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Abstract

Many real-world machine learning classification problems suffer from imbalanced training
data, where the least frequent label has high relevance and significance for the end user,
such as equipment breakdowns or various types of process anomalies. This imbalance can
negatively impact the learning algorithm and lead to misclassification of minority labels,
resulting in erroneous actions and potentially high unexpected costs. Most previous overs-
ampling methods rely only on the minority samples, often ignoring their overall density
and distribution in relation to the other classes. In addition, most of them lack in the overs-
ampling method’s explainability. In contrast, this paper proposes a novel oversampling
method that considers a subspace of the feature-set for the creation of synthetic minority
samples using nonlinear optimization of a class-sensitive objective function. Suitable sub-
spaces for oversampling are identified through a Bayesian reinforcement strategy based on
Dirichlet smoothing, which may be useful for explainable-Al. An empirical comparison of
the proposed method is performed with 10 existing techniques on 18 real-world datasets
using two traditional machine learning classifiers and four evaluation metrics. Statistical
analysis of cross-validated runs over the 18 datasets and four metrics (i.e. 72 experi-
ments) reveals that the proposed approach is among the best performing methods in 6
and 2 instances when using random forest classifier and support vector machine classifier,
thus placing it at the top. The study also reveals that some feature combinations are more
important than others for minority oversampling, and the proposed approach offers a way
to identify such features.
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1 Introduction

Machine learning classification involves the prediction of a nominal target class variable (y)
based on a set of features x = [z1, 2, ..., zn]. Prediction requires an implicit or explicit
approximation model of the true unknown mapping function, y = f(x1,2,...,zn), and
this model can be obtained using any of the several classification algorithms (classifiers)
on training samples. All classifiers aim to minimize a so-called loss function that is some
measure of misclassification over all training samples and classes.

A classification problem requires the classifier to learn inherent patterns that distinguish
between the classes. However, the model training task can become challenging when the
dataset does not adequately represent one or more classes. The model learns to favor the
over-represented majority class over the under-represented minority class during training.
The trained model tends to be biased in such situations, and hence it often mislabel samples
belonging to the minority class. This challenging aspect of training dataset is called the class
imbalance or class skew problem (Kubat and Matwin 1997); (Branco et al. 2016). Class
imbalance is observed in almost all domains, such as healthcare, security, and manufactur-
ing, and in many of these applications have the minority class is of particular interest due to
its relatively high miscalssification cost. Some examples include, detecting leukemia from
images (Depto et al. 2023), diagnosing heart failure by capturing X-ray images (Li et al.
2023), threat detection in Internet-of-Things systems (Liang et al. 2022), and identifying
faulty asset behavior (Dangut et al. 2022). The definition of class imbalance is unclear in the
literature, but usually a dataset is categorized as extreme class imbalance (or rare events)
when the ratio of normal samples (majority class) to rare instances (minority class) is more
than 3 : 1 (Khoshgoftaar et al. 2007).

The machine learning pipeline can be divided into three distinct stages: data prepara-
tion, model building, and model deployment. Consequently, the class imbalance problem
can also be addressed at any of these stages through data pre-processing, specialized model
training, and post-processing of predictions (Branco et al. 2016). Firstly, data pre-process-
ing methods are used before the model training stage to modify the degree and impact of
class distribution based on the user preference. The main advantage of these methods is
that they can be applied to any dataset, and the user can control the class proportions to be
used for training. However, finding an optimal class distribution for a dataset is difficult.
Secondly, specialized learning methods aim to modify an existing classification algorithm
to take class skew into account. These methods are useful when the training dataset cannot
be pre-processed for some reason. However, improving existing algorithm requires deep
knowledge about their inner workings. Moreover, since such improvements are indepen-
dent of the training dataset, they may not have wider applicability. Finally, prediction post-
processing methods are used to manipulate predictions to compensate for class skewness.
The main advantage with these methods is that the user does not have to think about class
imbalance during model training (Branco et al. 2016).

Data pre-processing methods can be further classified based on whether they lead to a
distribution change in classes or weighting of training dataset samples (Branco et al. 2016).
The distribution change methods modify the data distribution by balancing frequency distri-
butions of the target class, whereas the weighting of the training dataset uses misclassifica-
tion costs to reduce prediction errors.
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The specialized learning methods require a complete understanding of classifiers and the
user needs. To modify a selected classifier, it is necessary to determine why it fails when the
class distribution does not match with the desired preferences. Based on this information,
classification algorithms are modified for the imbalanced dataset. In addition, user needs
in terms of misclassification costs are also incorporated while modifying these algorithms.
These methods are effective when the user understands the problem context and inputs their
biases into the classification algorithms (Branco et al. 2016). Almost all classification algo-
rithms are modified based on the user needs and misclassification costs.

Prediction post-processing methods can be further classified as threshold and cost-sensi-
tive post-processing methods. Soft classifiers, such as logistic regression and naive Bayes,
provide conditional class probabilities for samples that belongs to each class. These prob-
abilities are used as scores, and a threshold is set to classify unknown samples. Therefore,
the threshold is used as a decision criterion in threshold-based methods. In cost-sensitive
learning, model predictions are adjusted with the help of misclassification costs to reduce
false predictions on minority samples (Branco et al. 2016). However, these methods are
rarely used in actual practice.

Almost all the pre-processing methods use Euclidean distance to measure similarity
between samples across all features (Aggarwal et al. 2001). These methods may generate
low quality synthetic samples due to skewed neighborhood computations during interpola-
tion, a consequence of the curse of dimensionality. This increases variance and reduces
representational accuracy of the generated instances (Fernandez et al. 2018). In addition, it
may be beneficial to derive value from interpretable analysis on imbalanced data to enable
model transparency and support decision-making (Krawczyk 2016). The challenges that
still exist are: Can representative synthetic minority samples be generated to avoid the curse
of dimensionality and can an oversampling method be more interpretable and transparent to
enable class imbalance explainable-Al?

The proposed method is a type of pre-processing method that considers feature sub-
spaces to generate minority features using nonlinear optimization and uses other features
as original to form a synthetic minority sample. The generation of each minority sample
produces an objective value from optimization, and it is used to reinforce the future selec-
tion of feature subspaces, which are able to distinguish majority and minority samples. The
optimization problem involves minimizing a function and lower objective function value
produced by a feature subspace likely to get reinforced using Bayesian reinforcement with
the help of Dirichlet distribution. The method may select a feature subspace with a higher
objective value, as obtaining the high objective value for generating one minority sample
does not undermine its superior performance over other subspaces.

The proposed method is validated through experiments on 18 real-world datasets exhibit-
ing varying degrees of class imbalance, ranging from low to high. A comparative analysis
is conducted with other pre-processing methods using random forest (RF) and support vec-
tor machine (SVM) classifiers. The performance evaluations are carried out using multiple
evaluation metrics on both classifiers. The proposed method achieves 6 and 2 performance
scores with RF and SVM classifiers, respectively. This score is the count of non-significant
statistical comparisons across all datasets and evaluation metrics, as determined by Dunn’s
test, with a significant median difference observed by the Kruskal-Wallis test. The perfor-
mance score is the highest for RF and SVM classifiers. Additionally, the proposed method
attains a top-two average rank when compared to other pre-processing methods. To validate
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these findings, Friedman and post-hoc Nemenyi statistical tests are performed, which have
shown the proposed method comes in the top rank across all evaluation metrics, thereby
confirming its superior performance.

1.1 Contributions and limitations
The main contributions of the paper are as follows:

e A class-sensitive objective function captures density and distribution of both minority
and majority samples for effective class discrimination on a low-dimensional feature
subspace, to avoid the curse of dimensionality for neighborhood computation during
interpolation.

e The optimization objective values are used to reinforce the selection of feature sub-
spaces based on the Bayesian Dirichlet distribution for class imbalance explainable-Al.

