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Abstract . CozepEamue . Streszczenie

In the paper we discuss the definability of informaticns

ip Pewlak informstion systems. We present some inductive infe-

rence methods for finding the description of an information

which is minimal with respect to the number of attributes.

CgereMH pelnpe3eHTaluH suaEu. UafdopManuoOHHAA onpereIuMOCTh.

B paGOTe rccaeryercH BONpPOC CUpPeLeIUMOCTH UHEOPMATLHHA B

GO DMAHOH HEX crcremax [IABIAKA mpH HCNOXB30BAHEE H3HKE HH-—

¢opuannounoﬁ crcTeMH. [JPpEBOAATCH MeTOJH MUHUMaJIBHOLO, C TOYKH

3pERHA KoJdugecTBa HCOOOAB3YyEeMHEX XapaKkTepHHZX OPHIHEKOB, onuca-

sug #HOODMAUME, OCHOBAHHOLO HA MeTOLaX MaTeMaTHuecxo} HHEYK-

AR |

Systeny reprezentowania wiedzyo. Definiowalnosé

informacji

7 pracy badany jest problem definiowalnodci informecji

2 systemach informacyjaych Pawlaka, DIay uzycin jezyka gysie=-

nu informacyjregis Podane 5§, oparie na gygtemach wniogszowa~
ze wzgle-

niz indukcyjnego, metody poszukiwania minialnego, 2e

u ne ilodé uzytych atrybutdw, opisu informacji.
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In the pzper we develop the method of represerting in-

formations sné the method of searching for minimal sescrip-

tn infermation is a set of entities, celied objacts.
4n object is anything whick can be spoken of in the subject
sosition cf & naturel ilanguage sentence {e.g. DOOKk, company ) .
Dbjects need not be atomic or undivisible. They can te ccm~
cosed or siructured, but cre treated &s & whole. The know-
iedge zbout objects is given through assigoment of rroper-—

ies. A propersy is dJenoted vy & verb phrase in a ne surel
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is tail). To expres: preper—
cies we use the notiops of an attribute (e.g. colcur, height’
ard an zitritute value (e.g. blue, white; low, tall). & set

of etsritutes, & set of values of these attributes and a

2unetion woish essigns stiribute values to cobjects can bpe
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cwledge.

The systenm consisting of these sets and & set ol ocjects




A Sefinable information is a set of objects for which there
is a subset of the set of admitted atitributes which charac~
terizes it uniquely. If such set of attributes does not
exist, then the information can be characterized only in an
approximate way. We introduce formal tools to present the
notion of definable informstion and the notion of descrip-
tion of information. We zlsc consider the problem how to
find a description of the information minimel with respect

to the needed attributes.

1. KNOWLEDGE REPRESENTATION SYSTEM

The notion of arknowledge representation system was
introduced in Pawlak E8] . Following this paper we present
in this section the basic definitions and facts which will
e used in the paper.

4 system is intended %o represent a knowledge about
some objects., Hence the basic component of the system is a
finite, non-empty set of bbjects, ¢.g. human beings, books
etc. The knowledge combained in “the sfstem will be express-—
ed through assignment of some charscteristic features to
the objects, e.g. human beings can-be characherized by neans

of sex or age, books by means of title or author?s nams euq,

values of attrivutes., Hencs

The assignment o
pcint of view can pe counsidere

is the last component of the system.

Kow, we give the formal definition of a knowledge repre-

3

sentation s7

stem.

The kneowledge representation system is the system

5 = (X4, {Vajaens f)

non—empty, finite set, whose elements are call-
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4L is a non-empty, finite set, whose elements are calied
attributes,
k'l is a non-empty’finite,set, whose elements are callad
values of attritute 4,
iz a total function from set Ix & inte set

3
= U ¥, suck that f (x,8) & v, for every x¢ X.

L]
1

= {x1, Ty Xzy Tyy o XEj

A = {sex, ageﬁ

v mals, femalej

T 8ex

H

v

{

L

[ young, mesium, oid]
ags by ung, 4 y ¥ } s
The furction ig defined by means of the following table.

sex Ege

x, mele YouLg

X5 male nedium

23 female old

x, nale medium ,
x5 female old

Xg female young




Obéerve, that according to the given definition only omne
attribute value can be associated with each object, and for
each object the value of each atiribute is determined. Due
to the fact, that sets X,A and V are finite, &e can iden~
tify a system with the finite table, defining function.f .
The columns of the table are labellied with attributes and
consist of values of the corresponding attributes. The rows
of the table are labelled with objects and we admit on occur-
rence of identical rows with different labels, The order of
columns znd rows in the btable is &rbitrary.

Given system S = (X,A,V,f ), by an informetion in S
we mean any subset of set X, and by & descriptor in S we
mean any pair (a.p) . where ac 4 and peV,e Let Dg de-
note the set of all descripbtors in 8. Descriptors are in.
tended to describe informations. For instsnce in the systenm

rom example 1.4 descriptors {sex male) and (age young)
describe %he information{;xqb s descriptors (sex female)
and {age o0ld) or {sex femsle) and (age young) describe
the information ixB,x65. However, it is easy %o see that
there are infomations, which cannot be described. Consider
the system from ex., 1.1 and set {xq,ng. Object X, is des=-
cribed by descriptors (sex male) and {age. ycung). But the
pair of descriptors (sex male) and (age medium)} describes
both objects X, and X Thus the knowledge contained in
cur system is not suificient to distinguish objects X, and
x, and we are not able to describe set zxq,;gj in an exact

WaY.
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(X,A,V,g ), we define the family

{ ~) . :
} jae& of equivalence relations on set X in the fellow-
LJ7
ing ways .
(x,7)¢ 3 1iff f(x,2) = p(7,3)

This means, that two objects belong to relation &
just in case they cannct beé distinguisked by mesns of at-
trivbute =z.

