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Abstrsct . Cozepramue .« Streszczenie

Attribute based knowledge reprssentation syatems are
studied in the paper from thé point of view of their expressive
power represented by the indiscernibility reletion. The infor-
mation logic is introduced, providing a formal method to compare

systems with respect to the expressive powmer.
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¢ TOUXW 3PEHEA UX CHOCOCHOGYM CONpsiEicHHA MHQOpMAIMM.

Moc ekspresyjna systeméw reprezentowenia wiedzy

W pracy badane 83 atrybutowe systemy reprezentowenia wiedzy.
Wprowadzona jest logika pozwalajgce na pordéwnywanie systemom z

punktu widzenia definiowalnosci przez nie informacji.




lﬁ:roducticn

Inithe pzper knowlddge representation systems intréduced
by Pzwlak [5] are studied from *the point of view of their ex-
pressive power. Y treat'knbwledge representation system as
an abegtrasct model of a knowledge about s perceived part of
reality. The bsgic component of the system is a set of objects,
znd an object is anything which we want to store informstion
about. Objects are treated in the gystem as a whole, however
they need not be stomic or undivigible. Znowledge about objects
is provided by means of atiributes ané attribute values, given

in the system. Usually the praoperties of objects expressed by

mezns of ettributes of the systam sre not sufficie

nt to
tinguish sll objects, the seme property could correspond

d jects. As a consecguences, by using the knowled-
ge piven by the system, we can define precisely only some
objects, ‘Ancther sets of objecte can be defined only
aplroxiaafely. Hence the zbility of a system to charascterize

objects is limited. The term "expressive power cf a gysten”
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- In pert II we define the information logic IL intended

to be a formal %ool fo sormulete and to infer facts concern-
ing expressive power of gysiens.

The material presented in the paper is baged on ideas
of Pawlak [ 6]

Another approcches %o the problem of precise anG &ppro-
ximate definability of informations are presented, among others,
in Hajek (1) sna oore (4]

in L1] the distinction is wade between the observational
gtaze in defining information and the dats definition stege.

Fes
Informations given by means of observational statements lead
to a hypothesis snd date definition statements lead to & pre-
cige inforumation. )

In [4} modal logzic S5 is used to formalize the process
of medical decision making. The szuthors idea is based on the
fact that usuaily it is not possible to make the precise and
zenerally vslid decision. e sre only able to mske decisions
g LY

level of certeinty.

L)

which are true with respsct %o
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Part I. Déiinability okanowledge
1+ Knowledge representation system

' The notion of a knowledge representation sysiem was in=-
troduced in Pawlak [5]. Following this paper we present in
thig sectiion the definition of the knowleage representaiion
system-.The gygtew is intenced t6 be a3 mathematical wodel of
data bases, information systeus or any devices which provide
a way of repregenting knowledge about some objectis.

The basic coupouent of the system 1s a unol-emply eet
ol objects, rfor example human-beings, books etc. The ruowledge
contained in the system is expressed through sssignment of
some characteristic features to the objects e.ge human-te_ngs
dau e characterized by means of gexX aud age, bLOOKS by weaus
of title and author’s name ete¢. These features are represeniec
by attributes and the values of attributes. Hence the sei 4
of attributes and for each ag A ‘the gset V_ ol values of at-
tribute 8 are componebts of the systiem. The.function agsigiinyg
attribute values to objects is the least component of the sy~
stem.

We now present the formal aefinition bf a knowleage re-
presentation system.

The knowledge representaiion systew ig g sysieuw
&

S = (K,A,;‘Iaiael\,f )

L

wnere X 18 g ncn-emply set, whose elementis are calilea .0bjeuis,

X
A 18 a nom-emptiy sei,whose elenents are callea atty.

tes,

vV ig g nou~enfty set waoge elemenis cre csilea val

a
€}

w

CL 2TVl -vdew ERY
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is a total function from set XX A in%o set

a€h
each aé€& Ae.

v= U v, such that j:(x,a)e v, for each x£&€X and

Example 1.1

couaider the following systen:

X

A= { gex, age.j

Vaex = {aéle, females
Vage = lyouug, mediuu, olds
The funciion is defined by means o tne following table:
laex age
X, male young
X5 wagle mediu
) female olc
X, male medium
xg female ola
. X feusle  youug

