Computer aided verification

Lecture 5: CTL
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Def.. CTL (Computation Tree Logic)

¢ = p| 2d| N | AXo | EXo | Ap1Ugy | Egr Uy

AopUy on every path it holds ¢ U ¢

EpUq

on some path it holds ¢ U ¢

AUy




Notation:

AF9o = AtrueUo

EF9p = EtrueUg

AGgp = 2

EGyop = 2
Example:

AF crit_sec, AF EF start
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Notation:

AF9o = AtrueUo

EF9p = EtrueUg

AGyp = - EFo

EGo = - AF¢
Example:

AG (¢ = AFr), AG AF enabled
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M,s0 FEGg M.,sg EAGyg

[Clarke, Grumberg, Long 1994]
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M = (S, Sinit, —, L) Kripke structure

Mlng Iff Vs € Sinit Slqu
sE-Q Iff ...

SE o1 N\ iff ...
skEp iff pe L(s)

sE AXg Iff Vs'. s -5 — s E ¢
sE EXo iff 3s’. s s AN S FE
sE AP Ugpy Iff VII.II startsin s = 11 F ¢; U ¢y

(H:SQSl... EIZSZ|:¢2/\\V/j<ZSJ’:¢1)
sE EpiUgpy Iff dIIL Il startsin s A IIFE ¢; U ¢
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M = (S, Sinit, —, L) Kripke structure

Mlng Iff Vs € Sinit Slqu
sE-Q Iff ...

SE o1 N\ iff ...
skEp iff pe L(s)

sE AX¢ Iiff VII.II startsin s = IIE X¢
sE EX¢ iff JII.IIstartsin s A IIF X¢
sE AP Ugpy Iff VII.II startsin s = 11 F ¢; U ¢y

sE EpiUgpy iff dIILIIstartsin s A IIF ¢; U g
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LTL Is a linear-time logicC.

CTL Is a branching-time logic!



—LTL

FCTL

i



Def.. CTL*

¢ == p| | ¢1ANg | 91V | AXg | EX9 |
AprUgy | EorUdy | A¢1Ro: | E¢1R @,

AoR1y = onevery pathit holds ¢ Ry
EoRyY = onsome pathit holds ¢ Ry
AoRy = 2

]
)

EoRY

—n. 12/36



Def.. CTL*

¢ == p| | ¢1ANg | 91V | AXg | EX9 |
AprUgy | EorUdy | A¢1Ro: | E¢1R @,

AoR1y = onevery pathit hodls ¢ Ry
EoRyY = onsome pathit holds ¢ Ry
AoRyYy = —E-oU—
EoRYy = —A-o9oU-—
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AG EF start

LTL CTL comments
Gp, Fp AGp, AFp c ACTL
GFp AG AFp c ACTL
G(r = Fyg) AG (r = AFyg) e ACTL
_ EFp, EGp (M E G-p)
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LTL CTL comments

F(pA Xp) —

— AF (p A AXp) l -p
p p
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LTL CTL comments
FGr = GFg —
GFr = GFg —
— AF AXp c ACTL
_ EX AX EXp
FGp —
— AF AGp c ACTL
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removing path quantifiers

Tw.: CTL > ¢ |

Y € LTL

— either¢ = ¢ — ornoy € LTL such that ¢ = 1.

LTL CTL comments
— AF AGp ij P —> po
FGp — (next slide)

(FGp # AF AGp)
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N, P ——>p P ——=p - P ——>p
O O O

Letp € CTL.
Lem.: If ¢ > size(¢), N; F ¢ <= N;i1 F ¢.

Lem.: Ifi>size(¢), Ni F ¢ < M;F ¢.
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CTL™

N

LTL CTL

Example: AFGp VvV AGEFyp AFGp € LTL \ CTL
AG EFp € CTL \ LTL

Corollary: LTL UCTL C CTL®

—n. 19/36



Def.. CTL* (Computation Tree Logic*)

state formulae:

¢ = p| ¢ | ¢p1 NPy | EW

path formulae:

Y ou= ¢ | | i Ay | XY | Uy

Notation: Ay = —-E-w
Fy = trueUy
G @D — —lF—Iw
iRy = (71 U—hy)

sF o

ITE
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Def.. CTL* (Computation Tree Logic*)

sate formulae: sFE ¢

¢ = p| Q| g1 NP | EY
path formulae: ITFE

Y ou= ¢ | | i Ay | XY | Uy

Example:
A(FGp AN GFg), EXAFGyp
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M = (S, Spocz, —, L) Kripke structure

