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Abstract. We reprove Allard’s weak maximum principle [All86, 3.4(6)] using his own
technique. We make no claim to originality or novelty.

1. Weak maximum principle
1.1. As in [Fed69, 1.7] we define the standard polarity 𝛽 : R𝑛+1 → Hom(R𝑛+1,R) by

𝛽(𝑢)𝑣 = 𝑢 • 𝑣 for 𝑢, 𝑣 ∈ R𝑛+1 .

We assume 𝜙 is a uniformly convex 𝒞
2-norm on R𝑛+1. Uniform convexity implies

that there exists an ellipticity constant 𝛾(𝜙) > 0 such that

D2𝜙(𝑢) (𝑣, 𝑣) ≥ 𝛾(𝜙) |𝑣|2 for 𝑢 ∈ 𝕊𝑛 and 𝑣 ∈ ker𝛽(𝑢) .

We also define

𝑐(𝜙) = sup
{
∥D𝑘𝜙(𝜈)∥ : 𝜈 ∈ 𝕊𝑛, 𝑘 ∈ {0, 1, 2}

}
+
(
inf

{
∥D𝑘𝜙(𝜈)∥ : 𝜈 ∈ 𝕊𝑛, 𝑘 ∈ {0, 1}

})−1
.

1.2. Suppose 𝑁 ⊆ Ω is open and such that Ω∩ 𝜕𝑁 is a smooth hypersurface. We let
𝜈𝑁 : Ω ∩ 𝜕𝑁 → 𝕊𝑛 to be the inward pointing unit-normal and 𝑉 to be the Radon
measure over Ω × 𝕊𝑛 uniquely characterised by∫

𝜓 (𝑥, 𝜂) d𝑉 (𝑥, 𝜂) = 1
2

∫
Ω∩𝜕𝑁

𝜓 (𝑥, 𝜈𝑁 (𝑥)) dℋ𝑛(𝑥)

+ 1
2

∫
Ω∩𝜕𝑁

𝜓 (𝑥,−𝜈𝑁 (𝑥)) dℋ𝑛(𝑥) whenever 𝜓 ∈ 𝒦(Ω × 𝕊𝑛) .

Clearly, 𝑉 is associated to the varifold v𝑛(𝜕𝑁 ∩ Ω) by means of [DPDRG18, §5].
We shall tacitly identify co-dimension one varifolds with measures 𝑉 as above. As
in [All86, 3.1] we associate an integrand 𝐹 with the norm 𝜙 by requiring that

𝐹 (𝑥, 1R𝑛+1 − 𝛽(𝜈)∗ ◦ 𝛽(𝜈)) = 𝜙(𝜈) whenever 𝜈 ∈ 𝕊𝑛 and 𝑥 ∈ Ω

and we write 𝛿𝜙𝑉 for 𝛿𝐹𝑉 . Referring to [DPDRH19, Proposition 1] or [DRKS20,
Remark 2.21] we get a formula for the first variation of 𝑉 with respect to 𝜙

𝛿𝜙𝑉 (𝑔) = −
∫
Ω∩𝜕𝑁

𝜙(𝜈𝑁 (𝑥))h𝜙 (𝑉, 𝑥) • 𝑔(𝑥) dℋ𝑛(𝑥) whenever 𝑔 ∈ 𝒳(Ω) ,
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where

h𝜙 (𝑉, 𝑥) = h𝜙 (𝜕𝑁, 𝑥)
= −𝜙(𝜈𝑁 (𝑥))−1 trace

(
D(∇𝜙 ◦ 𝜈𝑁) (𝑥)

)
𝜈𝑁 (𝑥) for 𝑥 ∈ Ω ∩ 𝜕𝑁

denotes the generalised mean 𝜙-curvature vector of 𝑉 (or of 𝜕𝑁).

1.3 Remark. Let𝑊 ⊆ R𝑛+1 be open, 𝑓 : 𝑊 → R be of class 𝒞2, and assume D𝑓 (𝑧) ≠ 0
for 𝑧 ∈ 𝑊. Define

𝜉(𝑧) = |∇𝑓 (𝑧) | , 𝜈(𝑧) = ∇𝑓 (𝑧)𝜉(𝑧)−1 , 𝜂(𝑧) = ∇𝜙(𝜈(𝑧)) for 𝑧 ∈ 𝑊 ,

and Σ𝑡 = 𝑊 ∩ {𝑧 : 𝑓 (𝑧) = 𝑡} for 𝑡 ∈ R .

