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Logika (na poziomie zdaniowym) jest najczesciej identyfikowana,
ze zbiorem formut zamknietym na podstawienia oraz na pewne

reguty inferencji.

Na przyktad, szereg normalnych logik modalnych, jak system
Kripkego K, system S4 itp., jest definiowanych w ten sposob.
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Drugie ujecie, konsekwencyjne, ujmuje logike jako strukturalng

1 finitystyczng operacje konsekwencyi okreslona na formutach

jezyka.

To drugie podejscie, wywodzace sie z prac Tarskiego, Losia i
Suszki jest ogolniejsze niz pierwsze. Jest ono przyjete w pracach

Heleny Rasiowe;j.
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Semantyczne 1 inferencyjne metody definiowania operacji kon-

sekwencji.
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RF o — « (Zwrotnosé — Reflexivity)

MP o, — BF [ (Modus Ponens)

PE ot 88—« (Poprzedzanie — Prefizing)
TR a—B,80—=~vFa—~v  (Przechodnios¢ — Transitivity)

RP a— (3,8 —at ¢p/a)— o(p/B) (Zastepowanie

~ Replacement).
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Kazdy model algebraiczny A posiada wyrdzniong staly oznac-
zong przez 1 1 jest czesciowo uporzadkowany przez relacje <

zdefiniowana warunkiem:
a<b < df a—b=1.

1 jest elementem najwiekszym w A. Ponadto a — a = 1 dla

wszelkich a € A.
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» opisie semantyki algebraicznej odpowiadajacej réoznym

wyroznionym klasom systemow logicznych.
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sem algebraizacji.

AAL bada stopnie algebraizowalnosci wszystkich systemow

logicznych, positkujac sie przy tym precyzyjna metodologia.

Stopien algebraizowalnosci danej logiki wyznaczony jest przez

jej miejsce w hierarchii systemow zdefiniowanej w ramach AAL.
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Glowne narzedzie — operator Leibniza (2

) przyporzadkowuje dowolnemu zbiorowi formut najwicksza

kongruencje na jezyku zgodna z tym zbiorem.
Ogolniejszy operator — operator Suszki 3

() pozwala na abstrakcyjne ujecie metody konstrukeji algebr
Lindenbauma-Tarskiego dla systemow logicznych (abstrahujace

od okreslonych spojnikow jezyka).

Logika protoalgebraiczna L = (.S, C') — operator €2 jest mono-

toniczny na teoriach zamknietych systemu L.
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L Hierarchia systeméw protoalgebraicznych

Hierarchia systeméw protoalgebraicznych:

Logiki Fregeowskie
/[\

Logiki regularnie algebraizowalne

/I\

Logiki algebraizowalne

/]\

Logiki réwnowaznosciowe

/I\

Logiki protoalgebraiczne

Logiki implikatywne w sensie Rasiowej tworza najwazniejsza

podklase logik regularnie algebraizowalnych.
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Rasiowa-Sikorski Lemma. Version 1.

Let B= (B,+,-,%,0,1) be a non-trivial Boolean algebra. Sup-
pose that for each natural number n, X, s a non-empty subset
of B such that sup(X,) exists in B. Let ay be a non-zero el-
ement of B. Then there exists an ultafilter U in B such that
ag € U and U preserves the suprema sup(X,), n € N, that is,

for each n, it is the case that

(%) sup(X,) € U < there is x,, € X,, such that x, € U. O
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For example, the poset consisting of non-zero elements of a Boolean
algebra (with the order inherited from the algebra) is refined.

A subset F of a polar poset P = (P, <) is dense in P if for any
p € P thereis e € E with e < p.

If D is a family of dense subsets of P, a filter F' in P is
D-generic if
FNE#) forall E € D.
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Let (P, <) be a polar poset and p € P. If D is a countable
family of dense subsets of P, then there exists a D-generic filter
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Let L be a first-order language. L is the union of three sets:
the set of predicates of L, the set of function symbols of L, and
the set of constant symbols. It is assumed that L contains the
equality sign =.

Var = {v, : n € N} is a countably infinite set of individual
variables.

Afor(L) is the set of atomic formulas built from L and Var in

the standard way.
For(L) is the set of first-order formulas of L.
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Let T be a first-order theory in L.

B(T) is the Lindenbaum-Tarski algebra of 7.

