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A. Mazurkiewicz,-

’ ’ Abstract . (OJep%aHuMe . Streszczenie
. )

In this paper the theory of rough sets is developed .

an algebraic and topological framework. Applications of tiw

theory of rough sets are descrlbed for constructlng decisiz

support systems and learning systems.
)

pndnmxexnue MHOEECTBA. Anredpavuecxoe

n TOHOHOPHQGCHOC oTHOmEHKE

)

B padore paBBKBaeTCﬁ Teonuﬁ npuGIUES HHEX MHOKSCTB B a1~

reGpanyecKoM LONONOTUIECKOM OTHONE HUA . {ipencTaBNEHH TP~

MeHEHMA KOHCTDYUDOBAHMA yUaNZXCA ¥ DemabijiX CUCTEM. .

I

Zbiory przyblizone. Ujecie algebraiczne

i topologiczne

W _pracy rozwinieta jest teoria zbioréw przyblizonych wi

-ujeciu a]gebraicznym i topologicznym. Przedsteviione sg zastc-

sowanla tej teoril w zakresie konst ruowania systemovi uczacych

" gig i systemdw decyzyjnych o
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This paper is m1modified ‘extension or@:,lﬂ whe re
cept of a rough set is studied.
- It seems that the concept of the rough set can be of su

value in some: branches of artificial intelligence such as ind

ive reasoning, automatic classification, pattern recognition,

learning algofithm etc.

Some results'concerning rodgh sets are given in [%.5.637.1L

15, 16,19 20]. - -

The idea of a rough set is in a way related to that of 3

'fuzzy set [21]. corcept of alternative set theory flej and non-

standard analysia [i7] however there are essentLal differences

between those concepts’ but we shall not discuss that problem here.
Thanks are due to prof.\u. Marek and prof E. Orktowska for

‘their helpful comments and remarks.:
- . " - . '\

- 1. APPROXINATfUN SPACE ; APPROXIHATIONS

1 1. Basic notions-’

- - \

;’ - tet U be a certain set called the universunm, and let- R be

- —

- an equivalence relation on U. “The pair A = (U R) will be call-

ed an ggroxination sgace. “We shall call R en indf%ernibilltx

'

relatlon. If x.ye U and fx. e R we say that x and y are

indistinguzshable in- A. oo *s R ' . \E

- e

Subsets of w;ll be denoted by X; ?zlz possibly‘w;th in=-

-dices. Tne empty set will be denoueo by O, aqd the universum U

———————————



w:xll be also denoted by 1. » -
Equ:LValence clesses of the relation R will be celled ele-

menteg sets ,,g_t_:_o_@ in A or in short elenentery sets. The set .

of all stoms in A will be denoted by U/R. L . S

Ve, assume that the empty set is also elementary in every A-

Every union (finite) of. elementary sets in: A will be call-

7 ed a composed set in A, or. in- short & compos&d’ eet. "The fenlly B

of all composed sets in A will be denoted as Con(A) Certelnly E

cdm( A)

sets is closed under intersect:.on. un:.on and complement of sets. =

Let X be a certain subset of U. The least composed set

in A contelning X will be called the best upper epproximat:.on»_

of X 1in. A,

-\
A contained in. X w:.ll be called the best lower approxz.mation

of ‘X in ‘A, in symbols r£X). If A ié known instead of
ApT AL X) (ABr (X)) | we shall write lTp—r( %) (‘ﬁ-E"(X))

.Since the intersection of erbitrery number of composed sets

. is a Boolean set algebra. i.e.. the family of all composed 3

in symbols Apr X), the greatest composed set in

is egain a composed set therefore we find the_ best upper approxi—-;’i

net:.on of a set ex;LSts. S:uuilerly best lower approximation exists.

The set Bnd X) = AprACX) 7 Apr{ £ X) (in short Bnd(x}) w:.llvv/

be called boundarx of X in A,

sets x) = X - _ﬁ_erA‘n) (in short Edg(X))
= Apr | (X) - X, (:.n short Edg( X)) are: referred to as an internal -

5

and 'Egg-A( X) =

and an external edge ‘of X in A, r:espectively. >

0f course Bnd £x) = Edg{X)U E Edg,/X) e

Fig.\ 1 depicts the notion of en upper and lower epproximat:.on in

‘a two dmens:.on epproximet:.on space consisting of a rectsngle par-

tzt:oned into elementary squars.. . o

fet us define-the nembership funct:.ons g As E {called

A
strong and weak mem'oer-ship)respectlvely), as follows:~

.

CIf xeA
~is to mean X goss:Lblx belongs to X in AP,

def:u.nes um.quely the topological space T(A)

-where,» Ty

‘that Com{ A)

- 7 -
x& 5 X 1fF 'x € Apr {X)
xé'A X ivff 'x € ApTp{X)

)

we sey "x surely 'belongs to X in A", and X

i

-

Thus wie can inter

in modal }Logic-

‘1;2;_ &groxination sgace and togolog:cal space

It is easy to check that the approxim‘.t:\.on space A= (U,2)
(:.n short T ),

= fu,com(A)), and Com{A). is the family of all open

.
A*
From the definition of approximations (lower end upper) follo

sets in TA'. and U/R -is a base. for T .
is both the set of all &pen and closed sets in T,\.