2. Definable informations

Given system 3 = (K,A,V,f i, by an information in 3
we wean any subset of sel % of objects. e aefine the fawi=
1y {Z} eh of equivaience relations on set X in the follow-

a N

ing way
~ cap 0t - = M
(=,7)€ 2 Ll f(xscf = P(J;az
- ) - . Bd . .
“h.s means tnat two objescis veioikg 10 reisiion a gust in

case they cannot be disiinguimusc LY wemus ol suTIrioute a.
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Given subset B -of get A of attributeé, fhe rglation

bQB‘Aﬁl ‘will be denoted by %J and relation A datérmined by
ihe whole set A of attributes wiil be denoted by IE. Re=
lation ?; is called indiscernibilify relation, detepmined

by system S. According to the given definition two objects
belong to relation E; for CC A, if they are undistinguish--
able with respect to all the attributes from set C.

Exauple 2.1

£
Consider system. S given in example 1.1

'

we have

'(x1,x¢) € Gox

~
(x45%g) € young
(x2,x4)g S = isex., young] = ‘sex n young
(232 )€ 5.
x3,15 € S. <
. ) ~
For any gysten Sv equivalence clasges of relation S
will be called elewmentary informationsiin S. Hence rela-
tion G; provides the c¢lassification of objects accoidéng
to the-knowledgejcontainedin the system. Objects belonging

to the elementary informations are undistinguishable with

respect fo this knowledge.

Example 2.2

The elementery ianforuwations in the system from example 1.1

are the following:

{21’) _{xz,x4‘3 ,.{xj,-xsb W}.

e wili say thet inforwstion { € X is defirnable 1in

sysvem & 1f ¥ 18 either the supty set or the union

{1_a11te OF suiloliie; 0L 8bwe ele.sutary informations.




Exémplefé;,
Informétigﬁigrx;,i;,xg,iéar is definable in:thevsysieﬁ from
exampie‘1{13 énﬁlinfbrmations £x1,33j, ixn,xss. are not
definable’ in this system.. . SRR

'Qbser§e,vthat set X and the empty set are 4@finable
inTormaiionse. mofebver, the family of definable informailicng
is ¢losed under uriion, interseciion and complement,
liave the following theoreu.

- Faét 2.7« The family of all informatipns definable in
gystem S is a'Boole’an alzgebrae

N

.- L o
We will denote this algebra by P

g Cie arliy, ihis
algebra is the subalgebra of ihe algebra P(X) of all subsets.
oi set Z.

Fact 2.2 Elementafy informations are atoms in the al=-
gebra CB 3 !

A system § is said to be selective if all the elemen-
tary sets are sixigletons." 7 ] »

Fact 2.3. If systém S is selective, then .every infore

mation in S -is definable.

Obviously, the converse theorem ig slso true.

3. approximatiouns of informations

In thie section we Geiiné itvc opersiions on informetions,

nzuwely upper approximstion opersiion znd lower approximsilicn

oparation.lThese operstions

matron the peair of informstious,

=8
[

gystem anc which, rouyg

given informsilofe
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SN
RN

By an upper approximation 5Y of an informat16n|lgﬁ

in system S we mean the least information definable in &
“and combsining set Y. A '

By a lower approximation 3Y of an information Y
in gysteu 5 we mean the greatest information definable in
S and contaiqed in set Y.

VThe followiﬁg facts follow immedigtely from the given
definitions.

Pact 3.1. For any system S = (X,4,V, f) ané for

any information Y& X +the following conditions are satis-

Iieas

- ~ R ~
(g} oY = {xé.ﬁ: for every ye i iif ({(x,y)€ S then ye ¥
{b) EY =i,xe X: there is an yé€& X such that

~ -
(x,¥)€ S and ye¢ 53 .
Fact 342. If information Y is definable in gysten o

then ¢ = 5Y = SY.

“Xauple 3e1

Consider system S given in example 1.1 and informations
]

‘_-(1 = {x“,le) , Y2 ={x1,x3,xé3, Y3 = {xz,xlx,xéj. We nave
ix4,x2,x4b SY, = {x15

SY’:‘{%”‘B’XE”‘&B =1 {"2’}‘63

511

.

In the following we list some properties of upper appro-

wimation operaiiog anc lower gpproximstion operation.

