Grammar Compression, LZ-encodings and String Algorithms with Implicit Input (Survey)

Wojciech Rytter

University of Warsaw and NJIT

We consider complexity issues related to several algorithmic problems on words, when the input is implicit:

• context-free grammar generating single string,

• Lempel-Ziv encoding (LZ-code) or

• a word equation.

The real size of the word can be exponential with respect to the size n of the implicit input. Several problems for compressed strings are considered: grammar compression, solvability of word equations and language membership. For these problems the grammar compression is more convenient than LZ-encoding and its size differs from that of LZ-encoding by at most logarithmic factor.

We discuss relations between these succinct representations: context free grammar generating a single string, a Lempel-Ziv encoding and word equations describing a string as a minimal solution.

The last type representation is the most complex, the best upper bound on the size of minimal solution is doubly exponential while it is believed that it is only singly exponential.

The implicit representations of strings is the main tool in the best known algorithms for testing solvability of word equations.

Lempel-Ziv encodings.

LZ algorithm compresses the input word because it is able to discover some repeated subwords. The Lempel-Ziv code defines a natural factorization of the encoded word into subwords which correspond to intervals in the code. The subwords are called factors.

Assume that Σ is an underlying alphabet and let w be a string over Σ. The LZ-factorization of w is given by a decomposition:

w = f_1 · f_2 · ·f_k, where f_1 = w[1] and for each 1 ≤ i ≤ k, f_i is the longest prefix of f_i . . . f_k which occurs in f_1 . . . f_{i−1}.

We can identify each f_i with an interval [p, q], such that f_i = w[p . . . q] and q ≤ |f_1 . . . f_{i−1}|. We identify LZ-factorization with LZ(w). Its size if the number of factors.

Example.

The LZ-factorization of the 7-th Fibonacci word F ib_7 is given by:

abaababaabaab = f_1 f_2 f_3 f_4 f_5 f_6 = a b a aba baaba ab

Grammar compression Grammar compression is essentially equivalent to straight-line programs. A grammar (straight-line program) is a sequence of assignment statements:

X_1 = expr_1; X_2 = expr_2; . . . ; X_m = expr_m,

where X_i are nonterminals and expr_i is a single (terminal) symbol, or expr_i = X_j ·X_k, for some j, k < i, where · denotes the concatenation of X_j and X_k. For each nonterminal X_i, denote by val(X_i) the value of X_i, it is the string described by X_i.

The string described by the whole straight-line program is val(X_m). The size of the straight-line program is m.

Example.

Let us consider the following grammar description of the 8th Fibonacci word:

abaababaabaababaababa

X_1 = b; X_2 = a;

X_3 = X_2 ·X_1; X_4 = X_3 ·X_2; X_5 = X_4 ·X_3; X_6 = X_5 ·X_4; X_7 = X_6 ·X_5; X_8 = X_7 ·X_6

Three basic problems for compressed strings:

Equality testing

Given two grammars check if they generate the same strings;

Fully compressed string-matching Given gramars or LZ encodings for text T and pattern P check if P occurs in T

Compressed string-matching Given grammar or LZ-encoding of T and given P explicitly check if P occurs in T .

String matching with grammar compression.

Assume n, m are sizes of grammar representations of T and P and N, M are real sizes of T and P . For simplicity assume m ≤ m, M ≤ N. Theorem 1 Fully compressed string-matching and equality testing can be done in time O(n^2 · log N · log M).

Theorem 2 Compressed string-matching can be done in time O(n · log m).

The most important is the case when N M are polynomial time with respect to the compressed sizes. In this case log N and log M are O(log n) and O(log m). This means that in this case fully compressed string-matching is quadratic and compressed matching is linear within polylogarithmic factors.

Height reductions.

Assume T is given by the grammar G_T and P is given by G_P . Denote by height(G) the height of the grammar G.

Theorem 3 Fully compressed string-matching can be done in time O(n · m · height(G_T ) · height(G_P ))

Theorem 4 LZ-description of size n of a string of size N can be transformed into equivalent grammar description of size O(n log N) and height log N.

Theorem 5 Grammar-description of size n of a string of size N can be transformed into equivalent grammar description of size O(n log N) and height log N.

Compressed text and uncompressed pattern searching

Assume we have a rule A → BC, then the splitting point or a cut point is a position between B and C. We search for patterns overlapping each splitting point. We need only local information about neighborhood of the splitting to localize the pattern in this area.

For each variable X compute P REF (X, P ), SUF F IX(X, P ), as the longest prefix and suffix of X which is a subword of X. Each subword is identified by an interval (pair of integers). After preprocessing pattern P local operations on subwords can be done in time O(log |P |).

