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Abstract

This dissertation is devoted to estimates of moments of norms of random vectors.
It consists of four main results.

In the first part we show that for p > 1 and » > 1 the p-th moment of the
l,-norm of a log-concave random vector is comparable to the sum of the first
moment and the weak p-th moment up to a constant proportional to r. This
extends the previous result of Paouris concerning Fuclidean norms.

The second main result states that for p > 1, the p-th moments of suprema of
linear combinations of independent centered random variables are comparable with
the sum of the first moment and the weak p-th moment provided that the 2¢-th
and ¢-th integral moments of these variables are comparable for all ¢ > 2. The
latter condition turns out to be necessary in the i.i.d. case.

In the next part we show that every symmetric random variable with log-
concave tails satisfies the convex infimum convolution inequality with an optimal
cost function (up to scaling). As a result, we obtain nearly optimal comparison
of weak and strong moments for symmetric random vectors having independent
coordinates with log-concave tails.

The last main result is an estimate of E|| X ||, , ¢, for p,¢ > 2, where X is a
random matrix, which entries are of the form a,;Y;;, where Y has i.i.d. isotropic
log-concave rows. This generalises the result of Guédon, Hinrichs, Litvak, and
Prochno for Gaussian matrices with independent entries. Our estimate is optimal
up to logarithmic factors.

2010 Mathematics Subject Classification. Primary: 60E15. Secondary:
26A51, 26B25.

Keywords and phrases: log-concave vectors, comparison of weak and strong
moments, infimum convolution, norms of random matrices.



Streszczenie

Ta rozprawa poswiecona jest oszacowaniom momentéw norm wektoréw losowych.
Sktada sie ona z czterech gtéwnych wynikow.

W pierwszej czesci pokazujemy, ze dla p > 11 r > 1, p-ty moment normy /,
log-wklestego wektora losowego jest porownywalny z suma pierwszego momentu
i stabego p-tego momentu, z doktadnoscia do statej proporcjonalnej do r. Jest to
uogolnienie uzyskanego wczesniej przez Paourisa oszacowania dla norm euklideso-
wych.

Drugi gtéwny wynik orzeka, ze dla p > 1, p-ty moment supreméw liniowych
kombinacji niezaleznych scentrowanych zmiennych losowych jest poréwnywalny
z suma pierwszego momentu i stabego p-tego momentu, o ile 2¢-te i g-te momenty
catkowe tych zmiennych sa poréwnywalne dla kazdego ¢ > 2. Ten drugi warunek
okazuje sie by¢ konieczny w przypadku wektorow o wspotrzednych niezaleznych o
jednakowych rozktadach.

W kolejnej czesci wykazujemy, ze kazda symetryczna zmienna losowa o log-
wklestych ogonach spelnia wypukta nier6wnosé splotu infimum z optymalna (z do-
ktadnoscia do skalowania) funkcja kosztu. Jako wniosek otrzymujemy niemal
optymalne poréwnywanie stabych i silnych momentéow dla symetrycznych wektorow
losowych o niezaleznych wspotrzednych o log-wklestych ogonach.

Ostatnim gléwnym wynikiem jest oszacowanie E[ X||¢, e, dla p,q > 2 i macie-
rzy losowej X, ktorej wyrazy maja postac a;;Y;;, gdzie Y jest macierzg o niezalez-
nych wierszach o tym samym izotropowym i log-wklestym rozktadzie. Uogolnia to
wynik Guédona, Hinrichsa, Litvaka i Prochny dla macierzy gaussowskich o nieza-
leznych wyrazach. Nasze oszacowanie jest optymalne z doktadnoscia do czynnikéw
logarytmicznych z wymiaru.

Klasyfikacja tematyczna. 60E15; 26A51, 26B25.

Stowa kluczowe: wektory log-wkleste, poréwnywanie stabych i silnych mo-
mentéw, splot infimum, normy macierzy losowych.
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Chapter 1

Introduction

This dissertation is devoted to estimates of norms of some natural classes of random
vectors in R™. Dimension-free bounds are of most interest, since they may be
generalised to infinite-dimensional spaces. However, if the dependence on the
dimension is mild (especially if an estimate depends only on the logarithm of
the dimension), a bound is useful too and gives us a better understanding of the
behaviour of the class of random vectors we investigate. Let us describe three types
of estimates we are dealing with in this thesis.

In convex geometry the class of log-concave vectors is often investigated. One
of the classical theorems concerning this class is the Paouris inequality from [29],
which gives estimates of the standard Euclidean norm of any isotropic log-concave
random vector, and in a version from [1] also of arbitrary log-concave vector (or,
equivalently, it provides estimates for any Euclidean norm). It is natural to ask if
this result can be generalised to other norms or any wider class of vectors. In the
first part of this dissertation we partially answer this question.

Our first main result says that an analogue of the Paouris inequality holds for
the /,-norm of any log-concave vector, with a constant depending linearly on r. This
comes from the joint work with Rafal Latala [22], which is presented in Sections
2.1.1 and 2.2. If the constant in such an estimate depended linearly on 7 (instead
of r), this would imply a non-asymptotic bound for any norm, with a constant
Cn” (an estimate with the constant C'y/n may be gained easily). Moreover, if the
dependence of r was lost, then the bound with a universal constant would hold.
However, our bound with a constant Cr yields strong corollaries too (see Section
2.1.1) — among others we use it in Chapter 4 to obtain almost optimal estimates
for log-concave random matrices.

The second main result comes from another joint work with Rafal Latala [23]
and is presented in details and proved in Sections 2.1.2 and 2.3. We characterise
all centred random variables X, for which every vector X = (Xi,...,X,) with
i.i.d. coordinates satisfies the generalisation of Paouris inequality for any norm in



R™. The equivalent condition may be expressed easily in the language of growth of
integral moments of X;. Moreover, we provide the same estimate for any X with
independent coordinates satisfying the same moments growth condition.

Another important inequality in high dimensional probability is the infimum
convolution inequality and the convex infimum convolution inequality (convex ICI
for short). They appear naturally in the research connected to the concentration
of measure and the theory of optimal transport. Their concentration counterparts
gives some estimates for norms of vectors, as may be seen in the second part of this
dissertation in the case of convex ICI with optimal cost function, which implies
a strong enough concentration to provide a Paouris inequality-like estimate. Our
third main result, based on the joint work with Michal Strzelecki and Tomasz
Tkocz [35], is that vectors with independent coordinates with log-concave tails
satisfy the convex ICI with the optimal cost function (i.e. in a sense the optimal
possible convex ICI). The content of [35] may be found in Chapter 3.

A special type of norms are operator norms of matrices (an m x n-dimensional
vector may be treated as an m X n matrix). We are interested in estimating the
expected value of the operator norm from £ to ¢ of certain random matrices.
Most results concerning this quantity deal with the spectral norm only (i.e. the
operator norm from £ to ¢3'). Moreover, in the vast majority of known results one
has to assume the independence of entries of the matrix. Chapter 4, which is part
of a work in progress [34] by the author, provides an estimate, which is optimal
up to logarithmic factors and is valid for weighted matrices with i.i.d. isotropic
log-concave rows. In particular, we do not require the entries of the matrix to be
independent. To obtain the results from Chapter 4 we use theorems from the first
three chapters of this thesis.

1.1 Notation

By C' we denote universal constants. If a constant C' depends on a parameter «, we
express it as C(«). The value of C, C'(«) may differ at each occurrence. Whenever
we want to fix the value of an absolute constant we use letters C, Cs,.... We may
always assume that C; > 1.

For a random variable X we denote by ||.X||, the p-th integral norm of X, i.e.
the quantity (E|X[P)!/?. For a vector x € R (in particular for a random vector
X) and r > 1, by ||z||, we denote the ¢,-norm of z, i.e. ||z|, = O, o).
For r = 2 we shall also write | - | instead of || - ||2. It will be always clear from the
context, what || X||, means for a random object X, so the double meaning of || - ||,
will not lead to any misunderstanding. For an m x n matrix A by [|A||,, we denote
its norm from £ to £;".

For a given norm || - ||, B denotes the unit ball in this norm and || - |* denotes
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the dual norm of || - ||. Recall that the space dual to (R™, || -||) is isomorphic to
(R™,||-|I") (we may identify a functional ¢ € (R™,||-||)* with a vector y € (R™, ||-]|*)
via the scalar product, such that for any z € R" we have ¢(y) = (y, z)).

For p € [1,00], B} denotes the (closed) unit ball in the norm || - [[, in R™. We
will usually denote the Holder conjugate of p by p’ (with the convention oo’ = 1
and 1’ = 00), i.e. p’ satisfies 1 = ]13 + [%. If £ is a normed linear space, then by
|| - ||z we denote the norm on F, and by Bg we denote the closed unit ball in this
norm.

By |I| we denote the cardinality of a finite set /. For an n-dimensional random
vector Z and a € R™ we write aZ for the vector (a;Z;);. Observe that E||aZ||3 =
S aiEZE

The symbol ~ denotes either equal distributions of two random variables or
the comparability of two positive quantities (i.e. a ~ b if there exist an absolute
constant C' such that aC~! < b < Ca).

For a given sequence (z;)!; of real numbers we denote by (z})’, the non-
increasing rearrangement of the sequence (|z;|)™;.

1.2 Preliminaries

We say that K C R" is a convez body if K is convex, compact and has nonempty
interior.

A measure p on a locally convex linear space F' is called logarithmically concave
(log-concave in short) if for any compact nonempty sets K, L C F and X € [0, 1],

UK + (1= ML) > p(K) (L)'

A random vector with values in F' is called log-concave if its distribution is log-
arithmically concave. The class of log-concave measures is closed under linear
transformations, convolutions and weak limits. By the result of Borell [5] a d-
dimensional vector with a full dimensional support is log-concave if and only if
it has a log-concave density, i.e. a density of the form e™", where h is a convex
function with values in (—o0, 0o.

We say that a vector X in R" is isotropic if Cov X = Id (recall that Cov X is
the n x n matrix with entries Cov(X;, X;)). If X is a log-concave random vector
in R” with full dimensional support, then there exists a linear transformation 7'
such that Cov(TX) = Id — then we say that T'X is an isotropic position of X.

The class of log-concave measures is a natural generalization of uniform measures
over convex bodies (these measures are log-concave, since they have log-concave
densities). Moreover, any log-concave measure can be obtained as a weak limit
of projections of uniform measures over (higher dimensional) convex bodies (see
e.g. [2]). On the other hand, Ball (in [3]) introduced bodies K,(f) associated
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with a measurable function f such that f(0) > 0 (we skip the definition and the
details, since we will not need them in further chapters). For a convex body K we
know that K,(1x) = K for all p > 0. Moreover for a log-concave function f the
body K,(f) is convex and K, o(f) has the isotropic constant comparable with the
isotropic constant of f (i.e. the quantity L; := (f(EX))Y"(det Cov(X))Y/?", where
X has the density f). In particular it suffices to estimate the isotropic constant for
convex bodies in order to investigate the isotropic constant conjecture!. Other links
between log-concave measures and convex bodies are described in [2], and other
results and conjectures about log-concave measures are discussed in the recently
published monograph |6].

We say that a random vector X is unconditional if it has the same distribution
as nX for every n € {—1,1}" or equivalently, if X has the same distribution as
eX, where ¢; are i.i.d. symmetric Bernoulli random variables (i.e. P(g; = 1) =
P(s; = —1) = 3). Similarly we say that a subset 7' of R" is unconditional, if it is
symmetric with respect to all coordinates axes, i.e. t € T if and only if nt € T' for
every n € {—1,1}". We also say that a norm || - || on R” is unconditional, if its
unit ball is unconditional or equivalently if ||z|| = ||nx|| for every € R™ and every
ne{-1,1}"

Note that the unconditionality is a much stronger property than the isotropicity
in a sense that there may not exist any linear transformation of a given random
vector X that makes it unconditional, even if X has a full dimensional support.

