
Computer aided verification

Lecture 5: CTL
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Linear time
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CTL

Def.: CTL (Computation Tree Logic)

φ ::= p | ¬φ | φ1∧φ2 | AXφ | EXφ | Aφ1 Uφ2 | Eφ1 Uφ2

AφUψ ≡ on every path it holds φUψ

EφUψ ≡ on some path it holds φUψ

AφUψ 76540123φ //76540123φ //
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CTL

Notation:

AFφ ≡ A trueUφ

EFφ ≡ E trueUφ

AGφ ≡ ?

EGφ ≡ ?

Example:

AF crit_sec, AF EF start
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CTL

Notation:

AFφ ≡ A trueUφ

EFφ ≡ E trueUφ

AGφ ≡ ¬ EFφ
EGφ ≡ ¬ AFφ

Example:

AG (q =⇒ AF r), AG AF enabled
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CTL

[Clarke, Grumberg, Long 1994]
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Semantics

M = 〈S, Sinit,−→, L〉 Kripke structure

M � φ iff ∀s ∈ Sinit s � φ
s � ¬φ iff . . .

s � φ1 ∧ φ2 iff . . .
s � p iff p ∈ L(s)

s � AXφ iff ∀s′. s −→ s′ =⇒ s′ � φ

s � EXφ iff ∃s′. s −→ s′ ∧ s′ � φ

s � Aφ1 Uφ2 iff ∀Π. Π starts in s =⇒ Π � φ1 Uφ2

(Π = s0 s1 . . . ∃i. si � φ2 ∧ ∀j < i. sj � φ1)
s � Eφ1 Uφ2 iff ∃Π. Π starts in s ∧ Π � φ1 Uφ2
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Semantics

M = 〈S, Sinit,−→, L〉 Kripke structure

M � φ iff ∀s ∈ Sinit s � φ
s � ¬φ iff . . .

s � φ1 ∧ φ2 iff . . .
s � p iff p ∈ L(s)

s � AXφ iff ∀Π. Π starts in s =⇒ Π � Xφ

s � EXφ iff ∃Π. Π starts in s ∧ Π � Xφ

s � Aφ1 Uφ2 iff ∀Π. Π starts in s =⇒ Π � φ1 Uφ2

s � Eφ1 Uφ2 iff ∃Π. Π starts in s ∧ Π � φ1 Uφ2
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LTL is a linear-time logic.

CTL is a branching-time logic!
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Linear vs branching time
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CTL+

Def.: CTL+

φ ::= p | ¬p | φ1 ∧ φ2 | φ1 ∨ φ2 | AXφ | EXφ |

Aφ1 Uφ2 | Eφ1 Uφ2 | Aφ1 Rφ2 | Eφ1 Rφ2

AφRψ ≡ on every path it holds φRψ

EφRψ ≡ on some path it holds φRψ

AφRψ ≡ ?

EφRψ ≡ ?
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CTL+

Def.: CTL+

φ ::= p | ¬p | φ1 ∧ φ2 | φ1 ∨ φ2 | AXφ | EXφ |

Aφ1 Uφ2 | Eφ1 Uφ2 | Aφ1 Rφ2 | Eφ1 Rφ2

AφRψ ≡ on every path it hodls φRψ

EφRψ ≡ on some path it holds φRψ

AφRψ ≡ ¬E¬φU¬ψ

EφRψ ≡ ¬A¬φU¬ψ
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LTL vs CTL

LTL CTL comments

G p, F p AG p, AF p ∈ ACTL

GF p AG AF p ∈ ACTL

G (r =⇒ F g) AG (r =⇒ AF g) ∈ ACTL

— EF p, EG p ¬(M � G¬p)

— AG EF start
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LTL vs CTL

LTL CTL comments

F (p ∧ X p) —

— AF (p ∧ AX p)

��
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LL poo poo

>>}}}}}}}}
poo
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LTL vs CTL

LTL CTL comments

FG r ⇒ GF g —

GF r ⇒ GF g —

— AF AX p ∈ ACTL

— EX AX EX p

FG p —

— AF AG p ∈ ACTL
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AF AG p /∈ LTL

Tw.: CTL ∋ φ � removing path quantifiers // ψ ∈ LTL

– either φ ≡ ψ – or no ψ ∈ LTL such that φ ≡ ψ.

LTL CTL comments

— AF AG p // p //
LL ¬p // p mm

FG p — (next slide)

( FG p 6= AF AG p )
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FG p /∈ CTL

Ni ¬p // p //
XX ¬p // p //

XX
. . . ¬p // p mm

Mi ¬p // p
��

//
XX ¬p // p //

XX
. . . ¬p // p mm

Fact: Ni � FG p, Mi 6� FG p.

Let φ ∈ CTL.

Lem.: If i ≥ size(φ), Ni � φ ⇐⇒ Ni+1 � φ.

Lem.: If i ≥ size(φ), Ni � φ ⇐⇒ Mi � φ.
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CTL∗

CTL∗

LTL

99tttttttttt

CTL

eeKKKKKKKKKK

Example: A F G p ∨ AG EF p A F G p ∈ LTL \ CTL
AG EF p ∈ CTL \ LTL

Corollary: LTL ∪ CTL ⊂ CTL∗
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CTL∗

Def.: CTL∗ (Computation Tree Logic∗)

state formulae: s � φ

φ ::= p | ¬φ | φ1 ∧ φ2 | Eψ

path formulae: Π � ψ

ψ ::= φ | ¬ψ | ψ1 ∧ ψ2 | Xψ | ψ1 Uψ2

Notation: Aψ ≡ ¬E¬ψ

Fψ ≡ trueUψ

Gψ ≡ ¬F¬ψ

ψ1 Rψ2 ≡ ¬(¬ψ1 U¬ψ2)
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CTL∗

Def.: CTL∗ (Computation Tree Logic∗)

sate formulae: s � φ

φ ::= p | ¬φ | φ1 ∧ φ2 | Eψ

path formulae: Π � ψ

ψ ::= φ | ¬ψ | ψ1 ∧ ψ2 | Xψ | ψ1 Uψ2

Example:
A (FG p ∧ GF q), E X A FG p
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Semantics

M = 〈S, Spocz,−→, L〉 Kripke structure

s � φ

s � p iff p ∈ L(s)

s � Eψ iff ∃Π. Π starts in s ∧ Π � ψ

Π � ψ, Π = s0 s1 . . .