Thus Ab rE;X) and~” AprA(X)

) cIosure ofvthe eet X in the topolog:.cel space Tar respective

) ly. . - Co : . - ~

if ﬁE_/(X)\ = Aprp{X) 'for every XC U, then A = FULR)

_ w:.ll be called a discrete approximat:.on space.

_-.——-- -

..~ ‘One can eas:.ly check thet if A is a discrete epproxmauo
space. then all’ etome in .A are one element sets. -

b . .
- Of course a discrete approximation space A generates dis-

crete topologlcal space T . )

A
Le: us notice that, unless A is discrete, ~T, is net a

. Heusdorff space. R ) ) :

.prete approxinet:.ons as counterparts of neceess.ty and possibili':‘;'

. can be interpreted as an :Lnter:.or “and

n

-
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1.3. Properties of approximétions

" From- the topological intarpretat:.on of the approximation

operations. follows that for every X, Yc U, and every: approxi--

mation space As {U.,R) -the following propert:.es are valid

-

(A1) AprA{X)D x:Apr (%X

(a2) 2pry1) - R T I

‘('A:'.) 'Aﬂ- o) = AprA{o) =0 .

(m) - Apr (BT £ x)) = bor LFBTALX)) - x)
%(-AS)", AprA(X)) = W‘A(&E X)‘ ‘MA\X)

(n8) - za‘rAzxuv) SRR EE
(A7) = AprfxnY) -,AQ_A(X)nQLA’Y) ‘

(a8)  FTAXT 4 - Rory(=X).

() ‘_’»_ALrA;x) . - FELN) ]

where = -X. 16 an abbreviation for U - X .. o

Moreover we. have :

(81) BTyl xame AN 0 As;rA\(Y) e
(82)  Apr, (XUY) 3 AprA(X)UAP_A{Y) -

('33)_ X - Y)D‘A_TJ'rA{xa xp—Am |

(Ba) ﬁg_A(X - Y)C_e_p_ ﬂ_A(Y) .

The following ar:e coupterparts of the law Xy, =X -,1‘-1‘:or :

approxmatlons- ; o R ‘ ,'
(c1) T\‘T}(X)u f_sp_A‘-x) =1

(ca) WA Y A e
(CB) Apt £X) v AprA‘—X) - 1

;04) ___AkX)u fg;A’ = - Brd %)

£y

-G -

The law XN-X =0 has the followin-~ annlacouz-for

metions

(_01) Bl X0 &A\r-x) =0 ot
(02) T X)n ApF-X) = Bnd(X)

(03) Apr0'naerg-) = ﬁ
(08) AprdXn FELK) = O /

Moreover we have

(g1) If xéY, then Apr x): AF‘A(Y) and

for svery A.

Let us notice.the following equivalence:
. ¥

X = _AB-E(X) iff X = _QE[(X)' 1#f X is & composed set in .

1.4, Refihement of an approx:\.mat:.on space

ﬂ/_\‘( X)€ Apr WY .

%

. 1f our d:Lscernment ability increases, that is to say we &are

able to dist:.nguish ‘smaller clusters of elements in-the universum,

—

the correspondlng approximation space should have smaller atoms.

We can formulate this problem precisely in the following wa;/:

Let A= (U R) and. A = (U,R *} be two approximation spaces.

1f R°c R, we say that the space A’ 1f finer than the space A

or that the space - A 1s coarses_ than the spaca

If A® is finer than 3A, then
2prad X2 2or(X)
BpraA X Rpr LX)

- "~ Bnd .’(xSc Br‘u;A(\X)\

for every Xxe U.

A;

We say that an approximation space A is a refinement of

~anqthe'r approximation space A", if there exist & {(k>1) suéh

chat each atom 6f A° is union of k atoms: of the spacé A,

R
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0f course if A ‘is refinement of A’ then A is finer tha

Certainly discrete zpprokimztion spaces-zre the finest possi

le approximation spaces.

1.5, Sample of a set

\

Let A = (U,R) be an approximation space and let X¢€ u,

ve say thet Y (Y& X) is a lower {upper) sample of X in <

a1 T = X (FELY) = BTN
#A lower (unper) samﬁ}e Y of X in A is proper if Y is
the minimel sample of X in A, ‘Thus each lower (ubper) sample
of X in A has some elements &n common with every atom of
;ﬁg_ 1 X) ’ZE? 1X)); the proper lower (upper) sample of X in A
" has exactly one element in common with every aton in f§L¢{X)
(For (X)) .
If A is a discrete approxznatlon space, then for every

|
Xe U, X is identical with’its samples and X is proper sample

of X in A. - . . =

Ih. fact this is a chapacteristic property of discrete spaces.

.

1.6. Accuracy.of an approximation

In order to express the "quality" of an approximation we in-

troduce some accuracy measure.