The proposed methodology has the following limitations.

e The cardinality of the feature subspace is restricted to two or three, resulting in a large
number of feature combinations for high-dimensional dataset.

® The proposed method has higher computational cost when compared to existing over-
sampling methods, which may impact scalability, especially when applied to high-
dimensional dataset. However, unlike these existing methods, our approach provides
additional insights into the importance of features.

The remainder of this paper is organized as follows. Section 2 highlights related work in
the area of pre-processing methods. Next, Sect. 3 introduces the proposed method. This is
followed by Sect. 4 which presents experimental settings, and Sect. 5 provides results and
discussion. Finally, the last Sect. 6 gives conclusions and future research.

2 Related work

In the past two decades, much research has been done on the problem of imbalanced clas-
sification due to the widespread adoption of machine learning in real-world situations. Prac-
tical challenges, such as false predictions on rare events, have increased the research to
modify existing machine learning algorithms to use them in actual practice. Many methods
and improvements are developed to address imbalanced datasets, and these have been ana-
lyzed and extensively discussed in some of the literature reviews presented by (Krawczyk
2016b; Branco et al. 2016). This section presents an overview of existing literature concern-
ing data pre-processing methods, of which our proposed method is a part of. These methods
are categorized into distribution change and weighting of training dataset. The distribution
change is further categorized into three types: stratified sampling, synthesizing new data,
and a combination of both types.

Stratified sampling methods involve the addition or removal of samples from the origi-
nal training dataset. This can be achieved through random oversampling, random unders-
ampling, data cleaning, clustering, distance-based elimination, or evolutionary algorithms.
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Random oversampling replicates randomly selected minority samples; however, as pointed
out by Chawla et al. (2002), it may result in overfitting. In contrast, random undersampling
removes random majority samples, and such undersampling may also result in worse per-
formance (Menardi and Torelli 2014). Distance measures, such as the Euclidean distance,
can be used to overcome the limitations of random oversampling and random undersam-
pling methods. In data cleaning methods, (Kubat and Matwin 1997) have removed majority
samples with the help of Tomek links to obtain a reasonable size of majority samples. Simi-
larly, in the undersampling of majority samples with distance-based elimination methods,
only those majority samples are selected which are closest or farthest from a few of the
minority samples (Mani and Zhang 2003). Likewise, Tomek (1976) determined the deci-
sion boundary and removed some noisy samples only when the closest neighbors belong to
the same majority class or a different class. In clustering based methods of oversampling
minority samples, Jo and Japkowicz (2004) have proposed finding initial k~-means clustering
depending on number of classes, and subsequently generating random minority samples.
Finally, from an evolutionary algorithm's perspective, Garcia et al. (2006) have introduced a
version of a genetic algorithm to generate minority samples. The method involves selecting
and evaluating a subset of the training dataset using a fitness function with 0 and 1 states.
If the fitness function yields 1, then the corresponding data point is saved as a new minor-
ity sample; otherwise, it is rejected. The fitness function combines the classification rate
obtained with 1-NN classification and how much imbalance reduction is achieved during
sequential samples generation.

Synthesizing new data is an oversampling method that involves creating artificial minor-
ity samples. New synthetic samples are generated either by perturbation or interpolation
of the existing minority samples (Chawla et al. 2002; Branco et al. 2016). Perturbation
simply means by adding Gaussian noise to existing minority samples. For example, Zhang
et al. (2023) have proposed a perturbation method, where it generates minority samples
by perturbing each feature of the minority samples. The amount of perturbation depends
on a hyperparameter. In contrast, interpolation generate synthetic samples by interpolating
between minority samples.

Chawla et al. (2002) proposed the first interpolation method, which is synthetic minority
oversampling technique (SMOTE). It selects any random minority sample and its closest £
neighbors. After this, one of the samples is chosen out of the & neighbors and feature differ-
ence is calculated between the chosen sample and the reference selected sample. A random
number is generated and multiplied by the difference between the feature’s distance, which
is then added to the initially selected sample. Therefore, a created sample is interpolated
between the selected sample and the one of the neighbors. This oversampling technique is
successful because it can use any machine learning algorithm to form a balanced dataset by
balancing the class distribution. However, the SMOTE method is unable to address within-
class imbalance, wherein certain subsets contain significantly fewer minority samples than
others . In addition, it fails when a dataset has small disjuncts in which a few minority sam-
ples appear inside majority of samples (Islam et al. 2022). Furthermore, SMOTE oversam-
pling may improve classifier performance on minority samples; however, it may add noise
by generating synthetic samples inside the majority samples. These limitations are reduced
by its variants, which apply post-processing to remove some minority samples generated
by the SMOTE. Batista et al. (2004) have used Tomek links to remove both minority and
majority samples after oversampling. In addition, the author also proposed SMOTE edited
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nearest neighbor (SMOTE-ENN), which removes a sample where a minimum of two near-
est neighbor labels differs from the selected sample. The SMOTE-ENN approach removes
more samples from an oversampled dataset compared to that of SMOTE-Tomek.

The second type of SMOTE variant generates synthetic samples only in the specific
regions, such as on class boundaries, which are considered the most helpful for learning a
classifier. But, finding a good region is not straightforward, and it is generally difficult to
know exact class boundaries. Therefore, modified SMOTE methods have been proposed
to precisely capture class boundaries for the creation of synthetic samples. These methods
include borderline-SMOTE (Han et al. 2005), adaptive synthetic sampling (ADASYN) (He
et al. 2008), modified synthetic minority oversampling technigue (MSMOTE) (Hu et al.
2009), majority weighted minority oversampling techniqgue (MWMOTE) (Barua et al.
2014), kmeans-SMOTE (Douzas et al. 2018), and SVM-SMOTE (Nguyen et al. 2011).

(Han et al. 2005) proposed borderline-SMOTE, which identifies border samples and
generates synthetic samples near to it . For each minority sample, the number of majority
nearest neighbors (m) are determined among k-nearest neighbors (&-NN). If /2 < m < k,
a minority sample is at risk of misclassification. If 0 < m < k/2, a sample is considered
safe and does not require a synthetic sample. The risk of misclassifying samples are called
borderline samples, and subsequently, the standard SMOTE is applied to generate synthetic
samples. Borderline-SMOTE overcomes the drawback of SMOTE; however, inaccurate
identification of border minority samples leads to poor generation of synthetic samples. He
et al. (2008) introduced ADASYN method, which assigns higher weightage to samples that
are harder to learn compared to easier to learn samples. This method is fine-tuned before
using the standard SMOTE. It determines the weights corresponding to each sample with
a ratio of majority samples out of &~NN samples. This ratio is normalized by considering
the number of synthetic samples required for each minority sample. Based on this, new
synthetic samples are generated with the SMOTE method. This method has some advan-
tages, such as it forces the SMOTE method to learn difficult samples closely instead of
non-difficult ones. To address the challenge of identifying the correct borderline samples,
Hu et al. (2009) proposed MSMOTE method. Initially, minority samples are classified into
security, noise, or border samples based on k&-NN. A sample is tagged as a security sample
when a minority sample and its k-NN have the same minority class. If a sample has all the
majority samples close to its &-NN, then it is tagged as a noise sample; otherwise, it is cat-
egorized as a border sample. After this minority sample tagging, synthetic samples belong-
ing to security and border samples are generated using the SMOTE method. ADASYN and
MSMOTE methods use generation of minority samples based on &-NN, which may result
in duplicate and wrong synthetic minority samples. To take into account, the position and
distance of neighbors from the minority samples, Barua et al. (2014) proposed MWMOTE.
This method consists of three steps involving finding hard to learn minority samples, giving
weight to each minority sample, and finally generating synthetic samples. Difficult minor-
ity samples are found in three sequential steps. First, for each minority sample, it finds k;
nearest minority samples, and around these samples, it filters ko nearest majority samples.
Subsequently, on these majority samples, k3 nearest minority samples are determined. In
the second phase, for each minority sample, a selection weight is determined by combining
the density and closeness of samples, to create clusters near each minority sample. Finally,
a minority sample, x1, is selected from a cluster from the selection probability and another
random sample, x2, is selected from the same cluster. These two samples are combined
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together with, x; + random number * (x2 — X1), to form a synthetic minority sample.
This method is able to generate synthetic samples inside minority class clusters.