Given proper subset B of set A of attributes, the

~ ~ .
relation f} b will be denoted by B, =and the relation
N beB ~ . L
{1 % =ill ve Jenoted by S, Hencey for set C & A Tuc

“ -

tinguishable! with respect to all the attributes from set C.

Consider sysbtem S, given in ex, 1.1. The following Tfects

o

o ‘ 1 :
SN PR~ L sex, young) = 3eX N Jouung

relation o providsg the 2lassiiication 7 objects accord-
ing %o the knowledge conteained 3n She system, and objests

¢ts belong to relation C if and only if they are uncdis-

g 5k
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The elementary sets for the system given in ex. 1.7

! ¢ . b ' 1 ¢
{%q)s (Far¥u ) txaﬁ’%j; 1353

Iet us observe that according to our previous comside—

3

rations, cach information in system S can be described,

¥

~
by using descriptors, up to the eguivalence S. In parti-

cular, all the informations which. are propsr subsets of ele-

mentary sets cannot be described.

System S will be celled sslective if all the egui-
valence cliasses of relation S s&are one-element sebts, In

7 system S is selective, then every infor-
meticn in S can be represented by means of Jescriptoers.

Yore Getalled considerations on comparing the express-—

ive power of knowledge representation systems are given in

In this section we describe in the formsl way the me-

resentation of informations by meens of Jesc

L e oo

S

L

R

Assume, we are given systen S = (X,A,V,’f). He define
formalized language LS as followa, Expressions of the lan-
guage Wwill be built up from the following gsymbols:
~ gymbols 84985500938, 1¢n<«o , denoting names of av=~
tributes from set A,

- gymbols p,q,r, with indices if necessary, denotiing names
of values of attributes, i.e. slements of zet V,

- symbol = of urary operation,

~ gymbols +, »; = , < of binary operations,

- brackets (,).

Fﬁr the seke of simplicity, in the following we will
identify names of attributes and names of attribute valuss
with attributes and vslues of attributes respectively.

Atomic expresaions of language LS are the descriptors.
The set of all expressions of ILg ig the least set contain-
ing the sex DS gnd closed under operationg =,+,e¢,— ;7

The language described above was defined in Harek,
Pawlak [3] . Following this paper the expressions of lan=-
guage LS will be called tsrms. -

We now present the interpretation of terms, nemely, we
define inductively the funciion vals Zrom the set of all
terms into the femily of all subsete of set X, called the
valuve of a term in system St
vals(a,p) a {xe X s f(x,a) = pg R
valg(=t) = = valg 1t
vals(t1+t2) = valgh, v valyt,
valgf{t, » t5) = valgh, nvalgl,
valg(t,— tz) = =-yal
valg(t, & tg} = val
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According to the given interpretation terms represent
.gets of objects end operations on ferme correspond to the
gset=theoretical operstions on seig of objects. In parficular
operastions =,+,. correspond to complement, union and inter=
section, respectively.

We wili say that fterm t 1is valid in system § if

valgt = X. We will write = t whenever t is valid in S.
'S
Exanmple 2.1
Congider the system S given by the following table

& b

1 P19

2
SRS B
4 | P10 %

and ferms

1 = (3P1)‘(b qz)
%5 = (ap,)e(bay)

t5 = (apy) + - (0g,)
t, = (ba;) =7 (ap,)
tg = (apyle> (baj)

ot
]

et
it
«
o
ot

PRI RO

oo g ory RN

il ot G

The presented lenguage enables us to represent syntec-
tically the knowledge given in the form of a k¥nowledge repre=-
gentation system S. lore exactly, each term t ocan be cou=
gidered as the sgyntactical presentation or description of an
information which iz identified with the sget valst{

The valid terms play a special role. For instance the
following facts are true.

Fact 2.1. I1If term 7t1—? t2 ig valid in system 3,
then valst1s valstz.

Hence if &g t1 =7, than the informastion valSt1

is stronger, than the information valstz.

Pact 2.2. If term t164> tz ig valid in system S,
then ‘valst.l = valstz.

Thig means that if b= t,€7 %, then the informations

S
described by terms t1 and _t2 are equal.

In the following we present some importani examples of
terms valid in a system and we ghow how the set of all the
terms valid in a system can be characterized syntactically.
For the purpose we distinguish the special class of terms,
cglled elementary fterms.

Term + 1im said to be elementary if it is of the form
? \. N A - 5 > 3 ~ A
{8q Pgirees (anpn) Where a,,sec,a, 8re all the distinct
attributes from set A and Pq2eve2Py @&re some attribute

values from sets Va1g.aa,Van respeciively.
n

Fact 2.3, If t is an elementary term thea val t 1is
]
an elementary set or the empty zet.
If follows, that elementary terms provide descriptions

Pard
of equivalence clagsesg of relasiion S.



- 14 =

Example 2.2
Consider sysfem S from example 2.7.
The following are examples of elementary terms in the language

LS:

(a pyle (D q3)
(a pqg)e(d a,)

3= (@ pqyle (b a,)
g = (8 pye(b ajle
We have
valst1 = 1123
valgi, = ix,,xBB
valgty = [x45
valS t4 = ¢ . -

The equivalence classes of relation S are the following:

{
111"‘31) {5} SL"45 .
Iet t1,...,tm, m3 1 be all the elementary terms
which have non-empty values in a system S. Then terms

fo = t1+...+ tm will be called description of system S.

S
Fgct 2.4. Description ts of system S is valid in S.

Consider term of the form
(e P)(‘7 "(3 p1)'~--'- (8 Pl)

where p,PyrecesPy are all the distinct values of attribute

a. We denote this term by t(ap)'

Fact 2.5. For each descriptor (e p)é&Dg term t(a o)

is valid in system S.

i

O g S O

CRTY S S T LSO T S

Fxauple 2.3

Copsider the system frow eXs 2.1

We have
ig = (8 pylilo 2yl + {ap,)*(vagi + (apyiv(bgy]
valg ts = x1,12,ﬂn,14\

ot
—
o
el
[\]
¥

= ({bayiey ={vay) s ={bagz))

We npow state the fact which says that the set of all

terms valid in aystem S can be chsracterized syntactically.