Let 𝑡 ∈ R and 𝑧 ∈ Σ𝑡. Note that 𝜈(𝑧) is the unit normal vector of Σ𝑡 at 𝑧 pointing
outside 𝑊 ∩ {𝑧 : 𝑓 (𝑧) < 𝑡}. Recalling 1.2 we get

𝜈(𝑧) trace D𝜂(𝑧) = −𝜙(𝜈(𝑧))h𝜙 (Σ𝑡, 𝑧) .
1.4. Theorem (cf. [All86, 3.4(4)(5)(6)]). Suppose

𝜙 is a uniformly convex norm , 0 < 𝑡0 < ∞ , 𝑊 ⊆ R𝑛+1 is open ,

𝑓 : 𝑊 → R is smooth , ∇𝑓 (𝑧) ≠ 0 for 𝑧 ∈ 𝑊 with 𝑓 (𝑧) > 𝑡0 ,

𝑉 ∈ V𝑛(𝑊) , spt ∥𝑉 ∥ ∩ {𝑧 : 𝑓 (𝑧) ≥ 𝑡0} is compact ,
0 < 𝐻 < ∞ , ∥𝛿𝜙𝑉 ∥(𝐴) ≤ 𝐻∥𝑉𝜙∥(𝐴) whenever 𝐴 ⊆ 𝑊 ∩ {𝑧 : 𝑓 (𝑧) > 𝑡0} ,

𝜂 = ∇𝜙 ◦ ∇𝑓 , trace D𝜂(𝑧) ≥ 𝐻 |𝜂(𝑧) | whenever 𝑓 (𝑧) > 𝑡0 .

Then
spt ∥𝑉 ∥ ⊆ 𝑊 ∩

{
𝑧 : 𝑓 (𝑧) ≤ 𝑡0

}
.

Proof. We reproduce the proof of [All86, 3.4(6)]. Define

𝜉 : 𝑊 → R , 𝜈 : 𝑊 → R𝑛+1 ,

𝜉(𝑧) = |∇𝑓 (𝑧) | and 𝜈(𝑧) = ∇𝑓 (𝑧)𝜉(𝑧)−1 for 𝑧 ∈ 𝑊 ,

Let 0 < 𝜀 < 1 and 𝜁 : R → R be a smooth map such that
𝜁 (𝑡) = 𝑡 for 𝜀 < 𝑡 < ∞ , 𝜁 (𝑡) = 0 for 𝑡 ≤ 0 ,

and 0 ≤ 𝜁′(𝑡) ≤ 1 + 2𝜀 for 𝑡 ∈ R .

Whenever 𝑡0 < 𝑡 < ∞ define
𝑓𝑡 (𝑧) = 𝜁 ( 𝑓 (𝑧) − 𝑡) and 𝑔𝑡 (𝑧) = 𝑓𝑡 (𝑧)𝜂(𝑧) for 𝑧 ∈ 𝑊 .

Observe that 𝑔𝑡 is a valid test function for 𝛿𝜙𝑉 because spt ∥𝑉 ∥ ∩ {𝑧 : 𝑓 (𝑧) ≥ 𝑡} is
compact. Recall [DRKS20, Definition 2.16] to see that

𝐵𝜙 (𝑢) • 𝐿 = 𝜙(𝑢) trace 𝐿 − 𝐿(∇𝜙(𝑢)) • 𝑢 for 𝑢 ∈ 𝕊𝑛 .