Further continuous modifications are seen in the SMOTE method. kmeans-SMOTE is
proposed by Douzas et al. (2018), consisting of three steps: clustering, filtering, and overs-
ampling. In the first step, clustering is used to determine k£ groups in the training dataset.
Subsequently, the filtering step refines the formed clusters by assigning more minority sam-
ples to clusters with sparse minority representation. Finally, the SMOTE method is applied
to generate synthetic samples, ensuring the required balance between minority and major-
ity samples within each cluster. Furthermore, Nguyen et al. (2011) emphasizes and lever-
ages the decision boundary from SVM classifier. The method involves generating synthetic
samples near the class decision boundary. Initially, the SVM is utilized to identify minority
and majority support vectors. It identifies A-NN for each majority sample of the support vec-
tor to generate synthetic samples. If the number of majority samples is less than its £-NN,
extrapolation is employed; otherwise, interpolation is used. In a recent development, Islam
et al. (2022) introduced k-nearest neighbor oversampling (KNNOR) method, which con-
sists of two steps: identifying a critical safe region and generating synthetic samples using
multiple minority samples. Initially, a critical and safe region is determined for each minor-
ity sample by considering k-th nearest neighbor distance. These distances are then sorted in
descending order and filtered based on the distance threshold, resulting in a subset of minor-
ity samples. Subsequently, synthetic samples are generated using subsets of these minority
samples with the help of the SMOTE method. Instead of linear interpolation as in SMOTE,
Gazzah and Amara (2008) has proposed a polynomial fitting that generates synthetic minor-
ity samples by fitting a curve using the selected minority samples. It works by selecting a
minority and choosing neighboring samples based among a chosen topology, such as star,
polynomial curve, bus, and mesh- and then fitting a curve. In particular, mesh topology
(polyfit-mesh) forms a densely connected local graph, creating overlapping paths and pat-
terns. Recently, Saglam and Cengiz (2022) proposed SMOTE with boosting (SMOTEWB),
which first fits AdaBoost classifier to a dataset and sample weights are computed based on
prediction error - using the log odds, which compares the probability of correct classifica-
tion to the probability of error. The weights are higher for the minority samples than the
majority. Minority samples are filtered with greater than the reciprocal of the sample size.
Finally, SMOTE is applied on these selected samples to generate new instances, enhanc-
ing the representation of informative minority samples. In addition, Barua et al. (2013)
proposed Proximity Weighted Synthetic Oversampling Technique (ProWSyn), which parti-
tions minority samples into many partitions based on distances from the decision boundary
using Euclidean distance. Each level gets a proximity level with increasing distances from a
decision boundary. Depending on proximity levels, synthetic samples are generated. Kumar
et al. (2024) proposed entropy-based hybrid sampling (EHS), which removes the majority
samples using a threshold entropy of majority samples and generates synthetic samples on
the majority-minority border lines using a threshold entropy of minority samples. Dai et al.
(2025) proposed graph-based generalized quadrilateral element oversampling (GQEO). It
finds the global structure of minority samples using k-NN, giving a weighted adjacency
matrix to represent the proximity relationship. Then, screening is done to remove remote
minority samples with a planar quadrilateral constraint, sum of any three sides must be
greater than the fourth side. On the remaining samples, synthetic samples are generated
using a 1D interpolation function.

@ Springer



1 Page 8 of 37 M. Kumbhar et al.

Minority samples can be generated through optimization, and one of the method is pro-
posed by Shahee and Ananthakumar (2020). This approach employs Lagrange optimization
in three steps. Initially, sub-clusters are identified through model-based clustering. Sub-
sequently, normalized Jeffrey divergence is computed on both classes within these sub-
clusters. Finally, a geometric mean of normalized Jeffrey divergence, a new distance metric,
captures the separation between and within classes. However, this method assumes m sub-
clusters determined by model-based clustering and assumes each sub-cluster follows a mul-
tivariate Gaussian distribution. In addition, it does not consider class overlap and targets
redundant features. In this paper, the authors highlights the requirement of fewer important
features for discriminating the imbalanced dataset.

In summary, almost all the previously described methods perform similarly by selecting
among minority samples or focusing on border regions and applying the SMOTE method to
generate minority samples. In addition, some methods use polynomial interpolation instead
of linear interpolation to overcome the nonlinear behavior of a local region. Most of them
use Euclidean distance to measure similarity between samples across all features (Aggarwal
et al. 2001). To avoid the problem of the abnormal behavior of Euclidean distance and to
generate representative minority samples using a nonlinear optimization search are vital for
addressing the class imbalance problem. Furthermore, sometimes an insignificant feature
may significantly improve the classification performance in high dimensions (Guyon and
De 2003). Therefore, this paper aims to address the problem of minority samples generation
using nonlinear optimization on feature subspaces and reinforces the probability of those
subspaces based on their ability to distinguish between minority and majority samples.

3 Proposed method

We illustrate the working of our proposed method, Subspace Optimization with Bayes-
ian Reinforcement (SOBER), by applying it to the two-dimensional artificial imbalanced
dataset named paw02a-600-5-50-BI (Napierala et al. 2010), taken from Knowledge
Extraction based on Evolutionary Learning (KEEL) repository (Alcala-Fdez et al. 2011).
This dataset, shown on the left in Fig. 1, has different sub-regions of minority samples with
varying cardinalities, which can pose difficulties for some classification algorithms (Ste-
fanowski 2013; Pradipta et al. 2021). SOBER is an oversampling approach that takes into
account the density and distribution of both majority and minority samples for iteratively
generating synthetic minority samples. The effect of the approach is seen on the right in
Fig. 1, where the two classes are completely balanced.

SOBER works by defining a class-sensitive objective landscape, shown in Fig. 2, as a
function of the dataset features. The objective function is designed to take low values in
regions where the density of minority samples is low, and higher values where more major-
ity samples are present. For any given sample in the feature space, the objective function
can be constructed by first defining a neighborhood and then taking the ratio of the number
of majority samples to that of minority samples within that neighborhood. The minimization
of such an objective function can lead to a new sample resembling other minority samples.
To generate multiple new samples that are different from each other, the objective func-
tion is attenuated by some random noise in SOBER. This is how the samples in Fig. 1 are
generated.
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Original feature space Feature space after balancing class distribution
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Fig. 1 An illustrative imbalanced dataset (left) and result of oversampling using SOBER (right). Blue
triangles represent majority samples, red squares represent original minority samples, and green stars
represent synthetic minority samples generated by SOBER
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Fig. 2 The plot on left side shows objective function landscape and the plot on the right side shows con-
tour plot on synthetic dataset

In high-dimensional feature spaces, the concept of neighborhood, as employed above,
falls apart. Moreover, if the minimization of the objective function is unsuccessful due to
high number of features or limited iterations of the optimization algorithm, the new sample
may actually represent the majority class instead of the desired minority class. To avoid
these issues, SOBER only operates in feature subspaces (that we call L-subspaces). Each
new sample is generated in a subspace which is probabilistically selected based on the
performance of subspaces in the generation of previous samples. This performance can be
measured in terms of the achieved objective function values. The probability of subspaces
with lower achieved objective function values are reinforced positively.