L

For any system 8 = (A,A,V,f } and Ior any inloruatious

¥,2& X the following conditilons are sat:siied:
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Faé_% 3.3 System 8, is 8aid to be more accurate thangystem
(a) 4(y(\z)’u-sy-3s~ : o 32'(31 £ 32) iff 51 ¢ S5+ This means thet the |indiscerni-
a S{ }= 91N Dy : N . )
( ‘{ E y . - ) - bility relation of System S1 determines the finer partition
b} BYE X, ’ : )

T : s of set X then the indiscernibility relation of system 3S,.
(¢} 88Y = 5Y, ) o 2
4] - = . It follows that approximations of any information in systeuw
Qj SX = Xe ) 7

- S S1 are closer to this information than in system 82' Fame=-
Pacy 3.4

: .1y, the followiﬁg theorems hold.
(a) S(Yv2) = SYV5Z, Fect 4.1. For any systems §,,5, € /g and_for any set
Y ; ] ,

{b) & 5%, Y ¢ X the following conditions are equivalent:
(C) -S.EY = §Y, ( ) ‘s
= - N a S, 4 8,
() S¢¥=¢ . | 1 2
. R (b) §1Y§ 5,Y. , R
It fcllows from these two facts that the algebrs P (x)
with acditional operations S and 5 1is a topotogical fielc Proof:

of sets, where S is a closure operation and 5 1is ab in= Let [x]i y 1= 1,2 denote the equivalence class with respec:

~ A . . r~ A
terior operation. to relation Si) determined by object x€eXe. If 515 :E
Fact 35 : S then for any x€ X we have [xj1 < [;Jz, and hence conait.on

(a) SY = =(S(-¥)), B {b) holas.

(b) 3Y = —(§(-Y)). Let us now suppose that for any sef Y¢S X we have

Fact 3.6 ’ ' §1Y'§ §2Y -and non S, < S5+ Hence, tirere ig a pair (x,¥)

) - - ~ ~~
(a) if Y€ Z then SY £ 82, : of objects such that (x,y)¢ S, and (x,y)? S,. Consider
(b) if Y& Z then SYE SZ. . : set 2 = |xJ. Ve have yeS.fx) end v ¢ Eaixj, which

contradicts. condition (b)e

4+ Compari~g of knowledge represenuation sygtems ’ Pact 4.2, For any eysteus 51,52 € )5 and for any
) o A ; v ‘ S ‘ set Y ¢ X the folloming conditions are qu;valent:
Je coneider a family /5' = lsi}iei o kpowledge .repre-—
sentstion-systems oI the form J; = (X’Ai’vi’f);)' In gl (a) 54 £ S2 .
the gysiems set L of cojecis i ané ®e WLED 1u (b) §2Y < §1Y.
cumpere the sysieus Irom of their sill.iy The proof follows from Fact 3.5 ana Pact 441..
10 define inFforwatious from thz famiiy P{X) ol sets. )
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The given theorems enable us to identify the iexpressive’
. power of a syatem with the indiscernibility relation of thg
system. Relation & can be considered as a formal tool to

cowpare expresgsive ﬁower of systems.

In the failowiug we present some siample facts concerning
relation & .« v :

Fact 4.3. For any systems 3, = (X,A1,V1,‘F1) and’
Sp = (g Tas £
if A4 & Ay th‘en 825 S1.

Pact 4eds If 845 5, " then algebra ) S, is a sub~
algebra of algebra Kl 331'

6bviously relation £ ’is an order in the family /g .
Selective systems play the special role in this order.

Fact 4.9« Selective systems are minimal élements in the

family 15 ocrdered by relation & .,

Example 4.1.‘

Consider the following systeus

a b a c -a
59 Zq|P1 Y Sz X4 |P1 Tq 8y
X3Pz 92 2| P2 T2 %2
*3(P1 %, 3181 T2 B
X (P2 N A P2 T2 %
T X5 1Py Yy X5 |P2 Te %7 .

The indiscernibiliiy relatione of these gyeteus geuerate the

following elemeniary iLnformetions:

‘:f 5

S tx1'1313 {x;) éu’:wj

o : 1 L
A PR P I P R EREA

-
ae

.

B3 &
e have S2 < S1.

Congider inforumation Y = {x1,x4b. We nave

'§1Y = {x1,x3,x4,x55’
SzY’= {x1,x4,x5§’

§1Y=¢)

5pY = {115. -

Part II. Information]logicbIL
- )

The logic considered in tﬁis part is intended to proviae
a formal method for cowparing the expressive power of know-
ledge representation systems. According to the considerations
of section 4 the exbressive power of a sysiem is represenied
by the indiscernibility reiation of the gystem and a gysteu

S1 ig considered to be more expressive than a system 52 iT

indiscerﬁibility relation gl
,ty‘relation @%.

