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1. ROUGH SETS

Let U be a finite set, R an equivaience on U . Then
the ordered pair A = (U,R) is said to be an approximation
space. For any X€U , we put X =(_,J{ceu,fa; cnx # @,

X, =U{CEUKR; c;x} . The set T 48 seid to be the upper
approximation and the set A, 15 called the lower approximation
of the set X in A . For amy X£U , YEU , we put x}'*r

if and enly irf T g i the setsa X , ¥ are then smid to be

roughly top esgual. Similariy, we put Xx¥ for XU , YsT
l\.

if and only if X = L,L; the sets X, ¥ are then said to he

i1
roughly bottom egual. Finally, wa put X &~ ¥ {for xet ,
FiY
YS£U if and only if - R IE,!';#L'L; the sets X, ¥ are

then said to be rouwsghly equal,

Tor any set X , we denots by B(X) the set of all subsets
of X . Tt is a semilattice ( B(X), /] with respect to the apera-
tion L/ of union =nd alse a sewilattics {.EI(:;]', ""J} with respect
to the operation M of intersection. Similarly, E(X) denotes the
sat of all equivalences on X ; it is n cowplete lattice with
respect to the relation of inclusien.

By A3 and Ak of 2.2 in [3], we obtain

1. Lemgin. If A = fLr,H};Ls an approxXimation space, then
¥ is a congruence on the semilattice fE{U],UJ and :f is =
J':I. -
congruence on the semilattice l:BfUJ Y .r'"i]_

No congruence on a semilattice { B(U),U) can be expressed

in the form ¥ . This is dewonstrated by the following

%+ EBxample. Let U = Ja,b}, let = be a congruence on
{B[U},U} whose blociks are {ﬁ,{'a“.{!{bll, U(] « We have
B(U)= {id; , UxU Y. Ir R = 1d; , then{bJ* ={b}# U = T* ana
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henecao }" 2 . If R = Uxzl, then {&gﬂ =v=F s which dmplies

T4 as well. (=

Elements of B{U}f'f are called upper rough sets, elements
of Hfu}ﬁ lower rough seta, and elements of B U "F.l\ ara said

to be rough sets.

2. INFORMATION SYSTEMS

Lat S8 = {X,T,V,¢> be an information system, il.e., X, T,
¥ are finite sats and € is a mapping of XxT into V . For

any t&T , we put - {fx,rléxﬂ i g{:r.,r.} = 5(?:*]‘1 -

L
Clearly, t & E{X). For any ZET , we put I° = :1.an{}[]{1':5 :
4
2
£6'T

t&Z). Clearly, Z°¢ B(X) for any Z&T , 35 = for
b=~

2@ and @ = Xx¥X .

Information systems are able to reprasent CONETUENncas on

semilattices of the form (B(T), V). More exactly

1. Theorem. Let T be a finite nonempty set and = a
congruence on the semilattice (B(T), ). Then there exists an
information system S =¢X,T,V, % such that = = ker ° ,

This theorem is proved as 2.4 in f_i]. The proof consists
in comstructing 5 = {X,T,V,8%” with the above mentioned pro-
perty. We repeai the construction of 5 and sketch the proof
that 1t has the above=mentioned proparty.

Construction of 5 . Let T be a congruence on fB{T], U'}.
For any ME&B(T}, we put "M = =M U{;Mﬁ where =M 1is the
block of = containing M . Further, we put X = U MM .

MeB(T)
Clearly, {F M; Miﬂ[ﬂ& is a decomposition of X whose blocks

have at least two eloments.
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For any t €T , we define an eguivalence T on X such

that x;t:{ L/ PM}U{.{:}'; b 1"1:»1}}. Furthermore,

te«MsB(T) teMeB(T )
wa aet V = U ;{;f i For amy xeX and t&T , we define

'g{_t,t} to ;:Tthe block of :I containing x . Then
S = ¢X,T,V, 9> is an information system such that 1> = ©
for any t&7T .