The core idea of SOBER approach is shown in Fig. 3 for six features and a subspace
dimension of two. Starting with a random minority sample x, SOBER first selects an
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Fig. 3 Schematic representation of minority sample generation in SOBER with N = 6 and d = 2. Start-
ing with a random minority sample x, SOBER probabilistically selects an L-subspace using Bayesian
Reinforcement. The subspace feature vector, x”, is then optimized using Ne1der-Mead to obtain
xL . Finally, these optimized values are arranged together with the remaining features in x©\ L, resulting

in a new minority sample

L-subspace based on probabilities obtained from Bayesian Reinforcement (described in
Sect. 3.2). With the separated feature vector, x”, in this subspace as the initial starting
point, L-subspace optimization is performed using the Nelder-Mead method (described in
Sect. 3.3) to minimize the class-sensitive objective function described above. The obtained
optimum point, xZ, is finally merged with the remaining part of the original feature vector,
£\ to generate a new minority sample. This process is repeated until the training dataset
is completely balanced. The final probabilities of the subspaces capture which features are
effective at distinguishing between the minority and majority samples.

We provide a complete description of SOBER in the following sections through Algo-
rithms 1, 2 and 3, which show pseudocodes for the objective function calculation, Bayes-
ian reinforcement, and overall minority sample generation, respectively. The source code
of SOBER is available on https://github.com/MaheshKumbhar/SOBER. Table 1 shows the

mathematical notation used throughout the rest of the paper.
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Table 1 Mathematical notation Notations Definitions
used in this paper M Number of instances in a training dataset
N Number of features in a training dataset
X Feature vector, i.e., x = [z1,22,...,ZN]
Z Data vector with features and class label, i.e.,
z=[x ]
Z Indexed training dataset, i.e., z; = [X;  ¥;] for
i=1,2,...,M
L Set of features, i.e., L = {z1,z2,..., TN}
L Subset of features that form a subspace, i.e., L C L
AL L-subspace of x, z, Z respectively
Iz Index set for data vectors, i.e., Zz = {1,2,..., M}
I, Index set for L-subspaces
c~ Class label (y;) for majority samples
ct Class label (y;) for minority samples
« Concentration parameter

Require: Z” - L-subspace of training dataset, & - Number of nearest neighbors, th -

L-subspace of the candidate minority sample at iteration ¢, i.e., th = [xf cﬂ

1: Lioear < {i € Iz | xF are k-nearest neighbors of x} }

220" < |{i € Lipear | i = ¢} > Majority samples in the neighborhood of xtL
3t < |{i € Diocar | yi = ¢t} > Minority samples in the neighborhood of x*
4

: objFun + #10 + v, where v ~ N(0,1)
Output: objFun

Algorithm 1 ObjectiveFunction

3.1 Creation of feature subspaces and objective function

The first step of SOBER is to create feature subspaces within which new minority samples
will be generated. The cardinality of the subspaces, d, is motivated by the use of square root
of number of features in tree generation with random forests (Breiman 2001). However, we
limit the subspace cardinality to three if v/ N > 3 (see Algorithm 3, line 2). Next, SOBER
creates (];[ ) L-subspaces (see Algorithm 3, line 2).

The calculation of the objective function within any of these subspaces is shown in Algo-
rithm 1. It requires L-subspace of the original training dataset Z”, L-subspace of a candidate
minority sample z at iteration ¢, and k parameter for &-NN to define a neighborhood of sam-
ples around x7, given by Tjocq. Subsequently, we count majority samples, denoted as n~
and minority samples, denoted as nt from the neighborhood of xZ. Finally, the objective

function value, #_10 + v, where v ~ N(0, 1), is calculated (see Algorithm 1, lines 2 to
4). Therefore, the defined objective function captures density and class distribution values.
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Require: subFunAvg - Mean objective values for all L-subspaces, ficObsCount -
Count of fictive observations for all L-subspaces, a - Concentration parameter, 7y, -
Index set for all L-subspaces

1: for j <1 to |Z;| do
2: subFunAvgli] < subFunAvg[i] — max(subFunAvg)
3: end for
4: normFunAvg + [0} 1x|Z2 > Data structure for normalized function values
5: for j + 1 to |Z| do
6:  normFunAvg[i] + Ww
igl subFunAvgli]
7. end for
8 P [0] 1|7, | * Tobs — [O] 1X|Ta | > Probability and fictive observation vector
9: for j + 1 to |Z| do
10: Nobs[t] < a X normFunAvg]i] > Incremental fictive observations
11: end for

12: for j « 1 to |Z.| do

13 pli] \zu‘\wabsc"“"t“H"obs[z]+1.o
S {ficObsCount[il+nops[i]}+|Zw|
i=1

14: end for

> Probability of occurrence

Output: p, neps

Algorithm 2 BayesianReinforcement

3.2 Bayesian reinforcement for feature subspaces

The illustration of Bayesian reinforcement on a function f(z) : 2sin(x) + sin(0.52) is
shown in Fig. 4. L-subspaces are generated using x values from 2 to 15 with steps of 1.5.
Then SOBER is used for generating 100 samples, and Fig. 4 shows the reinforced probabil-
ity of those L-subspaces having the lowest objective values. However, it is also interesting
to note that we still give a fair chance for the selection of other L-subspaces having higher
objective values.

In order to select a L-subspace, we apply a probabilistic schema based on Bayesian meth-
odology (Gelman et al. 2013) to avoid zero probabilities when a L-subspace has yet to be
selected and evaluated. Before evaluating the objective function, we will adopt a uniform
prior (Dirichlet) to all L-subspaces and update to a posterior (Dirichlet) by thinking in terms
of a fictive number of observations o which will determine how much potential contribution
a certain L-subspace can receive in each draw. In principle, since we solve a minimization
problem, a L-subspace with a low objective function value is interesting to select again.
Hence, we would like more probability mass to concentrate around this L-subspace. To start,
we will select two distinct L-subspaces using uniform distribution (see Algorithm 3, lines 13
to 14) for generating the first two minority samples, and after referenced objective function
values from optimization, we can reinforce the importance of few of the L-subspaces over
other L-subspaces iteratively.

We keep generating samples and accumulating objective values f* into subFunVal
(see Algorithm 3, lines 34 and 38). We compute average objective values (subFunAvg) for
already occurred L-subspaces (see Algorithm 3, lines 16 to 20). For the remaining L-sub-
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Function: 2sin(x) + sin(0.5x)
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Fig. 4 Reinforcing selection of L-subspaces (discrete points) for 2 sin(z) + sin(0.5z) function. The top
image shows function values across and the bottom image shows the probabilities across L-subspaces

spaces, which are yet to appear, we assign the maximum average objective value from the
already occurred L-subspaces (see Algorithm 3, line 21 to 26).