We dgfipe formatingﬁ languagé which enables ug to for-
mulate facts concerning informations ia various knowledge re=-
presentation systems.

e also give the deductive structure to the language-and hence
we will be able to recognize valid facts or to infer Tactis
from given facts. A

In particular using logic IL we can axiomatize the class
of seleciive systems. we also can defive the formuls, depend-
ing on a pair 51, 82 of systeuws such-that it ig valid for 31

and 8, if and only if 5, < 8, holds.

1 is contained in indisceraibili- -




—
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.

.5( Formalized language valogic IL

Expressions of the logic will represent iﬁfﬁfﬁgtiohs,
ice. Bets of objects. These expr6551ons are built up from
atomic expressions, i.e. variables oy meaue of opergiions
corresponding to set-theoretlcal operatlons and the upper
approximation operation determlnea_ny a system and the 1ower
approximation pperat;on determined by a system.«To conetruct

expressions of the logic we use the followxng symbols:

gyubols b,q,p1,q1,,.. of-information variables

gymbols R,R1,R2,... of in@iséernibility relations variab-
' les,

gymbols 1 i, R of unary information operations,

gymbols VvV s Ay & ‘of binary informat;on operations,

gymbol N of hinary reiation operation.

Let Var In anc Var Rel denote the set of all informa-
tion variables and the get of all relation variables respect-
ivelye ’

The set Rel of reiation expressions 1is the leasgt seti
comisining set Var Rel sud closed with regpect %o the opera-~
tion Ny e ) .

Tne set For of ail expressions (formulss) of the logic
is The least set satisiying the following POHu;ulOﬂS'

Ver In & For,

if 4,B& For theas 14, AVvB, AARB, 495,

A& B € For, ‘

if RERel anG A€TOT thein 1'—{3 3.0 RAECFOr. .

The expressions of ine fém 1 A, AvB and AAE

are iniended to represent ine cowpieumeni of an inForwation

repregented by A, and the union znd iutersection of informa-

e

- -7 -

tions represented by A and B reepectlvely- The\expression

A =y B represent the union of the complemen» of A anulB.
The expression Aér7 B represents the intersectlon of n-
formations given by A 7B and B -7 A. The expression =1

represents the upper approximation with respect to indiscer=

nibility relation R of the ipformation given by A, Siwmi~

larly the expression RA represgents the lower approx;mat;ou
with respect ‘to indiscernibility relation R of the informa=-

'

tion given by Ae -

6. Semantics of the language of logic IL

We define the meaning of expressions of our logic by

means of the notion of a model. By a model we mean 8 triple

‘

Ho= (X,m,V)

where X 1is a non=empty set, tresved 28 the universe Oi
informations,

m~ is a meaning funciion anicn eesigne to every rela~-
tion variablé€ an equivalence relztion on gset X, and sai:
tieg the condition m(R1n Rz) = m(R1) a2} n(R2),

v ig a function rrom seT yspr In into set P(I).

By induction with respect %o the leagth ol a forwuis
we define the notion ofya satisfiabliliiy oI fsrmu%as in o '

mocels e will say that & fogiuis a8 gzt sfied 1n nouel

K by object xe £ (i,x s2t a) -;rvxhe 1GL1lOWAAS COnGLL-OnE

hold 3 ‘

L,x.@et p  ifY xev(p) Ior D& vVaris, .
M,x sat 1 A irl hon h,X S8T 4

i,x sat AVE iff lu,x B8y & OT M,x  sat I,

B,X 8al A4 &ne bag X

w
)
ol
3]
-
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l,x sat A-»B  iff non M,x sat A or. M,x set B, ‘
M',x gat A& B iff Ii,Xx sé:b (A-9B) and li,x sat (B—?A},
li,x sat I.. iff there is an y€ X such that
» “(x,y)€ m(R) and I,y sat A,
i,x sat RA iff for every yeX if (x,y)€ m(R)
then M,y sat A.

vie will say that set M of formulas is satiéfied in
‘model ‘t.I by object 'x (M,x sat ™ ) if for each formula
A€ M we have M,x sat A ) .

