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Bisimulatio-audlo.ge# £

Modal logic M :

SYNTAX :

∅ : : = true I r 4 Idn ^ 02 I <a> ∅

SEMANTICS : a C- E

P F true

P 1--740
'

if P 1-1-01

PK ∅, ^ % i# P 1--01, and Pt $2

P f- <a> 0 if P' 1--01 for some P's.t .
P-3 pc

SHORTHAND 5 :

• [a] ∅ : = n < a> 701

P K Ea] ∅ if P' 1--01 for all P
'
s-t
.

p→pi
• dn ✓ 02

• E- > Q := Vala> ∅ • false := >true

L-xamp : Ka> [ 6) true ✓ [a] Tb> true

I
_ > true E- ] false

Def :
P=_µQ if V-Q-CM.CI?t-0iAQ-- 4)



he
Leung : P- Q implies P _=µQ

Proof : By structural induction over ② C-M show

that P-Q implies ④ 1=10 IHQ 1=0)

• Base : ☆ = true P~Q

Peta> X Qt- <a>✗
• Step : 10=74

= for ^ 102
P Q

ti ta
D= <a> ✗ P'KY Q' 1--7

P'- QI

Leung : Under i# assumption
,

P _=µQ implies

P~Q.pro#:---mis a bisimulation

we need : P' =
,
Qi

P Em Q
for some i

ii.¥at
pl Qn Qn Towards contradiction

,

assume the contrary :
Pta> true QF <a> true pl ≠µQi for all i



3L
There are ¢ , , _ .

.

, 01m C-M S.t. P
'

f- Qi

Qi#di
put 4 := ④a ^ - -

- ^∅n
for every i

PF <a> ✗ Q # <a> X - a
contradiction

.

Observation : a
modal formula is a witness of

bisinvitation now equivalence

R : one can drop image - finiteness assumption

Question : is megaton needed
in the last proof ?

Variants for : • ≈
80 ~
~

• long steps < an - . _ an> 4 : =

<an> _ . _ Can > &



it = bisimulation - invariant fragment • t Fo ↳

Fo - logic :

ce :-. = ✗=y I ✗⇒ y
'

1 - et en ^ 92 I 3- × . %

④ (x) - FO formulas with 1 free variable

Defy : @G) is bisomalatioa -invariant it

P- Q implies @ 1=4 it Q -1-9)

translation : M → FO

& → 4-✗
true

×

: = ✗ = ✗

is a fragment*
×

: = - Fx
◦ f- FO

ot.no/-Tj-- * ✗

^ I ×

fast × : = Fg . ✗⇒ ^ Is

theorem :( van Bentham) :

an Fo formula 41--1 is equivalent to
'

an M formula

ilt
it is bisimulation - invariant



Proof : ⇒ immediate

⇐ : @order image - finiteness restrict i. g)
Assume 414 is bisimwlatdou - invariant

÷ñ!¥%"⇐" " """ ∅ "

claim : ¥ 1--6

"**" ⇐⇐ * +.

*
'
C- fin §

Hence e = NOI
'

Pr◦•f•fdaOu_3
Suppose P f- § .

We show P 1=8 .

Let F- = { 0T : GEM , PET }≥ §

u { e } is satisfiable - indeed , if I 1=74 then

by compactness I
'

1=74 for some ☒
'
= {É - - - 0T } ≤ §,

hence { 05 , - -
-

, E , Q} unsatisfiable

{ 0n∅n , 4) unsatisfiable
in

☒ - a contradiction

Q F- VI and Q E Q for some Q

P ¥uQ ⇒ p - Q ⇒p¥g-by
bisimalatiou

invariance of 4

←
by image - finiteness