Fact 2.6 The following conditions ere equivalent:
(i) term % is velid in systew. 35,
(ii) term t can be derived from set Ty« ¢ t(a o) ¢ (2 pig D
of terms by using axiomﬂ.and inference rules of the classicel
propositional calculus.

Due to this fact terms g and t( for f{a pi€ Dg

a p)
can be considered as axiows of the aystem S. Axiom tS pro=
vides the description of the set of objects and the elementary
sets of objects, and axious t(a 5) provide description of
the set of attributes and the set of values of attributes,

In the following we consider the proulen of normel forus
for terms.

By a literal we mean a term of the form (a p) or
-(a p) for (a p)€ Dge Term % is said %o be in disjunctive
normal form if it is of the form t1+...+ﬁm, my 1, aad

each t i = 1,02e,m 18 an intersectiocn of finits nuuber

ii
of literals.
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famm i P e P 34 d . .
Pact 2.7. For each term % of language Lo there ig A term is gaid to be complete if it is the union of

some elenentary terms. '

tern t’ of Lg in disjunctive normsl form such that

valst - vnlst'. ’ ‘ ; It follows that any complete fterm is in the positive and

To obtain such term t' for a given term t ‘- wWe use ‘ digjunctive normal form.
the following equalities, which are counterparts of the well ‘4 Fact 2.9. Por any term t of language LS there is a

known laws of the classical propositional calculus. E complete term £ of Lg such that velst = valst’.

vals(t1-7 tz) vals(mt1+t2) ’ f To cbtain such term t® for a given term t we use all

the previcusly givea equaliiies and the following ones:

vals(t1<—> t,) = vals(t1't2 + —t1--t2)

vals(t1(t2+t3)) = valg(t, -t + t1~t3J _ 3 valgh = vaig(tet,)
vals(t1't2) = vals(tz' t'l)

where 1, = (Bpy) +aeo+ lap ), aea

—I 3 = -— & o
vals( \t1+t2)) = vals( ty tz) ; 11 the distine . S .
an en v are alli the distinct values of atiribute a.
vals(“(t1't2)) = vals(-t1+ —tz) Pys Py ais v
vals(t't) =t = vals(t+t}

’ ' . . 3. DEFINABLE INFCRIIATIONS
vals(t1\7 t5) = vals(—t1\7 -t2)
vals(_ - t) = valgt : Given sysiem S = {X,A,V,iy) and language L., we will
valo(tr=t) = P, gay that set Y< X is definable in aysiew S 1f there is
S - ¥

terw © of ILg such “hai Y =2 velgts

vals(t+ -t) = X . L
) Thug definzble getz nlay the role of those ilaformavions

t i i ] 14l if gigns = , > 5 & et med 3 : A N I ey
A term is seid to be in positive form if signs - , 7 , < containsd in sysiem S, which can be repressnted syntaciical=
do not occur in ite. iy by wmeauns of expressions of lasaguage L,»

Pact 2.8. For every term t of language LS there is

term t' of LS in the positive and disjunctive normal form

. ) o .
such that valghv = valst . L T3 is Xy a%gaxy o are
To obtain such term t We use the previously listed exzmples of dafinsbie se3a. The respective “erma are the
equaliiies, and moreover the following one: following:
- Yo y ( ) t = fap. ) {bg.} val. t . o=l - 1
vals( (apj) = vals((ap1,+...+‘apn;1 by (Ay!) {(nas) alg ¥y = {493
whers p,pqsesc,p, are all the distinst velues of attribu- t, = {apyi-(bayl + (epyi-{bag)  valg &) = %x,,xn,x33

te a.
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ESCRIPTION OF A SET OF OBJZCTS

= i i + 1 J— . - ahian
Sets ?x1,x?) and [X3e3g ) are examples of szts whicn
L 2
are not definable in our sysieme. It follows froo the follow- In this section we consider the following proclem. Given

ng reaschring. Due o PFact 2.9 we can look for a demcripiion systen 8 = (X,4,V, ?} and non-empty subset Y of set X of
T

of set | x‘,xzﬁ among coemplete terms. objects. e wish to define a term, which could be considered
L i } ' .
. [ a . - 3 Ve ) a . N - : - B N : 3 -
xq& valgllapyhlbays) and X% velgitap, Mgy, we bav as a descripiion of set Y. e distinguish two cases.
o wuse ot least elementary terms {ap., r{ba,} and I ) ) . . . . .
vEoMEE s s ' d [ -2 Jage 4.1, Set Y ig definable in system S. In this
But the velus of the union of thess terms iz set [z «

case we define, what is called the cherscieristic descripiion

of get Y, We take all the elenentary feruws tT""’tm’ oy 1,

heir values sre nonenpiy ana ¥ = veal PV e

S
+ess+ t_ will be celled chersciaz-
L

set Y. It is easy to see that t;

rty wvalyt, =Y , 8o it is the term which

L~ know whether cbject y Ybelongs to get Y, determined by its

Lity oI every guseeé oL Bex v
= - TE ey « :
Faol Zeds LI syBETEN o :
: - + ~f set f ig definable in 3
BRIV 8u0§aet oI 22N A L8 delingbie Lh e

¥y ¥, If it ie not the csse, then

Dxemple 4.1
Juoconslder thoe system frow 2X. Z.7 and get ¥ o= ?K”XE'XBB'

Tern uy = {ap, scteristic des~

o
o
4
w
4]
A%
re
oy
s
b
>
a2
@
o
o
6
el )

sipvlon of zel i.