B(T) is obtained from the formula algebra by means of factoring

it by the equivalence relation =, where
p=rv & TFeoy,
for all formulas ¢, 1.
B(T) is a Boolean algebra consisting of all equivalence classes

[¢]r of the relation =7. The Boolean operations are defined in

the standard way.



Semantyka algebraiczna w ujeciu Heleny Rasiowe]

L Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego

B(T) has one remarkable feature.



Semantyka algebraiczna w ujeciu Heleny Rasiowe]

L Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego

B(T) has one remarkable feature.

Let ¢ be a formula and z a free variable in . Let y be an
arbitrary variable.



Semantyka algebraiczna w ujeciu Heleny Rasiowe]

L. Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego

B(T) has one remarkable feature.

Let ¢ be a formula and z a free variable in . Let y be an
arbitrary variable.

p(z/y)

is the formula obtained from ¢ in the following way:



Semantyka algebraiczna w ujeciu Heleny Rasiowe]

L. Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego

B(T) has one remarkable feature.

Let ¢ be a formula and z a free variable in . Let y be an
arbitrary variable.

p(z/y)

is the formula obtained from ¢ in the following way:

(1) in every subformula of ¢ begining with the quantifier
(Jy) and in which = appears as a free variable (if there is
such a formula), one uniformly replaces every occurrence
of y by the variable not occurring in ¢ with the least
index (in the alphabetic order); one obtains a formula ¢/,
being a variant of ¢, in which the substitution x/y is free,
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B(T) has one remarkable feature.

Let ¢ be a formula and z a free variable in . Let y be an
arbitrary variable.

p(z/y)

is the formula obtained from ¢ in the following way:

(1) in every subformula of ¢ begining with the quantifier
(Jy) and in which = appears as a free variable (if there is
such a formula), one uniformly replaces every occurrence
of y by the variable not occurring in ¢ with the least
index (in the alphabetic order); one obtains a formula ¢/,
being a variant of ¢, in which the substitution x/y is free,

(2) one uniformly substitutes y for = in ¢, where x occurs as
a free variable.
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B(T) has one remarkable feature.

Let ¢ be a formula and z a free variable in . Let y be an
arbitrary variable.

p(z/y)

is the formula obtained from ¢ in the following way:

(1) in every subformula of ¢ begining with the quantifier
(Jy) and in which = appears as a free variable (if there is
such a formula), one uniformly replaces every occurrence
of y by the variable not occurring in ¢ with the least
index (in the alphabetic order); one obtains a formula ¢/,
being a variant of ¢, in which the substitution x/y is free,

(2) one uniformly substitutes y for = in ¢, where x occurs as
a free variable.

Thus ¢(x/y) is ¢'(z/y).
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We then have: for any formula of the form (Jz)¢,

(1) (B2)plr = sup{lp(z/y)lr 1y € Vary
in the algebra B(T).

Thus, although B(T) is not a complete Boolean algebra, the

above suprema exist in it.

If L is countable, the family of all suprema (1) is countable as

well.

One may therefore apply Rasiowa-Sikorski Lemma to B(T') to
conclude the existence of an ultrafilter U in B(T') preserving

the supremum (1) for each formula (3z)¢p.

In Rasiowa-Sikorski terminology, each such an ultrafilter U is
referred to as a Q-ultrafiter in B(T).
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In the next step one defines the model for L in the following
way.

Let =y be the equivalence relation on the set of individual
variables Var defined as follows:

(2) r=yy eq [zrylrel,

for all x,y € Var.
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Ay :=Var/=,

be the quotient set, i.e., Ay is the set of equivalence classes of =¢.
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In the next step one defines the model for L in the following
way.

Let =y be the equivalence relation on the set of individual
variables Var defined as follows:

(2) r=yy eq [zrylrel,

for all x,y € Var.

Let
Ay :=Var/=,
be the quotient set, i.e., Ay is the set of equivalence classes of =¢.

Thus
Ay = A{[vs]u : n € N},
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IU(P)([ZL“l]U,...,[iIIm]U) = df [P(:L’l,...,iljm)]TEU.
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then:
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The interpretation Iy of L on A is defined as follows.

If P is an m-ary relational symbol in L and [z1]y,. . ., [zm]u € Ay,
then:

[U(P)([Il]U,...,[ZUm]U) = df [P(:Ul,...,iﬁm)]TGU.