Let us count the number of occurrences of pattern P = abaab in text T equal to the Fibonacci word X_{11}.

Fibonacci strings: b a ab aba abaab abaababa abaababaabaab abaababaabaababaababa abaababaabaababaababaabaababaabaab

Observe that for k ≥ 4 we have P REF (X_k, P ) = abaab and for odd k ≥ 4SUF F IX(X_k, P ) = abaab, for even k ≥ 4 SUF F IX(X_k, P ) = aba. We need only to look for occurrences of P = abaab in words abaab abaab and aba abaab. There is one occurrence only in the second case. We have X_7 = abaababaabaab. Hence: occ(X_7, P ) = occ(X_6) + occ(X_5) + 1 = 1 + 1 + 1 = 3. occ(X_8, P ) = occ(X_7) + occ(X_6) + 0 = 3 + 1 + 0 = 4. occ(X_9, P ) = occ(X_8) + occ(X_7) + 1 = 4 + 3 + 1 = 8. occ(X_{10}, P ) = occ(X_9) + occ(X_7) + 0 = 8 + 4 = 12. occ(X_{11}, P ) = occ(X_{10}) + occ(X_9) + 1 = 12 + 8 + 1 = 21.

Theorem 6 Searching for uncompressed pattern in grammar-compressed string can be done in time O(n · log m + m). We show later the following fact:

LZ-encoding of size n of string of size N can be transformed into a grammar of size O(n · log N). This implies:

Theorem 7 Searching for uncompressed pattern in LZ-compressed string can be done in time O(n · log m log N + m). This result has been first shown by Farach and Thorup STOC 1995 withiut using grammars. The grammar approach is much simpler.

Searching for compressed patterns For each variable Y we compute the set occ(Y, X_k) of occurrences of Y overlaping splitting oints of other variable. X_k

Key Lemma:

The set occ(Y, X_k) is an arithmetic progression.

The set occ(Y, X_k) can be of an exponential size but it has small representation (starting point, period, continuation).

The key lemmma follows from the following fact:

Lemma 1 (periodicity lemma) If w has two periods p, q such that p + q ≤ |w| then gcd(p, q) is a period of w, where gcd means “greatest common divisor”.

If Y overlaps three times the same position of a same text then the related periods p, q satisfy periodicity lemma. The set of all occurrences of the ”long” pattern can be represented as collection of arithmetic progressions of occurrences related to each of n possible splitting points. Using this representation we can check an ocurrence in time O(heigh(G_T )).

Assume we concatenate grammars for P and T , the sequence of variables s topologically sorted, all descendants of X_k are before X_k.

LEMMA Assume we have computed occ(X_i, X_j ) for each i, j ≤ k, then for any i, j ≤ k we can test if Y = X_i matches X = X_j starting in a particular location t in O(height(G)) time.

We go down from the root of X until we find the last node A such that the interval corresponding to the potential occurrence of Y is inside the tree rooted at A. Then we check if t ∈ occ(Y, A).

We can use the matching function to find the first mismatch in time O(height(G)^2). Assume we are to compute occ(A, X) and we have already computed occ(B, X). We know that occ(A, X) is an arithmetic progression, potentially of exponential size.

We cannot check for each occurrence the corresponding match of C. However, due to periodicity, it is enough to check only a constant number of mismatches.

Using mismatchfunction we can compute the continuation of the period p in BC and in the working window of X, starting at the first position of occ(B, X). We have to consider several cases.

There are several cases:

A and W are periodic w.r.t. p: occ(B, X) = occ(A, X)

A is not periodic and W is periodic w.r.t. p: occ(A, X) = ∅

A is periodic and W is not periodic: only initial segment of occ(B, X) is good, until reaching mismatch in W .

A and W are both NOT periodic w.r.t. p: This is the most interesting case. Only one possible candidate to be in occ(A, X), A should be placed in W in such a way that both mismatches cover each other. In this case occ(A, X) = ∅ or |occ(A, X)| = 1.

Theorem [Karpinski, Rytter, Shinohara] 1995 Searching compressed patterns can be done in O(n^4 log n) time.

Tis has been improved bu Mizayaki, Shinohara, Takeda, they gave algorithm working in time O(n^2m^2).

We have shown here a simplified version working in time O(n^2height(G)^2). If real sizes are polynomial w.r.t. compressed sizes then our algorithm works in quadratic time.

Open question.

Can we reduce quadratic to linear ?