Cage 4.2. in gysgtem S. In

thig caee thsre iz ne term of langusge L, which will define

S
get Y and we zre able tu descrite get Y using terms of LS

oriy in an epproxicats waye. e deline what 18 called upper des—

¢ription and lower description of set Y.
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Case 402-1.
By upper description of set Y = {y1,...,ym.s we mean term

'EY = t1+...+tm, my 1, mwhere t1,...,t are elementary terms

guch that for each i = l,eee,@ J;C vals‘bi. Observe, that

i)

YSvals :EY and vzalS T"Y = {x €X . there is an ye& X such
that {x,y)¢€ S and ye Y}.

Set vals —EY #ill be called upper approximation of set Y
and will be denmoted by Y.

Given the upper description EY of set Y, the pzjoblem
whether object y belongs to gset Y can be answered in an
approximate way. We congider elementary term t' such that _
Y& valst) and we checlg whether term £ %‘Y ig valid in sy-
stem S. If it is the case then we know that either ye ¥
or Y& Y-Y. If term P ¥Y i; not valid in & +{hen we know

that y¢ Y.

Example 4.2
We consider the system S5 from eX. 2.1 and set Y = {11,x2}.
Term by = (apy M(bay) + (ap2)4bq3) ia the upper description
of Y-und we have vals'zY = {x1,12.135. :

Cage 4.2.2

By lower description of get Y =‘{y1,...,ym}, myl,
we mean term EY = t1+...+ th’ h<m, where t1,...,th - are
all the elementary terms such that valg tiﬂg Y, i1 = 1,eeche

Observe, that valg tyc¥ and valgty = {x €X. for

N A
svery ye X if (x,y)e S *then JE€ YS,

Set valstY #ill be callad lower approximation of set Y and

will be denoted by z.

. viously we check the validity in eystem 3 of term 1:\—7

5
%
K
¢
Y
3
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If we wish %o know whether object y belongs to set Y,
which is given by means of its lower description, then as pre-
v
where t is the element‘ary term such that ye valst) « If thise
term is valid in - S, then we know that valg t' < valS:c_Y and
hence y¢€ Y. Bul if term t) - Iy ig not valid im S, then .
we cannot answer the membership gquestion, namely we cannot dis-

tinguish the case ye{. Y and the case yeyYy - Y.

Exasaple 4.3
Consider the systew S from ex. 2.1 and set Y = {xvx;}.
Term iy = (apz):(bQB) ig the lower descripiion of Y, and
we have vals -)EY = {.123' N

In the following we will say that a term is a descrip-
tion of the set of objects whenever it 1s characteristic dea=-

cription, upper description or lower deséription of this aet.

A

. DESCRIPTION OF 4 CLASSIFICATION OF A SET OF OBJECTS

Asgume, we are given system 5 = (X,A,V,)") and parti=

tion Y1,-m,‘1’ my; 2, of set X, 1i.e. sets Y1,...,Y are

m ? m

non-empiy, peirwise disjoint subsets of set X and

X = Y1L);..h’Ym-

The problem is to find deascriptions of seis Y1,...,Ym. The
get of these descriptioné will be called the description of
the classifications ]

In this section we describe only those aspects of the
problem which follow from the consideratiovns of the previous
geciion. The problei of selection of atiributes, which are ne-
cesgary to describe thé-partition, will be presedted in secw=

tions 8, 9, 10. -
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Cage 5.1 Sets Y1,...,Ym are definable in systen Se
In this case for each set Yi’ i = 1,ea0ym, We proceed in
the way, described in section 4 under case 4.1 and e obtalin
the description of the given partition by means of characte-
rigtic descriptions tY1’°"’tY .

m
Sets valsty1,..., valStYm ars non-empty)pairwise disjoint

sets and valStX{J.;.\JvalstYm = Xo

In this case the membership question can be answered

precisely, as it was described in case 4.1

Example 5.1
§e consider the system S from ex. 2.1 and sets
i 1 . o 3
Y, = {11,x3) and Y, = ix2,14) .
We have tY1 = (apqk{bay) and’ th = (apzr(bQS) + (ap1)ibq1).

The familyi_valsty1, valghy 3 ig the partition of set

(o . < ) . . . . X
1n1,k2.x3”nﬁand it coincides with the partition {!1,Y2}.

Case 5.2. There-is an i€ {j,,..,ms such thet set
Yi is not definable in Se ‘

In this cagBe we use case 4.1 to obtain characterisgtic
descriptions of those getas Yy, h g{j,...,ms which are de-
fipable in S, and case 4.2 for sets Y, i e%,...,mg which
are not definable in S. Since the constructiion described in
case 4.2 provides the approximate descriptions of sets Yi;
we obtain the approximate description of the given partition.
1f we choose upper description of Yi then seis
Y1""’Yi""’Ym may not be pairwise digjointe. If we choose

the lower description of Y then setl ?1 sae zi vee Ym

may be properly contained in set Z.

- 23 =

1t follows that in general the membership question could

not be answered precisely, as it was described in section §

cage 4.
Example T+2s
.
coneider the system 5 from eXs 21 and sets Y1 = §x1,x2;
and Y2 = 1x3,x48- Sets {1,Y2 are not definable in  Se

Congider terms t¥1 = (ap1)%bq2)+(apzk(bq3) + (apib(bq1),

3. =
Y2

We have

valstY1 = {x1,xg,x33 ’

(ap1¥(bq2) + (apl%(bq1).

2.

1

,

J

-

valsgY2 = ix1,x3,x43 .

Hence femily | valgh val .1, ’) is not the partition of
sy, s'Y,

set Xe

1f we choose terms

fl

t
=Y,
1

L

(ap2)4bq3}s

(ap4 {bay )y

y . i ) . : -
then valSEY1 = ixaa and valS§Ya ={x,9 and in this case

we glso do not obtain the partition of get X

-

T, 0, %
¥y* -Yp

However, it is easy to see, that both pairs of terms

and By s %Y provide the partitions of get X,
-1
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6. SELECTION OF REPRESENTATIVE EXAMPLE

In this section we deal with the problem of defining
what is called a representative subset of a set of objects.
Given system S = (X,A,V,f ) and set Y S X, roughly speak-
ing, we wish to find set 2¢& X, " guch that if we know a des-

cription of set 2, then we know the description of set Y.