Let A = (U,R) _be an approxlnatlon speace, and let X< U,
By iggﬁwn) (K x) we denote the number of atoms in
Apr {X) (AprA\,\)),' gnd vie call #A(") (/LA‘X)) _the internal
{externdl) measure of X in A. - . :
In what ‘follows we shall consider only sets wiith flnxte 1nternal~-

ang external measure.

- 11 -
if )Z'_“A(X) =_/M'A(X) we say that - X 1is measSuriv.-
Thus the set X is measurable in A if and cnly
a composed set in A,

_ tet A = {U,R} be an approximation space and Let -
X # O. '
' By the'accuracx'of spproximation of ~ X.in A we mexs

‘numver.
£
(X) = &A‘A; s T /
QA‘ — % ! :
L

obviously 04 M LX) £ 1
for any approximation space A = (U,R) eand any AT U,

For any set X in a discrete approximation space A = 7.,
Q_A(X) =.1, and this is the greatest possible accuracy.

1f A = {U,R) is a.refinement of - A”= {u,8), then Ffur zr

Toxeouy

7/ ?,A'(X) .
Certainly if Y’,ye ~are lower and upper proper samples o

X in A, then

-

[}
7' 'X) }LA‘ - card{ Y?)
\ - =
A "A(Y )_ card( Y") ) -
' ) h
i.7..Examples 2
P in this'parggﬁéph vie deﬁiét introduced previouély notions by

means of simple examples.

: . 4 ]

Example 1. Let R be the set of ‘non-negative real nunbers, and
jet S be the indiscernibility ‘relation on R* defined by the

. foliowing partition: - T

(0,17 (1,27 2,3 ,.oo

A
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where (i,i+1% , 1 = c,1,2,... denotes 2z half-opened interval. _ ; ]

o . ) i . s ot e '[A.A(i,i+17‘ a A‘l ,itl Y =21, is= 0,1,...
The corresponding approximation space will be denoted as A={R ,S;.

In that approximation space we have focr example is the unit of measurement in A, and vz"o )T is tie

- ‘Ap! {13 p- : - . of (O, r) in A,
r = ’ -

’ - ‘ , Examgle 3. Let V be a finite set talled a vocabulary zn
- proyd {13 - (0,1 -

V* be . the set of all finite sequences over V, Any subsa.

ror(1di 2 =8

‘ . will be called a language over V.
: Br(id 2 = (1,37

- Ler RC V ov* be an:.nd:.scern:.bil:.ty relatlon, and |

If N= 21 2 3,....3 is tl';e set of natural numbers, them ~ ~ . . ° = A ={V ,R) ' be an'approxmanon ‘space defined by v¥ and
| ‘ | ‘ - ~ language ‘te’ v* is recognizable in A if Apr, [l
. : ,ﬁ&_(N) - p . .

APF(N) = rRY i = EA( L. ) ”

’ ‘ - C The family of all recognizable languages in A, denotec :
i : ‘and " N :
Thus the set of natural numbers is a disperse s.et i" A‘_ and Rec(A), 1is the topology induced by A = (V"‘,R) and the & =

is the proper Uéper sample of R’. -

the topology is. V*/R.

’

+ . . N ' .
£ imat: - space as in th . - . ‘
Exanple 2. Let A « (R ,S) be an spproximation- sp g Example 4. Lei § = € X,A.V,,f> be an information systen -

‘['143])‘, where )

X - is the set of dbjects -

previous example, and let us consider approx:.mat:.ons of an open

intervel (O,r), where n Lr 5 n+1 fof a certain n 2 0 From.

“ . ~

the definition we have V _ S : N ’ X A - is the set of attributes -
'ﬂ(o,r) = noz (i, ie1) = (Oo;\j. for n 21 ‘a‘nd— ﬂ for n = 0 v=Uv, Vv, -is ‘the‘\set of values of aittjribute ac A
= v : B ‘ . f iXX A = _V 1is an.information function, f'x P A =V,
r( o) = U (igi+ax = (0.n_+17 . . - wxeX is ’ca'll'ed an information sbout  x 1in S, where

i - -fx(a) = “f'(X.a)

"for every. xeX and a€ A.

The lnterual and external measures of (0 r) - in ‘A are

(Or)-:n - ' . )
: We define a bimary relation S over X in the following

{0, r) = n+l,

- . way:
and the accuracy of (O r) in A is

o -
iff . fx=f‘y.

- S X~y
i : . : ~ s
(Olr) = ""I" ’ U . “ - ~ .
‘ ‘ YL oonr ) : . ‘ . Obviously S is an equivalence relation and A = (X,8) will
Thus we can interprete the approximation space A = (rR*,S) o . '

i be called the approximation space induced by the information sy-
as & m 5 en, where . - S . ; . .
as & measurement syst 2, 7 ‘ . stem s. ) P

Any subset Y& X is called describable in 8 iff spe,l¥ =

AR

1 ~
_ TAr /v\  Tha et nf 211 describable sets. in S, denoted s
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’

.-

pes{S), is a zero dimensiona'l topology induced by- s on X, ) - = .
: : , ra3Y IF A= X* and Y=EY then Xuv YW o -
and ‘the bbse of the. topology is X/S . o ’ . : ! - Co

. (as) 1f xm x7 and Y=Y, then XO Y="X'"n 7
2. ROUGH EQUALITY OF SETS (a5) If XT Y, ‘then X-YZ o

2.4, Basic definitions

- . } (Aé) x-Y o iff X =Y
Let A= (U,R) "be an approximatior\ space and. let K YE U ‘ . ) L

o . . ' (A7) 1If X< Yy, ‘then ={-X)= Y
We say that : )

{a) The sets X,Y are roughly bottom - equal in. A, in e}ymbols (ag) If Xz Y, then. S{-x)= Y ' o

v, iff v ' ;

x (ag) If XY, thea - =(-X)= Y

2!