If F'is an n-ary function symbol in L and [x1]y,. . ., [z,]v € An,
then:

Iy(F)([z1]y, - - -, [xs]u) := the unique class [y]y such that
[F(z1,...,2,) = y|r € U.

If ¢ is a constant symbol then

Iy(c) ;== the unique class [y]y such that [c = y|p € U.
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L. Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego

The resulting model for L is marked as

AU = (AU, IU)

By applying the above construction of models, Rasiowa and

Sikorski (1950) prove the Completeness Theorem:

Let o be a first-order sentence. o is a thesis of logic if and only

if o 1s true in all models.
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Modifications

DEFINITION 2.1

Let L be a language. A Rasiowa-Sikorski set for L is an
arbitrary Lindenbaum set for L (i.e.., a maximal consistent set
of formulas) with the additional property that for any variable

x and any formula ¢:

(Fr)p e A & p(z)y) € A for some variable y. O
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Modifications

DEFINITION 2.1

Let L be a language. A Rasiowa-Sikorski set for L is an
arbitrary Lindenbaum set for L (i.e.., a maximal consistent set
of formulas) with the additional property that for any variable

x and any formula ¢:

(dz)p e A & p(z)y) € A for some variable y. [

Every Rasiowa-Sikorski set is logically closed (as being a max-

imal consistent set).
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THEOREM 2.2
A C For(L) is a Rasiowa-Sikorski set if and only if A is
consistent and satisfies:
(1) For any o,7 € For(L),
ocANT & o€ AandTeA.
(2) For any o € For(L),
c €A & oA,

(3) For any variable x and any formula ¢

(Ax)p e A < p(x)y) € A for some variable y. O
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a surjection h from the set of individual variables Var onto

the universe of A. (This condition holds if A4 is countable.)
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EXAMPLE

Rasiowa-Sikorski sets exist.

Let L be a language and A a model for L such that there is
a surjection h from the set of individual variables Var onto

the universe of A. (This condition holds if A4 is countable.)

h is thus a global valuation of Var in A. Define:
A(h) :={o € For(L): A |= o[h]}.
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L Modifications

EXAMPLE

Rasiowa-Sikorski sets exist.

Let L be a language and A a model for L such that there is
a surjection h from the set of individual variables Var onto

the universe of A. (This condition holds if A4 is countable.)
h is thus a global valuation of Var in A. Define:
A(h):={c € For(L): A [=olh]}.

LEMMA 2.3
A(h) is a Rasiowa-Sikorski set. [



Semantyka algebraiczna w ujeciu Heleny Rasiowe]
L Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego
L Modifications

Each Rasiowa-Sikorski set A defines a model for L.



Semantyka algebraiczna w ujeciu Heleny Rasiowe]
L Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego
L Modifications

Each Rasiowa-Sikorski set A defines a model for L.

DEFINITION 2.4
Let A be a Rasiowa-Sikorski set for L.
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DEFINITION 2.4
Let A be a Rasiowa-Sikorski set for L.

= is the binary relation on the set Var = {v, : n € N} of
individual variables defined by:

T=AY g TRYEA
for any x,y € Var.
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Each Rasiowa-Sikorski set A defines a model for L.

DEFINITION 2.4
Let A be a Rasiowa-Sikorski set for L.

= is the binary relation on the set Var = {v, : n € N} of
individual variables defined by:
T=AY g TRYEA
for any x,y € Var.
= 1s an equivalence relation. Let
Ap :=Var/=,
be the set of equivalence classes of =5. Thus

Ap = A{[v,) i n € N},



Semantyka algebraiczna w ujeciu Heleny Rasiowe]
L Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego
L Modifications

The interpretation Ia of L on Aa is defined as follows.



Semantyka algebraiczna w ujeciu Heleny Rasiowe]
L Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego
L Modifications

The interpretation Ia of L on Aa is defined as follows.

If P is an m-ary relational symbol in L and [z1], ..., [x,] € Ax,

then:
INP)([z1], .- [zm]) 0 Plzr...,2m) € A



Semantyka algebraiczna w ujeciu Heleny Rasiowe]
L. Metody algebraiczne dla jezykoéw pierwszego rzedu w ujeciu Heleny Rasiowej i Romana Sikorskiego
L Modifications

The interpretation Ia of L on Aa is defined as follows.