Π � φ iff s0 � φ

Π � Xψ iff . . . as in LTL

Π � ψ1 Uφ2 iff . . . as in LTL
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LTL ⊂ CTL∗

restriction: Aψ, where ψ „purely path formula” (without E , A )

CTL ⊂ CTL∗

restriction:

occurences of path quantifiers and temporal operators paired
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LTL ⊂ CTL∗

restriction: Aψ, where ψ „purely path formula” (without E , A )

CTL ⊂ CTL∗

restriction:

occurences of path quantifiers and temporal operators paired

ACTL∗ ⊂ CTL∗
(

ACTL ⊂ CTL
)

restriction: path quantifier E forbidden
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Exercise: Find a property φ /∈ CTL∗
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Exercise: Find a property φ /∈ CTL∗

φ ≡ on every path, a appears on even positions

– p. 24/36



Classification of properties

I. reachability
EF crit1 ∧ crit2

II. safety
AG¬overflow

A (¬startU key ∨ G¬start)

(safety  reachability)
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Classification of properties

III. liveness
AG (req =⇒ AF granted)

AG EF start

A (¬startU key)

IV. deadlock freeness
AG EX true
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Classification of properties

V. fairness
A GF open ≡ AG AF open

A (GF 1 ∧ GF 2 ∧ . . . GF 6)

A (GF crit_req =⇒ GF crit_enter)

A (FG crit_req =⇒ GF crit_enter)

A (FG enabled =⇒ GF executed)

A(GF trans_ok =⇒ G (send =⇒ F receive))
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Fair CTL

Semantics: M = 〈S, Sinit,−→, L,F〉 F ⊆ P(S)

Π is fair if ∀X ∈ F. inf(Π) ∩X 6= ∅

s �F p ⇐⇒ p ∈ L(s) ∧ ∃Π. Π fair and starts in s

s �F Aφ ⇐⇒ ∀Π. Π fair and starts in s =⇒ Π � φ

s �F Eφ ⇐⇒ ∃Π. Π fair and starts in s and Π � φ

Most often F = {φ1, . . . , φn}, φi ∈ CTL

|F | = |φ1|+ . . .+ |φn|
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Examples

A (GF a =⇒ F b)

A (GF a1 ∧ GF a2 =⇒ bU c)

A (GFφ1 ∧ GFφ2 ∧ . . . ∧ GFφn =⇒ φUφ′)

E (GFφ1 ∧ GFφ2 ∧ . . . ∧ GFφn ∧ φUφ′)

. . .

A (FG a =⇒ F b)
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Conclusions

– CTL is less expensive (O(|M | · |φ|) time)

– LTL is more expressive (path properties)

– CTLF is sufficiently expressive for practical applications

– CTL∗ is too complex
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Complexity

φ ∈ . . . M � φ satisfability φ

LTL PSPACE |M | · 2O(|φ|) PSPACE

CTL P O(|M | · |φ|) EXPTIME

CTLF P O(|M | · (|φ|+ |F |)) EXPTIME

CTL∗ PSPACE |M | · 2O(|φ|) 2-EXPTIME

Lµ NP ∩ co-NP O(|M ||φ|) EXPTIME
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Complexity

φ ∈ . . . M � φ satisfability φ

LTL PSPACE |M | · 2O(|φ|) PSPACE

CTL P O(|M | · |φ|) EXPTIME

Pytanie: Is CTL model-checking less expensive than LTL one?

Not necessarily! LTL may be exponentially more succint.

Fw1 ∧ . . . ∧ Fwk ∧ X k+1w0
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CTL model-checking

CTL (¬, ∧, EX , E _ U _ , EG ) (these connectives are sufficient)

M � φ: Algorithm labels states of M by subformulae of φ
(global algorithm)

EφUψ: start in states satisfying ψ, propagate backwards −→

EXφ: one step

EGφ: S′ := {s ∈ S | s � φ} 7→ M ′

s � EGφ ⇐⇒

{

s ∈ S′ ∧

there is a s-path in M ′ going to a non-trivial scc
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Fair CTL model-checking

M �F φ F = {φ1, . . . , φn} 7→ F = {F1, . . . , Fn}

EGφ: S′ := {s ∈ S | s � φ}, F ′ := {Fi ∩ S
′} 7→ M ′

s �F EGφ ⇐⇒







s ∈ S′ ∧

there is a s-path in M ′ going to a non-trivial
fair scc

scc C ⊆ S is fair ⇐⇒ ∀i. C ∩ Fi 6= ∅

p: add fair to L(s) ⇐⇒ s �F EG true

s �F p ⇐⇒ s � p ∧ fair
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Fair CTL model-checking

EXφ:
s �F EXφ ⇐⇒ s � EX (φ ∧ fair)

EφUψ:

s �F EφUψ ⇐⇒ s � EφU (ψ ∧ fair)

Running time O(|M | · (|φ|+ |F |))
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Counterexamples?
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