ﬁp_f_' x) ‘fﬂ-A(Y) (A:LO) If X .Yy then’ XV=Yy= 1 -

(b) The sets X,Y are roughlx top - egua in A, in.symbols - (A1) If X =Y, then X =¥-1

X Yy, iff - _ ‘

>

(Ar2) If Xx= Y, then Xn-Y< O

i ‘.’_ E"A{’-‘) ‘EFA(Y)' (A13) 1If XX Y, then XN=Y= 0

(‘c) The sets X, Y are roughly eigual in . A, in symbols ’S,et X will be called roughly dense {r - deqse) in

x & ¥, iff N .o ‘ ’ R A e
) : : : . ' : TOATT o _ .
X/ Y- and X ':K, Y, L i Sset X will be called roughly co-dense (r-co-dense) in \
. . J - . B ) R & R . B .
. o ) — e —~ C ; if X~ O,
It is easy to check that g, X T .are quivalence re- 7 L ' ‘ »
1ations on P{U). ’ 3 set X will be called roughly dispersed (r - dispersed) in
In what follows we shall omit the subscri-pt ‘A :;.f the ap-" A if X is both r-dense and r=-co-dense in -A.
'proximatlon space_ A is understood - and wrlte = _,._,_ . ,»::" T . ) One. can easily show the following properties:
instead ' » Fr K-* S e C . ‘ (1) If X€ Y and YZ O, then XZ 0 .
‘ ‘ (B2) If X& Y s8end X 1, then YX 1
2.2. Properties of rouqh equsl Ty i. . (83). 1f X~ 1, then =X=0
. For any- approximatxon space A={u, R) and-any -X,Y€ U the o " (B4), If X 0, then =X=1 ‘ B
follow:.ng properties are true- 4 . ST o _ ' (s If X is @ r-dyispersed set, then so is -X.
SR : ‘ v a6) YA Xm0 iff X YT o~
(A1) If XY, then xa Y~X~Y , . (88) ¥ A X= iff xz e of Y&

- . (B7) YU X1 iff X~1 or Y1
(a2) Jf XY, then XU YZAZY . v © ‘ ~
. : o o (B8) If X, Y are both r—dense, then Xg= Y

{89) If x,Y sre both r-co-dense then XD Y

— ;, |
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(810) If X,vY are both ' r-dispersed then XX Y, B ‘ { A4) o £v end xZ Y, then x=Y
811) AT, (X) is the union of all sets. Y such that X':—; Y ‘ o , (A5) XC Y iff XWYZTY
(B12) Apr,[X) 1s the intersection of all sets Y, such that - - {(ae). X£Y ?ff XAy<y _.
x,}\}, ' i ’ . (B1) If X& Y and XTX", = Y° then X°E ¢’
) (52) If X& Y and X= Y, YZY* then, x‘EY"/
3. ROUGH INCLUSION OF SETS i - (83) If XC€ Y, and X=X, YXY then X°EY’

= . ol L4 N g \V’ e
3.1, Basic definitions - X5X* and YZY’,. then XV Y2 X'vyY

'

o P
Ll
(@]
=
A
=
-+

L . o {c2) 1If X2 X" and Y2Y", then XNYJ2 x‘ny’
tet A = {U,R) be an spproximation space and let X,YSU. ) o
: : ‘ : {C3) XN YE XC XV Y
We introduce the following definitibns ’ ‘ 3 ~ :

4 , : , N (ca) I1f. xXxEY ad XT Z, then ZEY
fa) we say that X - is roughly bottom included in 'Y, in A, : N - ~
{cs) If X< Y and X% Z, then e Y

- : : Z
in symbols X'EA- Y, if Apr fX) € Apr,v). . . - .
(ce) 1f XE Y and Xz z, then ZE& Y.