We will also consider random variables with log-concave tails, i.e. variables X
for which the function

ts N(t) = —InP(X| > 1), t>0,

is convex. Note that the definition of log-concavity implies that log-concave variables
have log-concave tails?.

Let us recall a few basic facts about log-concave vectors and vectors with
log-concave tails.

Definition 1.1. We say that a random variable Z is a-regular (for v > 1) if

1Z]l, < o) Z|, forallqg>p>2.
p

Then we also say that the moments of Z grow a-reqularly.

Remark 1.2. If X is a symmetric random variable with log-concave tails, then its
moments grow 1-regularly (this classical fact follows for instance from Proposition
5.5 from [13] and the proof of Proposition 3.8 from [26]).

!The isotropic constant conjecture states that the isotropic constant of any log-concave isotropic
vector is bounded by an absolute constant.

2Moreover, the class of variables with log-concave tails is strictly larger than the class of
log-concave random variables.



The above remark implies that a log-concave symmetric random variable Z is
l-regular. Thus if Z is a log-concave centred (i.e. EZ = 0) random variable and Z’
is its independent copy, then for ¢ > p > 2 we have

q q
1Zlly =112 —EZ'lg < |12 = Z'], < ]—)IIZ —Z'p < 2gllzllp

so Z is 2-regular. Moreover, if Z is an arbitrary log-concave random variable, we
have
1Zlly < 1Z = BZ'|lq + EIZ'| < (q+ D] Z]2,

so we get by Chebyshev’s inequality P(|Z] > e(p+ 1)||Z]|2) < e7? for p > 2. Thus

szuzt)gem{z— ) for ¢ > 0. (1.1)

t
2¢|Z] 2
It is easy to see that the definition of log-concavity implies that if an n-
dimensional symmetric random vector X is log-concave, then for any ¢t € R” the
variable (¢, X) is also log-concave and symmetric, so it is also 1 — regular.
Moreover, if f: R®™ — R is a seminorm,

(Ef(2)7)V? < 01§<Ef<2>q>1/q (1.2)

for p > ¢ > 1 (see |6, Theorem 2.4.6]).
If K is a convex body in R™, X is a log-concave vector in R"™ such that
P(X € K) >0, and A :={X € K} then the vector Y defined by

_ P(An{XeB}) PXecBNK)
PY € B) = P(4) T TPXek)

is log-concave. It follows immediately by the definition of log-concavity. We say
that Y is distributed as X conditioned on K.

We will also need the inequality (£)¥ < (}) < (£)F, valid for 1 < k < n.

For a non-decreasing function g : R — R we define its generalized inverse
g ' : R — (—o00,00] by a formula g7 *(y) := inf{z : g(z) > y}. Note that if g is
continuous, then g(g~'(y)) = y for all y € g(R).

Let us make a remark which will be used multiple times in next chapters.

Remark 1.3. Let us justify that for any nonempty set 7" and any random vector X
we have
lim sup [[(¢, X)||, = supesssup [(t, X)|. (1.3)
P00 teT teT
If moreover we can control the growth of integral moments of (¢, X) (for example
if ||(¢, X)||2p < a||(t, X)||, for every p > py and t € T'), then p — sup,ep ||(t, X) ||,
is continuous for p > py.



Indeed, by Hélder inequality we get

p—¢

E[(t, X)[P** < (B, X)P) 7 (Bl(t, X)) < o®|(t, X)|[E*,

50 5uDyer (1t Xlpse < 02 supyer (8 Xy < @%7P supper [t X) e for p >
Do-

In order to prove (1.3) recall that lim, . ||(t, X)||, = esssup |[(¢, X)|. In the
case sup,cpesssup |(t, X)| =: A < oo take t € T such that esssup |[(t®, X)| >
A —1/i and then p; such that ||(t®, X)|,, > esssup|(t®, X)| — 1/i. Then A >
sup;er ||(t, X) ||, > A —2/i. In the case when A = oo we proceed similarilly.
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Chapter 2

Comparison of weak and strong
moments

One of the fundamental properties of log-concave vectors is the Paouris inequality
[29] (see also [1] for a shorter proof). It states that for a log-concave vector X in
R™,

(E|X[5)Y7 < Co (BIX[D'? + ox(p))  forp=>1, (2.1)

p> 1/p

is the Euclidean weak p—th moment of X. We call the quantity (E||X|5)"/? the
p-th strong moment of X (with respect to the Euclidean norm).

[t is natural to ask whether inequality (2.1) may be generalized to non-FEuclidean
norms. In [19] Latata formulated and discussed the following conjecture.

where

lItll2<1

ox(p) == sup (E‘ZtiXi
i—1

Congecture 2.1. There exists a universal constant C' such that for any log-concave
vector X with values in a finite dimensional normed space (F, || |),

EIX[)7 <C(BIX]+ s (EBp(OP)) forp>1  (22)

PeF™ [lpll«<1

Note that a reverse inequality with the constant % always holds, since by the
Jensen inequality

E[X ") = max{E|X], suwp  (Elp(x)P)""}.

PeF™ [l <1

Therefore we may think that the conjecture above states that weak and strong
moments of norms of log-concave vectors are comparable. For a given normed

9



space (F, || ||) by a weak p-th (for p > 1) moment we mean

olx(®) =  sup  (Ep(X)P)"".

peF™ [loll«<1

Today we only know that Conjecture 2.1 holds in some special cases, and we
do not know any possible counterexample. In [19, Section 3| Latala proved that
for n-dimensional spaces F' inequality (2.2) is true with an additional factor logn
in front of E||X|| if we assume additionally that X is unconditional . He also
proved there that we can skip logn if (R", | - ||) has nontrivial cotype ¢. In this
case (' depends on ¢ and the cotype constant 7,7, and we still have to assume
that X is unconditional. Moreover, [19, Corollary 2.4] states that (2.2) holds
with a universal constant for log-concave vectors X with independent coordinates.
Of course, Conjecture 2.1 is true for norms on R", the unit balls of which are
ellipsoids, since the Paouris inequality (2.1) holds and the linear transformation of
a log-concave vector is a log-concave vector. This was observed in [1, Section 3| —
the authors proved the theorem without the unnceccesary assumption that X is in
the isotropic position, which appeared in the original work of Paouris.

There are two links between Conjecture 2.1 and other problems in convex and
high dimensional probability. Latata proved in [21] that for all vectors X satisfying
Sudakov Minoration Principle with constant s the comparison of weak and strong
moments holds for every norm on R? up to a factor In(ed/p)/x at E||X||. Moreover,
due to Latata and Wojtaszczyk (see [26]) the optimal concentration (or equivalently
the convolution inequality with optimal cost function) of the distribution of X
implies (2.2). As Strzelecki, Tkocz, and the author noticed in [35], inequality (2.2)
follows even by a weaker conver infimum convolution inequality with optimal cost
function. We postpone further details and definitions to Chapter 3.

It is also interesting to find more general assumptions than log-concavity under
which (2.2) holds in some special cases. Latata and Tkocz proved in |24, Theorem
2.3| that for vectors with independent coordinates we may indeed assume less then
the log-concavity for (2.2) to hold. This weaker assumption is the a-regularity
of growth of moments of coordinates of X! (then the constant C' depends on
«). However, in the case of dependent coordinates the a-regularity of growth of
moments of (¢, X) (for all ¢ € R") does not imply (2.2) even for the Euclidean
norm as the example below shows.

FEzample 2.2. Let g be a standard Gaussian random variable and let G be a standard

n-dimensional Gaussian vector independent of g. Consider X := ¢gG. For every
t € R" we have (t,G) ~ [t|G1, so [[{t, X)[l, = llgllp - It Gl = 1¢] - llgll; ~ pltl-

Tn the next section we will see the weaker condition sufficient and — in a sense — necessary for
the comparison of moments to hold in the case of independent coordinates.

10



This means that the moments of (¢, X) grow C-regularly. On the other hand

1 1
(BIX )" = |gll,(BIGP) " > Valgll, ~ vap  for p>2,

and
ox(p) = sup [|{t, G)|,llgll, ~ p,
teBY

hence (2.2) cannot hold for X = ¢gG with any constant independent of the dimension
n.

In the next section we present new results related to the comparison of weak
and strong moments obtained by Latala and the author in [22] and [23]. Further
parts of this chapter contain the proofs and some additional observations.

2.1 Main results

2.1.1 Comparison of moments for /,-norms

Our first main result states that Conjecture 2.1 holds for spaces which may be
isometrically embedded in ¢, for some r > 1. This result, as well as its consequences
comes from [22].

Theorem 2.3. Let X be a log-concave vector with values in a normed space (F, || ||)
which may be isometrically embedded in ¢, for some r € [1,00). Then forp > 1,

EIX|")Y? < Cr(E[X[|+  sup  (Elp(X))7 ] .
per lgll-<1

This theorem implies the following deviation inequality for || .X||.

Corollary 2.4. Let X and F' be as above. Then
P(| X|| > 2¢CrtE| X||) < exp (—a”*.'l‘7X(t]E|\X||)) fort>1.

We may take C' as in Theorem 2.5.

Proof of Corollary 2.4. We will use Remark 1.3. In the case when (E|X]| >
SUD| |y, <1 €sssup |(u, X)| both sides of the estimate are equal to 0. If tE[X|| <
SUD| |y, <1 €sssup [(u, X)|, then take p := a”_.|1|7X(tIE||X||). By Chebyshev’s inequality
and Theorem 2.3 we obtain

E||X]? 1+¢\" _ _
P X > 2eCrtE|| X)) < < P < e7P, L]
(11 = 2eCreR].X]) < (2eCrtE|| X||)P — ot € =c¢

11



Since log-concavity is preserved under linear transformations and, by the Hahn-
Banach theorem, any linear functional on a subspace of ¢, is a restriction of
a functional on the whole ¢, with the same norm, it is enough to prove Theorem
2.3 for F = /,. An easy approximation argument shows that we may consider finite
dimensional spaces £;'. To simplify the notation for an n-dimensional vector X and
p > 1 we write

) 1/p

We will prove the following equivalent version of Theorem2.3. A constant C' is
the same in both theorems.

orx(p) == sup (

]|, <1

Theorem 2.5. Let X be a finite dimensional log-concave vector and r € [1,00).
Then
(E[X|)V < Cr (B X[l + 00 x(p))  forp>1.

To show the above theorem we follow the approach from [20] and establish the
following cut version of the above inequality.

Theorem 2.6. Suppose that r € [1,00) and X is a log-concave n-dimensional
random vector. Let

1/r
d; = (EX2)Y/?, d—(ZdT) . (2.3)

Then forp >,

n p/r
d
= <Z ’X1|T1{Xi2tdi}> < (Csro,x(p))’ fort>Cyrlog (0 X(p)> - (24)

i=1
Let us show how Theorem 2.6 implies Theorem 2.5.