SE @
skEp iff pe L(s)

sE Ey Iff JII.IIstartsin s A I1E ¢

H’:w, H:SOSl...
[TE ¢ iff soF o
IIE Xy Iff ... as in LTL

ITEY Uy iff ... as in LTL
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LTL C CTL"

restriction: A1, where 1 ,purely path formula” (without E, A)

CTL C CTL®

restriction:

occurences of path quantifiers and temporal operators paired
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LTL C CTL"

restriction: A1, where 1 ,purely path formula” (without E, A)

CTL C CTL®

restriction:

occurences of path quantifiers and temporal operators paired

ACTL* C CTL* (ACTL C CTL)

restriction: path quantifier E forbidden
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Exercise: Find a property ¢ ¢ CTL*
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Exercise: Find a property ¢ ¢ CTL*

¢ = on every path, a appears on even positions
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|. reachability
EFcrit; A crit,

Il. safety
AG —overflow

A (—start Ukey V G —start)

(safety ~~ reachability)
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I1l. liveness
AG (req = AFgranted)

AG EF start

A (—start Ukey)

V. deadlock freeness
AG EX true
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V. fairness
A GFopen = AG AF open

A(GF1 A GF2 A ... GF6)
A(GFcrit_req = GFcrit_enter)
A(FGcrit_req = GFcrit_enter)

A (FGenabled = GF executed)

A(GFtrans_ok — G(send — Freceive))
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Semantics: M = (S, Sinit, —, L, F) F C P(S)

[Tisfairif VX € F. inf(I1) N X # ()

sFpp <  pe€ L(s) N I 1II fair and starts in s
sFr Ap <<= VIl IIfarandstartsin s — IIF ¢

sFr E¢p <« dIl. Il fairand startsin s and IIF ¢

Most often F = {¢1,...,0,}, ¢; € CTL
F| = [¢1] +... +[¢n]
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A(GFa = FVb)
A(GFa; AN GFay; = bUc¢)
A(GF¢p; ANGFpA...N GF ¢, — ¢U¢")

E(GF¢1 A GFp A... A GF¢, A ¢Ug)

A(FGa — Fb)
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CTL is less expensive (O(|M]| - |¢|) time)
LTL is more expressive (path properties)
CTLE is sufficiently expressive for practical applications

CTL* is too complex
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O € ME ¢ satisfability ¢
LTL PSPACE M| - 2002 PSPACE
CTL P O(|M] - |8]) EXPTIME
CTLe P O(M|-(|¢| +|F])) EXPTIME
CTL* PSPACE M| - 2002 2-EXPTIME
L NP Nnco-NP  O(|M|¢) EXPTIME
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O € ME ¢ satisfability ¢
LTL PSPACE  |M]| - 20U PSPACE
CTL P O(|M]| - |¢]) EXPTIME

Pytanie: Is CTL model-checking less expensive than LTL one?

Not necessarily!

LTL may be exponentially more succint.

le AN

AN Fwp A XkHwo
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CTL (—, A, EX, E_U_, EG) (these connectives are sufficient)

M E ¢:. Algorithm labels states of M by subformulae of ¢
(global algorithm)

E ¢ Uq: start in states satisfying v, propagate backwards —
EX@: one step

EGo: S :={seS | sF¢} — M

se S A

F EG - - i Vi
> b = {there IS a s-path in M’ going to a non-trivial scc
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M|:F¢ F:{¢1,,¢n} —> F:{Fl,,Fn}

EGo: S ={scS |sko¢}), Fl.={FENS} — M

(s € 5" A
sFr EG¢p <= (< thereis a s-path in M’ going to a non-trivial
\ fair scc

scc C C Sisfair < Vi.CNF, #£0

p: add fairto L(s) <= sFgp EGtrue

sFrpp < sFEpAfair
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EX o:
sFp EX¢ <= sF EX(¢ A fair)

EoU:
skFr E0UY <= sFE EgpU (¢ Afair)

Running time O(|M]| - (|¢| + |F]))



Counterexamples?
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