Gape 6.1. Set Y is definsble in system 5. Iet 1
pe the term which defines set Y. By the representative sub-

get of get Y = {y1,...,ym3, m 7 1, we mean a minimal set
Z =15, seeerds < L.p0ee,i L
{Jl1o 'ylh?} h ¢ m, 1 rin € {h‘"nmj

guch that if %1,...,th are elementary terms with the proper-
¥y yi.e valstj, for all J = 1,eee,h, then term
& (%1 Foeok th) is valid in S, This means that valgt =
= valg(ty +eest th).

In other words the representative subsei of & definable
set is obtained by taxing exactly one element from each ele-
mentary set contained in the given set. Hence if Z 1is the

representative subset of definable set Y then Z2& Yo

Example 6.1.
Consider the system S from ex. 2.1 and set Y = {x1.x3,x4}.
The representative subsets of Y are sets ix1,x4s

: b
{XapX « Ve have Taty = 3 t . o= ,
[ %3 4) valgty valg tx1’x4j valst iXB’xdﬁi

Case 6.2. Set Y 1is not definable in sysitsm S
In the case we have to descide whether we wiéh to obtain the

representative subset of the upper or lower approxiﬂbtion of

-
bS

m

nd proceed in the way described in case f.1.
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It follows, that if we construct the representative subset

of the upper approximation of set Y then we take single
element from each elementary sel which hes the nonempiy inter=
saction with set ¥, and if we construct the representative
subget of the lower approximation of get Y, then we take
gingle element from each elementary set, which is contained

in set Ye

Example 6020
Conaider the sysiem S from ex. 2.1 and gset Y = {x1,x43.
We have Y = {x1,x3,x45 and Y = {x ﬁ The representative
gubsets of Y are sets Lx1,x4b and 3,x43 The represen~

tative subset of set ¥ 1is set 1x45- We have

[

i, & %
,Velstxy = valgly & Valg®ix vxp,3, )

et us observe, that if system 3 is selective, l.e.
each elementary set contains eyactly one element, then the
only representative subset of a set of objects is this_éat

itself.,

‘Example 6.3
Consider the eeiective gystem, obtaipmed from the system S
of ex. 2.1 by removing object X, and set Y = £x1,123. The
only repreaentatlve gubset of ¥ is get ix1,125 None of
sets tx15 and’&xzs can be its representative subset gince we

have
4
valst{;1j F valstY and

val ‘ti'x 3% valsty.
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7. CLASSIFICATION DETERMINED BY REPRESENTATIVE EXAMPLES

’

In this sectioh we deal with the generslization of the
problem digcussed in section 6a '

Aggume, we are given system S = (X,A,V,f j and the
partition { Y1,...,Ym3, n> 2, of set X. The problem is
to find representative subseis of sets Y1""’Ym’ In this
gection we do not consider those aspectas of the problen, which
concern the choice of stiributes, which are necessary for
proper characterization of repregentative subsets, it will be

the subject of the next sectionsg.

Cage T.1. Sets Y1,ao-,Ym are definable in S

Consider the representative subsgeis of sets Y1""'Ym’ ob-

tained as in section 6, case 6.7,

These subsets provide the characteristic description

tY1""’tY of seis Y1""'Ym respectively, and the parti-
x

B8

tion | val

t. ,.;.,valstY 3 coincides with partition
v m

. Ty

RSIRSEIA

RN O]

Example S.1

We consider the eystem S from ex. 2.1 and sets

v = § = .
L £x1,x35 and Y2 {xz,xés '
Representative subsets of Y1 are i x1§ and {133, ‘repre=

i
sentative subset of Y2 is set ix2,343. We have valstgx ;=

L Tj )
= valed; = valgt, =Y and valgtr, = ¥, o»
S Zxﬁ 57y 1 5 _,“‘.2,145 2

Case 9.2. Among gets Y?,--g,Ym thera is set Y, which

is not definable in S.

If we construct upper epproximatiion Y, of set Y., theu

the resulting femily of sets j Y1,..Q,Y;,.a.,Ym { may not be
- k)
L )

a partition, since fthe sets may not be pairwise disjoint.

Example S.2

{ 1 aad
2 L ) ..
Y. we can take 8818 X »Fo ] and §x1] respectively. #e 2279
= ,\ I
2
3 va X hencs terms
Valg% N wval b = {,\_,x2 and hence %er
AS R PP PN CHENESY 1 7%3)
% vy ¥ do po% describe & payiiiion of
Hlxgex)t C{Eexay] i%1H ¢ P
202 L]
sl e

<3 ] z 5 -1 .» A rOTLme Lo ¥ £
Similarly, if we choose the lower spproximszticn Xt O

: . r L omaw anoh g
set Y., then the famlly} 14,-‘=931,a.,,2 5 may nobv be & par

1 L3 m

+

tition, because ine unlion of tnhe sets amay nov

ast X

Example 7.3

Consider sets Y.» !2, Y. frowm ex. 7.2 ani g8ia i, = fzg

i 3 24 p
and ZQ = f' - The representative subgesd of L. and I
ars tuese geile thewmsalves. Hence we have vaxgt%XAAV'va#sﬁﬁ s
A~ s

=
<t
L)
Q
o)
[
O
]
m
-
o«
jo3
I
o
b
@
[y
o
i
o
-
[=]
c
ot
)
o
3
<
o
w
s
-
ot
‘r‘
o
o]
5

1]

&, DEPENDENT ATTRIBUTE:

In the previouz zactions Wwe discusged the msshod of de-

fining descriptiocns of gat

follewing three sec

stsributes in the sysiem are not necessary o describe [shaelal-ak

N
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a set of objects. Namely, we show what attributes can be omit-
ted in defining descriptions of given sets, without loosing
the adequacy of the description.
In sections 8 and 9 we describe the problem from the semanti=-
cal point of view and in gection 10 we present syntactical
metﬁods of reducing of set of attributese.