(b) > séy that X -is roughly top included in 'Y, in A in - - . -

. v 4 e Aoy . i
symbols X, AYe if AprA,‘X.) AprpcY. e 3.3. Rough powersets "

Y " v ic i -i 4 i L N ‘ s
(¢} We say that X dis roughly inciudec hly included (r-included) in Y, The family of all r-subsets {lawer,~upper) of X in A will

. i . z : g3 - . k
- i A in. symbols X5 ¥ i XRxY andr XY be denoted by ‘PA(X), Pyl X) ’PZ( X)) and will be called rough

If A is understood instead of XS Y, X& vV, X% Y, we shall

x 2 ~ (lower, upper) powerset . of X in. A,
write XS Y, X&Y, XEZ Y, respectively, - o o . Thus . )
~ o . . . I8 - L v e x-
If X i Y, X is called rough upper=-subset of Y in A; e . PA"() = {Y P Y % Xb»
If X %Y, X is called rough lower-subset pof Y in A: . ‘ ) ‘p—A{x) -{Y‘/: Y ;‘&:xj -
! . — . - : = : s .
I X Y X is called rough subset of 'Y i . - L&
| fxX%Y, e Tough supsel © J“:-A } PA{X)'atY:_Y%X},
One can easily check that all rough inclusions & , &« , g s are "8 ) . :
- ’ - t . It is easy to see that-
ordering relations. - N . & .
: ' ~ : : : F ' CR(X) € PLX)
L ' . ¢ P{x)c PglX)
"3.2, Properties of rough inclueions . . . AN
_ ' j . i , B _ - PX) e P LX)
It is easy to prove by sixyple computations that the follow- = for e:/;ry A
ing properties are true: ! ’ ' T B ' ’ ’

. L \ . .
{A1) If Xx¢ Y, them Xg£ ¥, X< Y, X<Y©
(A2), If XS Y and YE X, then XY - !

rA3) 1f XS Y, and Y& X, then XV



4, ROUGH BETS
4.1, Basi¢ notions
Let A= {U,R) be an zpproximation space, and let e x

%+ 'be the induced evquivslencé relations on P{U). S

ing approximation spaces .

. (P(V), %)

C AR, ).

A*-='P<u> O

in -which ob;jects ‘are eubseté‘-~ of U and the- relations A' A' <.
A
“are ‘the :.nd:scernib:.l::.ty relations in the correspondlng spaces’
PSS : B
The i ion ’ *’ a* .
approximation space A {A", A% ~will be called the ex-

te"nsion {lewer, upper)’ of A, .

Equi A"
quivalence classes of the relation 'A’[ e -K) will be
called rough sete 'lower,,uuper\ )

v

\ ‘ Thus’ rough set { lower, upper) is a fam:.ly of subsets of U,
uh:u:h are equ;valent ‘with respect to the indiscern:.billty rela-~
tion (= P F). o '

Every a‘pproxination space A".‘ 7\* A* :.nc&uces a tapology
Con(A*) » Com(A*) Con’A*) respectlvely, and consequently - the - t

topolog:.cal spaces .- -t -

Tﬁ*. = {P(U), c:om(A*))

Tz* = (P(U), Con(Z¥)) s -

Tié = (P(U), Com'A*)), o : v

and P(U)/ X P’U)/"‘ P( U)/” are the bases for the corresponﬁ-'

ing topologlcal spaces. ~

" In otler words P{U)/ = G P(U)/I . P(U)/~ are faml.ules vof ’

: — ~ ~
'equ:.velence classes of the relations T R eTF respect:wely, -

2

! reds AT
Every approxination space A = {U,R) defines three follow~'

‘tions of .a fam:.ly of subsets of “U in A A ,oA' x.e., if

- 19 -

ie fan:.lles of elementary classes in the corresponding

mation spaces é* A* A* ‘
IF . X, Ye U, and - A’KY(X,KY X Y) ‘we say that e

Y. are close ('bofto_m. top) in A, otherw:.se sets X,Y ace

That is to'eay, that if X,Y are close (bott.om, top) i:

they belor{g to the same equivalence class in.the epproximatic:

- space A* (A* 'A—").. Thus sets which are close (bottom, top;

are in a sense similar and we are unable to_distinguish then
¢ .

our approximauon space ’A Ax) -
Thus we are able to introduce the upper and lower appra:’
%

is a certa:.n family of subsets of U we can introduce the fol

" ing app'roxlmationsof F' in A* ‘Z*,‘.A* T
MAx( F)- APFA-)m F) - ”
~ ﬁgr-*( R, »‘p‘r;-{F)
» APPA;(F)- W—A&‘F) e
but we shall not consider th:.s problem here, - -

There is ’elso enother important problem consa.dered in arti-

- ficial :.n_t_ell-igence. Gi(/en a family F of subsets of the_ univer-

sum U; the task is to classify .members of F, such that sets

in the same equivalence class are according to a certain criterium
similar. - - , -

In our approach we can for'nulate the proolem as follows:

Let} A a (U R) . be- an approxmation space and let FeP(U),

-be a certaln “family (non~empty) of subséts of the universum u,

By K AFZ ”-Xan Kan) we mean the restr:.ct:.on of the
= RN 4

relatmn —K (x N ﬁ) 2 YQ the fam:.ly F‘. _Then F/A((F * (F/an '»

F/En, Fz ‘is to -mesn the family of eqruivale’nce classes of the -

relation % (% ,¥ ) vrestricted to the family F,.
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That is to mean ths P i . )i
t each aporoximation spsce A = (U_,R) in- -

Guces on any family F&P{U) three “natural” classifications
2

— npl ~ -
F/.-nF F/Z NF, F/K(\an denoted as C,(F), C,{F) and CK(F‘))

respect ively.

