Kemeny
scores. We view an election E′ = (C, V ′) as more
diverse than election E′′ = (C, V ′′) if κ(E′) dom-
inates κ(E′′)—i.e., has greater-or-equal values on each
coordinate—occasionally arguing how to resolve the situ-
ation when dominance does not hold either way.

4.1 Setup, Domains, and Statistical Cultures
Throughout this section, we almost exclusively focus on the
case of m = 8 candidates. This suffices for many realis-
tic settings and is small enough for efficient computations
and clear visualizations. Unless specified otherwise, all elec-
tions sampled from statistical cultures consist of 512 voters.
All experiments calculating the k-Kemeny scores or domain
sizes are averaged across 100 samples.

Let us fix C = {c1, . . . , c8}. We focus on the following
nine domains, explained below:

1D-Int., 2D-Sq., 3D-Cb., SC, SP, SP/DF, SPOC, GS/bal, GS/cat.

SP, SPOC, GS/bal, GS/cat, were already introduced in
Section 2, and are unique up to renaming the candidates.

SP/DF Domain. SP/double-forked domain, or SP/DF, is a
domain of votes that are single-peaked on the following tree
(it is also unique up to renaming the candidates):

c1

c2
c3 c4 c5 c6

c7

c8

Euclidean Domains. For a positive integer t, tD-Hyper-
Cube domain is a Euclidean domain where candidate points
are selected uniformly at random from [−1, 1]t (so, in fact,
it is a family of domains, one for each embedding function).
Note that these domains include all preference orders that
can be obtained by putting a voter point somewhere in Rt,
even outside of [−1, 1]t. For t ∈ {1, 2, 3}, we refer to these
domains as 1D-Interval, 2D-Square, and 3D-Cube, respec-
tively (abbreviated as 1D-Int., 2D-Sq., and 3D-Cb.).

(a) Domain size. (b) Average κ(E).

Figure 1: Sizes (a) and diversity (b) of considered domains.

Single Crossing Domains. To get a single-crossing domain
(SC), we follow the approach of Szufa et al. (2025): We form
a sequence v0, . . . , v(m2 )

of votes, where v0 : c1 ≻ · · · ≻ c8

and for each i > 1 we obtain vi from vi−1 by swapping a
pair of candidates cp, cq , p < q, that are ranked consecu-
tively (we select such a pair uniformly at random).

Sizes of the Domains. In Fig. 1a we plot the sizes of
our domains—i.e., the numbers of distinct votes included in
each—depending on the number of candidates (note that the
y axis has a logarithmic scale). Interestingly, even though
the sizes of SP (which is equal to the size of GS), SP/DF,
and SPOC grow exponentially and the sizes of Euclidean
domains grow polynomially, for m = 8, 2D-Square is larger
than SP (GS) and almost as large as SPOC and SP/DF. 3D-
Cube is outright larger and remains so until m = 16.

Statistical Cultures. Whenever we generate an election
with votes from a given domain, we do so by sampling the
required number of votes using a respective statistical cul-
ture. In particular, for each of our domains we consider its
variant of impartial culture, i.e., sampling votes uniformly at
random. For SP, this is known as the Walsh model (Walsh
2015). We also consider the Conitzer model of sampling SP
votes (Conitzer 2009): First, we choose candidate ci uni-
formly at random and place it on top of the vote. Next, we
perform |C| − 1 iterations, so that in each we extend by one
candidate, selected uniformly at random among at most two,
so that the top-ranked candidates in the generated vote form
an interval with respect to the axis. We assume c1 ◁ · · ·◁ c8
for both models. For tD-HyperCube domains, we use the r-
Box model, r ∈ R, which works as follows: Given a domain
and its embedding function, to sample a vote we choose its
point uniformly from [−r, r]t (recall that candidates are cho-
sen from [−1, 1]t). Large fraction of literature in computa-
tional social choice that uses the tD-HyperCube models uses
the 1-Box model (or an isomorphic one) and not impartial
culture over the given domain (Boehmer et al. 2024).

Computing k-Kemeny. Given an election E, an integer k,
and a search space (i.e., a list of votes) we compute κE(k)
using a local search approximation algorithm of Faliszewski



Figure 2: Microscopes of our domains with IC.

et al. (2023). We start with a set of k centers, i.e., rank-
ings selected uniformly at random from the search space,
and iteratively improve this set by replacing one of the cen-
ters with a better one, from the search space, until no im-
provement is found. For Condorcet domains, it suffices to
search over the domain itself (Barbut 1980; Truchon 1998).
For non-Condorcet domains, the search space consists of all
the votes from the domain and of 512 votes sampled from IC
(using more IC votes did not lead to notable improvements).
We perform 10 random starts and select the best outcome.