Proof of Theorem 2.5. Since by (1.2) we have (E||X|[2)/? < C1pE| X|,, we may
assume that p > r. Let d; and d be as in Theorem 2.6. Then

d = |EX?); [l < 2CH|(EIX])ill, < 2CHE) X,

In particular, if d > supy, <, ess sup}Z?zl i

1/p
(E|X]7) = (E sup ) < d < 20:E|X])..

lltl]<1
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It otherwise d < supj < ess sup|Z?:1 tZ-XZ-|, set

p:=inf{q¢ > p: o, x(q¢) > d} > p.
Theorem 2.6 applied with p instead of p and ¢ = 0, and Remark 1.3 yield

(EI XY < (BIX|N)Y? < Cyrovx (p) = Csrmax{d, ov.x (p)}
< Cr(E[[X]l; + or.x(p))- =

Remark 2.7. Any finite dimensional space embeds isometrically in ¢, so to show
Conjecture 2.1 it is enough to establish Theorem 2.3 (with a universal constant in
place of Cr) for r = co. Such an estimate holds for isotropic log-concave vectors
(see [21, Corollary 3.8]). However a linear image of an isotropic vector does not have
to be isotropic, so to establish the conjecture we need to consider either isotropic
vectors and an arbitrary norm or vectors with a general covariance structure and
the standard ¢..-norm.

Remark 2.8. An n-dimensional space embeds isometrically in /Y where N ~ em.
Moreover, in RY we have ™| - |[logny < || * [loo < || - |log - Therefore Theorem 2.5
implies (2.2) with C' ~ log N ~ n. If Theorem 2.5 held with Cr7 instead of Cr,
then (2.2) would hold with C' ~ n?, what is unknown for any v < 3.

2.1.2 Comparison of moments in the independent case

Let us now present results obtained in [23]. We may look at the comparison
of moments in a slightly different way than the one presented before. For an
n-dimensional random vector X instead of taking the moments of norms of X we
may considering the moments of SupteT‘Z?:l tiXZ-‘ — if T" is a unit ball of the dual
norm of || - ||, then this quantity coincides with || X||. This approach will be useful
in the proof of our second main result concerning the comparison of weak and
strong moments, which generalises the aforementioned result of [24, Theorem 2.3]
for vectors with independent regular coordinates.

Theorem 2.9. Let X4,...,X,, be independent mean zero random variables with
finite moments such that

| Xi]l2p < | X5l for everyp>2andi=1,...,n, (2.5)

where « is a finite positive constant. Then for every p > 1 and every nonempty set

T C R™ we have
n » 1/p p\ /P
E su i , (2.6
(Baploex) < Jram(Eex]) ) eo

where C(«) is a constant which depends only on a.

1, X;

teT

13



It turns out that Theorem 2.9 may be reversed in the i.i.d. case (see the theorem
below). Therefore one cannot weaken assumption (2.5) in Theorem 2.9.

Theorem 2.10. Let X1, Xs,... be i.i.d. random variables. Assume that there
exists a constant L such that for every p > 1, every n and every nonempty set
T C R™ we have

1/p n »\ /P
(E sup ) <L Esup ( ‘ X ) (2.7
teT teT teT p
Then
[Xill2p < a(D)[|Xall,  forp =2, (2.8)

where a(L) is a constant which depends only on L > 1.

It will be clear from the proof of Theorem 2.10 that it suffices to assume (2.7)
for T'={+xe; : j € {1,...,n}} only, where {ey,...,e,} is the canonical basis of
R™.

The comparison of weak and strong moments (2.6) yields also a deviation
inequality for sup,cp | Y i 6:X;].

Corollary 2.11. Assume X1, X, ... satisfy the assumptions of Theorem 2.9. Then
for any u > 0 and any nonempty set T in R™,
> u)

(sup } ) < Co(a) sup IP’(
teT teT
(2.9)

where constants Cy(a) and Cy(«) depend only on the constant v in (2.5).

> (4 (a ){u—l—Esup

teT

Another consequence of Theorem 2.10 is the following Khintchine-Kahane type
inequality.

Corollary 2.12. Assume X;, 1 < i < n satisfy the assumptions of Theorem 2.9.
Then for any p > q > 2 and any nonempty set T in R™ we have,
) 1/q

/p D max{1/2,log, a}
<E sup ) < C(a) (—) (E sup
teT q teT
where a constant C'(«) depends only on the constant a in (2.5).
The rest of this subsection will be dedicated to present a bunch of remarks
related to the above results.

Remark 2.13. Exponent max{1/2,log, a} in Corollary 2.12 is optimal.

14



Indeed, since ||g||, ~ v/p/e as p — oo one cannot go below 1/2 by the central
limit theorem.

To see that log, o term cannot be improved it is enough to consider av > V2.
Let r = 1/logya € (0,2) and let X be a symmetric random variable given
by P(|X| > t) = e " (with 2 > r > 0), i.e. X = || sgn&, where £ has the
symmetric exponential distribution. By Stirling’s formula I'(z+1) = (£)/2rze/®)
with f(z) € (0,1/12) for = > 1, so for p > 2,

X[ T(22+ 1)
XM e 41)t?

-\ 1)
S 21/7" (_) e1/(24p) S 21/7’ - a.
p

Moreover, || X||, ~ (£)"" for p — oo, so the assertion of Corollary 2.12 cannot
hold with any exponent better than log, a.

Remark 2.14. If the variables X; are symmetric then the term Esup,cp |> 0, t:X;|
in (2.6) may be replaced by Esup,cr > - t:.X;.

Proof. Let s be any point in T. Then T"C T — T + s, so by the triangle inequality

1/p n 2\ /P n »\ /P
(ESUP ) < ( iXi > +<E‘Z X ) .
teT teT-T14= —

Estimate (2.6) applied to the set T'— T yields
o\ /P
teT—T

teT-T

The set T'— T is symmetric, so

=E sup ZtX <2]EsupZth,

teT-T teT

teT-T

where the last estimate follows, since (X;)"; and (—X;)!, are equally distributed.

Moreover,
n » 1/p n p 1/p
sup (]E’ 14N ) §2SHP<E‘ 1< ) )
ter-T\ 1= teT Py

what finishes the proof of the remark. O

Remark 2.15. If the variables X; are not centred then (2.6) holds provided that
the assumption (2.5) is replaced by

|X: — EXillop < ol X; — EX;], forp>2andi=1,...,n

15



Proof. We have

1/p
(]E sup ) (E sup
teT teT

Theorem 2.9 applied to centred variables X; — EX;, : =1,..., n, yields

1/p
ZtX IEX)) +sup

teT

1/p
Esu tX EX,
(B> nxi—mx)f )
1/p
< O(a) |Esup|S " t:(X: — EX)) ’ £(X, — JEX) .
@ [Esupl3 1 op (B[

To conclude it is enough to observe that

Esu ti(X; —EX;)| <Esu t,EX;|,
up[3 4~ EX)| < Baupl 30| gl
n p 1/p n P 1/p
sup (E‘Z ti(X; — EX;) ) < sup (E‘ X ) + sup Zt EX],
teT — teT — teT
and
sup < Esup O
teT teT

2.2 Proof in the case of /,-norm
By (1.2) for any log-concave vector X and any 7,
o.x(Ap) < Cido, x(p) for A>1, p>2.

As in Corollary 2.4, the Paouris inequality (2.1) together with Chebyshev’s
inequality imply

P (X2 > eCy (B[ X|3)"* +0x(p))) <e?  forp>1. (2.10)

We will always assume, without loss of generality, that d; defined in Theorem 2.6
are Non-zero.
The next proposition generalizes Proposition 4 from [20].
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Proposition 2.16. Let X, r, d;, and d be as in Theorem 2.6 and A .= {X € K},
where K is a convez set in R"™ satisfying 0 < P(A) < 1/e. Then
(i) for every t > r,

ST BN Langxsiy < C5"P(A) (1707 (~ log(P(A))) + (dt) e /%) . (2.11)

=1

(i1) for every t >0, u > 1,

0 n
Z 2 Z i Lp(an{X,>2ktd; ) >e—P(A)}
k=0 i=1

(Cru)’

<
=g

(o7.x (= 10g(P(A))) + d"Ljt<ucy)) - (2.12)

Proof. Let Y be a random vector defined by

_P(An{X eB}) PXecBNK)
P € B) = P(4) TTPX k)

i.e. Y is distributed as X conditioned on A. Clearly, for every measurable set B
one has P(X € B) > P(A)P(Y € B). Recall that Y is log-concave.
To simplify the notation set

pA = — logP(A) and C; = (]EY;'Q)l/Q, i = 17 s N

Let
I=1I():={i<n: EY? >v*d?},

where v is an absolute constant to be chosen later. Let us also fix a sequence
(ai)ign-

Put S = >, laile; Y2 Observe that S = ||((|a;|/c;)*/?Y:)ier||3, hence by
the log-concavity of Y and (1.2), ES?* < (2C})*(ES)?, and the Paley-Zygmund
inequality yields

) 1 1 1 (ES)? 1

P i‘1Y2>_ i|Cs :]P) S>—ES > — > .

(iezlla\cz Z_Z;IMC) ( T2 )_4]ES2 ~(2v20))4
(2.13)

We have EY;* < (2C'¢;)?, so by Chebyshev’s inequality we get
1

P Je3YA > (20))* Jdei | <= for s> 0. 2.14
(;VHC@ i = 1)3;|a|c <5 fors (2.14)
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Combining (2.13) and (2.14) we conclude that there exist constants Cy and ¢ € (0, 1)
such that

_ 1 _
P (Z |a;|c; ' Y? > 3 Z las|ci, Z |a;|e; Yt < Cy Z |ai|ci> >c
i€l el el i€l

and therefore

P (Z’ai\ci_l 1Z!al\cl, > aile X} < CQZMZ\Q) > (P(A) > ¢~ Cropa,

el el el

\)

Let X be the vector (Ja;|"/2¢; > X,);c; conditioned on the set

B = {Z‘CL,L’CZSX:l S C92|ai|ci} .

il i€l

Then

<HXH2 D 2 Z |al|cl> > ) —C1opa > e*Cm;DA' (2.15)

el

The random vector X is log-concave and by the Markov inequality we have
P(B) > 1/2if v is a sufficiently large universal constant (since EX} < Cd} < Cv~4c}
for i € I). Thus

E||X|? = (ch 1X21B> <2 agley'd; <207 ale;. (2.16)

el i€l i€l

Now we will estimate o¢(p). To this end fix t € R? with [¢| < 1. Let o, s > 0
be numbers to be chosen later and

Jo={ieI: [t|(|laile)™? < al.

We have
th <PB)P I tillaile) Pl Xof| < 20071 4x (p).
1€Ja 1€Jq P
Moreover
S <3 il = 3 B U —
{1%l<s(ailen)1/2) T T e tl(aile)
¢ Ja » zgéJa L
<S) <D
e ; T

18



Observe that by the definition of the set B and the vector X we have
Z(|6LZ‘|C¢)_1X1-4 S Cg Z |(IZ‘|CZ'.
icl icl

Thus

Z i Xil (%> s(laslen /2)

1/2
2
< (ZX 1{|Xi|>s(|ai|ci>1/2}>

i¢Jo » il )
. 1/2 ) 1/2

p

Combining the above estimates we obtain

1/2
S 1
X < 2000, il de |l
Z ozcrl,X(p)—I—a%—S( 102|a|c>

i€l el

Taking the supremum over ¢ and optimizing over v > 0 we get

1/2
o3 (p) < 4(sa1x(p)/* + (Og Z |al|cz> for s > 0. (2.17)

el

Paouris’ inequality (2.10) (applied to X instead of X) together with (2.16) and
(2.17) implies that

IP’<||)~(H2 > e(ly [(21}‘2 Z |ai|c,»)1/2 + 4(501,@((010])14 1/2 <C’9 Z]az|cz> i })

el i€l
< e—prA.

