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Abstract » Coxepmaﬂné o Streszczenie

In this paper we lntroduce a mathematiocal model of confliot
situations, based on three binery relations: sllience, conflict
eand neutrality. Axioms for alliance and conflict relations are
given and some properiies of these rplations are ;nvestigated.

Purther a strength of an object is introduced, Set of three
above mentioned rolations together with fha strength of all |
objects is called situation. Soms rules of transformation of
situations are introduced and invoatigated. .

Pinglly the notion of a capture is defined and the rules
of sharing of the capture ambng objects in a 5iven situation
are formﬁlated and some theorema concerning capture sharing

are given.

- 0 xoHQIUKTAX

B pafore BBoAchz MOTeMATHUCCKSA MOLaMIh KOHEPIMKTHHX CHTYa-
muil, OCHOBREHRE EA TpeX CEEADHHYX OTHONEHMAX! COBMECTHOIC e~
CcTBHAA, xoé@nnxra ¥ HefiTpaiHTeTA. IPEBOLATCA SKCHOMH Al OTHOmE-

1 ‘

ez XOBEJAHKTE X COBMECTEOTO xeﬁCTB}IK, & TaKXE HNCCIELYHNTCHE HCHOC~-

zopue csolicTBa 9TRX OTHOmeHui,



DBOINTCAE NOEATES CHAH 06BEXTha. IUECEECTBO BENEYRRIAEEMT CT-

cnperergfeTcs NPEHUKD &€ LeAsTa Mexay OObenTaMy 3 XaHrcE cHIjL-

ONn, @ TaKEe A2eTCHI HECKCJEEC TeCpeM, KRCLECIXCE jerieza "ZOSHur",

0 konfliktach

B pracy,wprowadzono natematﬁczny modgl konfliktowych
sytuacji, oparty na triech relacjach binarnych, wapéidzia-
tania, konfliktu, neutralnosci ', Podano skajomaty dla re=
lacji konfliktu i wepbtdziatania_oraz sbadano pewne wias-
nosci tych'relaoji. i

Dalej wprowadzono pojgcie sily obiekiu. Zbidr powysszych
relacji orss sils tworzg sytuacje. Podano reguly zmisny ay-
tuadji oraz zbadano pewne wasnoscl tych zmian.

Fs kofou wprowadzono pojecie "Zupu", zdefiniowano zasa-
de jego podziaiu migdzy obiekiy w dane] sytuacji orez pods%o

xilka twierdzes dotyczgcych podziatu Xupu.

1. INTRODUCTION

We propose here a formal model of conflict situations,
somswhat different from thst considered in game theory. »

.Ihreo binary relations; alliancs, confliot and neutrality
on some @et of objects X are the departure point of our ap-
proach. Union of these relations is called configuration of X.
Some sxioms for allisnce and conflict relations are given gnd
confiéurationa satisfying these asxioms are investigated.

Further with each objsct from X a nonnegative real nume~
ber is asaocisted. It is called the strength of the objeot.
Configuration of X together with ths etrength of all objects
in X 1is called the situation of X, then some rules of trans-
formetion of situations ere formulsted emnd gtﬁdied.

. Pinally the nonnegstive real number called the oapturol

1g introduced and rules of sharing the capturs smong the ob=
jecta in the situation are éiven and some theoregs concerning

capture sharing ars formulated.

2. CORFIGURATIOES

Let X be aEma finite aet. Elements of X will bs

© called objects, which can be interprested as humenfbeings,

treding organizstiorns, politiosl groupe, governmentia, etc.

Let (/ be = partial funotion which to sach (x,y)¢ Dy

associetes the number +1, or -1, that is ¢ : XxX > { +1,-1}.
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We aspume that  is symmeiric, i.e. Y (x,7) = ¥ (y,x)
for every X,y & X. .
Iz ¥ (x,5) = +1, we say that X,y are allied and if
¥ (x,y) = =1, ne say fhat x,y are in conflict. If Y (x,¥)
is undefined, we say that x,y are neutrales
The pair C = (X, Y) will be called configuration of X,
or if ‘I is underatood - configuration.
If C = (X,¥) then we shall alsoc write X, 9’0 to
denote thet X, and ¥ form the oonfiguration C.
Eaéh configuratioh ¢ = {X,Y) defines thres disjoini binary
relations on X, denoted Rg,ﬁg,na, and defined as follows:

Rglx,3) <= f (x,3) = 41,
Rglmyle® P (x,3) ==1y
Rg (x,5) &> +f (x,3) = undefined.

We ehall call Rf R), Ry the glliance, gonflict and

neutrality relstions regpsctively. §

If By = ¢/ we shall sey thet C is conflictless oon-
figuration, otherwiss C is conflict configuraticne.

