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In this paper we define the notion of partial observability

considered in statistical modsls in terms of “"rough” sets. With

each event we asseclate "inner® snd "outer” probability, or an

interval which end points are inner and outer probsbility res-
pectively. The interval is called rough probability of the event,

. ] o Some elementery properties of rough probabiiitiss are given.
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Pleszozyhska and Dgbrowska introduced partial observability
in sististical models (asee f13).
We propose in this paper somewhat different formulation of

this noiion bssed on the concepu of the rough set (see (31
which can be of interest im situstions when the “eract“ probabili-
1y of scme eventg is not known, bui oanly the interval, to which
this probability belongs. ~ '

' 48 a departure point of our considerations we introduce the
notion of & stochastic approiimation gpace S and the inner and
:oufer probability = Pg{X), ?g(xl of the &vent X in the &PProxXi-
' mafion spece S 1is defined. In fact the inner and outer probabi-
1lity of an-evént X 1ia the probabiiity of the interior and clo-
sure of X respectively, in the topological space generated by
the Aépproximation space S. Some elementary properties of‘innerrA
ané outer probabilitiesyare given and fhe notion -of tﬁe rough
(spproximate) probability of .an event X is defined,vas Qg(X) =
<:_S(X), PS(X)J>, which is to understands as an interval to which
the probability of X belongs. Elementary properties of rough
probability are given.

We consider finite stochastio approximation spaces only,
":but the infinite case can be aslgo treated in a almllar way.
) Ve assume that the reader is familiar with the b351c notlons

“of set theory and topology, snd e use standard mathemat1cal no=
ﬁ tation #hroughout the paper.



2, Approximation space. approximation of sets

In this section we recall after (17 besie notions concerning
the éoncept of a rough s?t, used ag a dsparture point of cur con-
sidexations.

Let U be a certain get, and let R De an equivalence re-
lation on Ue. The pair & = {U,R) will be called &n annrozlms-

tion gpace, and R will be referred to &8 an indiscernibility re-=

1gtion. If =x,y&U and R{(x,y} we gay that z and y are in-

ﬂlStlDEELEhable in  Ae i

Equivalence clasees of the relatlon R and the emply set ¢

will be celled elementsry gets (atoms) im A or in short ele-~ _

mentary sets (atoms) if & is understood.
Every union of elementary gets in A will be called a gom-
"possd sel in A, .or in ghort a compoged set, if A 1is knowne
The family of an composed gets in 4 is denoted by Com(A).
Obviously Com({k) is 8 Boolean algebra, i.e., the family of
all composed sets is closed under intersection, union end comple=
ment of sets.
‘'let X be & certain subset of U. The least composed set

in A containing X will be called the best upper approximsiion

of X in 4, in gymbols 3(X); the greatest composed set in A,

contained in X will be called ths best lower approximation ef

X in A, eand will be denoted by A(X).

3. Properties of approximations

" One can easily chack that the approximation space A = {U,R}
defines uniquely the topological space = (U,Com(a)), and
"com(A) is the family of all open and closed sets in Tys and

U/R is & base for T,.

i
A
i

!

o s
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Prom tne definition of approximstions foliowe that 4(X) and -
A(X) are interior and closure of X in the topological space

A respectlvely.

Thus for every X, YCZU and every approximation space

A = {U,R) the following properties of approximations are valid:

A1) A® < X CA(X)
w2y A =R@ =T
(43) A6 =@} =¢ - .
a4 - E(EE) = @)= 30X,
CAla(3)) = B(A(X)) = A(D)
a6)  3@vy = 3@ o B
an) QY 2 A QAN
(a8)  A(ENY) € £(X) 0 K(¥)
(49)  ATAT) = A(X) 0 ALY
(410)  E(-X) = =A(X)
gar1)  A(-X) = <E(X) .