Following this, we reinforce and update the L-subspaces probabilities to select a next
L-subspace in Algorithm 2. To obtain this, we maintain relative distances by shifting aver-
age objective function values with a maximum average objective value. This shift will
ensure that all the objective values are on one side of the measuring scale (see Algorithm 2,
lines 1 to 3). Subsequently, we normalize the average objective values, denoted as normFu-
nAvg (see Algorithm 2, lines 5 to 7) and is calculated as,

FunAvgli
normFunAvg[i] = |IS|Ub unAvgli) |
L
> subFunAvgli] M

i=1

and then we find incremental fictive observations, denoted as n.s, by using normalized
objective values and a concentration parameter (see Algorithm 2, lines 9 to 11). We keep
updating the previous fictive observations with the new ones (see Algorithm 3, lines 28 to
30), which is given by,

ficObsCount[j] = ficObsCount[j] + nobs[J] 2)

Finally, these fictive observations can be used for calculating the posterior predictive distri-
bution (see Algorithm 2, line 12 to 14):
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JicObsCount[i] + 1.0

pli] = Iz . 3)
> ficObsCountli] + |Z.|

=1

Notice that when no fictive observations exist, one obtains the uniform distribution (prior
predictive distribution). Now, in principle, we want a certain L-subspace to gain only a
few fictive observations before properly exploring the use of other L-subspaces since that
would mean a high concentration in terms of probability mass for the selected L-subspace.
The chosen L-subspace may dominate the entire oversampling process, resulting in non-
selection of other L-subspaces that could be potentially good but were never selected.

To address this, we use a parameter « concerning the importance of L-subspaces based
on its relative objective values for generating new minority samples (ns). Initially, a prior
probability is 1/|Zy| for all L-subspaces. Suppose that any selected L-subspace contrib-
utes entirely to the fictive observations. In that case, the normalized objective function for
that L-subspace becomes much higher, and the respective probability of that L-subspace
becomes closer to 1. To avoid this scenario, the maximum fictive observations for the L-sub-
space is restricted to a single probability state p[i] as,

max pi] = ns><oc+1‘§ﬁ 4)

ns X o+ |7,

with a maximum allowed probability concentration 8 which is set to 0.95. This gives the
maximum value for « (see Algorithm 3, line 11) as,

(B*|ZL]) — 1.0

a= (1.0 — B) xng ©)

Subsequently, using categorical distribution, we simulate and choose a L-subspace for gen-
erating the next minority sample. (see Algorithm 2, line 29).
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Input: Z - Training dataset, 8 - Maximum allowed concentration

I AN S A

10:

11:

12:

=
w

14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:
39:

if |[v/N| >3 then d « 3 else d «+ 2

L+ [Ll7 ey L\IML where 7, is an index set i.e. |7 | = (]‘\i])

n~ <+ |{i€Zy|y=c} > Number of majority samples in Z
nt <+ |{ielyz|y=c"} > Number of minority samples in Z
ng < n- —nt > Number of minority samples to be generated
samples < [0] nuxN > Data structure for new minority samples

subFunVal < [oo] > Data structure for summing objective values

Ix |7

subFunAvg < [oo} 1x|T2| > Data structure for mean of objective values

subFunCount < [0} > Data structure for counting L-subspace selections

1x|Zy|
ficObsCount + [0} 1% |72 > Data structure for counting fictive observations
o 4= w > Concentration parameter
(1.0 = B) * ns
for i + 1 to ns; do > Minority sample generation starts here
if A {5k} | (j #Ek A subFunAuvg[j] # oo A subFunAvg[k] # oo) then
lsub ~ Uniform(Zy,) > Index of randomly selected L-subspace
else

for j + 1 to |Zp| do
if subFunCount[j] # 0 then

subFunAvglj] + gt el
end if
end for

fimaz ¢ maxjer, {subFunAvglj] | subFunCount[j] # 0}
for j < 1 o |Z1| do

if subFunCount[j] =0 then

subFunAvg[j] < fmas

end if
end for
P, Nops < BayesianReinforcement(subFunAvg, ficObsCount, o)
for j + 1 to |Zp| do

ficObsCount[j] « ficObsCount[j] + nops[j]

end for

lsup ~ Categorical(Zy,p) > Index of Bayesian reinforced L-subspace
end if
j~Uniform({j € Iz | y; = c¢*}) > Index of random minority sample

fe;xE < Nelder-Mead(ObjectiveFunction, zl, Z") where L = L [lsu)

Zg — [arrange (xf, xf\L) c*} > Arrange features (See Figure 3)

samplesi, ] < zg

subFunCount[lsyp] < subFunCount[ls,s] + 1

subFunV al[lsyp) < subFunVal[lsup) + fx
end for

Output: samples

Algorithm 3 Generation of minority samples
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3.3 Subspace optimization with Nelder-Mead method

A direct unconstrained nonlinear optimization is necessary to find an optimal solution in a
subspace of high dimensions. In the current approach, we have used Nelder-Mead (Nelder
and Mead 1965), which constructs a simplex of d 4 1 vertices polyhedron for N dimensions.
This algorithm requires an objective function, k parameter for &-NN, L-subspace of original
training dataset Z”, and L-subspace of a minority sample z” (see Algorithm 3, line 34). The
output of this optimization produces an optimized L-subspace values xZ (See Fig. 3) and
objective value f,.

The Nelder-Mead search algorithm exhibits direct search capabilities without requiring
the computation of function derivatives. Let vg,v1,...,v4 be the d vertices of a simplex,
and objective values (f(vq)) are determined for all these vertices. All vertices are sorted,
such that f(vg) < f(va2) < ... < f(vq). From these objective values, a vertex v4 with the
highest objective function value is identified by f, = f(vq), while vq is a vertex with the
lowest objective function value, denoted as f; = f(vo).

Consider v as the centroid of all vertices. The algorithm consists of three operations:
reflection, expansion, and contraction. The standard parameter values are 6, = 1, 0, = 2,
and 6, = 0.5, respectively. During each of these operations, the algorithm replaces v4 with
a new vertex.

e The algorithm computes a reflection point, denoted as v,, = v + 6,.(v — v4), and result-
ing in a function value of f,.. If f; < f,. < f3, then the algorithm replaces v4 with v,
and restarts with the new simplex.

o If f,. < fi, the algorithm expands further to find a new vertex v. = v + 0.(v, — ¥), and
resulting in a function value of f.. If f. < f;, then the algorithm replaces v4 with v;
otherwise, the algorithm replaces v4 with v, and restarts with the new simplex.

o If f,. > f; foralli # h, the algorithm chooses the old vertex with fj or f,., whichever is
minimum, and finds a contraction, denoted as v. = v + 0.(vq4 — V), resulting in a func-
tion value of f.. The algorithm then accepts v, for v and restarts the process.

Thus, this algorithm explores the multidirectional space in search of a critical point with the
lowest minimum objective function value. It achieves this by iteratively obtaining new ver-
tices with monotonically decreasing function values. However, this algorithm performs well
with lower dimensions, but becomes inefficient for large dimensions Gao and Han (2012).
Therefore, we have considered L-subspaces while doing nonlinear optimization.

3.4 Formation of a new minority sample

The complete minority sample (z;) is formed by arranging the optimized values from
Nelder-Mead in the selected L-subspace (xL) together with the remaining feature values
(x*\I) of the original minority sample and minority class label. This is done through the
arrange function in Algorithm 3 (line 35), as illustrated in Fig. 3. This sample is appended to
a data structure called samples. Next, the count for the number of times the corresponding
L-subspace is selected, i.e., subFunCount, is incremented by one. And finally, the optimum
objective function value, f,, is added to subFunVal as a measure of L-subspace reinforce-
ment. These three steps can be seen in Algorithm 3, lines 36 to 38.
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4 Experimental methodology

The proposed method is evaluated on representative real-world imbalanced datasets. We
selected pre-processing methods such as data distribution and data weighting. Subsequently,
machine learning classifiers are trained after balancing a training dataset using pre-pro-
cessing methods and evaluating them on the testing dataset. Here, we chose two classifiers
to compare SOBER with existing pre-processing methods. This section summarizes the
characteristics of datasets, various evaluation metrics, the selection of classifiers, parameter
settings of the compared methods, and the evaluation process.