If the relation R} satisfies the following exioms

A1; ﬁz(x,x)o
a2. Rilx,y) = BRgly,x),
A3. RE(x,3) £ RG(y,2) = R3lx,z)5
we shell say that R is regulars othermiss Rf is 23;_1-

reguler.
Thua the regular relsetion Ré i3 an squivalencs relation

ch X, end we ghall call equivalence classss of Rg blocks

of the configurstion C, and sach relation Rzﬂ BxBy whers

-7 -

B is some block in C, will be called coalition im C. In
ahat follows we shall often identify blocks and obrrntpond-
ing cealitions. .

The family of all blocka in. C jill be denoted by Bg
and the block conteining X = is denoted by B..

If the reletion R, satisfies the conditlone:

B, A Rglx,x),

|

' B2 Ry{x,7) > Rgly,xl,
5. Rylxy) @ 33,3 > Bilxa),
B4e Ra(x,y),Q RG(3,2) > Rglx,2),
5. Bz £ rgly,s) = Bglms),

we shall say that Ré’ is regular, othorwize H5 is nQnregg—
lex. .

1t Rg. E; ere both regular, then so ia the configura-
tion C, ctherwise C 1a nonregular.

Each configuration C = {X,¥) casn be dopicted by &
grsphj objects of C ars intorpreted ag vertices of the
grapke. 1 Ra(:,y). we eshall qonnaot vertices x snd 3y
by & double line, oalled a positivs »dgs. If Ey(x,y), then
we shall connect wvarticeas 2,y by @ single line, called &
negative edgs. - . ) ‘

» If C= {(X,4¥) is a configuration then the assooisted
greph will be demoted by Gge In what follows we shall iden-
tify oonfiguratipns and thaix graphs; and conseauenily ws
shall use graph theoretical tgrminolosy for configurations,
1ike connscted configuration, subconfiguration, loop im the
configuration, oic.



Examplea of regular and conregulsr cenfigurations are

ghown on ¥Fige 1e-

Reguler configurations

AN AN N

Benrsgular configurstions

Fige 1

et C = {X,¥) and ¢la (x; ‘f’) be the configuratiens.
/
We Bay that C is gn extensien of C (or C is s subconfi-
7
guration of C) if / = Pl g,
Suppose C = (X,¥) ie a nopregular configuration.
f
If C = (X, }’l) is the leest regulsr extaneion of C, then

¢’ will be called a forced extension of G.

If is obvious that for every nonreguler configuration
there exisi at most one foroced extsnsiocn of it.
If ¢ = (X,¥) 1is regular configuration, then every

extension of C will be called free extension of C.

Exemples of ’forced and fres extensions are shown on

Figo 20

|

—_

Forcod extensions '

—_

A=A
-1
A A
/.

Free extensions

Figo 2e

3. REDUCED GRAPHS

- If the loop in the characteristic graph Gc contains gn
0dd number of mgat"vei edges we shall oall the loop im-
proper; otherwige the loop is propexr.

One caz prove the following property of characteristic

Braphss _
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If tbe charecteristic graph GC of ths configurstion
¢ = (X,¥), ocontaine improper loop, then C = (Zz,7Y) 1is
nonregular and thers ia no regular extension for C. If the
graph Gq doeg not contain impropsr loop, then C has r3-
guler forced extensione :

Let By # By be two tlooks of the oonfigure=~
tion C = (X,¥)s If thers are x" ¢ B, ,end y e B, guch
that R'&(x',y'), then we shall say, that blocks By, B, eaxo
in e weak conflic%, if for avery X' & B, and v'e By'

R&(x‘: y°), we ehal}»ava;y thet blocks By, By ere in & etrong
conflicty If block B 1g not in a conflict with aay other
block in C = (X, ¥) we 88y that B 4is neutral in Ce

The following theorem ig trues

1f C = {X, Y) im e regular configuration, then
every maximal gonnected gubconfiguration of C (4.0 meximal
connected subgraph of the graph Gc) jg a neutral block in
C ‘or a pair of blocks in strong conflicte.

Thet ia to s&y that with every reguler econfigurstion '
ne can aesociate begides the charasctoristic graph Gg another b [
graph Ec, which vartices sare plocks \in ¢ =nd twe blocks |
B/ B/ are connecved by el edge in Ec if esnd only if B,E/
ars in sirong oconflict in Ce Graph Gg %ill be called ro-

duced greph of the configuration C.
Exezples of characteristic graphs and roduced graphs

of eome configurastions are ghown on Fige 3o

_

- o n

=1l -
2 .