~ _  Moreover @e have the property
(a12)  If XC¥, then A(X)C B(Y) and A(X) < AlY)
‘Let us also notice that A(X) = E(X) if end only if I 1is

a composed set in A.
Let A = {U,R) and A’; (U,R') be approximation gpacés. 1f
B ‘c R. we say thati the ‘space A¢ is finer than the space A Or
that the space A 18 gosrser than the spaca 2%
1f A7 is finer than A, then the following is true:
Ta13) A(R)> AR ’ .
(214)  EX) e BX)
~».for every X< U. .

_




4. Observsble and unobservable seils.

Let 4 = (U,R) be an approximation space.

If XC U
‘1f XU
f Xc U

that X 1is=s disgersed in 4.

snd A{X) = U we say thst X 1is dense in A.

‘apd A(X) = é we gay that X ig co=cense in Ae

and X 1ia both dense and co~dense in 4 We say

—

If we sssume that we are able to observe only elementary sets

aud their unions, ie.e., composed sets, than we can classify sub-

sets of the approximation space A = {U,R) in the following way:

1) If A(X)} = R(X) then X will be called gbservable in "4,

othernige set X is unobssrvable in A,

Let XC U

and let X be unobservable in 4. We introduce

the following four categorlea of unobservable geis:

2) 1t A(X) # £~

and A({X) # U, then we ghall call X roughly

obaervable in. A

3) If A(X) 4 6

end A(X) = U, set X mwill be called exter=-

. hnally unobservaeble in A P

4) I A(X) = ¢

and A(X) # U, set X will be called inter-

'

naliy unobgervable in  Ae

5) If 4(X) = 4

unobservable
Let us now
gifiocation.
Ths nofion
zbove if we afe
only cbservable

If set X

~ tbet we are sble to observe set I with a certain approximati§nr‘

and A(X) = U, then X will be called totslly

in A.

give an ‘intuitive motivation for the above clas—

of an observable set is obvious. As mentioned
able to observe some elementary sets then the
sets are elémentary seta and their unions. .

is roughly observable in A, - that iz to mean o

v.approx1matlon gpace.

-G =

v‘only, iss., t0 observse onlj lower and upper approximations of X.

If set X 1is externally unobservable we are able to observe
oaly lower approximations, because EYX) = U means that we can
not exclude any element x &« U Dbeing posslbly member of X;

If set “X Ie internsally unobservable_ln 4 it means that '

w8 are unable to say for sure that any . x &U is a member of X.

Pinally, if set X 1is totally unobservable in A iV means

 that we cannot exclude any element xX& U being possibly a member

of X end we cannot also say for sure that any xe&U is a mem=-

~

ber of X. Thus in fact we cannot 6bserve get X in A.

7 5e¢ Example

Let us consider an information system as an example of an

By an lnformatlon gystem S (see [3]) %e wmean
S = éUvA1ng>

where

U - is a finite set of objects

A - is 3 finite sei of atiributes
V= LIVE; aeh, is a Tinite met of values of attributes

% : Ux & => V is an information function such that £ (x,8)e Va

for every er,aéA.

Instead the function €  we shall use the function E’x

such that $,(8) = g (x,a) for every xé&U and a€a.

We say that objects X, y& U are indlscernible in S if 2z = gy.

‘The lndlscernlblllty relatlon ganerated by the information system
U8 will be depoted by S; obvxously S is an equivglence reala-

! #ion, so each information system S = <U,A,V,8 7 generates an

approximetion space A3 = (U,S).
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Let us consider an _inférmation system with cbjects Sets

Xz = Jxo,33,14,x5,x8?x10l] R
5 = ‘/11,27,x8,x10Y
Zy = ("2”‘3’34"‘8"]