Theorem (Charikar et al STOC 2002 and Rytter CPM 2002)

There are O(n · log |Σ|) time O(log n)-ratio approximation of minimal grammar-based compression of a given string of length n over an alphabet Σ and O(k · log n) time transformation of LZ77 encoding of size k into a grammar-based encoding of size O(k · log n).

Computing exact size of the minimal grammar-based compression is known to be NP -complete.

The basic novel tool (in Rytter CPM 2002) is the AV L-grammar. There is a surprising relation between data structures (balanced binary search trees) and grammars. The grammar G in Chomsky normal form is a directed acyclic graph, it can be expanded into a binary tree tree(G) . The grammar G is AVL if tree(G) is an AVL tree: |height(LeftSon) − height(RightSon)| ≤ 1.

Figure 1: T ree(G_7): the parse-tree of G_7. It is a binary tree: we assume that the nonterminals generating single terminal symbols are identified with these symbols. G_7 generates the 7-th Fibonacci word abaababaabaab. This tree is an AVL tree so the grammar is also an AVL grammar.

We have already defined LZ-factorization. We define also the grammar factorization, denoted by G-factorization, of w, as a sequence of subwords generated by consecutive bottom nonterminals of P T ree(G), these nonterminals are enclosed by rectangles in the figure. Alternatively we can define G-factorization as follows: w is scanned from left to right, each time taking as next G-factor the longest unscanned prefix which is generated by a single nonterminal which has already occurred to the left or a single letter if there is no such nonterminal. The factors of LZ- and G-factorizations are called LZ-factors and G-factors, respectively.

Theorem 8 For each string w and its grammar-based compression G |LZ(w)| ≤ |G|.

Figure 2: T ree(G_7), LZ-factorization (shaded one) is shown below G_7 factorization of F ib_7. The number of LZ-factors does not exceed the number of grammar-based factors.

Lemma 2 Assume A, B are two nonterminals of AVL-balanced grammars. Then we can construct in O(|height(A) − height(B)|) time a AVL-balanced grammar G = Concat(A, B), where val(G) = val(A) · val(B), by adding only O(|height(A) − height(B)|) nonterminals.

Figure 3: The first step of Concat(A, B). The edge (w, v) is split into (w, v^′), (v^′, v), where height(v) = height(B) or height(v) = height(B)+1. The node v^′ is a newly created node. The corresponding grammar productions are added.

The resulting tree can be unbalanced (by at most 2) on the rightmost branch. Suitable rotations are to be done.

The concatenating algorithm for AV L-trees can be applied to the parse-trees and automatically extended to the case of AV L-grammars.

The rebalancing has to be done only on the rightmost branch bottom-up starting at v. The part of this branch is of length O(|height(A) − height(B)|).

Assume we have LZ-factorization w = f_1f_2 . . . f_k and we have already constructed good (AVL-balanced and of size O(i · log n)) grammar G for the prefix f_1f_2 . . . f_{i−1}. If f_i is a terminal symbol generated by a nonterminal A then we set G := Concat(G, A). Otherwise we locate the segment corresponding to f_i in the prefix f_1f_2 . . . f_{i−1}.

Due to the fact that G is balanced we can find a logarithmic number of nonterminals S_1, S_2, . . . S_{t(i)} of G such that f_i = val(S_1) · val(S_2) · . . . val(S_{t(i)}), see Figure 4. The sequence S_1, S_2, . . . S_{t(i)} is called the grammar decomposition of the factor f_i. We concatenate the parts of the grammar corresponding to this nonterminals with G, using the operation Concat

Figure 4: The next factor f_i is split into segments corresponding to nonterminals occurring to the left. There are O(log n) segments since the height of the parse-tree is O(log n). Observe that height(S1) ≤ height(S − 2) ≤ height(S3) ≥ height(S4) ≥ height(S5). The sequence of heights of subtree S_1, S_2, . . . S_{t(i)} is bitonic.

The number of two-arguments concatenations needed to implement single iteration is O(log N), each of them adding O(log N) nonterminals. Hence the algorithm gives O(log^2(N)-ratio approximation.

At the cost of slightly more complicated implementation log^2 N-ratio can be improved to a log N-ratio approximation.

Theorem 9 We can construct in a O(n log |Σ|) time a O(log N)-ratio approximation of a minimal grammar-based compression.

Given LZ-factorization of length k we can construct a corresponding grammar of size O(k log N) in time O(k log N) .

log N can be further improved to log^N_k .