Comparing the above with (2.15) we get

eCs {(21]_2 Z ’%"Q’) v + 4(80’1,aX(010pA))1/2 + 2(09 Z \%’!Q) 1/1

el icl

| 1/2
> (52 |@i|0i> .
el

If we choose s and v to be sufficiently large absolute constants we will get

Z ;| ( EY2 12 = Z lai|c; < Coyax(Cropa) < Coyax(pa)-

el el

19



Put a; := (E|Y;|>)"D2Lc;. If ||t|loo < 1, then (3 |tias|™ )" < |la||. Thus
the previous inequality implies

1/r'
Y (EIY?)"? < Covax(pa) < Cllallvorx(pa) = C (Z (Ey?)” ) 0rx(pa).
el el
This gives

STEYP)? < Col  (pa)-

el

Since ||Y;|l, < max{1, Cir/2}||Yi||2 we also get

Y EI[ < (Cr) oy x(pa).

el

To prove (2.11) note that if 7 ¢ I, then by (1.1) we have P(|Y;| > sd;) < 2e=/¢
for s > 0, hence we get by integrating by parts that for ¢t > r,

E|Y;|"Liy,51a < (Ctd;)"e™"€

and therefore
D B[ Ly < (Ctd) e
it 1

Hence

1

5017 2 B anprizuy = DBV Lz < C7 (0%~ oB(B(A)) + (dt) )
=1

=1

To show (2.12) note first that for every i the random variable Y; is log-concave,
hence for s > 0 inequality (1.1) implies

P(AN{X,; > s}) s
LAy izslser (2 - W) '

Thus, if P(AN{X; > 2%td;}) > e “P(A) and u > 1, then ||Y;||s > 2%td;/(2e(u+2)) >
2ktd; /(6eu). In particular this cannot happen if i ¢ I, k > 0 and u < t/Cg with Cyg
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large enough. Therefore

Z 2" Z dlr1{P(Aﬂ{XiZthdz‘})Ze—“]P’(A)}

oo
: (Z Hlir<ucs) Z) 4 D2 L wvzyesanu oo

icl il k=0

(Z +1<ucs) Z) di ——— EYQ)T/Q

el

(CU) r T

< — o Z(EY?) /2 4 1i<ucsy Z d;
el i¢l

Cu)" r T

< (o7 (08 (PA) + T zcy)- 0

We will also use the following combinatorial lemma (Lemma 11 in [18]).

Lemma 2.17. Let lo > 1; > ... > I, be a fized sequence of positive integers and
Fom{fi {120 o} = 0,12, s}: Vicie, {re f(r) 2 0} < 1}

Then l
i 6[1‘_ ‘
A=T1(%2)
i=1 v

Proof of Theorem 2.6. Observe that we may assume that t > Cyr. Indeed, if
eo, x(p) < d then by our assumption ¢t > Cyr. If e, x(p) > d then

n p/r\ 1/p
<E<Z IXi!’"l{XAzmi}) )
=1

n 1/r n p/r
< (z dz) s (z |xivu'xilm{t,cmdi})
=1

1/p

i=1

1/p

n p/r
<eCyro.x(p)+ | E (Z |Xi|T1{|Xi|>max{t,C4r}d¢}>

=1

Moreover, the vector —X is also log-concave, has the same values of d; and
or_x = 0, x. Hence it is enough to show that

n p/r
d
E (Z X[l{Xi>tdi}> < (Crowx(p))’ for t > Cyrmax {Llog (a X(p)) } '
=1 "
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Observe that for [ =1,2,.. .,

=1
n [eS)
= (2t>rl Z Z 2(k1+m+kl)rd; . 'd;lP(Bil,kl---7iz7kz)v
i1,...,01=1k1,...,k;=0
where
Bil,kl---,il,kz = {le Z 2k1tdi1, e ,Xil Z 2kltdn}

Define a positive integer [ by
b <l < 21_7 and
r r
Then, by (1.2) we get o, x(p) < 0, x(rl) < 0, x(2p) < 2Cy0, x(p). Since for any
nonnegative random variable Z we have (EZ?/")"/? < (EZ')'/!, it is enough to show

I = 2™ for some positive integer M.