U= {xo,...,xnlj, three at.‘cributes A =,Za,b,c2], the sets of
values V, =Jup,uph, ¥y = VpVpvyY) and Vo = Jmymyle end

the information funotion defined by the table

b3 a b c ‘ T . .are roughly observable in the system and the following are the '
x; u, v, v"2 ’ cdrresponding approximations
N Vi "2 A%l = {=x3xp035,38Y = BjUE,
%, a, v, o, K(Xe) = (xo,x.l,x3,x4,x5,x7,x8,x1011 = EqUE3VE, U Eg :
3 0% ioooMm CAlYR) = {xpixypl = By
v w .
:;’ :z v; wf ?“Yz) = (%, "‘4”‘773‘8'*10!1 = E1IUE4u.E5
x¢ u, v, " ‘f\_(‘ZZ) = {ﬁ,xay = E, o
x u vy, C B(Zp) = Lxpixyexgixsixgaxgaxgl) = BpU ByUE,
x, u, v, n, 'Sets -
x u, v, ", - Xy = {xo,x1,x2,x3,x4,x71-/ )
X0 W V3 "2 . Ty = (11,12,x3,xé,x8,x9,x10 )
Elementary sets ‘atoms) are in this system the following: ,. . ' ’ 24 = o{xo,x2,13,x4,x8,x1o Yy

Eqy = {1011171 A - . ~ are externally unobservable in the system.

=
N
-
e

o = ‘{xz,xe,xs’h Seta
;3 i 213#5: | | — l X, = {333
4 = XXpe¥g g »
i Y, = ¥ X43X0yX,,X
By = {X70Xq07Y » 4 { Xq2%20%4, %7
» ' 2y = Tp0Xxgux Yy
‘Sets. 4 217374

I1 :\.{10’11 g14‘i13"7 are 1n1;ernally unobservable in the system..

Y1 = {IB,xs,x.?,xaLy : ‘ Sets . )
2y = {xz,xB,xs,x’s,xg"j - o 4 ‘ : v v XS a -(}xo,xe,xB,x4,x7\1
are observable in the informetion system. . v = § ) YS: = {11 ,xs,xs,xa,xw‘j

Zs<= %o 1%20%5,%72 38 Y.
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are totally unobservab;e in the system.

In other words observeble sets can be exscily descrlbed by
means of attributes aveilable in the information system. Roughly
obseryablelsets cannot be described exactly by means of -the al-
tributes of the information pystem. We can give only in this case
the best 1buer and ‘upper déscription of the set by the ettribﬁteé.
Extrenally unobservable sets.have only nontrivial lower @pproxi=-
mation, and internally unobservable gets have only nonterﬂal
upper approximation {by trivial approximation we understand *he
empty set«ﬁ. and the universe U). That is to mean that the set
of attributes available in the information sysiem iﬂ not power—
ful enough to excluue any object being a member of the considered
get - in the first case and assert’that some objecta are for sure
membars of the set. Totally unobservable sets are impossible 1o

describe by the attributes of the lnformaulon system.

6. Btochastic approximation‘space. inner and outer probabi-
lity

The purpose of this section is to give‘probabilistic inter-,

pretation of the nolions given in previous'eections.

Let A = (U,R)- be a finife aporoximation space (i.e., space
ahere U is finite, any subset of U will be cslled an event
in A In partlcular one—element event is called ermltive in

A and elementary sets in A are called elementery (er auomlc)

events in Jd. Observable sets in A are called observables events
in A. ' ‘

By a stochastia approximétioﬁ apacefueamean'én ordered

triple ' L

'S = (U,R,P).

- 13 -

where 4 = (U,R) 1is an approximation gpace, calieu an underlying

.space, and P 1is = probability measure defined an observable sets

in A.