Word equations Word equations are used to describe properties and relations of words, .g. pattern-matching with variables, imprimitiveness, periodicity, conjugation. It is known that the solvability problem for word equations is NP -hard, even if we consider (short) solutions with the length bounded by a linear function and the right side of equations contains no variables.

The best known algorithm is in P-SPACE and has exponential time. The main open problem is to close the gap between NP and P-SPACE, and to show the following

Conjecture A: the problem of solving word equations is in NP .

Assume n is the size of the equation and N is the minimal length of the solution (if one exists).

Conjecture B: N is at most singly exponential w.r.t. n.

We strongly believe that the proper bound is singly exponential. If it is true then our construction would prove that the problem of solvability of word equations is NP -complete. We introduce a new approach to deal with word equations: Lempel-Ziv (LZ) encodings of solutions of word equations. A motivation to consider compressed solutions follows from the following fact.

Lemma 3 If we have LZ-encoded values of the variables then we can verify the word equation in polynomial time with respect to the size of the equation and the total size of given LZ-encodings.

Theorem 10 Assume N is the size of minimal solution of a word equation of size n. Then each solution of size N can be LZ-compressed to a string of size O(n^2 log^2(N)(log n + log log N)).

The theorem follows from Overlap Lemma.

Corrolary. Conjecture B implies conjecture A.

ALGORITHM Solving by LZ-Encoding ;

guess LZ-encoded solution of size O(n^2 log^2 N(log n + log log N));

verify its correctness using the polynomial time deterministic algorithm for equality testing of two grammars.

Assume T is a solution of a given word equation E. A cut, or a splitting point in T is a border of a variable or a constant in T .

Lemma 4 (Overlap Lemma) Assume T is the minimal length solution of the equation E. Then each subword of T has an occurrence which overlaps at least one cut in T .

Compressed Proofs of Solvability of Word Equations and P-Space algorithm.

The periodicity index for a given string x is the maximal k such that u^k is a subword of x, for a nonempty u.

Example 5.

For example index of periodicity of abbabababababbaba is 5 since we can write: abbabababababbaba = abb(ab)^5baba; Denote by index per(n) the maximal index of periodicity of minimal length solutions of word equations of length n.

Theorem 11 (periodicity index lemma) Koscielski, Pacholski JACM 1996

index per ≤ 2^{cn} for a constant c.

It has been shown by W. Plandowski that the solvability of word equations is in P-SPACE The algorithm consists of nondeterministically finding a (compressed) compressed syntactic derivation of the equation. All equations in the derivation have lengths bounded by p(n), where p(n) is a fixed polynomial (the same for all equations) and n is the size of the original equation.

Assume Γ is the set of additional variables called pseudo-constants, and Σ is the set of original constants. Let X be the set of original variables, assume X ∩ Γ = ∅.

An exponential expression is a compressed representation of a word in terms of concatenation and exponentiation, e.g.

a^{237}bac^{1024}cdb^{23}

with the main invariant: all exponents are singly exponential w.r.t. n, hence can be stored in P-SPACE.

Each step in the compressed syntactic derivation should be accompanied by all possible reductions of the exponential expressions, to guarantee that their height is at most one. This can be done nondeterministically, guessing the final form and testing if the initial expression and the required one are equivalent. The compressed syntactic derivation consists in performing locally in one step one of the following syntactic operations :

1. Replace each occurrence of a selected pseudo-constant by an exponential expressions of size O(n^3) over the alphabet Γ ∪ Σ;

2. Replace a subword α over the alphabet Γ ∪ Σ in the actual equation by a variable X ∈ X . For the same variable α should be the same in one iteration.

3. Replace a fragment X · R, where (X ∈ X and R ∈ (Γ ∪ Σ)^∗), by X, for an original variable X, this should be done for all occurrences of X in the actual equation

We start with w = w and end with the original equation preserving the invariant: the actual equation is solvable We show a compressed syntactic derivation of the following equation (the variables are written with capital letters) Y Y X b a a a a Z = Z Y Y X a a a a b The compressed syntactic derivation provides a compressed proof that this equation is solvable. Another possibility to check solvability of the equation is to guess the following values for the variables (then test the example word equation). x = aaaabaaaa; y = aaaabaaaaaaaabaaaabaaaa z = aaaabaaaaaaaabaaaabaaaaaaaabaaaaaaaab After substituting these values into the equation the length of each of its sides becomes 97.