that
. I rl d
m(l) < (M) for t > Cyr max {1, log (m) } , (2.18)
where

o0 n
m(l):= > > WA @ P(B g ik):
k1,...,k;=011,...,5;=1

~~~~~

We divide the sum in m(/) into several parts. Define sets

IO = {(il, k’l, . ,il, kl)i P(Bil,k1,~~~,il,kz> > 67”} s

and for j =1,2,...,
Ij = {(il, kl, cey i, k‘l)i P(Bh,kh...,il,kz) € (e_TZQj, G_Tl2j_1]} .

Then m(l) = ;.o m;(l), where
m;(l) = > oG P(By ki)

(11,k1,...,01,k1) €T

To estimate mq(l) define for 1 < s </,
Py :={(i1, k1, - yis, ks): (i1, k1, ..y, ky) € 1o for some igyq, ..., ki}.
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We have by (1.1) (since t is assumed to be large)
P(Biy y..ioks) < P(Biygy) < exp(2 — 271t /e) < el
Thus for s=1,...,1 —1,

Z 2(k1+...+ks+1)rd;jl d P(Bi1,k1,m,is+1,ks+1)

1s+1
(41,k1,-yis41,ks+1)EPs 4110
ki+...+ks)r gr T . .
< § j 2 DL dl Fin, Ky s k),

(ihkl,m,is,ks)EPsIo

where
Fliv k. i k) =Y Y 2 dIP(Bi, gy, N {XG > 28di})
=1 k=0
=D 2y P(Biykyik, N {20td; > X > 201}
i=1 k=0 j=k

<Y N dP(Biy ik, N{2td; > X; > Ptd}) 27

i=1 j=0

< ZEQt‘WXA’“lB ioke N{Xi>td; }

i=1

< 2t7TOgP(Bi17k1,~..,is,ks) (TTU:,X(_ log ]P)(Bil,kl,...,is,ks)) + (dt)’”e*t/cfs) ’

where the last inequality follows by (2.11). Note that for (i1, k1, . . ., is, ks) € Psly we
have P(By, 1, i.k.) > €. Moreover, by our assumptions on ¢ (if Cy is sufficiently
large with respect to Cp),

(dt)re_t/c6 = 7t (20 gre—t/(2Cs) < r'o; x(rl).

i1,k

Therefore

(k:1+...+k‘+1)7” T T . .
E 2 ’ dil s dis+1P(Bll,k1,-~.,Zs+1,ks+1)

(41,k1,yts41,ks+1)EPs+110

< 47" (Csronx (rl])) > pUrtetkrgr A P(Biy gy, ioks)-

(i1,/€17~-~7is,k5)€Ps[0

By induction we get

m0<l) = Z 2<k1+m+kl)rd; U dZP(Bilykh---,ihkz)

(11,k1,.-,01,k1)€Io

4 I r(l—1)
< (C%TU—TX(T)> Z lerd;P(Bil,kl)-
(

t
il,k1)€P1[0
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We have

n o
Do VAP(B ) <Y d Yo e

(i1,k1)eP1 1o i1=1 k1=0
- _ Cro.x(rl)\"
<3 @2t < (_ |
=1 t

where the last two inequalities follow from the assumption that for large enough
Cy, t > Cyr max {1,log <#(Tl)> } Thus

mo(l) < (CTU’“—X(H)) h _

t

Now we estimate m;(l) for j > 0. Fix j > 0 and define a positive integer p; by

ror—1 ~ i < r2e
Cs

where the constant Cs comes from part (ii) of Proposition 2.16. Now for all
(i1, k1, ..., 0, k) € I; define a function fi, g, 4k {1,...,¢} = {0,1,...} by

O lf P(Bipkly-»-yi&ks)
P(Bij kq,oig_1.ks—1)

e —T2P P(Biy ko ,...is,ks) —pop—1
p < P(Biy kyooiagiheq) — » P2

>e ",
fh,kl,m,ihkz (3) =

Note that for every (i1, k1, ...,%, k) € I; one has
1= ]P)(B@) > P(Bh,k‘l) > P(Bih/ﬂ,iz,kz) > 2 P(Bihkl,---,il,kl) > exp(—rle).

Denote
Fi = fivkrivn s (i kr, ... i k) € I}
Then for f = fi, ki, € Fj and p > 1 one has

V4
; P(Bi ey, is ks
eXp(—TQJl) < ]P)(Bi1,k17~-~7iz7kz) = H ]P(B( khkl,' : ) )
s=1 15K ls—1,Rs—1

< exp(—r2""H{s: f(s) = p}]).

Hence for every p > 1 one has
[{s: f(s) > p}| < min{27T,L 1} =1, (2.19)
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In particular f takes values in {0,1,...,j+1+ [logyl|}. Clearly, > . 1, = (j+2)I
and l,_1/l, <2, so by Lemma 2.17

m < T ()
p

p=1

Now fix f € F; and define
L) =G ki k) Skl = [}
and for s </,
Lis(f) =P Li(f) ={(i1, k1, - - vis, ks): firda,ipgey = f for some igyq, ks ..., 0y, ki)

Recall that for s > 1, P(By, 4, k) < €. Moreover for s < [ and any
(i1, k1, ..., 0, k) € I;, we get by (1.2) that

ox (=108 P(Bj, oy, ivk)) < 0x(—10gP(Biyhy,ivi)) < ox(r127) < C1270x(rl).

Hence estimate (2.12) applied with v = 7276+ implies for 1 < s <[ — 1,

Z 2(k1+...+ks+1)rd; o dgs+1]P)(Bi1,k1,...,is+1,ks+1)
(11,K1 55841, ks41) €05,541 (f)
S g(f(s + 1)) Z 2(k1+‘..+ks)7“d;"1 s d:SP(Bil,kh...,is,ks)?
(’i1,k1,...,is,]€s)€]’j7s(f)
where
(C1C7r)t 27 a7 (1) for p = 0,
g(p) == (CLCrr)rt2ret)gr  (rl) exp(—r2e71) for 1 < p < py,

(CLCrr)rtr2e (2507  (rl) + d7) exp(—r2°7Y)  for p > py.
Suppose that (i1, k1) € I(f) and f(1) = p. Then by (1.1) we have
exp(—r2°) < P(X;, > 2Mtd;,) < exp(2 — 28171t /e),

hence 2%t < er2°+3. We may assume without loss of generality that Cy > 8e. Then
p > p1. Moreover, 27 < (8er)"27°t~", hence

S 2R P(B,,) < d(16er) 27 exp(—r27Y) < g(p) = g(f(1)),
(i1,k1)€L;1(f)
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since without loss of generality C;C7 > 16e. Thus the induction shows that

m; (f) = Z 2(k1+...+kz)7‘d;"1 ce dglP(Bi1,k1,...,izykz)
(il,kl,...,il,kl)EIj(f)

<[Totrsn =TT o0

where n, := |f~1(p)|.
Observe that

l
—r{2-1 ]P i1,k1 ~~-,i57ks> —rl —r2f(s)
€ > P( i1,K1,...,91, kl H P >e H € .

=1 ( i1,k1,. ls—l,ks—l) s: f(s)>1
Therefore
T roo.
2Pt = _ 2/(s) > _1(2i-1 7).
Tznp 2 —_— 2 ( )
= s: f(s)>1
Moreover
o, <GADI+ > pl,= (25 +5)L.
p=1 p2j+2
Thus

00 i rl r m
[Toto) < <CIC7TQJUT’X(”)) ori(2+5) (1 P ) exp (—T—l(zﬂ'l - 1)> ,
puir t orx(rl)r 2

where m = 37 . n, <1, < 2/*177 By the assumption on ¢ we have 1 +
d[ol  (rl) < 2exp(t/Cy) < exp(r27~*) if Cy is large enough (with respect to Cs).
Hence

9(3j+5) D\ " ,
m](l) S |~F7| (\/60107 t TUT,X(T )) eXp(_Tl2]f3).

We get

WMZEW@SGE?@Y

To finish the proof of (2.18), note that

0o 35 rl '
(—02 TO;T’X<TZ)) exp(—rl277?).

Jj=1

Z (2%7)" exp (—ri2773) < C”Zexp(—rl?"l) <o, O

J=1 Jj=1
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2.3 Proofs in the case of independent coordinates

In Subsection 2.3.1 we prove Theorem 2.9 for unconditional sets T only. Using
this result we generalize it to the case of an arbitrary 7' in Subection 2.3.2. In
Subsection 2.3.3 we prove Corollaries 2.11 and 2.12. Finally, in Subection 2.3.4 we
present the proof of Theorem 2.10.

Throughout this section we will frequently work with a Bernoulli sequence ¢; of
i.i.d. symmetric random variables taking values £1. We assume that variables ¢;
are independent of other random variables.

2.3.1 The case of unconditional sets

In this subsection we show that Theorem 2.9 holds under additional assumptions
that the set 7" is unconditional and the variables X; are symmetric. Recall that a set
T in R" is called unconditional if it is symmetric with respect to the coordinate axes,
ie. (mit;), € T for any t = (t;)7_, € T and any choice of signs 1y, ...,n, € {—1,1}.

Proposition 2.18. Letr € (0,1) and L > 1. Assume that variables Y1, ...,Y, are
independent and symmetric and
1/p
p
f ) ] (2.20)

1/p
(]E sup ) <L
teT

for all p > 1 and all nonempty unconditional sets T'. Then variables X; =

Yi[1/" sgn Y; satisfy
1/p
Z-p) ] (2.21)

EsupZtY —i—sup(

teT tel

> 1/p < ony

<]E sup

teT

teT teT

]EsupZtX +sup( ‘
i=1

for all p > 1 and all nonempty unconditional sets T" C R™.

Proof. Definition of X; and unconditionality of T yield

n
;| = sup t]| Vi
1 teT;’ 'L|| 'L|

sup f 1/r

teT

Let s = (1 —7)~! and let B” denote the unit ball of £?. Then 1/s +r =1 and by
Holder’s duality we have

n
.
sup’ Vi [H"
[ el

= sup sup u; |t;|"Y; = sup t;Y;,
up s 3l = sup 31

EB” teT:
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where
T, = {(w|t;|")iy: te€T,ue B!}
is unconditional in R™. Therefore (2.20) applied with p/r and T, instead of p and

T yields
n p n /r r/p p/r
E sup ZtiXi < Lpr Esupt;Y; + sup (E‘ZtiYi ) )
ter 1“5 teT, teT, —
We have
E sup Y, = Esup (E sup t; X; >
o3 =B Z)3
Moreover,

p/r\"P -
) <su(Esup S wlely

p/?‘) r/p
teT \ weBp! =]
n r/p r/p
p p
= sup E’ i ) :sup( i ) .

Estimates above together with the inequality (a + b)Y/" < 2Y/7=1(a/" 4 b'/") yield

1/p 1 P 1/p
(E sup > < —(2n)Vr ( ; ) :
teT 2 teT
Hence, in order to prove (2.21) it suffices to show that
p = P\ /P
sup( i ) < EsupZt X + QSup( ‘ ; ) . (2.22)
teT i=1

teT
Let (X{,...,X]) be an independent copy of (Xi,...,X,). By the triangle
inequality for the p-th integral norm and Jensen’s inequality we get

E sup
teT

»\ /P n »\ /P
E i <sup(E|Y_t(|Xi| - E|X] ()
ap([3peixif) < s (e[S 1 -1
n N 1/p
< sup(E|S (x| - X! ‘
< sup ([0 - )
n N 1/p
— sup(E[S " 6(1X| — | X7 ( +E £,X
jgg( > (1d - !)> 33;2

(2.23)
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where the equation follows by the unconditionality of T'.
Since the sequence (|X;| — |X/|)7; has the same distribution as (g;(|X;| —
| X))k, for every t € R™ we have

( !Zt (1%l = ) ( yzt@ Xl = x|
S(E‘;tia ZP) +(E‘;tiei ;p)l/

- 2( Z p) " (2.24)

Putting (2.23) and (2.24) together we get (2.22), what completes the proof of
(2.21). 0

Corollary 2.19. Let Xi,..., X, be independent symmetric random variables with
finite moments such that

| Xill2p < ]| Xillp forp>2andi=1,...,n, (2.25)

where o is a finite positive constant. Then for every p > 1 and every nonempty
unconditional set T' C R™ we have
»\ /P
i ) , (2.26)

/P
(Esup ) < C(a) EsupZtX +sup(
teT
Proof. Let us first note, that the assumption (2.25) applied & times yields that

teT teT
where C(«) is a constant, which depends only on a.

IXillarp < @*[[ X, for p>2.

Therefore
. logy a
1Xillg < a5 X, < O‘(g) |Xill, forqg>p>2.
p

Let Y; := |X;|'/1°¢2%sgn X;. We may assume without loss of generality that
a > 2. Then X; = |Y;|/"sgnY; with r := € (0,1), and

log «

IYill, < 22vill,  for ¢ = p > 2l0g, (2.27)
b
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Take 2log, @« = ¢ > p > 2. Then by Holder’s inequality and (2.27) with exponents
’% and ¢ we get

pa-n\ 5 o op@—D\!
1Y;||2 = E|Y;||Y;]*" < (E|Y;P)» (EIY| b1 ) < Vil [ 1<2—q<p_1>) :

Observe that
3

(=0 e

1,
q(p—1) .

SO
1
Yilly < za*IlYill,  for 2logya =g >p=>2.

Thus for any value of o we get
L 414
1Yi[lq < maxq 2, 2¢ ]_OH}/:L'Hp forg>p>2.

Hence, by [24, Theorem 2.3] the variables Y7, ... Y, satisfy (2.20) with a constant
L depending only on « (in fact for arbitrary, not only unconditional sets T') and
the assertion follows by Proposition 2.18. O]

2.3.2 Symmetrization argument

We will use the following proposition to prove that we may skip the unconditionality
assumption in Corollary 2.19.

Proposition 2.20. Let (X;)", be a sequence of independent random variables
with finite second moments and let (¢;)I, be a Bernoulli sequence independent of
(X;),. Then for any nonempty T C R™ and p > 1,
p\ 1/P
X; .

1/p n
X; p) <(C ]EsupZt £:.X; —l—sup(IE‘Ztigi
i=1
(2.28)

teT teT
Proof. Since this is only a matter of normalization we may and do assume that
EX? =1 for all i. We will frequently use the result of Hitczenko from [15]:

St ~D ot DI
i=1 p

i<p i>p
Recall that (¢7)7, denotes the non-increasing rearrangement of (|¢;]|)’,. Since for
every t € R™ we know that || Y"1 ;&1 ~ || Yo tigill2, it is enough to consider
p > 2 only.

Ex sup (EE

teT
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Let m be such an integer that 2m < p < 2(m + 1). Then, by the symmetry of
X;,€i, and the independence of Xy,..., X,,,e1,...,¢, we have

Zn: tZEZX
i=1

2m

' A ' 1/2m
( Cirinti ™ ..tfj”]EXf“...EXﬁ“)

i1+...in=m
1/2m
211 2in
( 07/17 Jntl c tn )
1M+...in=m

1/2m
( TN AL el .Esfjn) -

i1+ ip=m

where
(201 + ...+ 2i,,)!

Gt = T i (i)
Therefore to establish (2.28) it is enough to show that

n
E sup <IE ti€;
tET € ZZI 1“1

1/p n
X, p) <C (E sup Y tie X, + pa> , (2.29)

teT 5

where

— Lsup (Zt (Y |t;?‘]2>1/2).

D ter P

To this end observe that since

S wel| < Cyblul < Jlul.
i=1 P
and = leil|
we have
1/2
51 < Z |uil —a ++C’\/_(Zm1n{uz,a }) :
Thus
1/p
Ex sup( )
teT

1/2
<Esupz |tX|—a) +C\/_(Esup2mm{tX }) . (2.30)