7 24 2,3
Oo—=CO
2 4 : '

Ge

4
7 g, 3
O—0
2 ¢ 3 |
g 2
7 2,34
3 %

Fis. 3

4. STRENGTH OF OBJECTS

Lot G = (X, ¥) bo a configuration and let A: 1> 2
be a function which o esch object x&X assigns nonnegative
real number, cslled ihse gtrengih of X

The strengih of ¥ < X is defined a®

/ZZ {x) -Z dz)

xe¥

In perticular (K« {X) denotes e strength of the

ahole configurstion C = (X,f).
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The ordered tréplot S = (I.y’,/p-) @ill bs ocslled the
gitustion of Xe If S = (I.f,/u) 418 @.situation we shall
yrite Xgs fs./a g*

- Iet By denote the set of all objects being in sonflict:
with x (enemies of x) im C = (X, )y ie0¢ Eg -{yc.x :
: B5(x,y) Yo

The tuncﬁon 4 t XXX > £ 0,17 will be called the
strategy in S = (X, {s/)e The strategyﬂf gays how the
strength of each objeot in S 5 distributed agalnat its ene~
mies. We agsume that the atrategy /Z satisfies the following

L

conditions: : {

10- ﬂ (x.x) = 0, .- ] 7
o + 0 1

2 . it %(z.y)o .Rc(x'y) ‘then (x.y) = Oy

.  if RG(x,y), then A (x43) # Oy

4° 4 (x) < 1, for every X&X, where 7 (x) -Z}Z (x,¥)
e

1f for some X&X, A (x) =1 we ghall say that the strategy.

2 for x ig total ip 8. If A (x)} = 1 for every

zeXg, vhere b 9 -{yex :VRE(y,zg. we say that A is
. . .

e total atrategy in S.

The strategy ~ in S will be called balenced if
a (x.y)/t(x) - ﬂ(y.x)/q(y) « 0, for every (x.¥)€ Rge
We shall congider valanced shrategles in this psper only.

¢iven a situation S = (x.;ﬂ.ﬂ) and the atrategy
oalled the realization

e e

ijn S, we introduce @ function 5

— ———————

of the siraiegy Z in the situetion S, waich associates
#o each situstion S snd the strategy A e pnew situation

s”'iCQQ
Q(S.Q) - S' ,'
P
or
) =8 «
£,

We },gt}.-oduoe pow some euxiliary nations peeded to define
the realization fumction § . ' .

Let § = (X, yph) end s’ = (2% sﬂ',//), be two situa-
8,? (s) = 8"
The get xg}ZC X, defined as

tiona such that for some strategy a .

Kgo "{iéx=/ﬁ§2(s)(7)ﬂ0(j

#ill be cslled ihe sei of looser in the situstion S and the

ptrategy Q/ .
The set 17;,2 c X, dofined a8

*

Ig,2 -{xéxs :/«2 (1)7‘0}, where/{z (=) = 4 (1)(1-:?:(1))9

#ill be called the st of winners in the situation S and

\

the gtratesy Q/ s ‘
I S = (X, ;ﬁ,/é) ig a situailion and /(L a strategy

in S, then

. . ! /
£ots) =s"= (x .‘/./),
1p defined a8 folloms: .
1“' ‘= {xeXx/a(ﬂ7 0},
2° (//- /&7
30 /L{,l',-é(,/(/x' ’
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of course if S5 1ie.a conflictless eituation, then for svery
strategy % in s 5a(8) = Se
Realization of ths strategy }2 in the gituation S
reduces the gtr_ngth of each object being involved in oon=
‘flict by the strength engaged against ite ehemies and elimi-
nates all thoge objects which strength is reduood to zerov.
et 8= (x,,/, ) be s situation. We shall gay that
the situation S = (X, 7/,/;) im balancad if there exisis
such a strategy Q/ in 8§ that//(g (s) (x ) = O, i.00
all objeccts being involvod in conflicts in the uitua‘hon S
. are "destroyed", by the reslization of the atratoqg ;L .
One can ghow that S = (X, 7’/&) is balanced if the

following set of linear equations has a solution.

Z?« (11.y)' =1,

yéE

Z g (xz-y) =1,

YeE
X2
5 o a o e @ o & o« @ :
E ﬂa (x W) = 1’
yé—E
where
X5 “{xvrgev"oxn@ '

or in ghort

A2 e

Xy &Xg

—-——

.15 =

X (111.311)/,,(111) - Q (111.111)/(,(%) =0
A (xiz.siz)/p(xiz) - ’Z(yiz'xia)g/“ 3, ) =0

s & o o o & L ] ...QI.'.. o 2 @ ®» o o

A txg o3y )l ) - Aig,m ) = () =0

tor all (x; 2 ¥y ) € Rge
3 3
mﬁ;u"; the situation 8 = (X, {, AL balanced if end
only if there exist 8 total strategy in Se.