Sketch of proef. The constructed objects have the following
properties. .
{a) Ir MeB(T), NEB(T), then MM =N dimplies that

=M = =N .
(B) For any M, € B(T) we have x/f«ig

£ MsB{T)

{{OU rH Uf'{r‘}h

(c) 1r M, éB(T), NyéB(T), ana

Hn,'l;h.en %:Aﬁg-

(p) 1t mge¢B(T), Ny&B(T), ana ¥ Ny o then M,

NO‘ L]

[EJ It HDE' BIT) , Hﬂﬁ- B{T), then Mﬂ. = N, ds equivalent

with ﬁ =% , i.e., with (My,N,)exer 5 . O

3. DUAL INFORMATION SYSTEMS

Let S = <X,T,¥,8) be an information system. We put
D(S)= £ TyX,V,9 > where [(t,x)= §(x,t) for amy (t,%)eTxX .

Then D(S) is an information system that is said to be dual

to 5 . For any x&X , we put §5=§D(5] and for any Z£X ,

we set Z_ = 2o¢5),
A

Hence, for Z&X , YCX , we have Z. = ¥, if and only EED{EI‘
M

s
Bl
e

YDLS}. Thus , kar - = kﬂrmn{si‘

We now formulate our representation theorem for upper rough

seta.
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i, Thoorems Let A = (U,R) be an approximation space.
Then there exists an informatien system 35 = {U,T,Y,ﬁ? such
that ¥ = ker, o »

Proof. By 1.1, ‘}:" is a congruence on the semilattice
{BUJ]',U}.. By 2,1, theres exisats an information system
P= &£X,U,V, 82 such that 'E':-. kor™ T . If we put 5 = D(P],

we obtain P = D(5) and hence 'E & kert DBk, ker - . dJ

4. EXAMPLE

We describe the construction of an information system
rep.;.-e-!mt:ing upper rough sets of a given approximation space,

Let U = {a,b,0}, U/R =/{a}fo,0fk, 4 = (U,R). Then P* = g,
5 (Vs T = T = J5757* = {oyol, TR = (oo™ = 0 -
U . Hence, blocks of ¥ Eu:'a:{ﬂﬁ = 0 ,/dalkli= 1 ,{{h‘lj,(fe'] W byd)=
2,{{&,1:]1,,{&,1:}, ufr = 3 . Thus, blocks of || are: { #,0f,/dak, 1},
{{b}réﬂ?l‘{br"‘?! 2}' {a,b},{a,ct, U, 35’ .

Let 5 = {U,T,V,g‘? ba the requlred information aystem.

Then nontrivial blocks of L ES" &, are, rospectively,

P, @, Q0 wgere P ={{a§,{a,bq,{a,u§., Bl 3}1 b
={4h}'{°}'{br°?l'fa-bll:{a.c}, . i 3},

Thus T ={ﬂ,.{a@..{ni,{cq,.{a,b},{a,ny,@,&. U,0,1,2,3) . The

function g is given by the following table:

g _Jak {fb] Jepb b, Mb,d uw o 1 2 3
Tl RO I, O R SN S | R e
CREL BT S MR SE T R ) e, e e
e Ul R Ry S

This implies that §; = TxT ,.{:}'5 = 35,53’55 = us’,{i*a = Kas
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Nontrivial blocks af {?ﬁfl{ o {;:_\:I, S'{h;f‘TS'pEE are
reapectively, PNQ, PNG, Q, PAG . Thua, blocks of

kﬂrms ara: .{EFT ,{{a}]‘,{{b? ,{cT,{b,E"ﬁ,{fn,b] "{a,n'f,, U].

Par -
We see that T = karﬂ__s =

. REPRESENTATION THEOREMS FOR LOWER ROUGH SETS

(%}
¥

AND ROUGII SETS

Let U be a finite set. For any XEU , we put
Co X =T = X.
Since” Ce XuCo ¥ = Co(XnY) and Co XnCe Y = Co(XuY), we
see that Co da an isomorphism of the semilattice {'n{u},n}
onto (B(U), /) and also an isomorphism of the R T
l':l].{U}, ] ente (B(uv},Nn) . This implies that for any
congruence = on (]i[_U] ,U]l  and/or (Blv), n) respectivaly,
the relation & = [(x,v)€ B(t) xn(u); (Co X, Co VE Y isa
congruence on (B{U),n), (o{w),v) , respectively.