Evidently BP(f) = 0, P{U} = 1, and if X = U X; is an
Ciz

observable gset in A4 and. Xi are atomic sets in A, then
’ n

P(X) = Z P(X;).
i= R

Our aim is to evaluate probability of unobgervable eveants.
(We recall that we are pot given probabilities of primitive
eventa). '

In order to lnveatlgate the problem we introduce inner and
outer” probabllity of sn event in the stochastic approximation
abace S = (U,R,P), denoted as ES(X) . and '§S(X) respéptively-
and defined as follows: e

Pg(X) = P(A(X))

Bg(X) = P(R(X)),
nhere- A = {U,R) is the underlying approximation space of
S = {U,R,P)s ) |

From the definition of the probability measure and proper—-
ties of approximations we get the following properties of inner
and outer probabilities: ’ .

(B1f If X is observable in 4 then ZPg(X) = P(X) = Pg(X)

(82) Pg(X) < P(X) S PglX)

(83) P5(f) = B5(#) = 0
'_ (B4) 2g(U) = PS(U) -1

(BS) PS(-X) = (1= PS(X))

(36) Ps(fx) = (1 "_1_’3(1))




C(B7) Rg(XUY) y Bg(X) + Bl¥) provided AN A AN = &
(s8] Pglz vy = Bglx) + BglY) provided E(a)n X(Y) = &

(B9) va(X/\Y) = ?S(X)flfé(Y) provided _ﬁ(X)‘ and _ﬂ(Y) are

1

stochastically independent

(310) PS(X(\Y)S f;(x). ES(Y) provided 2(X) and“X(Y) “are

gtochastically independent{
In general oase we have T _
(B11] Pg{XVY) = Pg(X) +fs(¥)-—fs(XnY)

(B12) B (XUY) = BglX) + R5(Y) - Bg(XnY)

Let S = (U,R,P) and S” = (U,R,P )
‘= (U,R’) 1is

'He ehall say that also s” is

be two stochastic
approximation gpacesy if A
’finer then S.
Obv1ously the following is true-

(B13) R (X) 3 BglX)

(B14) By (X) < BglX)

7. Rough probability

-

s

With every event X in a stochastic approximation space

S = (U,R,P) mwe aseoclate the intervsl PS(X) < L0,12 defined
a8

™ _ : .
PS(X) “7 _é_Ps(x),PS(X) > »

. % . - N ]
and Pg(X) :?11 be called rough probability of. X in 8.
Thus PS(X) ig the interval to which belongs the probabl-

1ity of the unobservable event X.

Of course if. X

- is en oou rvable event in S then =

finer than 4 = (U,R},

-and

is€e

(c1)
1 e
(c3) -

(ca)

{c5)

In
. wme can

in A

bility
in A

if X

Certainly

(a) If X

(b) If X

{c) If X

=15 =

Pg(X) = Bg(X) = P(X)

Z P{X),P(X) 7

i

‘L
Pg{X)

or simple

"

PS(X) “P(X),

reduces to one pointe

75 (X) -
pg (%)

has the following properties:
¢

i) = 1

P(-x) = 1 - Bg(x), 1 - Bg(X) 7

pa(XUY)C £ Pg(X) + Bgl),PglX) + PglY) 7

XX AT)C o BglE).BG(N), Bg(E) P5(1) 2

Obviously we have the following properties:

ig externally unobservable in A, then

ps(x) = £ X2

ig internally unobservable in 4 then
PN —
PglX) = L0,Bg(X) 2
ig totally unobservable in 35, then
%
PS(X) a £ 0,12 .

other words: if the event X is observable in 4, then

give ezsct probability P(X): if X ig roughly observable

then we can give the interval P;YX) to which the proba-
of event X belongs; if X 1is externally unobservable
then we can give only lower bound of the probability of .8

ig internally unobservablevin A, then we can give only-
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i of % ili ? s i 11y - P
upper bound of the prqb;b;.l-ty of X; if X 1is totally unobser- ‘3 5. Example
vable in 4 then we cannot give any bounds for the probability

Conagider a stochastic approximation space with the set of
of Xe F . /

- . primitive events U = <X ,...,xwﬂg and the indiscernibility re=-
Moreover we have the followirpg property: . o

. lation defined by the following equivalence clagses:
* .
If S is finer than S, then

P;(X) c Pﬁ(z) By = { x»Eq Y
for every XC Us By = {_12,36,19‘4
- By = {X3%X5 4

8, Uncerizinty messure - E4 - <x4,x811
In order to describe to what extent the probability. of an _JES = (27,x1011.