\
Por example the aituation shown on Fig. 4 ise balanoed,

x ()= 1%

wly)=Z Y z pul)=%

Fige 4

because the get of equations

A (x.y) + Az = 1,
2 (gex) + Lly,s) = 1,
2 zyy) + Llzax) = Ny
1,50 (x,9) = 2ly,x) = 0
1,57 (x,3) = 24(z,x) = 0y

2 (3,2) = 22 (2,3) = O
hasa the golution

A {x,7) = /6,
A (3,x) = 2/8,
ﬂ (x.Z) = 5/6,
4 (z,x) = 5/8,
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Aiy,s) = 6/8,
,Z {s,3y) = 3/8.

On the other hsnd the situation shown on Pig. 5
*  alx]= b

Pig. 5 . ’ T
is not balanced.
- o
One cen show that for svery situation S thére exists
a strategy A in 8 such that gx (8) 1is conflictless.
The strategy A  such that f’z (S) 1is conflictless
- *
#ill be called meximal, and will be denoted by Z .

5, HOW DO CONFLICTS ARISE?

) et S = (x.,/,/c) be & situstion end let q be some
nornegative real number, called the capture.

We assume that in each situation S = (X, /s f0)  the
capture g is shered émons objects of X , 1i.e. increases
ths strength of each object {possibly by zero), scaording
to gome rulss expreesed by the funciion G~ s

' If Sa (K,?/ o) 1 a confliotless situation, and A *

gome mekimali stratezy in S, then

O/(S,q./’w‘.f_) " S = (Xr(jﬂ-o/ﬁsg

whare
p A
/\/V (x} = /{,(x) +.-_—-x—--q;
Ar {3}

i R
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It S = (x,.f%&) is & conflict situation, then we as-
sume that the capture is shared only among winners acaording
to some prefixed rules, for example in proportion tb the .trenlgth'
of éech winner to the strength of all winners. (There are pouib—v
1e other principles but we shall not disouss thex here).

Lot X = (X,{,4) bea conflict situation, /a‘ maximal
strategy in S and q the sapture. Then

o ’ /!
_ G7(8,9s2 ) =8 = (x'of’/‘«)t
whore. '
1° (x)t
?ﬁ
2° 5’/ P idk x’»

L . /u,(x). iz 1615‘13 ,’L
j /6(4 (Z) -

: * .
g (x) +__—4-L)—-—(x,_‘f) a, if zéXg a*
A 108,10 ,
=~ .

: /
In the sequent in @tead of o we use notation/(r(s’q.z)

We shall say that the situation S = (X, /,/q) is better
4
for xcX, than the situation 8 = (x,(/’,/ )y 1if for every .
, , .
mexinal strategies 2 and 27 in s and 8° respectively

i

Aos,a, &) B 7 AGst,e,2) ®

for every Qe

Iat S = (I,(/,/t) ‘be 8 situation. We shall say that the
altuation § .is stable if for every gituation S° = (I,V}ﬁ )
for every maXimum strateglen ﬁ ’ Q/ in" S and
§° respectively and every capture 4, the situation s’
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is not better than the situation S, for every x ¢ X3 other-
wige the situation S is unstable.

Tﬁe following theorem is trues

A situation S =.(K, [, ) 1is steble if and only if
oard(x)§ « 2 and /a,(x1) = /,(xz), where- X = ( 11,12%.
One can show (by simple computation) the following (sad)
theorem:

let S = (X,/ ,/~) be en unetable conflictless siiua=
tion, and let q bes 2 capture; then there exiat the eitua~-
tion s'm (X, y:/@) end a meximum atra?gy Z% , sugh that
s’ 1is better than S for every X & xs’,/q_;lf if a’nd only
12 q Mgl o

We shall say that the strategy A is batter than
the strategy / gor x in the situation S (X, Pop)s
ig

AeCs,9 %) x) 7 A (59,2 o/

for every Qe

The following theoren (which may be called "the minimum
effort principle®) is valids
Let S = (1././14) pe a sltuation; strategy /Z is

petter than for x ¢ X3 in § if end only if

—_ — .
2 @ < 2w
One can also show easily the following theorem (which
may be oalled "ihe prinoiple of pinimal ascendency™)s

I Y 5 = (X, o ) Do o conflict

situations and let R Z be two maximal atrategles
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¢ ‘._'*‘— - ’—%’
in S eand S rospeotivcly/ such that Z‘\ (x) < %J (x)
for some X &Xe A o :
. pra ¢
The situation S° y
‘ is beiter for 'xiexs.,?’z\‘ﬂ Is',ﬂ"

if and only 1if

— B _
M (13.2*) 7 (xs’,ﬂ,’?')-
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