teT
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To estimate the first term above observe that

Esupz ]tX|—a)

teT
< ]]I)]E E tAX —I—E u E ( tZAXZ — —E tZAXZ, —a ),

teT i=1

where (X/); is a copy of (X;);, independent of (g;); and (X;);.
Observe that for any v and ¢

E(luXi] —a), < [u|E[X] < |ull| X[l = [u|

and, by the Cauchy-Schwarz inequality and the Markov inequality

1/2
E(|uXi] — a),, < [WlEIXl [ o < ullXills (POX] > afful))
Jul _ u?
< el Xl = —.
a
Hence for any t € T

i=1

’L<p z>p

Moreover, by the Jensen inequality

EsupZ( |tX|—a) (|tl-Xi’|—a)+>

teT
< EsupZ( |t: Xi| — a) - (‘thz/’ - a)+>

teT

- (4% =), ~ (0 0),)

teT

<EsuszZ |tX|—a) —|—]Esupz —&; (Jt: X]| - )

teT

—2]1-3’,Sup25Z |6:X:| — )

teT

Function x — (|z| — a), is 1-Lipschitz, so Talagrand’s comparison theorem for
Bernoulli processes |36, Theorem 2.1| yields

]EsuszZ |t: X — ) <]EsupZt5X

teT teT
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Therefore
Esupz |t: X5 — L < 2pa—|—2]EsupZt€1 - (2.31)

teT teT

Now we turn our attention to the other term in (2.30). We have

]Esupme{ tX }

teT

< sup]EZmln{ (t:.X;)%, a }—i—EsupZ(mm{ t:.X;)? 2} Emln{ (t:; X)) })

el =3 teT
We have
ZEHHH{ (tiX;)% a*} < me{a EX?} < pa®+ Z(tf)z < 2pa’.

i>p

Moreover, by the Jensen inequality

Eig%)Z(mm{ tX 2} Emln{ (t: X)) }>
< EsupZ(mln{ (t: X:)%, a } mln{ (t: X))? })

teT

_EsupZeEl(mm{ (t:X;)? 2} mm{ (t:; X])? })

teT

< 2]Esup252m1n{ tX }

teT

Function x — min{x?, a®} is 2a-Lipschitz, so using the comparison theorem for
Bernoulli processes again we get

EsupZazmln{tX a}<2aIEsupZt€Z

teT teT

Thus

pIE sup Z mm{ t:.X;)? 2} < 2p%a® + 4pak supZt ;X

teT teT

n 2
< (2pa+EsupZti€,;Xi> . (2.32)
1

teT 4

Estimate (2.29) follows by (2.30)-(2.32). O
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Proof of Theorem 2.9. Since it is enough to consider T'U (—T') instead of T', we
may and do assume that the set T is symmetric, i.e. T'= —T.

Assume first that the variables X; are also symmetric. Let ¢ = (g;)", be a
Bernoulli sequence independent of (X;)" ;. Weak and strong moments of (g;),

are comparable:
o\ 1P P\ /P
)< |

Esup Si€;
(this follows for example by Corollary 3.4, since €; have log-concave tails) Hence
the symmetry of X; and inequalities (a + b)P < 2P(a? +bP), (a + b)'/P < a'/P + /P

yield
1/p 1/p
(el ) " = (mam. gl eva)
1/p
( (Eiggz:thZ)) +( Sup

Since T' is symmetric, for x € R™ we have

Ztmez —supZt:E,,

teT i=1

n
E sup Z SiEi

seS i1

seS

+ sup (E‘i SiEi
i=1

<2C

X

(2.33)

n
€ ZtiXi&
-1

E. sup

teT

where

Ty = {(Ecsi(e)e)iny: s: {-1,1}" > T}
is an unconditional subset of R™. Estimate (2.26) applied for T} instead of T" yields

>p> 1/p

tiXiEZ'

E <E€SU
(e (el

1/p
p
< C(a) |ExE. supZthZ—l—sup( ; ) ]
teT teTy
By the symmetry of X; and T" we have
ExE. su t; X;e;| = Esu t:; X;.
sl -

Moreover,
Ty C S(T) :=conv{(n;t;)iy :me{-1,1}",t € T},
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hence

p\ /P
sup (E i ) < sup ( ) —sup( )
teTy tES teT
Thus
n P\ /P p\ /P
E (Essu tiXiai>) < C(a) |Esup| S 4:X, ( . > .
(Bx (Bl o B3

(2.34)
Let ¢ = p/(p — 1) be the Holder dual of p. For z € R™ we have

= sup tix;,
(e fSemel) =

TQ = {(Eatigih(f))?zli t e T, h: {—1, 1}n — R,E5|h(€)|q S 1}

where

is an unconditional subset of R". Estimate (2.26) applied for T3 instead of T" yields

1/p
( teT )
EX(
teT

Proposition 2.20 and the symmetry of X; gives

1/p
E < C|Esu t; X; + su (
( ) pz b

teT teT
Since T C S(T) we have

n »\ /P /p n
sup (E’ i X ) < sup ( ‘ ) = sup (E‘ i
teTy — tesS(T teT i=1

Thus
1/p
> < Cla []EsupZtX —i—sup(

( teT teT teT

< C(a)

1/p n P\ /P
) + sup (E‘ i X ) .

p) 1/11

p) 1/p

p> 1/1)]

(2.35)
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Estimate (2.6) follows (for symmetric X;’s) by (2.33)-(2.35)

In the case when the variables X; are centred, but not necessarily symmetric let
(X1,...,X]) be an independent copy of (X1,...,X,). Then X; — X! are symmetric.
The Jensen inequality and the assumption on X; imply that for any p > 2 we have

1Xs = Xillap < 2/ Xill2p < 20]|X; — EXil, < 20| X; — X,

Therefore, Theorem 2.9 applied to (X; — X7,..., X,, — X)) implies

1/p 1/p n P\ /P
Esu Esu ti(X; — EX] < [Esu ti(X; — X )
( te?l“) ) ( tejEZ i) ) _< tezl“).z ( )
1/p
< C(2a) |Esup|> " (X; — X)) > t(x - X)) )
o gl o (e
»\ /P
< 2C(2a) Esup ( ‘ X ) :
teT teT Py

what finishes the proof in the general case. O]

Remark 2.21. It follows by the proof of |24, Theorem 2.3] that if (X;)!" , is symmetric,
independent and for any ¢ moments of X; grow (-regularly, then the comparison
of weak and strong moments of suprema of linear combinations of variables X;
holds with a constant C'(3) = C'!. Therefore, we may follow the constants in the
proofs above to obtain that Theorem 2.9 holds with C(a) = Clog3 e,

2.3.3 From comparison of weak and strong moments to com-
parison of weak and strong tails

In this subsection we prove Corollary 2.11 and Corollary 2.12. To this end we need
the following lemma.

Lemma 2.22. Assume Xy, Xo, ... satisfy the assumptions of Theorem 2.9. Then

p max{l/QJng O4}
q

Proof. Let 8 := max{1/2,log, a}. It is enough to show that for positive integers

k > [ we have
<Ca( >

36

Z X,

=1

forp>q>2. (2.36)
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A standard symmetrization argument shows that we may assume that the random
variables X; are symmetric (see the proof of Theorem 2.9 in the non-symmetric
case).

Using the hypercontractivity method [16, Section 3.3], it is enough to show that
for 1 <i <n,

'F+_2V%ax(é>BXé

This reduces to the following claim.

< Hs +tXiH2l for all s,t € R.
2k

Claim. Suppose that Y is a symmetric random variable such that ||Y||2, < oY,
for some a > 1 and every p > 2. Let k > [ be positive integers. Then

1 (1)’
Iitov], <[1+Y],, WhereO::%(E> .

To show the claim observe first that (to see this we proceed as in the first part
of proof of Corollary 2.19)

q logy q B
HW@S@(;) HYHpéoz(];) VI, forgzp>2  (237)

Moreover we have

k k 2k i ek 2

) .

E‘l "‘UY’ =14+ E (Qj)E|aY|2J <1+ E <_j O’”Y”Qj)
j=1

j=1
k 9 o
, 2ek J 2ek J
<14) 27 sup (f auyuzj) <1+ sup (f UHYHQJ) ,
= 1sisk\ J 1<k J
so it is enough to show that
kA1 N 2% .
1+ ( Ta HYHZj) <|1+Y|, forj=12.. .k (2.38)
To this end we will use the following deterministic inequality:
P\ P\
(14+u)? > (1 + —u) >1+ (—u) forp>q>1andu>0, (2.39)
q q

and a simple lower bound for ||1 + Y||%:

l l 2r
2l !
E[1+Y]" =1+ (2T)E|Y|2T >1+) <;||Y||2T) : (2.40)
r=1 r=1
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In order to prove the first part of (2.39) note that it is equivalent to the fact that
for all w > 0 a function p — (1 + %)P is non-decreasing. The derivative of this
P
u

function is equal to In(1 + %) — (
In(1+2) > = for x > —1.
Assume ﬁrst that 1 < j < k Estimate (2.37) applied with p = 2 and ¢ = 2j

yields
kP18 k=818
2o 1Y ]l2; < i —5 Y12 < \/ HYHz‘;

where the last inequality holds since 8 > 1 5 and k& > jl. Inequalities (2.40) and
(2.39) (applied with p = k/l and ¢ = j) yield

2j
kl
[yl = (e ) = 1 (v 7Hyu2>

0 (2.38) holds for j < .
If j > % we choose r = [jl/k]. Then ji < kr < 2jl. Since 1 < r < [, the
estimate (2.40) gives

l o\ K/l I or\ J/T I 2
vy = 1+ (=1 e > (14 (=Y ] > 1 (Yl )
2 r r r

where to get the last two inequalities we used k/l > j/r and j/r > 1. Applying
estimate (2.37) with 25 and 2r instead of p and ¢ we get

k=P8 k=P8 k [
Ylly: R
by < (1) W < vt < L

p
+ 1)~!, what is nonnegative by the inequality

which completes the proof of the claim in the remaining case. O

Remark 2.23. Tt will be clear from the proof below that Theorem 2.5 implies an
analogue of Corollary 2.11 for log-concave random vectors:
> u)

P(sup
teBn
(2.41)

>rD1[u+Esup }) < Dy supIP(‘

teB" 1“3 teB”

for all r € [1,00), where Dy and Dy are universal constants.

Proof of Corollary 2.11. Let

=1

S :=sup
teT
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By the Paley-Zygmund inequality and (2.36) we have for t € T and p > 2,

r{[3 0] o150 ) - #(13e /)

n 2p
> (1 _ 2p)2< HZ;:1 tiXin > > e~ Cs(@)p
Hziﬂ tiXinp

n
>27"E i
=1

$1)3

(2.42)

In order to show (2.9) we consider 3 cases.

Case 1. 2u < supyep || Y oiy tiXill2. Then by (2.42)

sup P (‘
teT

and (2.9) obviously holds if Cy(a) > exp(2C5(«)).
Case 2. sup,cr || Do tiXilla < 2u < supyer || Doy tiXil|oo- Let us then define

>u)>e 2C3()

= su > 2C ©osu ’ t: X; < 2u}
P p{q (@) teYI? Z q/C3(a)
By (2.42) we have

sup]P(‘ > u) >e P,

teT

By (2.36) we have sup,cp || >, t: Xill, < C(a)u, so by Theorem 2.9 and
Chebyshev’s inequality we have

P(S > Ci(a)(ES +u)) <P(S > eS|, <e?
for C}(«a) large enough. Thus (2.9) holds in this case.

Case 3. 2u > sup,er || Doy tiXilloo = [1S]lso- Then P(S > 2u) = 0 and (2.9)
holds for any Cy(a) > 2. O

Proof of Corollary 2.12. The result is an immediate consequence of Theorem 2.9
and inequality (2.36). O
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2.3.4 Comparison of weak and strong moments of suprema
implies comparison of moments p and 2p

Proof of Theorem 2.10. We will use the assumption (2.7) for T' containing all
vectors of the standard base of R™ and their negatives, i.e. we will use only the
inequality

1/p
(E sup yxi\p) < L[E sup | Xi| + |1 X1]l, |- (2.43)
1<i<n

1<i<n

Fix p > 2 and let n := [(40)%"| +1, A := n'/?||X;|,. If A > || X;||sp, then (2.8)
holds with a = (4L)? + 1. Hence we may and do assume A < || X1 ||z,
Obviously

]P’( sup |X;| > t) < min{1,nP(|X;| > ¢)}.

1<i<n

Moreover, if P(|X;| >t) < *

n—1
o X (1] < 1) =P(1X,] ); (1] < 1)

1\ _n

Since P(]X;]| > A) < L (which follows by the Markov inequality) and A < ||X1][3,
we have

E sup | X, > 2p t2p 1[?’( sup |X;| > t>dt > 2p/ 2P~ 1—IF><|X1| > t)dt

1<i<n 1<i<n

(|X1|2P—A2p) S (I3 = 4%) = S (1%l — 4)*

+=3

and

E sup |X;| <A+/ IP’( sup |X;| 2t>dt§A+n/ P(|X1| > t)dt
A

1<i<n 1<i<n
< A+ nE(IX11gx,241) < A+l X],P(1X:] > A)l_g
< A—i—nl/pHXal,

where in the last inequality we used again the fact that P(|X;| > A) < %
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Thus our choice of n and A, and (2.43) (applied to 2p instead of p) imply that
1 1 1 1 2
2L X1 lp < 551Xy < 5% A+ (E sup [ X[

2 2 1<i<n

1 1
nzlpA—i— L[E sup |X;|+ HX1H2P]

1<i<n

> 1/(2p)

<

N~ N

< -nw A+ LA+ Lnv | Xy, + LI X1 2

1 1 1

< |[Xullp (5 (L + 0¥ + 203 ) + L Xaly
1

< (4L + 5) ((4L)? + ) IX4[lp + LI X1 ]]2p-

Thus

1
Xilly < (44 57 ) G2 + DXL,

]

Remark 2.24. Tt is clear from the proof above that we may take a(L) = C'L? in
Theorem 2.10.
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Chapter 3

Convex infimum convolution
ineqality

Functional inequalities such as the Poincaré, log-Sobolev, or Marton-Talagrand
inequality to name a few, play a crucial role in studying concentration of measure,
an important cornerstone of the local theory of Banach spaces. In this chapter we
focus on another example of such inequalities, the infimum convolution inequality,
introduced by Maurey in [27].

Let X be a random vector with values in R” and let ¢ : R" — [0, 00] be
a measurable function. We say that the pair (X, ¢) satisfies the infimum convolution