Given model M, let in g, be the fu.nc;:ion from set
For :T.ntcr set P(X) such that

nH'-(A) =lx€X : M,x sat Aﬁ.

e will call this set information represented by 4 1in
model Ile

Fact 6.1. The fellowing conditions are satisfied:
(a) inh(p) =Av(p) for pe varin
{b) inﬂ('\ 4) = - inH(A)
{c) iny{avB) = inﬂ(A)u iny(B)
(d) iny(AAa B) = inH(A).n inH(B)
{e) inH(A-f B) = - inH(A)u inH(B)
(f) in,(Ae B) = ing(a = B)O i>nr1(B-7 A)
» (g) inﬂ(ﬁA) = tXEX: there is an y€ X such that -

| (x,y)€ m(R) and ye€ inﬂA§

(h) inn(BA) ={;}ex: for every ye i, if"(z,.‘,')é o(R)

thee Y& inHA }.

- 19 -

According tc the given semsntics, if we |sssume fh.at
reletion m(R) for RE Rel represents: an';lndis-cerﬁib‘iiity
relation of a knoiledge representation a_yatem with the set
X of objects, then informations represeated by formulas
RA and RA correspond to the upper and the lower approxi=
mation of information ropro\aented by A respectivelye.

We will say that formula A is valid in model I (k= A)
m

iff for every x€ X we have M,x sat A.

Fact 6.2 The following conditions are equivalent

(a) lleﬁ A

(b) imy(A) = X

. Example 6e1e

o

Consider the system given by thé following table

a b
n |u %
X, U, t3
X3 | Yy tz
olwo ¥
The elementary sets in this system are tue rolbwing

1"33 {al‘ { )
Cons:.der ‘models M ;- (h,m,vi), im 1,2,3‘such that
X‘-{X1,12,13,x42)
I~
a(R) = |a,b}
vq(p) = {x1,x2’)

12(P) = {113 vz(Q) - {x4‘j

v5(p) = {xa’].
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We have

oy, Rp = {"‘1"2"‘33
’ Rp 7. q

R, ¥

E Rp < Rp
3 .
1013,x1 sat .1 Pe

We will say that formula A is valid ( F-a) if it
ig velid in all models. lany examples of valid formulas will
be given in the following sectic‘ms.‘ A set [' of formulas

ig said to be valid in model ¥ ( ") if every formula
M N .

a e ig velid in M. A formula A is setisfiable if
M,x gat A for some model N = (X,m,v) end for some onect
xcXe Aset I of formulse is satisfiable if there is a
model X = (X,m,v) and sn object x€ X such that M,x gat
A for every A€ r. A formuls A is a semantical conse-.
quence of a set F‘ of formulas | M= A)Y if for every
model K = (X,m,v) and for every xe¢ X we have I,X gat A

whenever li,x sat F7 .

~Te System properties e%pressible in logic IL

In this section we list some formulas which express pro-
perties of knowledge represeptation systems or properties of
' informations in s system.

Fact Tele If formulsa

A =7 B

is valid in a model I then inMA < int.

- 21 -

fFéct;7.2. £ Pormulsa
. ACTE
ig valid in a model X then ingh = in B

- '__‘I‘hes'e ‘facts follow immediately from the definition of

satisfiability. .

Fact T.3. Ths following conditions are equivelent:

(a) for each A€ For formula .

"RA = BA

ig valid in e model M = (Xym,v))
(b) any system with set X of objects and with indiscerni—

bilify relation m(R) is selective.

The above formulas say thet for any information its
upper approximation is contained in its lower approxima-

tion. But by using PFact 3.3(L) and Fact 3.4(b) we have

RA - FA ie valid in any model.

Hence, by Pact 7.2 for any information its upper and
loﬁer apprgximatiéns in M coincide.
Pact 7.4+ If for any A,BE For formulé
R(AA B)A R(AA1B)

is valid in g model ﬁ a {X,m,v) then for any object x€ X
there is at least one object y€ X such _%hat" X £y and
X,¥ -cannct be distinguished in the system with indiscerni-
kility relation m(R).‘.