Thus, 2.1 entails

1. Theoren. Lat T be a finite nonenpty set and = a
congruence on the semilattice (B(T), ] . Then there exists
an information aystem 5 =X, T,V,87 such that = = karESnCa}.
Indeed, if X &B(T)}, Y&DB(T), then (X,Y]& = is squivelent
with (Co X,%0 Y) & (@ yhere & - {6, 7) & n(r) xn(1) ;
(ce x,c0 Y)E=Y
| e have seen that (A} is a congruence on (_J:(T},U} - I
there exists an irformstion system 5 =<X,T,V,@> such that
ker’hs = @' . Clearly, L}i,Y‘}& ]-:.a:{hsn Eo) mnasns that
{ce x,c0 Y}& ker™ S - & y which is equivaient to {_‘i,‘f]&-.—'.

This dmplless the nssertion.
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Particularly, if £ = = for an approximation space

A

&

{U,R], then

{lx,x) & n(u) =n (V) ; (o X, o T)E ,ﬂ:{{::,r}i— B{u) =n(v) ;

[

cox, =cox ={tx,)e n)xa) ; T = =" by a9 of 1.3

in [4] .

Thus, J.1 duplies

2. Theorem. Let i = (U,R) be an approximation space. Then
there exists an information system 5 =4 U,T,V,87 such that
§_ = lr.er.‘_',,S"GQ] .

Indeed, if Xe&D(U), v&B(U), then (X,¥)éz is equivalent

I
to [Co,X,0o X}&T and, thus, (i,¥)& = is equivalent to
%2 N [ ] fr

L £

Co = Co ¥Y_ 3.1 and hence = ker ?Co ) .
NKS P i d 'ﬁ' 3 J

Combining £ with 3.1; we obtain
4, Theorem. Let 4 = (U,R) be an appreziwation space. Then

there sxist two informatiom systems 5, = .{'U,T,l ,‘I.F_l,j,l o

S, =<V, Ty Vs, 5, 2 such that %_L = kurﬂ_sqﬂ I{.ar’{vszt Co) .

This is a consequence of the fact that &7 =‘,|._.t"l'¢: :
Aot

6., CONCLUDING REMARIS

{.,-'1] By 1.1, the relation = is @ conpruence on the seni-
A

1attice [ B(U),V) for any approximation space A = {u,m] .
By 1.2, no congruence on (B{u),v) can be expressed in the fora

‘T for a suitable approximatien space A = fT-T,R} « Thus; we have
A

the followlng

1. Problem. Characterize all upper rough equalities awong
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all eongruences on the semilattice T op P O

Sl larly

2. Problem. Characterize all lower roush equalities LT T
Bll coniruences on the semilattice fB{U}, n,’.

(B) There are two kinds of relationship betwesn approxima-
tion spaces and information systowms, By 3.1, to any approxination
sSpoce L o= fU,R} there exists an inforasntion system 5 =JU,7T,V, 8%

guch that < = ker g + On the other hand, for any information

"
an

s
ayaten . 5o LRV, E2 T ipan equivalence on U and theree

o
5
Pare | .7 J-is an approxiontion spaca,

HEIERENORES

[1] :-I.rl':.»vnt.nf: Reviarks on sequents defined by moans of inforim=
tion systems. To appear in Pundanenta Informaticane,

fz? 2.Pawlal: Rough sets., ICS pas Reports, No 491, Varaaw 108514

fj} Zs Pawlals: RAourlh goats, Almebraie and topological approach,
Iniern=zl Journnl of Computer and Information Golonces,

Vol 13, Xo =i TO32, pm. 341-9;5.