inequality (ICI for short) if for every bounded measurable function f: R" — R,

Ee/BP R e~/ < 1, (3.1)

where fCy denotes the infimum convolution of f and ¢ defined as fOp(z) =
inf{f(y) + o(x —y) : y € R"} for x € R". The function ¢ is called a cost function
and f is called a test function. We also say that the pair (X, ) satisfies the convex
infimum convolution inequality if (3.1) holds for every convex function f: R" — R
bounded from below.

Maurey showed that Gaussian and exponential random variables satisfy the
ICI with a quadratic and quadratic-linear cost function respectively. Thanks to
the tensorisation property of the ICI, he recovered the Gaussian concentration
inequality as well as the so-called Talagrand two-level concentration inequality for
the exponential product measure. Moreover, Maurey proved that bounded random
variables satisfy the convex ICI with a quadratic cost function (see also Lemma 3.2
in [33] for an improvement).

Later on, Maurey’s idea was developed further by Latala and Wojtaszczyk
who studied comprehensively the ICI in [26]. By testing with linear functions,
they observed that the optimal cost function is given by the Legendre transform
of the cumulant-generating function (here optimal means largest possible, up to
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a scaling constant, because the larger the cost function is, the better (3.1) gets).
They introduced the notion of optimal infimum convolution inequalities, established
them for log-concave product measures and uniform measures on ¢,-balls, and put
forward important, challenging and far-reaching conjectures.

The recent works [10] and [9] enable to view the ICI from a different perspective.
In [10] Gozlan, Roberto, Samson, and Tetali introduce weak transport-entropy
inequalities and establish their dual formulations. The dual formulations are
exactly the convex ICIs. In [9] Gozlan, Roberto, Samson, Shu and Tetali investigate
extensively the weak transport cost inequalities on the real line, obtaining a
characterisation for arbitrary cost functions which are convex and quadratic near
zero, thus providing a tool for studying the convex ICI. Around the same time, the
convex ICI for the quadratic-linear cost function was fully understood by Feldheim,
Marsiglietti, and Nayar in [§].

In this chapter, based on [35], we go along Latala and Wojtaszczyk’s line
of research and study the optimal convex ICI. Using the aforementioned novel
tools from [9], we show that product measures with symmetric marginals having
log-concave tails satisfy the optimal convex ICI, which complements Latata and
Wojtaszczyk’s result about log-concave product measures. This has applications to
concentration and moment comparison. We also offer an example showing that the
assumption of log-concave tails cannot be weakened substantially.

3.1 Main results

For a random vector X in R™ we define

Ni(z) == LAx(z) == sup{(z,y) — InE &)},

yeER™

which is the Legendre transform of the cumulant-generating function
Ax(z) :=InEe™Y g eR™

If X is symmetric and the pair (X, ¢) satisfies the ICI, then p(z) < A% (2)
for every x € R" (see Remark 2.12 in [26]). In other words, A% is the optimal
cost function ¢ for which the ICI can hold. Since this conclusion is obtained by
testing (3.1) with linear functions, the same holds for the convex ICI. Following
[26] we shall say that X satisfies (convex) IC(3) if the pair (X, A% (-/5)) satisfies
the (convex) ICI.

We are ready to present our first main result.

Theorem 3.1. There exists a universal constant § < 1680e such that every
symmetric random variable with log-concave tails satisfies convex IC([3).

43



The (convex) ICI tensorises and, consequently, the property (convex) IC ten-
sorises: if independent random vectors X; satisfy (convex) IC(5;), 7 = 1,...,n, then
the vector (X7, ..., X,,) satisfies (convex) IC(max f3;) (see [27] and [26]). Therefore
we have the following corollary.

Corollary 3.2. Let X be a symmetric random vector with values in R™ and
independent coordinates with log-concave tails. Then X satisfies convex IC(5) with
a universal constant B < 1680e.

Note that the class of distributions from Theorem 3.1 is wider than the class of
symmetric log-concave product distributions considered by Latala and Wojtaszczyk
in [26]. Among others, it contains measures which do not have a connected support,
e.g. a symmetric Bernoulli random variable.

Recall that variables with log-concave tails are 1-regular (see Remark 1.2).
However, the assumption of log-concave tails in Theorem 3.1 cannot be replaced
by a weaker one of a-regularity of moments: if X is a symmetric random variable
defined by

P(X| > t) = Lpg(t) + > e Lpegrny(t), >0, (3.2)
k=1

then the moments of X grow a-regularly (for some o < 00), but there is no C' > 0
such that the pair (X, x — max{(Cz)?, C|z|}) satisfies the convex ICI. All the more,
X cannot satisfy convex IC(/3) with any 5 < oo (see Section 3.4 for details). Thus
it seems that the assumptions of Theorem 3.1 are not far from necessary conditions
for the convex ICI to hold with an optimal cost function (random variables with
moments growing regularly are akin to random variables with log-concave tails as
the former can essentially be sandwiched between the latter, see (4.6) in [24]).

Our second main result is an application of Theorem 3.1 to moment comparison
in a manner of the previous chapter.

Theorem 3.3. Let X be a symmetric random vector with values in R™ which
moments grow a-reqularly. Suppose moreover that X satisfies convex IC(3). Then
for every norm || - || on R™ and every p > 2 we have

1
(E’HXH - E||X||’p> ’ < CafBoyx(p),

where C' is a universal constant (one can take C = 4/ 2e < 16).

Immediately we obtain the following corollary stating that the comparison of
weak and strong moments holds with a constant 1 at the first strong moment.
Similar inequalities for Rademacher sums with the emphasis on exact values of
constants have also been studied by Oleszkiewicz (see |28, Theorem 2.1]).
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Corollary 3.4. Let X be a symmetric random vector with values in R™ and with
independent coordinates which have log-concave tails. Then for every norm || - || on
R™ and every p > 2 we have

1
(E|X]")"" <E|X| + Doyyx(p), (3.3)

where D is a universal constant (one can take D = 6720+/2¢? < 70223).

Note also that the constant standing at E || X|| is equal to 1. If we only assume
that the coordinates of X are independent and their moments grow a-regularly,
then (3.3) does not always hold (the example here is a vector with independent
coordinates distributed like in (3.2); see Section 3.4 for details), although by
Theorem 2.9 it holds if we allow the constant at E ||.X || to be greater than 1 and to
depend on «. Hence Corollary 3.4 and example (3.2) partially answer the following
question raised in [23]: “For which vectors does the comparison of weak and strong
moments hold with constant 1 at the first strong moment?”

The organization of the rest of this chapter is the following. In Section 3.2
and 3.3 we present the proofs of Theorem 3.1 and Proposition 3.3 respectively. In
Section 3.4 we discuss example (3.2) in details.

3.2 Proof of Theorem 3.1

Our approach is based on a characterization — provided by Gozlan, Roberto,
Samson, Shu, and Tetali in [9] — of measures on the real line which satisfy a weak
transport-entropy inequality. We emphasize that our optimal cost functions need
not be quadratic near the origin, therefore we cannot apply their characterization
as is, but have to first fine-tune the cost functions a bit. We shall also need the
following simple lemma.

Lemma 3.5. If X is a symmetric random variable and E X? = By 2, then
A (z/Br) <a® for 2] < 1.
Proof. Since X is symmetric, we have

||2kt2k: 2k 2k

bt o 3R | I g
et = +Z k) = +Z 2k Z = cosh(5; " [t]).
1 ) k=1

Moreover, £(Incosh(+))(|u]) < |ul® for Ju| <1 (see for example the proof of |26,
Proposition 3.3]). Therefore

N (z/B1) = L(Ax(B1))(z) < L(Incosh(-))(x) < 22 for |x| < 1. O
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Proof of Theorem 3.1. Note that N(0) = 0 and the function NV is non-decreasing.
First we tweak the assumptions and change the assertion to a more straightforward
one.

Step 1 (first reduction). We claim that it suffices to prove the assertion for
random variables for which the function NV is strictly increasing on the set where it
is finite! (or, in other words, N(t) = 0 only for t = 0). Indeed, suppose we have done
this and let now X be any random variable satisfying the assumptions of the theorem.
Let X. be a symmetric random variable such that P(|X.| > t) = exp(—N.(1)),
where N.(t) = N(t) vV et. If X and X, are represented in the standard way by the
inverses of their CDFs on the probability space (0,1), then | X.| < |X] a.s. (and
also X. — X a.s. as ¢ = 07). Hence Ay, < Ax and therefore also A% > A%.

The theorem applied to the random variable X. and the above inequality imply
that the pair (X, A% (-/5)) satisfies the convex ICI. Taking ¢ — 0% we get the
assertion for X (in the second integral we just use the fact that the test function f
is bounded from below and thus e~/ is bounded from above; for the first integral it
suffices (by the Fatou lemma) to prove the convergence of integrals on any interval
[—M, M], and on such an interval we have fOA%(z/8) < f(z) + A%(0) = f(x),
and thus exp(max_ysaq f) is a good majorant).

Step 2 (second reduction). We claim that it suffices to prove the assertion
for random variables such that Ax < oo. Indeed, suppose we have done this
and let X be any random variable satisfying the assumptions of the theorem.
Let N.(t) = N(t) V £%t* and let X. be a symmetric random variable such that
P(|X.| > t) = exp(—N:(t)). Then, similarly as in Step 1., Ax. < Ay < oo, where
Y is symmetric and P(|Y| > t) = exp(—¢&®t?). Thus we can apply the proposition
to X. and we continue as in Step 1.

Step 3 (scaling). Due to the scaling properties of the Legendre transform, we
can assume that E X2 = 32, where £ := 2e (the case where X = 0 is trivial).
Note that then, by Markov’s inequality, e V1/2) = P(|X| > 1) <4EX? = e72 so

N(1/2) > 2. (3.4)
Step 4 (reformulation). For x € R let
() = (2" 1aj<y + 2l] = Dlgazn) V Ak (2/(261)).

We claim that there exists a universal constant b < 1/420, such that the pair
(X, @(b-)) satisfies the convex infimum convolution inequality. Of course the asser-
tion follows immediately from that.

Note that ¢ is convex, increasing on [0, 00) (because A% (-/(201)) is convex and

symmetric and thus non-decreasing on [0, 00)). Crucially, p(x) = 22 for z € [0, 1]

'Recall that N(t) := —InP(|X| > t) for t > 0.
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(by Lemma 3.5), so the cost function ¢ is quadratic on [—1,1]. Moreover, by
Lemma 3.5, ¢ 1(3) = 2.

Let U = F~' o F,, where F, F, are the distribution functions of X and the
symmetric exponential measure v on R, respectively. By [9, Theorem 1.1] we know