Given system S = (X,E,V,f>),
attribute b 1is ssid to be dependent on gttribute & iff
@ < B. We define dependency relation =7 on set 4 as
followa:

~
< .

o}

8 =» b iff

. : 5 < . A .

e extend relation =) on the family 2% of all subseis
of set A:

. r~ o~
B =3¢ iff B& C.
For the sake of simplicity we will write 2 =5 b, a=>3B
a = : - — w1 3.3 5
and B =7 & ingtead of {.a =7 {b}, {a) =) B and
/ L2 J
B = 4 a} respectively.

The meaning of the dependency relation is the following:
holding of condition B =yC assures that if a pair of objects
cennot be disitinguished by means of attributee beloaging to
set B, then it cannot be distinguished by aitributes from
gset C, in cther words velues of aviributes from setz C

are determined by values of attribuies from set B

D

Example 8.1

Consider the system given by the following $zbie
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1 a b c

) P % Ty
*2 | P, 92 T3
31 Py 93 o,
x| P2 92 T3
I R T
' ~ v~ ~ g
The partitions generated by relations 8, b, ¢ and a " b

are the following:

T {xprem) ‘i"z'xﬂ

® itx1"‘55' =33 » {xar%y )
T olx SL";) ’ {"2"‘41.} ’ i"s.j
Tae \"1”‘57), ix31) BEIL R

We have

b =) a, c =P 2a,bs , G© zp‘a, {c,bb =) @

A subset B of set A ‘of attributes is said to be de-

- 3.

oy

pendent in system S if there is set CF B sucn thai
Set B is said to be independent in 3 if it is not depead-
ent in S

| Example 8.2

Consider system S such that
X = {x1,x2,13,x4,x55
,A={a, b, ¢, d}

and assume that attributes generate the following partitions

v

of get ZX:
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Y xaxaexh JXeE, )
FarFarts) U3
asd i T B
Js] X.5 X, 3 XX, 4 X
xyY X TgXp%s)
~
C

Relation S = P %.q

{x) (%) 157 i"sb

Set A is dependent in S Ybecause set B = [a,b,c}

~
S

~

obeys the property B = Ii
It is easy to check that for sets C = za,c,ds and
D= {c,ds we aleso have E‘= 5’= z;
Given system S = (X,A,V,;'), we will say that set

c L, - . . . .
BS A is the reduct of set A if B is the minimal sei such

that B = A

Example 8.3
In systew S from exX. 8.2 set D is the reduct of set A.
The corresponding system, obtained from system S by
removing all the attributes from set A - B where B is the
reduct of 4 will be called the reduced system for S and
will be denoted by Sge It follows th = [
L e B v at Sp = (X,B, iva’)beB,
ol XxB). Ve will denote the set Uwv v v
beB P B

-

Observe that since for any reduced systenm SB for system S

~ ~ v
we have SB = S, so system SB has the same abilities %o
charscterize objects as gystem S. Lore eiactly, the elementa=
ry eets in SB are the same as in S and hence setns of deii-

nable objects in SB are the game es in S,

~ 31 -

Hence, if we are given system S with get A of attri-
butes and we manage to find the reduced systenm SB for S suca.

that BS A, ‘then using language g we can describe the sa-
o B .

me informations as using languagse Lge

g, ATTRIBUTES WHICH ARE REDUNDANT FOR DESCRIBING CLASSI-

FICATION

Agsume, we are given system S = (X,A,V,f } and the par-
tition 2 = {Y1,....Yms , w3y 2, of set X. The problem is
to find the minimal subset of the set A of atiributes which
ig necegsary to describe partition Z.

In other words, we are given terms which are descriptions
of sets Y1,...,Ym, and we wish to know for which attributes
ae A all descriptors of the form (a ply PET occurring
in these terms are redundant. '

In this section we explain the solution of the problenm
from the semantical point of view, apd in the next gection we
present syntactic methods of checking the redundancy of attri-
butes.

To golve the problem, first we ghould find the reduct of

gset 4 of attributes, namely the minimal subset B of set A

W

~s
guch that relations S apd B coincide. Then, we congider th

reduced system SB and proceed in the following way.

Case 9e1. System Sy is selective.
In this case we iry to find subset C of get B wnioh is the
minimal set such that sach set b 1 = 1,ess,m, i3 the

—~
union of some equivalence clssses of relation C. I1f set C

is & proper subset of set B then we consider gystanm
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s’ = (X,C,VC, j>P X%£C}, obtained from system SB by removing
all the attributes from set B-C. ILe%t t;,...,té be characte-
ristic descriptions of sets Y1,---,Ym in the language Ly
and let t1""’tm be the characteristic descriptions of these

gets in language LS « It is easy to see that for each
B

}
1= 1,eee,m term t; <> %; is valid in SB' Hence in this
case terms t%,...,t;, with redundant atiributes removed, pro=

vide the description of the partition 2Z.

Cage 9.2. System SB is not selective
In this case for each sget Yi’ i = 1yee0,m, we decide whether
we are interested in description of its upper or lower, approxi-
mation and we congider family 7' = {Y;,...,Y& 5 of)sets such
thet Yg = ?i or Y; = Xi; i = 1y¢esyme Then we proceed as

in case 8.1.

Example 9.1

Agsume, we are given the following system S:

a b ¢ 4
X, 2 2 [¢] 2
z, 3 1 2 2
' Y
02 2 12 1
x4 1 1 1 2
x5 3 2 [¢] 0
x| 3 2 1 2 .
i1 oz 2 2 2
X80 2 1 2

~

Consider relations s, b, ¢, ds Equivalence classes of these

relgtions ‘are the following

®7

q

;
l
{ 5

T ix1 x5) {x3x4x6x85 ixz 175
!