4.2 Microscope View of Our Domains
Given an election E = (C, V ), with V = (v1, . . . , vn), we
visualize it using the approach of Faliszewski et al. (2023)
as follows: We depict each vote v ∈ V as a point on a plane,
so that the Euclidean distance between points corresponding
to votes vi, vj ∈ V is as similar to swap(vi, vj) as possible;
to ensure such an embedding, we use the multidimensional
scaling algorithm (Kruskal 1964; de Leeuw 2005). While
not perfectly accurate, such visualizations—which we call
microscopes—offer some intuition of the nature of the votes
in the election. They follow the general ideas of the map
framework of Szufa et al. (2025).

In Fig. 2, we present one microscope for each of our do-
mains, except 3D-Cb. (for 1D-Int., 2D-Sq., and SC we show
one representative example of a domain). The microscope
shows the domain with 512 additional votes generated from
IC (light gray dots). For each domain, we have computed an
approximate 4-Kemeny set, we indicate the rankings from
these sets with stars, and we colored the votes according to
the closest one. As expected, votes of the same color cluster
together, providing a sanity check. We refer to these plots in
the following discussions.

4.3 Diversity of the Domains
For each of our domains—treated as an election D—we
have computed vector κ(D) and present it on Fig. 1b. We
repeated the computation 100 times and show averaged re-
sults, together with standard deviation in the shaded areas
(nearly invisible in most cases; the randomness is over both
the exact choice of the domain—for SC and the Euclidean
ones—and the randomness within our k-Kemeny heuristic).
The plot also includes IC for reference (in this case, for each

Figure 3: Histograms of the distances between the votes and
their closest k-Kemeny ranking, for k ∈ {1, 2, 3, 4}. (For
the remaining models, see the extended version.)

of the 100 repetitions we sampled new 512 votes from IC).
As argued, for two domains D′ and D′′ where κ(D′) dom-
inates κ(D′′), we say that D′ is (certainly) more diverse
(D′ ≻ D′′), leading to the following ranking (we also re-
solved some unclear cases and left others as ties):

GS/cat ≻ 3D-Cube ≻ {2D-Square, SPOC}
≻ {SP/DF, GS/bal} ≻ SP ≻ {SC, 1D-Interval}.

The three ties that we have left seem to be genuine—looking
at the k-Kemeny scores of these pairs of domains we do not
see strong arguments to view either of them as more diverse
than the other. This is most clearly seen in case of SC and
1D-Interval, as their k-Kemeny scores are identical.
Remark 4.1. It is well-known that every 1D-Interval elec-
tion is both SP and SC, but there are elections that are SP
and SC, which are not 1D-Interval (Chen, Pruhs, and Woeg-
inger 2017; Elkind, Faliszewski, and Skowron 2020). Yet, the
set of the maximal-sized 1D-Interval domains is a subset of
the set of maximal-sized SC domains.

Our diversity ranking is in agreement with many intu-
itions that one might get by looking at the microscopes in
Fig. 2, but the fact that GS/cat is the most diverse among our
domains, or that SPOC and GS/bal are ranked fairly highly,
is surprising. Yet, this seems justified. Foremost, the micro-
scopes only give approximate views of the domains and one
of their features is that the points (i.e., the votes) that are
presented on the outer part are typically much farther apart
from each other than their Euclidean distance would suggest.
Hence, e.g., the votes in the 2D-Square domain—which ap-
pear as a nice cluster in the inner part of the plot—are closer
to each other than the SPOC votes, which are placed on the
outer part. This is clearly seen in Fig. 3, where we show
histograms of the distances of the votes from their closest
k-Kemeny ranking, for k ∈ {1, 2, 3, 4}. In particular, for
each 1-Kemeny ranking there are some GS/cat, SPOC, and
GS/bal votes that are at the maximum possible distance from
them (which is 28 for m = 8), meaning that these domains
include reverses of their 1-Kemeny rankings (see also Sec-
tion 4.5 below). Generally, GS/cat votes are typically farther
from their k-Kemeny rankings than the 2D-Square ones.

Diversity of Conitzer and Walsh Elections. In Fig. 4a we
show analogous plots as in Fig. 1b, but for elections sampled
using the Walsh and Conitzer models. Intuitively, the Walsh
model should produce more diverse elections as their votes
cover SP more evenly, but this effect is not as strong as one



(a) SP elections. (b) Euc. elections. (c) Rev.-symmetry.