4.1 Datasets

The experiment was performed on openly-available imbalanced datasets obtained from
KEEL and some of them are from UCI machine learning repository (UCI 2021). We have
selected datasets from the KEEL repository and have screened datasets with the below
selection criteria. Firstly, we excluded datasets containing categorical features, since the
proposed SOBER method is designed for continuous features. From the remaining datasets,
we choose those with a sample size of < 2000. Within these datasets, we gave preference
to those exhibiting a wider range of imbalance levels, from low to high imbalance ratios.
Through this process, we have selected a total of 18 datasets having sizes varying from
112 to 1599 and imbalance ratios (IR) ranging from 0.02 to 0.54. Dai et al. (2024) clas-
sified datasets into mildly, moderately, and highly imbalanced types. A dataset is consid-
ered mildly imbalanced if the IR is > 0.2. It is classified as moderately imbalanced when
0.2 > IR > 0.1, and as highly imbalanced if the IR is < 0.1. Based on these, 62% selected
datasets have an IR < 0.1, indicating a high degree of class imbalance. Table 2 summarizes
these datasets, including their respective imbalance ratios.

4.2 Evaluation metrics

Machine learning algorithms typically search for an optimal solution guided by an eval-
uation metric that decides the model parameters (Branco et al. 2016). In a classification
problem with imbalanced dataset, the user prefers to have high performance on a poorly
represented class. Usual model evaluation metric, such as accuracy, may impact user needs
and generates a suboptimal classification model. Therefore, selection of evaluation metric is
important while working with an imbalance classification problem.

A confusion matrix is shown in Table 3, for two class binary problems, consisting of True
Negatives (TN), True Positives (TP), and cases with misclassification, such as False Positive
(FP) and False Negative (FN). Here, the accuracy is defined as error rate and is calculated
as (TP+TN)/(TP+TN + FP + FN). Most classifiers perform well when there are
approximately equal proportions of samples from both classes, resulting in a correct clas-
sification. In these cases, the average accuracy metric is sufficient to measure the perfor-
mance of a classifier (Kononenko and Bratko 1991; Kubat et al. 1997; Kubat and Matwin
1997). However, accuracy metric is not suitable for imbalanced datasets. For example, in
a problem where 5% of the samples belong to a minority class, an accuracy of 95% can be
achieved by only predicting the majority class. This evaluation metric to search for an opti-
mal solution is useless in practice because the user is more interested in the minority class.
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Table 2 Openly-available imbalanced datasets used in this study, sorted by their imbalance ratio

Dataset Acronym No. Features ~ No. Minority No. Major- Imbal-
(nt) ity (n™) ance
Ratio
IREnTYn™
Diabetes D1 8 268 500 0.54
Wisconsin D2 9 239 444 0.54
Haberman D3 3 81 225 0.36
Vehicle D4 18 212 634 0.33
Ecoli3 D5 7 35 301 0.12
Fertility D6 9 12 100 0.12
Yeast-2_vs 4 D7 8 51 463 0.11
Climate D8 20 46 494 0.09
Page-blocks-1-3_vs 4 D9 10 28 444 0.06
Oil D10 48 41 896 0.05
Shuttle-6_vs_2-3 D11 9 10 220 0.05
Glass5 D12 9 9 205 0.04
Winequality-red-4 D13 11 53 1546 0.03
Yeast5 D14 8 44 1440 0.03
Winequality-red-8 vs 6 D15 11 18 637 0.03
Yeast6 D16 8 35 1449 0.02
Poker-8-9 vs 6 D17 10 25 1460 0.02
Winequality-white-3-9_vs_5 D18 11 25 1457 0.02
Table 3 Confusion matrix for Predicted (4))
binary classification T —
Yi =¢ Yi =¢
True (y) ct TP= FN = M
M n+ — TP'I‘L+ = Z ]IC+ (yz)
> Lo+ (i) Lo+ (96) i=1
i=1
I+ (x)and I, - (z) are indicator c¢c” FP=n~—-TN TN= M
functions that are equal to 1 no = Z I.—(yi)
whenz = ctandz =c—, M i=
respectively, and 0 otherwise Y - (w)l - (3:)

i=1

Therefore, a metric selection is vital for the imbalance classification problem and should
consider user class preference and class distribution.

Different metrics are proposed, such as Fg, geometric mean (GM), and receiver operat-
ing characteristic (ROC) curve. Each metric is derived from the confusion matrix as shown
in Table 3. The completeness of the model is defined as recall, sensitivity, or true positive
rate (TPR), TP/(T P + FN). In contrast, a model exactness is defined as precision, which
is TP/(TP + FP). Here, TP is a minority class that interests a user. In contrast to TPR,
false positive rate (FPR) determines F'P/(FP + TN). In addition, specificity is defined as
TN/(TN + FP). A classification model needs both exactness and precision on an unseen
dataset. Therefore, Fj3, as shown in Eq. 6, is a combination of both, and 3 decides the trade-
off between precision and recall. If an equal weightage (8 = 1) is given to both precision
and recall, then it is called as a F; measure.
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(1+ B8)2 * recall x precision

Py - (©)

32 % precision + recall

Likewise, GM computes the geometric mean by obtaining a good balance of the accuracies
with both classes, namely specificity and sensitivity. It is calculated as shown in Eq. 7.

GM = \/TPZPFN * TNTj—VFP = \/sensitivity * speci ficity @)
In addition, Matthew correlation coefficient metric (MCC) is introduced, which is based on
the Pearson correlation coefficient, which is calculated by Eq. 8 (Baldi et al. 2000; Gorodkin
2004). In this, 7 and § are the averages and oy and g, are standard deviations of actual and
predicted class. This value ranges from 41, indicating a total agreement, and —1, which
indicates complete disagreement between the actual and predicted class.

MCC = Z (G ~9) (8)

O'y*O'U

In addition to numerical evaluation metrics, some graphical metrics are also proposed, such
as the ROC curve (Fawcett 2006) and precision-recall curve (Davis and Goadrich 2006).
ROC curve shows the relative importance of TPR and false positive rate (FPR) in a two-
dimensional space. Each classifier provides a TPR-FPR pair, indicating a single point on
the ROC curve. The primary objective in the ROC space is to have a solution in the upper
left corner that corresponds to a better classifier than the others. ROC curve is translated to
a single scalar value range between 0 to 1.0, which is called as area under the ROC curve.
The ROC curve shows progress of classifying correctly true positive samples over misclas-
sifying negative samples (Fawcett 2006).

GM, MCC, and AUC metrics evaluate the overall performance of a classifier because
they aggregate accuracies from both the classes and Fj3 focuses on minority class perfor-
mance. Therefore, these four evaluation metrics are considered while comparing pre-pro-
cessing methods.