Thus in each equivalence class of the classification CX F)

all sets : imat i .
have the same lovrgr '_approx:\/.ma..ion, in Cz‘{ F) = the sazme

upper approximation and in CA(F) - the same both:lower and upper
appro ximetions. .
. i

4,2, Extensions of higher order

'

In a similareway as before we can extend each of the approxi-

P ; ¥
mc:t:.on.spaces A A, A obtaining appr.ox:.mat:.on spaces of higher

order.

The k-extefsion (1ow¢r, upper) k » O, 'v,uill. be ,defined induc=

tively:
!

.(i) An epproximstion space) A = (U,R) 1is of order O,

(ii) ‘If AK is the k-extension.of ,A:, then k'+1-extehsion
) (lower, upper) of A ~are defined as follows: ' 2
A!(+1='pk+1(U) ~) B ST e o
A/ .
ik*‘i - (pk‘f'l( U) :k ) N
) A
: N O BE

where Pk(.U)' is defined-as
(a) Pou =u,
(o) PR - (PR

Thus ‘AO = A, A1'= AY  etc.
in this way every appro‘ximat.io'n space A>= fU,R) ‘defines :

Jn:L_q_.uie‘.'L\l,‘ infinite sequence of appr-<imation spaces of nigher or-

\\

cionsan. P(U /A MU P(U) g

€

.
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ders, allowing to cluster sets, families cf seis etc.,

- shall not discuss that problem here. o

4.3, Orderinq of rough sets ‘ ) -

Every approximat ion space = (U,R) - induces three rel.

_tions. < , %, £ (;nshort‘g . Z . & ) on the fz
A A A , =0 4

lies P(U)/ = » P(U)/ & P(U)/ =, respectively’s A
: . A A A .

,Let'v A= {U,P) be an ‘approximation space, and let X,¥Y<

then . _ ]
(s) SOx <[], iff o xS Y
S [x1s2 (¥le xZ v

(e) CX]., g (vl, aff XEY.
One éan easily check that £ .+ € & are ocderxng rela=-

respect :.vely . Thus

L@

oA = R )
Y - (UL e e)
LORRCOVNE S

are part:.ally ordered families of sets.

The smallest element in P*(U) is [O]; , i.e. the fa-

.mily of all co-dense sets in the topologxcal space 'T){. The

~ greatest element :Ln P (U) is [1] =1, i.e. the class con~

sistihg only of one set, the universum U. .
. . The smallest element in E*(U) is EOJ:v = 0, i.,8. the
class consistmg of only one set, the empty set, the greatest
element in -i-’*(U)_ is (1) . t.e.. the family of all dense
sets -ih the top-o‘log‘ical- spa'de " Tpe o

The smallést ele_ﬁuent_ in P)_‘('U)_ is [03': a 0, and the

greatesf element in P*(.U) is (1. =1
A M - ~

<




= . ) """":;;
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Finally let us remark that if an approximation space A=(U,R)
atoms {elementary sets), then there are Zk‘equivelence

LY/ 7%

k . -' N
(ll() zk-l e 3:(
:'.:;' . T

equivalence classes in 2 family P{U)/ 7\":«' R

has k

classes in & family {end P(U)}/ = ), but there are

E

- 4,4, Algebraic properties

. \ - -
Let A= {U,R) be an epproximation. space and lst X< U be
. . § ‘ ) * =) ‘
s certain subset cf the universum U. Rough set in A {A*,A*)'

containing set X will be denoted by EXJ%

or in short-~ [X]z R ([x]:

known. .

Y -

(00 % . Ldx)

. . *" - )

[x)~ ) -when A {ﬁ*,A*) is
Vie introduce three operations on rough sets {lower, upper)

denoted as V., A, ~ .

»
compliement respectively.

and called union, intersection and

" let A= (U,R)..be an approximation space and let

* —_
i‘ =(P(U)"K)

X,Y,z2 & U.
For the approximstion spece wé define

(A

[x3 vUde -{z=v: sx@ - sdxv ] .
ta2) [x]z al¥lz = {z; U Apr(Z) = Apr(Xa Y)}, .
() ~ [z =ze v = BH-A]

Directly from the definition of & rough set one can easily

obtain that ’ . 7 . ,

(;)"' [>.<]_." %

-

Y]~ may not be cr*u;.-'[X v jj_.

A

C{41)

(iii) ~[x3:- [_-xJ_,:, L

®
= -la p i e - -% TR ~ "
For the zpproximation space A = "7\Ul, T 2 nav L
{a1) X ‘ \V2 r v] f*c . Far D) ey I oL
L 81) E/\ ~ LY e =L.'.. o, Aor(I) = oapTlav LT
5 [x)z A (¥ds ={zeu:mrta = &ilin nA

(és)::/v[x]:_. = {’zc U RrZ) = Anr(—.«)j
As’“oefore,' we obtain for this ap'prcximatxon space -
{iv) f_x]~ v [v]x =[x u-YJ~ .
(v [(xJ= A {-_Y]mﬂay not be equal Cx A Y_j~
(onfx)x = [,
A family F of >sixbsets of the set U is callied an iceu:

- PRy . /, .
"the-following conditions are satisfied:

then Y& F

fa) -if X&F any YCX,
. .
{b) if X&F .and Ye& F, then Xv'Y EF,
A family G of subsets of the set U is czllec a Tilter

the following conditions are satisfied:

(c) if X€ G -and XCY, then YE G BN

(d) i Xe G and Y& G, then XN YE G.