Observe, that if the formula ie valid in model ¥ then

kY
=]
H
w
5]

vy object =xgX there are objects Y4 and ¥, such that
y';e i’D,,.“., 1!19 ln'v*E! (X.:‘?1 ;e :A(R) ’ Y2e in:.:AD y2 151‘:13 and

(x,yzie si{R)}e 'Since w(R) is an equivalence relaiiocn we-
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posaibly have y1 ‘=X or y2 = X but ¥4 and.yz_ a sé-;
parated by the information repreeented by B. '

Fact 7.5 If for any A,BE€ For formula
R(AAB) A R(AA1B) < RA

is valid. in a model X = (X,m,v)} then for any-object X€ X
there is exactly one objéct y€ X which does not equal X

- and such that x and .y - cannot be distinguished in the sy-
atem with indiscernibility relation m({R). #

The formula on the left hand side of operation =7 gua-
Arantees the existence of an object y satisfying the condi-
tiona mentiongd in Fact 7+3e The formula on the right hand
gide of -7 ass&ies that this object ig the only onme satib=
fying these conditions.

It.is eagy to see that in the similar way to that follow-
ed in FPact T4 and Pact 7.5 we can define formulas which
assure, that in a system given by the indiscernibility rela-
tion any object there is at least or exactly n, n3,1

objects distinguishable from it.
Fact Teo6e The following conditions are equivalent:

{a) for each Ag Por <formula

R1A ~) RZA

is valid in a model U = (X,m,v),

(b) any system with set X of objects and with indiscer— "’
nibiiity relation m(R1) is more accurate in the sense
of relation ‘£  than the system with set X of objects

and with indiscernibility relation. m(Rz). -

rwey
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Fact 7.7+ The folloming conditions are jequivalents

.(a} ".F= §1A -% -§5A~'

- ﬁ
v -
(bd B Rph 7 R

The validity in model M of formulas §1A =7 §2A assures
that for any information ite upper approximation in the sy-
stem with indiscernibility relation m(R1) is contained

in its upper approximation in the system with indiscernibi-
1lity relation m(RZ). Hence, by Fact 4.1 it is aqﬁivalent
to condition (b) in Fact T.6.

Fact T+7 follows from Fact 4.2.
Hence by using logic IL we can express facts comcern-
ing relation £ , so the logic ensbles us to compare the

N
expressive power of sysiems.

8. Deductive system of logic IL

We give a deductive structure to the language of the
logic in thé usual wey, first specifying a 7ecursive set
of sxioms and inference rules, and then defining & theorem
of the logic to be any formula obtainable from the axious
by repested appl‘catlon of the rules. .

Observe, that the following fact holds

Facu78.1. Eor any formulas A,B and for any model M

the following conditions are aatisfied:
(a) img(avB) = imy{s 4= 3),
{B) ing(AAB) = ing1 (4913},
() iny(Aen B) = im (i3] (B2 ),

{

[

¥ lnLRB'J-Lm E"l Ale

MR
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It follows that operations V ,A, &7 ,§< can bé;dgfiﬁgél
by using operations 1 , =7 ;E' Hence it is aufficien?'rtolt
define the deductive system for the language based on oﬁéia?
tions 1 42 5 Re

Axioms of logic IL _ o
Ale All formulas having the fqrm of a tautology of cléssical

propositional calculus.

. A2. R{A9B)-7 (RA= EB),
A3« RA74A,

Ade AT -R.ﬂ R A

Aﬁ'_' RA 2 RRA

A6e ,(R.1 A R,)A &> Reh v Rohe

Rulees of inferemrce of 1L

R2 g
This sxiomatization corresponds very closely to the
ax&omatization for modal logic S5 [2]. The new axiom A6
characterizes the iniersectfqn of relations.

A broof of . formula A from a gset [ of formulas is
a finite sequence of formules each of_which ig either an axiom
or an element of set [' or else is obtainable from earl;er
formulaes b& a rule of inference, snd A is the last formula
in the sequence. A formula 4 1is derivable from a set r
v(r i~ A) whenever there is & prcof of A from "' A formula
4 is a theorem (r—4A) if there is & proof of 4 <from the
emply set. A sei " is consistent if the foruula of the form

A A 714 is pot derivable from r.

'.,ynm
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Pact 8.2. {Soundness theorem)

For asny formula 4 and for any set r1 of formuléﬁ the

following conditions are satisfied:

{a) |}-4A implies = a
(b) [ & implies [ |= a
{c) [ satiefiable implies M consistent.
The proof is easily obtained by checking that all the axioms
are valid formulas and the rules preserve validity. _
In the following we list some theorems and metathelrems

of the logic.