, ted in the giv tochastic approxi- . ’ :
event XCU ocen be evalue ec = given © ast PP We assume ithat we are given the probabilities of the .atomic

mation space S we introduce uncertainty measure 'ZS(X) de=~

fines as belows

P(Ey) = 1/4
Y (%) = Bl = FglX), P(E,) = 1/8
\ , + " P(B,) = 3/8
which is simply the length -of the interval Pg(X). ) ( 3) 3/
' ‘ : P(E,) = 1/8
By simple calculation one ca§ gshow the following P(Es) - 1/8.

(v2) By (XU £ W T + 50
(p3) n sxNY) 2 HgE) . 7510

(D4) 1¢f S§° is fimer them S, then

For observable events in the space

I, = r,(xo,x.l,"::4,1:87,] = B4V E,
Ty = {xpxseapigh = B3vEs
A . 2y = d Xqa330%50%s%gY = B U B
. We have the following probabilities
P(X,) = 1/4 + 1/8 = 3/8 .
P(Y,) = 3/8 + 1/8 = 1/2
P(z,) = 1/8 + 3/8 = 1/2

For roughly observable evenis in the gpace
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X, = { %y 1330%40%51 %8 %10
X2 = 0<K1=X79189X1o\j
7‘2 = O{XZ,XB,xuxg‘v_}

we have the followling lower and upper epproximations

v

ing:

P(Zz)

=

]

[}

and outer probabilities of these sets are the follow=-

=
tx

g

31./

(<]

g

1V 23

Bg

UE4UE5

B,V E4 UE5

Ey

E, U B3 VE,

=3/8 +1/8 = 1/2

1/4 + 3/8 + 1/8 + 1/8 = 7/8

1/8

1/4 + 1/8 + 1/8

1/8

1/8 + 3/8 + 1/8

and consequenily the

*
P (x2)
P"(Yz)

P4(z,)

n

4

£1/2,
<1/8,
Z1/8,

]
-3
~
n

5/8

b

rough probebilities of these sets are
7/8 >
1/2 >

5/8 7

For externally unobservable evenis in the space

- 19 -

- a(xo,x1,x2,x3,x4,'x7 Y

T3 = A XysTp0%3,%g1%gs%g,X10

w
L

.23 = ’a(xo,ngx3,x4,x8,x1o\]

ne have the following lower approximations.

é(Y3) = E2
AlZ5) = By

and the corresponding rouéh p‘ro‘babilitieAs are
P - <11 o
Plrg - 21/, 1>
P*(ZB) = £1/8, 17
For internally u_nobeervable évents in ‘the apace
Xy = { Zg0%20x3Y
1y = {xga%p34,10Y
ZA; = {Xz,xs,x4lf

we haw/:e ‘the following upper approximations:
&(X,) = B, UBy v E, |
K(¥,) = ByU B, U By VE

4(z,) = B,0 B30 8, -

~which gives the following outer probabilities

‘ ;i’(X4)'='1/4 +1/8 +.3/8 = 3/4 - v
' ?(Y',;) = 1/4 + 1/8 + 1/é + 1/8 = '5/8

Rz, =T1/8 + 3/8 + 1/8 = 5/8




and consequently
1> (X4} = L0 '3/4 7
P (Y4) = L0, 5/87
P’L(z4) =_<0, 5/877
For tétally unobse:vable gets
Xy = {xo,xz,x3,x4,x7l‘f
I5 = { 11’15'16'18'110 Y
Z5 = {‘o'xz'xs'?;/'?s b
ne get V ‘
P(x5) = 0,17
Py = L0170
2 (25) = < 0,17
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