w = w^{w⇒uvuuv}−→ uvuuv = uvuuv Z⇐uv−→ uvuZ = Zuuv

v⇒ce−→ uceuZ = Zuuce

u⇒ccd −→ ccdceccdZ = Zccdccdce Y ⇐c, X⇐c −→ Y cdY ecXdZ = ZY cdY cdXe c⇒ef −→ Y efdY eefXdZ = ZY efdY efdXe Y ⇐Y e −→ Y fdY efXdZ = ZY fdY fdXe

e⇒fb −→ Y fdY fbfXdZ = ZY fdY fdXfb

Y ⇐Y f −→ Y dY bfXdZ = ZY dY dXfb

d⇒bf −→ Y bfY bfXbfZ = ZY bfY bfXfb

Y :=⇐Y bf −→ Y Y XbfZ = ZY Y Xfb

f⇒a^4 −→ Y Y XbaaaaZ = ZY Y Xaaaab

Using the overlap-lemma and the periodicty-index lemma the following theorem has been shown. Observe that the only nontrivial part here is the ”⇒” implication in point (1).

Theorem 12 Plandowski, 1999 (1) The word equation has a solution iff it has a syntactic derivation;

(2) The solvability problem for word equations is in P-SPACE.

Let A be a deterministic finite automaton. The pseudo-constants and variables which appear in the syntactic derivation can be augmented by additional information: transition tables which say to which state we move after reading a subword :

Theorem 13 Solvability of word equations with regular constraints (values of variables should be in given regular sets) is P -SP ACE complete.

Membership of Compressed Strings in Formal Languages. For a formal language L and a compressed word x, given implicitly by a grammar, we are to check if x ∈ L. The compressed string matching can be treated as a language recognition problem:

check if w ∈ {x#y : x is a subword of y, and x, y do not contain #}. We consider three classes of regular expressions as descriptions of regular languages:

1. (standard) regular expressions (using uncompressed constants and operations ∪,^∗, ·);

2. regular expressions with compressed constants (constants given in compressed forms);

3. semi-extended regular expressions (using additionally the operator ∩ and only uncompressed constants)

The size of the expression is a part of the input size.

Theorem 14 (a) We can decide for compressed words the membership in a language described by given regular expression W in O(n · m^3) time, where m = |W |. (b) We can decide for compressed words the membership in a language described by given deterministic automaton M in O(n · m) time, where m is the number of states of M. The following problem is useful to show NP -hardness of several compressed recognition problems.

SUBSET SUM problem:

Input instance: Finite set A = {a_1, a_2, . . . , a_n} of integers and an integer K. The size of the input is the number of bits needed for the binary representation of numbers in A and K.

Question: Is there a subset A^′ ⊆ A with equal K?

Lemma 5 The problem SUBSET SUM is NP-complete.

We show an application of the SUBSET SUM problem in the proof of the following fact.

Theorem 15 (Plandowski and Rytter) The problem of checking membership of a compressed unary word in a language described by a star-free regular expression with compressed constants is NP -complete.

Proof The proof of NP -hardness is a reduction from the SUBSET SUM problem. We can construct easily a straight-line program such that value(X_i) = d^{ai} and w = d^K . Then the SUBSET SUM problem is reduced to the membership: w ∈ (value(X_1) ∪ ε) · (value(X_2) ∪ ε) · · · (value(X_n) ∪ ε). The empty string ε can be easily eliminated in the following way. We replace each ε by a single symbol d and each number a_i by (a_i + 1). Then we check whether d^{n+K} is generated by the obtained expression.

The problem is in NP since expressions are star-free. We can construct an equivalent nondeterministic finite automaton A and guess an accepting path. All paths are of polynomial length due to star-free condition. We can check in polynomial time if concatenation of constants on the path equals an input text P .

Theorem 16 (Plandowski and Rytter) The problem of checking membership of a compressed unary word in a language described by a given regular expression with compressed constants is in NP .

Theorem 17 (Plandowski and Rytter) The problem of checking membership of a compressed word in a language described by a semi-extended regular expression is NP -hard.

Recently it has been shown that the membership problem for a fixed regular language is comlete in the class of deterministic polynomial time computations.

Theorem 18 N. Markey, Ph. Schnoebelen IPL 2004 There is a fixed finite automaton for which the compressed membership problem is P-COMPLETE.

Compressed membership problem for context-free languages.

The compressed memebrship problem is more difficult than that for regular languages, though in the uncompressed setting both can be soved in deterministic polynomial time.

Theorem 19 (Plandowski and Rytter) The problem of checking membership of a compressed unary word in a given cfl is NP -complete.

The compressed context-free memebership problem for general alphabets has surprisingly high complexity status.

Theorem 20 Lohrey, ICALP 2004 The compressed membership problem for context free languages is P-SPACE complete.