~Let A = {U,R) be an spproximation space, and let A =
(P(W).z) (A% = (P(V),¥
U /e  (P(U)/x )

nerated by _;‘;(7\*) .

a

be its lower {upper)  .extension, and

be the fomily of lower, (upper) rough sets

e A Olelnde

ideal in A

is in

S & thc.
(1) if’ [XJ:
(2) if [x)x

F.

A family G

Afanily F of

is

‘rough sets in’ '7\-’
conditions are satisfied:

in F and YC. X,
(e

*

then [Y]~

are m F, . then [XJ V[Y]M

-

will be Ace,]‘.'led rough

is in

le

ge-

F

of rough sets in A

“ter in G

_will be callad rough fllk

" if the following conditions are satisf:.ad :




x

(3) if (_x}z

(4) if [X];;'and

is in G.

L] N ) : . . i -— *
One can easily show that P(U)/~ is a rough ideal in A",
and _P(U) /2 is a rough filter in fgﬁ

Let us remark that

[xdx v(ol=

(3~ w1z
{xJ= A [ol=

(x)z=al1l=
(xJx v[*]~
CxJz "E-’qz,
~ (e~ x1=
~ (~Lx];’a
~ (o]~

~ 1]z

. ~[od=z

~ (3]s

5. EXAMWPLES

- 5 1. Characteris.ic symptoms .

Let us. consider an information system 5= & X, A v f? as
in example 4, ‘section 1.7, and let us assume. that X is & set ) t

of patients in a certain hospitaly A - is the Bet of ettributes»

- like temperature, blood preasure etc., Vo= L}Ya, ae A is the’ .
.set of vaslues of attributes, and the function ‘fx-: A=V des= ‘ %
cribes symptons of patient X. . -

Obvzously patients belonging toO the same equivalence class

cf the "relation

= [1]3=

- 24 =

is in G and X< v then Y].— is in G

LY]A_:' are in G,- then ij- A [_YJ?’

- (xJx .

- L1l

";[:0375

= (1= 7

(0= S
= (xl= . -
y = [xl= , :

y= Lx3= . -

= (0]~ o :
(2> ' e
C_O-J:;

N |

¢
+

¢ have the same synptons. : ) R ¢

T

' The question arises whether a student can get the knowledge of

’ -the expert ‘on ‘the baeis of

- set Y. S
. means of synptons of the patients belonging to the S LV N

I o285 - ¢ 2

Thus each 1nformation system S = L XAV, f7 .1nduce$'vme1
approximation epece A= (X 5). SUppoee we are given the set

Y¢ X of . patients sufferlng from a certain disease (the set Vﬁ;i=.

can be given by an expert) and we are 1nterested in’ findlng the_ff

charecteriatic symptcme of that dieease.

It follows from the previoue considerations that we can

give thcse characteristic symptoms only in’ that case whe‘ Y is

a composed set in S, otherwise we can givo only synptons of
lower or upper approximation of Y “in the approxlmation space dr
A= (X,S). In other words. if - Y is not a composed set in S we’v
'are not- able to.give the. charecteristic symptoms of the set f,;l
but we can give only the symptoms of patientS-who surely have the
disease ¥ (symptoms of patients BBIOnging to the lovier approxi-
mation of Y) or the symptoms of patients who possibly have-the~
disease‘ Y (symptome of patients belonging . to the upper epproxi—
mation of “YY .. Let us remark that e 1dent1fy here the disease .
*with the eet of patients having ‘this disease according to the
opinion of a certain expert. Another expert can point out’ of _
couree different set of patiente havxng the conszdered disease.l
Of course,ip order to .get -the characteristic symptoms of ?fV
the disease Y. we oan use not the whole set Y but 1ts lomer

nd upper sample.»v
. L

: -,5. 2.* Learning

g

Suppose ue are given an’ ‘information system as in section

5 1, and suppose that an expert, on the basis of his knowledge,»‘

chooses the set Y‘: X of patients having a certain disease.

Zsym, toms of the disease Y? Iin

ther words - whether the” st e ,can define the set Y,:bV'ﬂ'f
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in genersl.case of course the answer is notythe student

can describe the set Y pointed out by an eapert in terms of

" symptoms only it’ Y .is a ccmposed>set in . S. Otherwlse,the

"'student can give only approxlnate description of ‘the disease.Y

i.es symptoms'of lower and upper approhimations of Y ;n~ S.