Fact 8.3, For any formulas A4,B, and for any relation

R the foliowing conditions afe satisfied:

(a) - A9 RA
(v} FIRA - R1RA
(¢) F1RA& RaA
(é) F1RA © R4
(e) F RRA &
(£) +
{g) +
(h) + BERA & RA
(i} F R(ar B)é&» RAARB
(i) !—_.f{(Av‘B)(-’ RAV RB
(k)
(1) r

-

-

RAV 1B 7 RlavB)
R(an3)» Taals

R(4— B} (Ra— RB)

(n) (Ra > RB) 2 R(a 2 3)
{0, 2 e impiies [~
gy T4 ane el uply A Fa




—
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(r) }—Ampnea Tea
(s) r!— A ff Fu {"1 A‘J consmtent. _

9. Completeness theorem '

\7e prove the completeness theorem for the logic by
uging the Basiowa-Slkorskl metaod (7 ] adapted for modal
logics by Hi -rkowska (:3_]4

Let ' bea consistent set of formulas. We define re-

lation o in the set For as follows:

KB iff [V A 7B and N3 - A
’Facf. 901
(a) Relation ~ is the equivalence relation,

(b) Relation ~ is the congruence with respect to V Ny T

{¢} If A~B. then RA ~ RB for any RE€Rel.

Let Fo;'/w denote the 'set of all equivalence clesses

of relationar o«

Fac't‘ 9.2
(a) Algebra (For/N sV N, ,1,0-)., where

[a)vLe]=(avE)
(a]n(8]=[arz]).
-=(aJ= (4l
1= EA’V':A:}'
0 =[4nrn Iy
ig the non-degenerate Boole’an algebrva’
(o) (43¢ (3Jiee [P pa=3B
(c) Pha iez (aJ=1
(@) [nal#0 iff non k.
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; . ‘ —
proofs of these two facts are gimilar to that \;resented

in [73 .

1et ¥ be the family of all meximal filters in algebra
For /rv . Set ¥ is non-empiy since the algebra is non=
degenerate. Ve define canonical model Eo = (}‘Io,mo,vo) as

follows:

x, =% .

o, (R) = {(F ,F2 ) E ;‘2 for any formula A’
iz (RA] € P,y then (a) e Fpyu

volp) ={Fe€ T : (e e Fje

Pact 9.3
(a)} For any RE€ Rel {(R) 1is the equivalence relation,

(b) for any R1,R €Rel m (R1n R,) = 0y(Rq)N o, (Ry).

Proof: ) -

"By A2 and Fact 9,2(b) we have [RA] [A] ‘Hence if

[BA]eF then [AJQF, go relation m, (R) is reflexive.
Let us now assume that (7, F2)€ g (r), ERA:}G s and
guppose that [ A] ¢ F,. Hence by the maximality of x
F, (_‘1 A] € Fyo By M ERﬂR.A}& P,. Hence [‘rluj € Fpy
contradiction. Hence relation mj (R) ig gymetric. Let us
now assume that (F1,F2)em (R), (FyyF5l€.mg (R), fRA]Q F,
and suppose [A]¢ . By A5 wwe have [RRAJGF and
hgnce>[§.A3e Fye It follows that [AJ € Fy» contradic=-
_ti-.\og. Hence relation m(Rj} 18 trangitive.

_ e now prove condition (b). Assume (F1,F2)€ rao(R1},
(F 1,r2,6 m ('—12) aud [( 4N R.JAJE Fye By 46 and since
filter F,‘ is a prime filter we hsve [31 ]E I‘/1 or
CRpa)€ Ry Copversely, if | '»a_‘ ¢ 7, and “2 J € Ty