Xy Xy X3 X Xg Xg XBS {15)

Assume, we are given partition 2 = {Yq,Y25 of gset X%, wnere
= « 1% is esasy to

Y1 =%.x1,12,x3,x4s and ¥2 {XS’XG’X7’X%E A asy

see that eguivalence classes of relation ‘2 A b cover sets

e e T . .
¥y Y2, and none of relations FE, b, ¢, 4 have this property:

% n it ix1 x;:\ {xzs {(x!bj (‘XS x61) (1175 ixaﬁ‘l
t
) 1,

Xy

Consider term +t of language Ls which is the characteristic

description of set Y,

t (a3){b2»{c0){a0) +
+ (a3)({b2)}{c1)(a2) +
+ (g1){b2){c2)}{da2) +
+ (a0 ){p2)({ct M{d2)

and term t' of langusge LS, where

i
S = (}x4%p%5%, 35765055 ) s {a,0}, {0’1’2’3)’j )
" and fl is obtained from the table of our system S be removing

the columns labelled by ¢ and d:

& (23){b2) + (a1){v2} + (a0}b2).

Term t & Y is valid in system S

Moréoﬁer, the following terms are valid in gystem 3:
{a3)1(b2) + {21){b2) + (a0i{b2)¢>
& (a3} + (a1] + {a0)) - {b2],

ta3) + {at) + (a0i&> = {a2).
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Hence term t &7 =(a2)}{b2) 1is valid in S. So term
~-(a2){b2) is the description of set Y,. Since Y, = -¥,, -

term (a2) + - (b2) is the description of set Z4.

10. INDUCTIVE INFERENCE METHCDS OF REDUCING ATTRIBUTES

In this section we deal with the following problem. Given
system S = (X,A,Vy‘f), language Lg and term 1t of Lg, we
are going to find term t! such that term te» t is valid
in S and term t' contsins less degcriptors than term 1.
Without the loss of generality we can assume that term t is
in the complete form, that is it has the form of a union of
some elementary terms. We assume that each elementary ferm oc-
curring in t hes non~empty value in S. It follows from the
congiderations of the previous sgections, that we cannot remove
from set <+ none of elementary terms as a whole, becsuse it
leads ito the change of ite value. If we remove some descriptors,
then we obtain term 1t/ sucﬁ that valstE 'valst’. Thie means
that term t - t' is valid in S and moreover, this validity
follows from the logical laws only. Hence, from the point of
view of logical inference, our task is to find term $) which
is inductively implied by term +t and the axioms of system S.

There gre many papers concerning systems of inductive
inference:  1,2,4,5,6,9,10 '
In this section we present soﬁe inductive5inference'éystems
for language LS‘ We use the ideas of inductive resolution
given in Morgan [5].

In section 2 we defined special terms, célled literals,
namely by & litersl we mean a descripior or the complement of
a descripior. A term which is an interseciion of a finite pum—

" ber of literals will be cslled a clause.

= 35 -
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T4 follows that an elementary term is e cleuse and by Faci 2
each term of language Lg can be replaced-by the term whick
is a union of clauses. Given term t and sev 2 of ferus
in the disjunctive normal form let o1 (%) and cl{Z) denote
the met of 8ll clauses occurring in % and in all the terms

from gel Z) reapectively.

10.%. Inductive inference system I1

System I1 is based on the following rule of inductive inference

\ M \
t.{ap} , % ¢« =(apl

t-t
where t eand t' are clauses,

(a pl& Dge

For a set Z of clauses, let R(Z) denpte the get containing
set 2 and closed with respect o ruls R,

The following fact states that rule R 1is a kind of a
falghcod preserving rule.

Fact 10.1 if valg(ts{a p)) =@ and vals(ti*—(ap)) =‘¢
then valgit: $') =? .

et AXS ‘be the set consisting of tern fIg and all

the terms for {ep)€ Dg. The zet of complements of

1
{2 pJ
all the terms froam set Azs @#ill be denoited by Joix

»

L

Fact 10.2. For any terms t,t‘ in disjunctive normal

form, if C1{%) & R{CL{ Coaxg u{ﬁ‘ }) then term s>

is valid<n 3.
Due to this fact if we srs given ihe gel of clsuses
. A . . Co ndl
taken from the descripiion % of a given se%v of objects and

from the complements of the axioms of system S, then we can
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use rule R to derive clesuses, which are the possible hypo-
theges to account term +t. Theorem 10.2 assures that each
union of a finite number of the produced clauses is the term

t) such that valst‘E valst- Our sim is to find smong these
terme the term which is minimal with respect to the number of
attributes and provides the description of set valst.

1t follows from considerstions of sections 3, 4, 5, &, 7 that
‘none of the elementary terms cccurring in term t can be
dropped as e whole. Hence term t! have to consist of clsuses
t1,...,tn, n 7 1 sguch that for each elementary term t, from
term t, thers i3 an 1i¢ {1,...,n} such that te-q ti ig va-
1id in Se. It is advisable 1o choose clauses t1,...,tn in
guch a wey, that for a»certain attribute e€ 4 none of descrip-
tors {sp) for peV, occur inm them. If we manage to do 80,
then attribute a is redundant with respect to the description

of set valst.

Example 10.1

Consider the systfem

(2]

a b

X, 1 0

Xo 1 2

x3 0 1

‘x4 2 1

b I¢] 2
5

and term t = (a1)(b0) + (at1){b2) + {a0}(b1).