-

e understand that if Yk contains patients having a cer=
“tailn dzsease, then the set --Y, does not contain patients hav-
1ng this disease. That is to say that’the expert classifies all

patients 1n two classes Y- Y- such that Y contains gll pa-

tients heving a certain disease, and - Y - not having-this dis-

ease,

Sometimes an expere nay be uneble to clessify patients'in

- two rlasses, aS before, since in some cases he mey be unable to

i

clsésify & patient to the class Y or —Y.' That 1s‘to~say some~"

times® an expert does not know how to classlfy somne objects. In

fact in th s case he may classxfy patierts in three classes

Y, Yf; Y°. . such that Y contains petients who are 111 Y~

those . who are not ill and in Y° there are patients about which

an expert is unable to decide whether they are i1 or not. h
The question- arises howw this not complete clesszficstion_

influences the process of leernxng’ ' .

From the prev1ous consmoeration follous that if the set

Y%= O, the 1earning is not “affected be the inconplete

A

knowledge of an expert, snd a student cam get,exactly,the same -,

results as in the case-when the expert classification were com=
plete. Otherwise, i.e. if '¥°. "is not ‘bottom eqlal to zere,’e
student. is unable to learn.{evén approximate) classification’

properly. c ”l/ ">.-JH

Thet is to say if the 1ncompleteness of“knoﬁledge of am

expert is swcll enough it does. not ‘sffect leerning, otrerwlse

the learnlnc is sf.ecteo.

'up all patients having a certain disease, Thus we obtain 'a

- contains all the patients hav1ng the’ considered disease accor i

‘and remote opinions are in different classes.
meanings - e

< talns all subsets of the family F having the same lower appro-'

ximations, ite,,sets which.are "close” with respect to symptoms

"all subsets of the family F hev1ng the same upper approxima-;'

- 27 -

5.3. The case ofvmany experts

- Let us consxder an information systen as- 1n previour

ions, and 1%t,P5 suppose, that we employed 'k experts, to &

.

ly F {xi,xz,...,x } of subsets of ‘X such that the set’”

%o

;ng the opinion ‘of expert i.

. The question arises what is the difference between opinirr'

" of experts,tor in other words how to ClaSSlfy opinions of expe. R

erts ih auch a wey that close opinions are- in ‘the same class

~To do this we can use the ehree natural class1f1cations

(Flo F). AKF)' which have in this.case the follow;ng

Each equ1valence class ‘of the ciess1fication= CA‘F), con—:l'

@ﬁich surelijoccurvamong patients in all sets in each equiva-

Tence class. S .

- Each equivalence class of the c16551r1cation ngF) conteins o

tions,-i e, sets which are close wzth respect to symptons

which possibly occur among patients in all sets in each’ equivo-'»

lence class. :

’

- Each equivalence cless in ;he third class:fication CA,ﬂ

contains sets which have the same sure and possible symptoms.

“ Thus we can cluster.opinions {or experts) into nsturelrsi-

milarity;classee; R S .
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Tne problem is the folloulng given symptomuf a0 .

iaesification - :
ta) uhat d1seesee surely have symptom‘f b) what diseases possibly -

have'symptom y

et us consider information system 2s before and a
. . C . "~
Let Ef denote an eguivslence class of the relation S,

. Again L
Ciomily F ai'xl xz,...,X 3 of subsets of  X. Suppese that F

°

deflned by the symptom f .
Of course all diseases X, € F such that AErg(xkj):,éf N

3
o surely have the symptom f , and.all-diseases’ Yj:e F such
" ‘ . . l

hes been given by an export and each. Xi represent,vatcording

to his knowlecge different disesse, i.e. all patlents havmng

the disedse i, belonc to the subset Xi.'

i The guestion is whether we are sble to distinguish all sub- .

set of the family € by syhptom

=]

" that Apr A§Y )D Ef " possibly have-the symptom f

s? or in oiher worde,whether we
If we claeaify diseases F aecording to the classifica-'

F. in similarity classes,
instead of chacking nhetrer lover

are able to classify all subset of )
. =~ tions CASF) and C-’F),
ss we have all subsets of _F which . 7

gulshable in the approxlnatlon ‘space. A = (X,s).

of the family F° con-

so that in each similarity cla
(upper) approximation of each subset Xi

N

are undistin
‘ tains ES , we can simply check whether the corresponding

we can use the three "natural“ clas-
: or not - what‘considerably simplifies

" To solve this problem

: ey . %}claseee contain E
(F), CZﬁF)',CA(F) as in the previous sectloq. Ea S f

sifications ) h
theralgorith.‘ : .

The meening of the classification “AsF) is that in each

quzvalence class of XCA‘") vie have all subsets of- F _(or

e are unable to distinguish by meéans of symp~-

.

diseases) which w

< toms available in our 1nrormat10n»system. and which surely oc-

cur in each disease being in the same equivalence class.

The meaning of the classifieat;on C;&F), and CA(F) F;s B .

obvious. . . . : ) .
. e

Thus we can cluster disesses {subsets-of the family F)..

_ into classes such that in each equivalence class thefe are dis~/

~ eases, which we are not able to distingdish by means of symp=

toms avellable in the 1nformetlon system S. .

3.5. Dlagnosis L

e aga;n that we are g;ven an informatlon system as

k B of subsets of X

‘Suppos
previocusly, and-the "amlly F =i'X preeer
determined by an empert such that each X contains all pa—'

. tients having a certain disease.
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