If P is an m-ary relational symbol in L and [z1], ..., [x,] € Ax,

then:
INP)([z1], .- [zm]) 0 Plzr...,2m) € A

If F'is an n-ary function symbol in L and [xq], ..., [z,] € An,

then:
IA(F)([z1], ..., [z,]) := the unique class [y] such that

F(xy...,x,) =y € A.
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The interpretation Ia of L on Aa is defined as follows.

If P is an m-ary relational symbol in L and [z41], ..., [z,] € Aa,
then:
INP)([x1]y .-y [2m]) ©d Plor...,zm) € A

If F'is an n-ary function symbol in L and [xq], ..., [z,] € An,
then:
IA(F)([x1], ..., [zs]) := the unique class [y] such that

F(zy...,z,) =y € A.

If ¢ is a constant symbol and x a variable, then
Ia(c) := the unique class [y] such that c ~ y € A.
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The interpretation Ia of L on Aa is defined as follows.

If P is an m-ary relational symbol in L and [z41], ..., [z,] € Aa,

then:
INP)([z1], .- [zm]) 0 Plzr...,2m) € A

If F'is an n-ary function symbol in L and [xq], ..., [z,] € An,

then:
IA(F)([x1], ..., [zs]) := the unique class [y] such that

F(zy...,z,) =y € A.
If ¢ is a constant symbol and x a variable, then

Ia(c) := the unique class [y] such that c ~ y € A.

The resulting model for L is marked as
Ap = (Ap; 1),
and called the model determined by A. [
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{z1,...,2,} and (y1,...,ys) a sequence of variables.
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A generalization of the double substitution ¢(z/y).

Let p(zy...,2,) be a formula whose free variables belong to

{z1,...,2,} and (y1,...,y,) a sequence of variables.

(//) g&(:vl//yl,...,xn//yn)

is the formula obtained from ¢(x1, ..., x,) as follows. First, one
uniformly replaces every bound occurrence of y; in (1, ..., x,,)
by the variable z; with the lowest index (in the alphabetic order)
and not occurring in ¢, and then one uniformly substitutes the

variable y; for x; for e =1,2,...,n.
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The following theorem ties together the satisfaction relation in
the model A with the above ‘double’ substitution:
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The following theorem ties together the satisfaction relation in

the model A with the above ‘double’ substitution:

THEOREM 2.5
Let A be a Rasiowa-Sikorski set. For any n, for any formula
o(x1,...,2,) € For(L) and any sequence of individual

variables (y1, ..., Yn)
(%) AalEo(z1,. . x0)|n)y - nl] & ol fyr,. . xnfyn) EA.
In particular, if o 1s a sentence, then

AA):U < oceA O
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FEvery countable model for L is determined by some Rasiowa-
Sikorski set:
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FEvery countable model for L is determined by some Rasiowa-
Sikorski set:

THEOREM 2.6

Let L be a countable language. Let A be any countable model
for L. There exists a Rasiowa-Sikorski set A C For(L) such
that A 1s isomorphic with the model Ax.
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FEvery countable model for L is determined by some Rasiowa-

Sikorski set:

THEOREM 2.6

Let L be a countable language. Let A be any countable model
for L. There exists a Rasiowa-Sikorski set A C For(L) such
that A 1s isomorphic with the model Ax.

The above observation implies that while investigating count-
able models for L one may entirely resort to Rasiowa-Sikorski-

sets.
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We also have:

LEMMA 2.7

Each Rasiowa-Sikorski set for L is unambiguously determined

by the atomic formulas belonging to it, that is, for any
Rasiowa-Sikorski sets A, A':

A=A & AnNnAFor(L)=A"NnAFor(L). O
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L Modifications

We also have:

LEMMA 2.7
Each Rasiowa-Sikorski set for L is unambiguously determined

by the atomic formulas belonging to it, that is, for any
Rasiowa-Sikorski sets A, A':
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We also have:

LEMMA 2.7
Each Rasiowa-Sikorski set for L is unambiguously determined

by the atomic formulas belonging to it, that is, for any
Rasiowa-Sikorski sets A, A':

A=A & AnAFor(L)=A"NnAFor(L). O

The key issue: how to find Rasiowa-Sikorski sets for arbitrary

first-order languages?

The main ingredients: Forcing conditions defined in terms
of refined and compatible families of atomic formulas + the
Rasiowa-Sikorski Lemma. This path has not been investigated

yet in its generality.
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