Since 𝜙 is positively 1-homogeneous we know that ∇𝜙 is 0-homogeneous; thus,
𝜂 = ∇𝜙 ◦ 𝜈 , D∇𝜙(𝑢)𝑢 = 0 , ∇𝜙(𝑢) • 𝑢 = 𝜙(𝑢) ,

and D∇𝜙(𝑢)𝑣 • 𝑤 = D∇𝜙(𝑢)𝑤 • 𝑣 for 𝑧 ∈ 𝑊 and 𝑢, 𝑣, 𝑤 ∈ 𝕊𝑛 .
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For 𝑡0 < 𝑡 < ∞, 𝑧 ∈ 𝑊, and 𝑢 ∈ 𝕊𝑛 there holds

𝐵𝜙 (𝑢) • D𝑔𝑡 (𝑧) = 𝜁′( 𝑓 (𝑧) − 𝑡)𝜉(𝑧)𝜙(𝑢)𝜂(𝑧) • 𝜈(𝑧) + 𝜙(𝑢) 𝑓𝑡 (𝑧) trace D𝜂(𝑧)
− 𝜁′( 𝑓 (𝑧) − 𝑡)𝜉(𝑧)

(
𝜈(𝑧) • ∇𝜙(𝑢)

) (
∇𝜙(𝜈(𝑧)) • 𝑢

)
− 𝑓𝑡 (𝑧)D𝜂(𝑧) (∇𝜙(𝑢)) • 𝑢

= 𝜁′( 𝑓 (𝑧) − 𝑡)𝜉(𝑧)
(
𝜙(𝑢)𝜙(𝜈(𝑧)) − (𝜈(𝑧) • ∇𝜙(𝑢)) (∇𝜙(𝜈(𝑧)) • 𝑢)

)
+ 𝜙(𝑢) 𝑓𝑡 (𝑧) trace D𝜂(𝑧) − 𝑓𝑡 (𝑧)D∇𝜙(𝜈(𝑧))𝑢 • D𝜈(𝑧) (∇𝜙(𝑢)) .

Since D∇𝜙(𝜈(𝑧))𝜈(𝑧) = 0 we get for 𝑧 ∈ 𝑊 and 𝑢 ∈ 𝕊𝑛

D∇𝜙(𝜈(𝑧))𝑢 = D∇𝜙(𝜈(𝑧)) (𝑢 − sgn(𝑢 • 𝜈(𝑧))𝜈(𝑧))
Define

𝑑(𝑢, 𝑣) = |𝑢 − sgn(𝑢 • 𝑣)𝑣| =
√

2
(
1 − |𝑢 • 𝑣|

)1/2 for 𝑢, 𝑣 ∈ 𝕊𝑛 .

Assume the theorem is not true and set
𝜄 = inf

{
trace D𝜂(𝑧) − 𝐻 |𝜂(𝑧) | : 𝑧 ∈ spt ∥𝑉 ∥, 𝑓 (𝑧) ≥ 𝑡0

}
> 0 ,

𝜅 = inf
{
𝜉(𝑧) : 𝑧 ∈ spt ∥𝑉 ∥, 𝑓 (𝑧) ≥ 𝑡0

}
.

As in [All86, 3.2(6)] uniform convexity of 𝜙 yields

𝜙(𝑢)𝜙(𝑣) − (𝑣 • ∇𝜙(𝑢)) (∇𝜙(𝑣) • 𝑢) ≥ 1
2𝛾(𝜙)𝑑(𝑢, 𝑣)

2 for 𝑢, 𝑣 ∈ 𝕊𝑛 ;

thus,

𝐵𝜙 (𝑢) • D𝑔𝑡 (𝑧) ≥ 1
2𝜁

′( 𝑓 (𝑧) − 𝑡)𝜉(𝑧)𝛾(𝜙)𝑑(𝑢, 𝜈(𝑧))2

+ 𝜙(𝑢) 𝑓𝑡 (𝑧) (𝐻 + 𝜄) |𝜂(𝑧) | − 𝑓𝑡 (𝑧)𝑑(𝑢, 𝜈(𝑧))𝑐(𝜙)2∥D𝜈(𝑧)∥
for 𝑡0 < 𝑡 < ∞, 𝑢 ∈ 𝕊𝑛, and 𝑧 ∈ 𝑊 .

Let
𝑀 = sup{∥D2𝜈(𝑧)∥ : 𝑧 ∈ spt ∥𝑉 ∥} and 𝑡0 < 𝑡1 = sup 𝑓 [spt ∥𝑉 ∥] < ∞ .