v—f—

then by A6 [(’{1 n R2 A]e“ aud hence [] & Foe

— e ———————————
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Fadt9.4. For ,im_y fom‘.;la 4 and for any '?iffer‘_ F G"g'
_ R o, A
M ,F sat A irg }._Ajé F,
Proof:
The preof is by induction with respect to the Jlength of
a formula.
Cese 1 A is p& Varlne.
Ve have L, Fsat p iff Fev (p) iff [p]er.
Case 2 A 1is ~ Be.
Condition Iéo,,F sat 1 B 1is equivalent to non L‘.D,f sat B.
By the induction hypothesis we have CBJ%F. Since F 1is
a maximal filter we have [‘! B] € F. '
Case 3 A is B~ Ca _
Condition MO,F sat B=-? C 1is equivaleunt to non LIO,F
sat . B or I ,F sat C. By the induction hypothesis we
nave (B] ¢ ¥ or [cler. Since T is o maximal filter,
we have ['1}31 € P or [C] € F« Since F is a prime filter,
we have [-x E]a [Cj € F, and hence [B =7 CJG Fo’
Case 4 & 1is RB.
Assume MO,F sat _E_EB and suppose CBBJ #F.
Consider set Zyp = {[CJ : [50} € F}. We now prove four
facte about this set. '
{4a) Set Ty 1S non-empiy.
It follows from the fact that fE(AV ki Aﬂé z
{4b} Set Iz ie a flter. ’ _
(By)r(By) € 2g :2f (344 2.1€ 2. Zy fhe definiticn
A

r - -—
ot Z_. we have] 3(31 .

s . 1
" Tor any formula - A and for any =set ' of formulas the

(4;3‘) Filtgr‘ Zmé .is a proper filter. Suppose
[A A A] € ZFR' Then we have Eg(Aﬂj A)]éF and.fhgnce
1 =[R(Av 1 4)] ¢ F, contradiction.

Ry Filter P’ generated by set IZpy v i[wjﬁ o
is a proper filter. ‘
We show that for eny [a,3,..0, [AJ €lygs n 21, we
have [Ad Neaed EAhj a (:1 B] # O« TFor suppose not, then
we have S

A AqA eeeA A AT B — AATA, and hence

P l“ A1A.¢otAAn -7".30

By using rule R2, axiom A2 and Fact 8.3(1i) we obtain

M- RA1A...‘/\RAn‘—? g:é.

Since [AJ,...,LAH] € Ty wWe have [gm{j ,...,[_I}An]el?
and hence EB‘A‘]A ...A_g.;fn']‘eF. So EBB] € P and this

is in conflict with the supposition under ’casg 4., Hence

filter P° can be extended to a maximal filtér F! such

that- -[—: B]é o and for any ,formvv.lé ¢ if [BCJ EP
shen [ ¢J€ F's Hence (F,Fl)€ ‘mo(R); By case 2 w7
sat 1 B and this contradicts the assumption under case 4.
Let us now assuse that [BB]€ P. Let F” be s maximal
fil"igr :éuch vthat VLF,F'V)G mo(R)a . Then [BJ € F' and by the

: . . . N . » T
induction hypothesis we have K _,P gat B. Hence

o?

B ,F esat RE3.

Fact 9.5. (Completenéss theorem) ’ :

v

following conditions are satisfied:
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(s} ¥ A implies Foa

(v) ['l= Ao implies M 2

(c) [ consistent implies T] gatisfiable.

Proof:

Part (a) is a particular case of part (b}, henge we prove
(b). Assume [ f= A -and suppose non [+ A. By Fact 9.2{d)
e have [1 A] # 0. By the Rasiowa=3ikorsxil lerma [7] there
15 a wmoxical filter T € & such that [~ A]E5FO. By Fact
Je4 vie have MO,FO sat 1 A for the canonical model Ko'
¥oreover, for any formula B €[ we have [/ B by Fact 8.3
(0) and hence (BJ€F,. By Tact 9.4 L, P eat B for any
fornula BE€ r , coniradiction.

Condition (c) follows immediately from Fact S.4.

A4S a corollary we ct*

in the following theorem

Pact 5.6 (Compactness theoren)

(0
et

" o0f foriulas is satisfisble iff every finite subset

3

of f’ is satisfiable.
The given completeness theorem enebles us to consider
fornmalized theories based on the presented logic. For instance

<

ag consider the theory of selective systems by adjoining

[¢]

ve

to the logical axions Al,.ee,A6 the formula given in Fact T.3.

10. Concluding remarks .

In the paper we present the method of dealing with in-
formations which may not be precisely defined. e assume
the definition oann informgtion is given u? fo an equivg=
leuce relstion, asteruined by an Information system. ‘ie con=

Tl .z =2z toolz representi

power of systems oy compariag these equivalences w
pect to the sev-theoretical inclusion. e develop
mal logic in which facts concerning informatione given by

ipformation eystems are expressible. e present the complete
get of ax%oms and inference rules for the logic, which pro-

vides the method of reasoning about expressive power of

" information systems.
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