Figure 4: Average κ(E) for SP elections sampled from
Walsh and Conitzer models (a) and Euclidean elections sam-
pled using 1-Box (b). Sizes of the reverse-symmetric exten-
sions of the domains as a fraction of their original sizes (c).

might expect: 1-Kemeny score is higher for elections gener-
ated under the Conitzer model. However, if we disregard this
one entry, then Walsh SP elections are indeed more diverse.

It is tempting to think that sampling votes from a domain
uniformly at random maximizes the diversity of the resulting
elections, but this is not always true. We present an example
of a domain where this does not hold in the extended version.

4.4 Diversity of Euclidean Elections
Euclidean domains (particularly 1D and 2D ones) are among
the most frequently used structured domains in experi-
ments (Boehmer et al. 2024). While both voters’ and candi-
dates’ ideal points can be drawn from various distributions,
a common approach is to sample all points uniformly at ran-
dom from the 1-Box models (or isomorphic ones).

In Fig. 4b we show an analogous plot as in Fig. 1b, but
for elections sampled from 1D-Interval, 2D-Square, and 3D-
Cube using the 1-Box model, with IC included as a refer-
ence point. As expected, the lower the dimension, the less
diverse are the sampled elections. Notably, 1-Kemeny scores
are nearly identical across all three Euclidean models.

Yet, we observe that Euclidean elections sampled from
the 1-Box model are visibly less diverse than their respec-
tive domains. Let us explain this on the example of the 2D-
Square domain. Here, each possible vote corresponds to a
polygon, but given the candidates’ points, some polygons
may lie outside of the [−1, 1]2 square, or they may be so
small that we never “hit” them during sampling. To measure
how these two factors reduce the number of distinct votes
in our samples, we conducted the following experiment. For
each value of r ∈ {0.5, 0.75, . . . , 4}, we sampled 100 elec-
tions from the r-Box model.1 Then, using the candidates’
positions in each election, we calculated both the maximum
number of distinct votes possible within the given r-Box and
the total number of possible votes overall. Results are pre-
sented in Fig. 5 (left). As expected, the maximum number
of votes increases as we enlarge the box size. However, in-
terestingly, the number of distinct sampled votes does not.
Indeed, we find that the r-Box model produces most distinct
sampled votes for r = 1 (we verified that this also gives the

1For each dimension we sampled 10 times more votes than in
the domain (starting from 290 for 1D, up to 222120 for 5D).

Figure 5: Changes in the sizes of Euclidean domains (the
plots on the left and in the center plot regard the 2D-Square
domains; for the plot on the right, the dimension of the con-
sidered domain is on the x axis).

highest diversity). Jointly with the fact that this model cap-
tures the scenario where candidates and voters come from
the same population, we see it as an argument for using the
1-Box model in experiments, as already done. However, we
also encourage the use of impartial culture over Euclidean
domains, which so far does not seem to be done at all, as
these cultures produce much more diverse elections.

In Fig. 5, we also show the results of two similar experi-
ments. In the first one, we fix r = 1 and vary the number of
candidates in 2 dimensions (center plot). In the second, we
fix 8 candidates, but vary the number of dimensions (right
plot). In both cases, the number of distinct sampled votes is
significantly smaller than the domain size.

4.5 Reverse-Symmetric Domains
We call a domain D reverse-symmetric if for each vote
v ∈ D, its reversal is also in D. Similarly, it is reverse-free if
for each of its votes, its reversal is not in D. Among the con-
sidered domains, only GS and SPOC are reverse-symmetric,
while the SP/DF is reverse-free (in fact, all SP on a tree do-
mains are reverse-free, except for the SP on path).

We can extend each domain by adding a reversal of
each vote (unless it is already present). By definition, for
a reverse-symmetric domain, the size of its extension equals
the size of the original domain itself. For a reverse-free do-
main, the size of its extension is twice that of the origi-
nal one. For domains that are neither reverse-symmetric nor
reverse-free, we computed the ratio between the sizes of
their extensions and the original ones. The results in Fig. 4c
show that all curves appear to converge towards 2, with SP
converging the fastest and 3D the slowest. Hence, we can
classify our domains as either being reverse-symmetric or
being (nearly) reverse-free. We encourage using domains of
both types in experiments.

5 Conclusions
The most important take-home messages from our work are
that caterpillar group-separable elections are much more di-
verse than one might think, and that sampling votes from
Euclidean domains uniformly at random may lead to very
different elections than using the natural approach based on
sampling voter points. Consequently, we encourage the use
of these means of sampling preference data in experiments.
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ufa, S.; and Wąs, T. 2024. Guide to Numerical Experiments
on Elections in Computational Social Choice. In Proceed-
ings of IJCAI-2024, 7962–7970.
Boehmer, N.; Faliszewski, P.; Niedermeier, R.; Szufa, S.;
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