For any 𝑡0 < 𝑡 < 𝑡1 there holds

𝐻
∫
𝑓𝑡 (𝑧) |𝜂(𝑧) | d∥𝑉𝜙∥(𝑧) ≥ |𝛿𝜙𝑉 (𝑔𝑡) | ≥ (𝐻 + 𝜄)

∫
𝑓𝑡 (𝑧) |𝜂(𝑧) | d∥𝑉𝜙∥(𝑧)

+
∫

1
2𝜁

′( 𝑓 (𝑧) − 𝑡)𝜉(𝑧)𝛾(𝜙)𝑑(𝑢, 𝜈(𝑧))2 d𝑉 (𝑧, 𝑢)
− 𝑀𝑐(𝜙)2∫ 𝑓𝑡 (𝑧)𝑑(𝑢, 𝜈(𝑧)) d𝑉 (𝑧, 𝑢) .

Recall that that 𝜁′(𝑡) = 1 for 𝑡 > 𝜀, |𝜂(𝑧) | ≥ 𝑐(𝜙)−1 and 𝜉(𝑧) ≥ 𝜅 for 𝑧 ∈ spt ∥𝑉 ∥
with 𝑓 (𝑧) ≥ 𝑡0. Letting 𝜀 ↓ 0 we get

0 ≥
∫
{𝑧:𝑓 (𝑧)≥𝑡} ( 𝑓 (𝑧) − 𝑡)𝑐(𝜙)−1𝜄 + 1

2𝜅𝛾(𝜙)𝑑(𝑢, 𝜈(𝑧))
2

− ( 𝑓 (𝑧) − 𝑡)𝑐(𝜙)−1𝑀𝑐(𝜙)3𝑑(𝑢, 𝜈(𝑧)) d𝑉𝜙 (𝑧, 𝑢) .
Now, we employ a technique borrowed from [DPDRH19, Theorem 3.4]. Define the
function

𝑝(𝛼, 𝑠) = 𝛼𝜄 + 1
2𝜅𝛾(𝜙)𝑠

2 −𝛼𝑀𝑐(𝜙)4𝑠 for 𝛼, 𝑠 ∈ R .
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For 0 < 𝛼 < ∞ the quadratic polynomial 𝑝(𝛼, ·) attains its minimum at the point
𝑠𝛼 = 𝛼𝑀𝑐(𝜙)4(𝜅𝛾(𝜙))−1 with value

𝑝(𝛼, 𝑠𝛼) = 𝛼𝜄 − 𝛼2𝑀2𝑐(𝜙)8

2𝜅𝛾(𝜙) .

Consequently, if 0 < 𝛼 < 𝛼0 = 2𝜄𝜅𝛾(𝜙)𝑀−2𝑐(𝜙)−8, then 𝑝(𝛼, 𝑠) > 0 for all 𝑠 ∈ R.
Therefore, if 𝑡1 > 𝑡 > 𝑡1 −𝛼0 we get a contradiction. □

References
[All86] William K. Allard. An integrality theorem and a regularity theorem for surfaces whose

first variation with respect to a parametric elliptic integrand is controlled. In Geometric
measure theory and the calculus of variations (Arcata, Calif., 1984), volume 44 of Proc.
Sympos. Pure Math., pages 1–28. Amer. Math. Soc., Providence, RI, 1986.

[DPDRG18] Guido De Philippis, Antonio De Rosa, and Francesco Ghiraldin. Rectifiability of varifolds
with locally bounded first variation with respect to anisotropic surface energies. Commu-
nications on Pure and Applied Mathematics, 71(6):1123–1148, August 2018, 1609.01908.

[DPDRH19] Guido De Philippis, Antonio De Rosa, and Jonas Hirsch. The area blow up set for bounded
mean curvature submanifolds with respect to elliptic surface energy functionals. Discrete
Contin. Dyn. Syst., 39(12):7031–7056, 2019.

[DRKS20] Antonio De Rosa, Sławomir Kolasiński, and Mario Santilli. Uniqueness of critical points
of the anisotropic isoperimetric problem for finite perimeter sets. Arch. Ration. Mech.
Anal., 238(3):1157–1198, 2020.

[Fed69] Herbert Federer. Geometric measure theory. Die Grundlehren der mathematischen Wis-
senschaften, Band 153. Springer-Verlag New York, Inc., New York, 1969.

Sławomir Kolasiński
Uniwersytet Warszawski, Instytut Matematyki
ul. Banacha 2, 02-097 Warszawa, Poland
s.kolasinski@mimuw.edu.pl

4


	1. Weak maximum principle
	References