We have valsv = Lx1,x2,x3} N

The clauses corresponding to term % are the following
1 {&1){b0)

2 (et1p{p2)

-3 {e0p(b1]

4

-3

jXo]

10
11

12

13
14
15
16
17
18
19
20

21
22
23
24

t‘

germs from the set Coix

L= 37 -

S
(a0){a1) —t(ao)

(31)'(82) -t(az)
(50){b1) )

~(b0)s = (D1)e~ {b2)

—(80) - (a2)s= (00)-~- (b2)2
~{a0)i~ (at)e= (®1) -ig
-(at)e= {b1)s= (02) ‘j

Using rule R we produce the following clauses

(a1)e= (D1)e= (b2) 1,9
~{b1)e= (b2) 12,13
(00)e = (b2) 7,14
(b0) 8,15
{a1)e= (BCj+= {Db1) 2,9
{a1)e= {Db1) 1,17
~(a0).= (b1) 11,18
~{a0)}(v2) 6,19
~{a0)s = (@2)s = (O} 10,20
-{a0)s= (82} 16,21
~{a0){a1) 5,22
{at) 4,23

Using these clauses we form term

= (a1} + (a0)k{v1).

shich is the minimal term gatisfying the desirsed conditi

In the following we lisi some of the clsuses obtained from
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valst = Valst’ R
t:-é (a1)({b0) = {(al),
l‘s (a1)4{p2) — (al),
Fs (80)«(b1) — (80){b1).

Hence we can simplify term % not changing its value, but
in our system there are no redundant attribuies with respect
#o the description of set zx1,12,13}.

10.2. Inference gyatem 12

Observe that if we are given two clauses gnd t

1
guch that term %,¢v %5 ig valid in S, then obviously

2

valgt, = ¢  iff velgt, = ¢ . Hence we can define the fa-

-

mily of falshood preserving rules:

glap) b - (ap)

t e -(8}31)‘ c0e * - (apn)

2 t- —(8p1)' ees t = (apn)
(ap) % » (ap)

where t is a clause, ae¢ A and PyPqsses,p, are all the
different values of attridute a. »
Let R,(Z) denote the agt of clauses containing set 2Z of
clauses and closed with respect to the rules R, R(ap)’ R, )
. {ap

for all (a pl€ Dg.

Faci 10.3. For any terms +t and tr in disjunctive
normal form if ¢ (t')€ 31(Cl({-ts.t})) then term t! - %

is velid in Se
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Example 10.2
Consider the system given 1in example 10.1 and term
4+ = (a0}(b1) + {a2){b1) + {(aO»(b2). We have valgt = ixB,x4,xéﬁ,
The clauses from term % and some of the clauses fron term

-ts are listed below:

1 (a0 k{b1)

2 (a2){b1) t

3 (a0 )h(b2)

4 =(a0)-(a1)=(01)

5 «(al)~{b1)—(b2) oS

Using the admitted rules we produce the following clauses:

6 ={a1)e-{a2)(b1) 1 R(BO)
7 ={a1)-{82)(b2) o gled)
g8 ~={al)~(a2)-({b1) 5,7 R

g -lat)s= (a2) 6,8 R
10 (a0) 9 R(ao)
11 ={a0)-({a1){b1) o ple?)
12 ~(aCG)-{a1) 4,11 R
13 (32) 12 E(GZ)

% ig eagy to see that term
t = {80} + {(a2)
catisfies the desired conditions. Hence stiribute b is re-

r

dundent with respect %o *the 2eacription ¢f sei ’ 3,x4,x )

10.3. Inductive inference systsam ;

M

In this system we are notl regtricted to clauses, we can
gtart from an arbitrary et of terms. We will use rules having

the following schemes:
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t
1 ; *> y 3 A
B, o where 1,; i, are terms such that f’; ty S i,

i

2
t1 + tg 11 + tz
2 3 3
- 1 2
where 't1, t2 are arbiirary terms

t+{ap), t- - {ap)

1.t
1 : ,
where t and t are clauses and {a p}€ D..
The following rules are exsxples ©f schene R,

- :It; + t2.)

e K

de orgea rule

tqe (12 + 13;}’ -
distributivity rule

t1n12+t1. 13

{((ap, 7 + cee + {ap; et
-1 1

g
-(apJ1 ) ese "(Epak} v
where +t is an az;‘bim-ary tern,

P: geesyD. 3 D. geeesgD. are sll the different values
i, i 3q Ji

of attribute ‘a,
k,1 = 1,0es4c8rd V5-1,

1 +k = card T,’a.

A
Rules R(®P) gng R are the specizl cases of ruls R..

8p;
411 the above rules obey the felshood preserving property.
nsmely if premises of a2 rule nave the value $ then the

conclusion has the valus ¢ 100.
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Por a set Z of terms let Rz(z) denote theAeet of
terms containi,ng gset Z and cloged with respect to all the
rules of the form B.=, R+, R.

Fact 10.3. For any terms %, &’ of language Lg J’Lf‘
t' e Ryl {-ts,t}) then term ' -» t ie valid in S.

Example 10.3 ‘ '

We consider the gystem S given in example 10.1 and term
t = (a1}{b0} + (a1}{d2) + (a0)}{b2), which ie the description

of set {x1,x2,153. We start with terma t anmd --1:s and
we produce the following terms:

1. (a1MbO) + (at)}{b2) + (a0M{b2) ' +

2. ={aCle— {a1}s= (bt) from -ty by the Norgan rule,
3. ={atle= (bl}e= (b2} distributivity rule end R,
4. \(31)41;0} TR,

6. {(a1} + (a0) B2} 1 distributivity rule, R_
To ={a2h{b2] 6 By

8. (ath = (bile= (b2} 4 By
9u={81)e= (a2)e= {b1) 3,7 R
10. (al)e- (a2)= (v1) 7,8 R

11. ={e2)e~ (b1} 3,10 &
12. —{a2k{(b0] + (B2}) 11 By

13. —{a0)=~ (athb{(B0} + {B2}} 2R,

4. (a2K(80} + (b2}] 13 B,

-15. (B} + {B2) 12, 14 B
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