4.3 Classification algorithms

SOBER is evaluated using different classification algorithms to ensure its robustness across
different classifiers. In the literature, there are many machine learning algorithms (Has-
tie et al. 2009), but we specifically chose RF and SVM classifiers (Breiman 2001; Cortes
and Vapnik 1995). RF and SVM are widely recognized as standard benchmark classifiers
in the machine learning literature. RF is particularly valued for its ability to handle high-
dimensional and noisy data, while SVM is known for its effectiveness in handling nonlinear
decision boundaries. RF classifier has initial tuning parameters, such as the number of trees
in the forest set as 200, ‘Gini’ index as decision tree impurity measure, and the number of
features for tree split as the square root of a dataset features. SVM classifier is configured
with the kernel as a radial basis function.
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4.4 Parameter settings

We have used various pre-processing methods to handle class imbalance problems. The
pre-processing methods involve distribution change and data weighting, which are avail-
able in Python imbalanced-learn and smote-variants implementation
(Lemaitre et al. 2017; Kovacs 2019). Among the undersampling methods, we selected
RUS method, which randomly removes majority samples. We chose SMOTE, borderline-
SMOTE, ADASYN, kmeans-SMOTE, and SVM-SMOTE methods from the interpolation
methods. In addition, we have selected the top two algorithms, ProWSyn and polyfit-Mesh,
from smote-variants and SMOTEWB as the latest ones from the package. Each oversam-
pling method has a set of parameters that can be adjusted during an experiment. For all
interpolation methods, the hyperparameter k for &-NN is selected from k € {5,7,9,11}
and for Borderline-SMOTE and SVM-SMOTE, the hyperparameter m for m-NN is selected
from m € {8,10,12}. A deformation factor for polyfit-mesh algorithm is chosen from
{1.0,1.5,2.0,2.5,3.0,3.5,4.0}. In the case of ProWSyn, {1,2,3} synthetic samples are
generated for a minority sample. SMOTEWB takes a depth parameter from {3,5,7} for
AdaBoost algorithm. On the other hand, the weighting of a training dataset involves mis-
classification costs, where the cost is inversely proportional to respective class frequencies.
All these methods are tested against Baseline method with no data pre-processing. The
SOBER considers the hyperparameter k for &~-NN from k € {5,7,9, 11} used in the objec-
tive function.

4.5 Cross validation and evaluation

The performance of all compared methods are evaluated through five repetitions to reduce
randomness involving data split, thus confirming the generalizability of the proposed
method. Each iteration consists of stratified 5-fold cross-validation. A dataset is partitioned
into 80% training and the remaining 20% for testing, maintaining an equal proportion of
class imbalance. Subsequently, the training dataset is further divided into 5 folds, ensuring
a similar proportion of the class ratio in each fold. Each pre-processing method is used to
balance an imbalanced training dataset, and then a classifier is trained and fitted using 4 of
the folds, while the remaining fold is kept for validation to determine the best parameter
combination. If the number of minority class instances in the training dataset is less than the
values in the &-NN list {5, 7,9, 11}, then Leave-One-Out cross-validation is used instead of
5-fold cross-validation.

The selection of the best parameter setting is based on the average F score across the 5
folds or Leave-One-Out. The final best parameters of a pre-processing method are applied to
the test dataset, and the performance is assessed using various evaluation metrics.

5 Results and discussion

The results presented in this section represent the average outcomes from five repetitions
of an evaluation metric for each classifier and dataset. These findings provide readers with
a general understanding of learning from imbalanced datasets. First, the statistical com-
parison of results is presented in Sect. 5.1, encompassing 10 pre-processing methods and
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baseline method applied to 18 datasets using two machine learning classifiers. Second,
Sect. 5.2 delves into the ranking of the compared methods. Third, secondary results in terms
of Bayesian reinforcement are discussed in Sect. 5.3. Fourth, the effect of the class imbal-
ance ratio is explored in Sect. 5.4. Finally, the computational complexity of SOBER is
discussed in Sect. 5.5.

5.1 Statistical comparison

Tables 4 and 5 present the performance of RF and SVM classifiers, evaluated on all pre-
processing methods, using F;, GM, MCC, and AUC as evaluation metrics. It is important to
note that kmeans-SMOTE results are excluded due to difficulties encountered while training
on highly imbalanced datasets. The best evaluation metric for each dataset is highlighted
in bold. On Shuttle-6 vs 2-3 (D11) dataset, all compared methods exceeded
except ADASYN, irrespective of the evaluation metrics and classifiers. Haberman (D3),
Yeast-2 vs 4 (D7), Winequality-red-4 (D13), and Winequality-
white-3-9 vs 5 (D18) datasets, our method exceeded on F; and MCC evaluation
metrics using RF classifier. On Winequality-red-4 (D13) and Yeast5 (D14)
datasets, our method outperformed on GM and AUC evaluation metrics using SVM classi-
fier. RF classifier performed better on the G1ass5 (D12) dataset across all evaluation met-
rics. In the case of Winequality-red-8 vs_ 6 (D15) dataset, our method exceeded
on I} and GM evaluation metrics using RF and SVM classifiers, respectively. Our method
outperformed on some evaluation metrics using RF classifier for the Winequality-
white-3-9 vs 5 (D18), a highly imbalanced dataset. From these observations, our
method outperformed using both classifiers with different evaluation metrics for highly
imbalanced datasets.

However, it is worth mentioning that RUS method performs better using RF classifier

on some of the datasets like, Diabetes (D1), Vehicle (D4), Yeast-2 vs 4
(D7), Climate (D8), Winequality-red-4 (D13), Yeast5 (D14),
Winequality-red-8 vs 6 (D15), Yeast6 (Dl6), Winequality-
white-3-9 vs 5 (D18). These results support previous research on class imbalance,
where Tarawneh et al. (\cite{Tarawneh et al. 2022}) emphasized that synthetically gener-
ated samples often fail to represent the characteristics of the original minority class accu-
rately. It is important to note that these observations do not undermine the existing research,
as the proposed method explores subspaces to generate minority samples. Based on empiri-
cal results, it can be concluded that RF classifier, with its default settings, is an effective
algorithm for classifying imbalanced datasets across all evaluation metrics.

Overall, the results highlight that a classifier may perform best according to one metric
but may not perform best when compared to other metrics. Hence, relying on a single evalu-
ation metric is not sufficient for selecting the best classifier Ferri et al. (2009). To validate
these significance of findings, it is crucial to evaluate the performance of classifiers on dif-
ferent datasets. However, since each dataset is unique, comparisons based on parametric
tests are insufficient, which rely on assumptions of normality and homogeneity of vari-
ance. Therefore, we have used non-parametric tests, such as Kruskal-Wallis and Friedman,
which are non-parametric counterparts of ANOVA, to determine if there are any significant
differences between pre-processing methods. Kruskal-Wallis test compares the ranks of
pre-processing methods instead of their averages, making it suitable for scenarios where
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parametric test assumptions are not satisfied across multiple datasets. These statistical tests
are accessed through scikit-posthocs Python package (Terpilowski 2019), while ensuring
that all necessary assumptions for statistical inference are met.

The results of the statistical tests are presented in Tables 4 and 5. The symbol “*’ denotes
methods that exhibit non-significant pairwise differences based on Dunn’s test within a
particular dataset and metric, while demonstrating significant differences in method per-
formance using Kruskal-Wallis test. The aggregate count of non-significant differences on
Dunn’s test over each method across all datasets is defined with performance score. SOBER
method appears at the top, Tables 4 and 5, with a performance score of 6 and 2 for RF and
SVM classifiers, respectively.

5.2 Ranking of compared methods

Table 6 demonstrates varying differences in the average ranking with standard deviation of
classifiers across different metrics. SOBER method comes in second position for F; and
MCC evaluation metrics on RF classifier, while it stood in second position for GM evalu-
ation metric on SVM classifier. ProWSyn method outperformed for GM, MCC, and AUC
evaluation metrics on SVM classifier. The boldface shows the highest average rank across
a metric and a classifier.

As we evaluated SOBER method on 18 datasets using 11 methods, we applied the Fried-
man test to rank pre-processing methods with an F-distribution of 119 degrees of freedom.
The Friedman test yields a p < 0.05 for all evaluation metrics on both classifiers, leading to
the rejection of the null hypothesis. Following the determination of differing average ranks,
various procedures are employed to identify pre-processing methods that have different
mean ranks compared to the others. Hence, the Nemenyi post-hoc test, similar to the Tukey
test for ANOVA, is used to determine significant pairs (Demsar 2006). This test uses esti-
mates of model performance and their ranking in each dataset. The results of these model
comparisons are visualized using Critical Difference (CD) diagram depicted in Figs. 5 and 6
for RF and SVM classifiers, respectively. The vertical lines indicate the average rank of each
pre-processing method across all 18 datasets. Connected methods do not show clear evi-
dence of being different from each other. Conversely, methods that are not connected show
statistically significant different ranks. For example, in Fig. 5, which presents the CD dia-
grams for RF classifier, statistically significant differences can be observed between SOBER
method with Cost and RUS methods, using F) evaluation metric. In addition, we see statis-
tically significant differences in ranks between SOBER with Cost, Baseline, SMOTEWB,
and Borderline-SMOTE methods for GM evaluation metric with RF classifier. Similarly, for
AUC evaluation metric with RF classifier, we see statistically significant differences in ranks
between SOBER with tCost, Baseline, and SMOTEWB methods. Furthermore, in relation
to the evaluation metric MCC, SOBER method is statistically significant compared to Cost
method. In the case of SVM classifier, the CD diagrams reveal that SOBER method shows
statistically significant differences compared to Baseline method in all evaluation metrics,
as shown in Fig. 6.
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5.3 Effect of Bayesian reinforcement

The effect of Bayesian reinforcement for L-subspace feature selection is shown in Fig. 7.
Yeast5 dataset is selected to show Bayesian reinforcement of L-subspaces on a selected
repetition of the RF classifier. The initial dominant L-subspaces are simply due to chance.
After each generation of a new minority sample, optimized objective values are obtained to
reinforce L-subspaces, which may select L-subspaces having higher probabilities to distin-
guish minority and majority samples using the Bayesian Dirichlet distribution.

5.4 Effect of imbalance ratio

The performance of pre-processing methods varies with the amount of class imbalance ratio
in a dataset. To validate robustness of the proposed method, Fig. 8 and Fig. 9 show the mean
of each evaluation metric, using both classifiers over the 18 openly-available imbalanced
datasets. It includes five comparisons from all to 5%: the former consists of all datasets,
while the latter considers the most seven imbalanced datasets with an imbalanced ratio of
5%.

Figure 8 shows that, regardless of the imbalanced ratio, our method performed better and
stood in second position using RF classifier with all evaluation metrics. For SVM classifier,
our method stood in second position for all the imbalance ratios with GM evaluation metric,
as shown in Fig. 9. In addition, for highly imbalanced datasets with 5% imbalance ratio, our
method outperformed the rest of pre-processing methods and ranked third in terms of F}
evaluation metric.

5.5 Computational complexity

SOBER time complexity depends on the number of minority samples required to generate
using Nelder-Mead optimization with feature subspaces. In the worst case scenario, the
L-subspace requires (];, ), expressed as O(N?). Therefore, for n, minority sample gen-
erations, the L-subspace complexity is O(n, * N3). After selecting a L-subspace, each
Nelder-Mead optimization performs three operations, each with ¢ iterations. During
a particular iteration of an optimization, it computes &-NN from M observations on the
subspace having d dimensions, with a O(d * M * log(M)) complexity. Here, the maxi-
mum dimensions of the L-subspace (d) are assumed to be constant at 3. In the worst case,
Nelder-Mead takes O(ns xt+ M xlog(M)) time for generating minority samples.
Therefore, the overall time complexity is dominated by Nelder-Mead and iterating over
L-subspace possibilities, as given by Eq. 9.

O(ng * N3 +ngxt* M xlog(M)) = O(ng(N3 +t* M xlog(M))) 9)

6 Conclusions
We have proposed a novel oversampling method, named SOBER, which uses feature sub-

spaces (feature-sets) to generate minority samples by using nonlinear optimization of a
class-sensitive objective function. SOBER uses objective function values from optimization
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Fig. 5 Critical Difference (CD) diagrams demonstrating the results of the Nemenyi post-hoc test for RF
classifier with each evaluation metric exhibiting p < 0.05. The performance of pre-processing methods
is significantly different if the corresponding average ranks differ by at least the critical difference. Groups
of pre-processing methods that are not significantly different (with a p > 0.05) are connected

to reinforce those subspaces that can distinguish between minority and majority samples.
The reinforcement of subspaces is performed with the help of the Bayesian reinforcement
strategy with Dirichlet distribution.

Our empirical studies on real-world datasets have shown that SOBER outperforms exist-
ing methods with varying class distributions and overlap, as evidenced by the performance
score and mean ranking from statistical comparisons. SOBER performance score is at the
highest for RF and SVM classifiers. Furthermore, it performs well when measured over the
mean ranking of evaluation metrics for highly imbalanced datasets for at least two evalua-
tion metrics on both classifiers. Furthermore, no single method outperforms all evaluation
metrics for both classifiers.

Additionally, SOBER provides insights into the importance of subspaces. The proposed
method uses the objective value from each generation of minority samples and continuously
updates the probability of feature subspaces. The feature subspaces are useful to distinguish
between minority and majority samples over the entire space, and there is a possibility that
more than one of these subspaces are important in the given imbalanced dataset. Overall, a
few of the top subspaces give the most important features that are effective in distinguishing
between minority and majority samples.
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Fig.6 Critical Difference (CD) diagrams demonstrating the results of the Nemenyi post-hoc test for SVM
classifier with each evaluation metric exhibiting p < 0.05. The performance of pre-processing methods
is significantly different if the corresponding average ranks differ by at least the critical difference. Groups
of pre-processing methods that are not significantly different (with p > 0.05) are connected

SOBER has some limitations that future works can address. The existing nonlinear opti-
mization algorithm considers continuous features, and having a heterogeneous distance
could help to measure heterogeneous features similarity between samples. Additionally, the
optimization process takes time to converge for each sample generation, and it may be more
efficient to train and evaluate the classifiers on partially balanced data distributions rather
than balancing the entire distribution. The proposed method can be improved by finding
border samples on feature subspaces and then applying SOBER for generating synthetic
minority samples. SOBER uses a specific objective function, and exploring new objective
functions that target class boundaries may be helpful in generating representative minority
samples. Finally, The SOBER can be extended for multi-class classification. This can be
achieved using the One-vs-All (OVA) approach. In a dataset, those with frequencies lower
than the most represented class are selected for targeted minority classes. For each such
class, the data is relabeled by treating it as the minority class, while all remaining classes are
grouped as the majority class. Oversampling is then applied to balance the distribution, and
then perform classification. This enables focused enhancement of minority class represen-
tation within the OVA framework, improving classifier performance on underrepresented
categories.
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Fig. 8 Mean of evaluation metrics for RF classifier as a function of the imbalance ratio. Each metric is
represented by two plots, where the y-axis of the top plot is zoomed in, and the bottom plot’s y-axis ranges
from 0 to 1. ‘All’ category represents the evaluation metric calculated across all 18 datasets. Additionally,
for imbalance ratios of 40%, 20%, 10%, and 5%, metrics are derived from 16, 14, 11, and 7 datasets,

respectively
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Fig. 9 Mean of evaluation metrics for SVM classifier as a function of the imbalance ratio. Each metric
is represented by two plots, where the y-axis of the top plot is zoomed in, and the bottom plot’s y-axis
ranges from 0 to 1. ‘All’ category represents the evaluation metric calculated across all 18 datasets. Ad-
ditionally, for imbalance ratios of 40%, 20%, 10%, and 5%, metrics are derived from 16, 14, 11, and 7
datasets, respectively
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