that if there exists b > 0 such that for every z,y € R we have

I _
U(w) =UW)| < 307 (1 + [z —yl), (3.5)
then the pair (X, gp(g)), where b = Wm = Ebo? satisfies the convex ICI. We

will show that (3.5) holds with b = 1.
Step 5 (further reformulation). Let a = inf{t > 0: N(t) = co}. We have three
possibilities (recall that N is left-continuous):

e a =o00. Then N is continuous, increasing, and transforms [0, o] onto [0, 0o].
Also, F is increasing and therefore F'~! is the usual inverse of F'.

e a < oo and N(a) < oco. Then X has an atom at a. Moreover, N(a) =
lim; .- N(t).

e a <ooand N(a) =00 =lim;_,,- N(t).

Of course, in the first case one can extend N by putting N(a) = oo, so that all
formulas below make sense.
Note that
1 —N(Jt if t <0
Py = (30N ire<o,
1 —gexp(—Ny(t)) ift>0,

where N, (t) denotes the right-sided limit of N at ¢ (which is different from N (¢) only
if t = a and X has an atom at a). Hence, F' is continuous on the interval (—a,a),
the image of (—a,a) under F is the interval (3 exp(—N(a)),1 — 3 exp(—N(a))),
and we have F(—a) = 1 exp(—N(a)) and F(a) = 1. Since the image of R under
U is equal to the image of (0,1) under F~!, we conclude that U(R) = (—a,a) if
N(a) = oo and U(R) = [—a,a] if N(a) < co. Denote A := U(R).

When N (a) < oo, it suffices to check condition (3.5) for x,y € [—a, a] (otherwise
one can change x, y and decrease the right-hand side while not changing the value
of the left-hand side of (3.5)). Take thus z,y € [—a,a] in a case N(a) < oo
and arbitrary z,y € R in a case N(a) = co. Then N(|z|)sgnz = U~!(z) and
N(ly|)sgny = U~ (y). Therefore, in order to verify (3.5) we need to check that

[z —y| <o (1+|N(Jz])sgn(z) — N(Jyl)sgn(y)|)  forz,ye A (3.6)
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Since we consider the case when Ax(t) is finite for every ¢ € R, the Chernoff
inequality applies, so for ¢t > E X = 0 we have

%GN(t) =P(X >t) < e*A}(t)’

N(t) > A%(t) — In2. (3.7)

Note that ¢(|z — y|) < oo for z,y € A, since p(|z — y|) = oo would imply
A5 (Jz — y|/(261)) = oo, and hence A% (|x — y|/2) = oo, and — by (3.7) — also
N(|z —y|/2) = oo, but for x,y € A we have |z — y|/2 € [0,a) when N(a) = o0
or |[x —y|/2 € [0,a] when N(a) < oo and in either case N(|x — y|/2) is finite.
Therefore for every x,y € A we have indeed ¢(|x — y|) < oo. Since ¢~ (p(2)) = 2
for z such that ¢(z) < oo (because ¢ is then continuous and increasing on [0, z]),
the condition (3.6) is implied by

o(lz —yl) <1+ |N(|z])sgnz — N(|y|) sgny| for x,y € A. (3.8)

In the next step we check that this is indeed satisfied.

Step 6 (checking the condition (3.8)). Let zg = inf{zw > 1: 2z — 1 = A% (55)}
(if 29 = oo we simply do not have to consider Case 2 below). We consider three
cases. We repeatedly use the fact that uN(t) > N(ut) for u < 1, ¢ > 0, which
follows by the convexity of N and the property N(0) = 0.

Case 1. |z —y| < 1. Then ¢(|z —y|) = (z — y)? < 1, so (3.8) is trivially
satisfied.

Case 2. |z —y| > xo. Then p(|lz —yl) = A (512 —yl) < Ax(lz —yl/2).
Inequality (3.7) implies that in order to prove (3.8) it suffices to show that if x, y
are of the same sign, say z,y > 0, then N (|z — y|/2) < |N(z) — N(y)| and if z,y
have different signs, we have N ((|z| + [y])/2) < N(|z|) + N(|y]).

By the convexity of N, for s,¢ > 0 we have

N((s+1)/2) < =N(s)+ %N(t) < N(s)+ N(t)

N —

and

N(s/2)+ N(t) < N(s)+ N(t) <

N t
s+t (S+ >+s

t
tN(s—l—t) = N(s+1).
This finishes the proof of (3.8) in Case 2.
Case 3. 1 < |z — y| < zo. Then ¢(|z — y|) = 2|z — y| — 1. Consider two

sub-cases:
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(i) x,y have different signs. Without loss of generality we may assume = > |y| >
0 > y. Thus in order to obtain (3.8) it suffices to show that N(x) > 2z + 2|y|.
Note that 1 <z + |y| < 2z, s0 © > % Thus

(3.4)
N(z) > N(1/2)2x > 4z > 2x + 2|y,
which finishes the proof in case (i).

(ii) x,y have the same sign. Without loss of generality we may assume x > y > 0.
Thus it suffices to show that 2(x — y) < N(z) — N(y). Note that due to the
assumption of Case 3 we havex >z —y > 1> %, so by the convexity of N

we have
_ N(LY = N(0) 39
N@) - N@) | NG -NO @,
T —y 5—0
This ends the examination of case (ii) and the proof of the theorem. O

3.3 Comparison of weak and strong moments

The goal of this section is to establish the comparison of weak and strong moments
with respect to any norm || - || for random vectors X with independent coordinates
having log-concave tails (Corollary 3.4). In view of Theorem 3.1 and Remark 1.2,
it is enough to show Theorem 3.3.

Our proof of Theorem 3.3 comprises three steps: first we exploit a-regularity of
moments of X to control the size of its cumulant-generating function Ay, second
we bound the infimum convolution of the optimal cost function with the convex
test function being the norm || - || properly rescaled, and finally by the property
convex IC() we obtain exponential tail bounds which integrated out give the
desired moment inequality.

We start with two lemmas corresponding to the first two steps described above
and then we put everything together.

Lemma 3.6. Let p > 2 and suppose that the moments of a random vector X in
R™ grow a-regularly. If for a vector u € R™ we have ||(u, X)||, <1, then

Ax((2e0) 1pu) < p.
Proof. Let ko be the smallest integer larger than p. If ae||(u, X)|, < 1/2, then by
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a-regularity we have

E [(pu, X)|* [, X3l Hk [ {u, X Hk
o) < (3 E Y (5 000 0 00
k>0 <k<p k>p
u, X)||¥
gm(ZpH Mo S e, x31,) )
0<k<p k>p
k k
P*[|{u, X) |
<t 3 BEEEE o ael(w, X))
0<k<p
k k k
Pol G Xl (2aep]|{u, X)||,)™
s 2 =t o )
0<k<p
(2aepl|{u, X)|lp)"
<m( Y S ) < 2aep] (u, X)), < p.
0<k<ko
Replace u with (2ea) ™ u to get the assertion. O
Lemma 3.7. Let || - || be a norm on R™ and let X be a random vector with values

m R™ and moments growing a-reqularly. For 8 >0, p > 2, and x € R™ we have
(A% (-/8)Ba| - ) (=) = all2| —
where a = p(2eafoy x(p))

Proof. For f(x) = al|z|| with positive a being arbitrary for now we bound the
infimum convolution as follows

(A% (-/B)Of)(x) = igf sup {67y, 2) — Ax(2) +allz —y|}
= infsup {(2ea)"ply, u) — Ax((2ec)~'pu) + allz — y[|}

>inf  sup  {(2eaB) 'ply,u) —p+allz—y|},
Y|, X) <1

where in the last inequality we have used Lemma 3.6. Choose u = a||.||,X(p)_1v
with [|v]|. < 1 such that (y,v) = ||y||. Then clearly ||(u, X)||, <1 and thus

A% (-/B)Bf () = inf {2eaBoy x () pllyll —p +allz =yl } .

If we now set a = p(2eafoy. x(p)) ", then by the triangle inequality we obtain the
desired lower bound

(A% (-/8) Dall - ) (=) = allz]| — p. O
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Proof of Theorem 3.5. Let f(x) = al|z|| with a = p(2eafoy x(p))~" as in Lemma
3.7. Testing the property convex IC(f) with f and applying Lemma 3.7 yields

E X g o=l X < oo

By Jensen’s inequality we obtain that both E e®IXI-EIXI) and E ea-IXIFEIXD are
bounded above by eP. Thus Markov’s inequality implies the tail bound

P (al|X[| —E|X||| > t) <2e7feP <2e72 t>2p.
Consequently,
o E||1X] - E X" = / pt? P (a| | X[ —E (| X || > t) dt
0
< (2p)? + 2/ ptp—le—t/2dt = (2p)P +2- 2°pD(p)
0
< 2(2p)".

Plugging in the value of a gives the result (we can take C' = 4v/2¢ < 16). O

3.4 An example

Let X be a symmetric random variable defined by P(|X| > t) = T'(¢), where
T(t) := 1p)(t) + Ze Lpge griny(t), ¢ >0, (3.9)

or, in other words, let | X| have the distribution

(1—e2)dy + Z(e_Qk_l - 6_2k)(52k.
k=2

Let us first show that the moments of X grow 3-regularly, but X does not satisfy
IC(B) for any f < oo (we also prove a slightly stronger statement later).

Let Y be a symmetric exponential random variable. Then Y has log-concave
tails, so the moments of Y grow l-regularly (see Remark 1.2). Moreover, if X
and Y are constructed in the standard way by the inverses of their CDFs on the
probability space (0, 1), then

Y] <|X| <2[Y|+2.
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Therefore, for p > q¢ > 2,

p p
X1 <2[Ylp +2 < 25||Y||q t2< 35I|X|lq

(we used the fact that |X| > 2 in the last inequality). Thus the moments of X
grow 3-regularly.
On the other hand, for every h > 0 there exists ¢ > 0 such that

P(|IX| > t+h) = P(|X]| > t).

Therefore by [8, Theorem 1] there is no constant C' such that the pair (X, ¢(-/C)),
where p(z) = 2221 {jz1<1} + (2] — 1/2)1{4/>1}, satisfies the convex infimum convolu-
tion inequality. But, by symmetry and the 3-regularity of moments of X,

Mo <1+ 50 )<1n(1+2 SRR
< 1n<1—|—252k 36/2)%(1@)(2 ) - <1+Z (9¢252 E X?/4) )

k>1 k>1

Thus for some A, e > 0 we have Ax(s) < As? for |s| < e and 24¢? > 1. Hence

A% (t) > sup{st — As?} = ﬁt21{|t\§2Ae} + (eft] — A€2)1{|t\>2Ae}

|s|<e

=24e%p(t/(2A¢2)) > p(t/(24¢)).

We conclude that X cannot satisfy IC(f3) for any £.

Remark 3.8. Let us also sketch an alternative approach. Take a,c > 0, b € R, and
denote ¢(z) = min{z?, |z|}, f(z) = fap(x) = a(z — b); for z € R. One can check
that
0 if v <b,
(fOp(c)) () = ¢ Az —b)? ifb<a<b+1/c
cle—=>b) ifx>b+1/c,

if a > 2c. It is rather elementary but cumbersome to show that for any ¢ > 0 there
exist a > 0 and b € R such that (3.1) is violated by the test function f. We omit
the details.

In fact, the above example shows that even a slightly stronger statement is true:
for vectors with independent coordinates with a-regular growth of moments the
comparison of weak and strong moments of norms does not hold with the constant
1 at the first strong moment. More precisely, let X7, X5, ... be independent random
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variables with distribution given by (3.9). We claim that there does not exist any
K < oo such that
1/p
p
@- ) (3.10)

holds for every p > 2 and n € N (note that we chose the ¢*°-norm as our norm).
We shall estimate the three expressions appearing in (3.10).

We have
sup ( ’
|tH1<1 X

(this inequality is in fact an equality). Since the moments of X; grow 3-regularly,
the last term in (3.10) is bounded by Kp for some K < 0.
To estimate the remaining two terms we need the following standard fact.

(Em<aX|Xi\p) < EmaX|X | + K sup ( ‘

lItl1<1

l
) <”supz|t|||X||p Xl (3.11)

Lemma 3.9. For independent events A4, ..., A,,
(1—e! (1/\21@ ) gIP’(UAZ) <173 P(A4)
i=1 i=1
In particular, for i.i.d. non-negative random variables Y, ...,Y,,

1< N

(1—e™) /000 [1 AnP(Y; > t)}dt < EmaxY < /000 [1 AnP(Y; > t)}dt.

Proof. Since one of the inequalities is just a union-bound (and the second part of
the assertion follows from the formula for integration by parts), it suffices to prove
the left-hand side inequality of the first part of the assertion. We have

- IP’(UAZ) - P(ﬂAg) = TP = T[(1 - P(4) < exp< ZIP’ )
i=1 i=1 i=1 i=1
Thus we are done if > P(A;) > 1. If on the other hand )"  P(4;) < 1, then
P(Un) > 1 exn(~ o R4)) = (1= ) YR
i=1 i=1

(we used the convexity of x +— e”). This finishes the proof. O
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Fix m > 2 and let 2" < n < ¢2”. Then

1 if0<t<2m
nT(t) ift>2m.

1/\nT(t):{

By the above lemma,

Emax|X;| < / dt + n/ T(t)dt =2"+nY e (2H —2)
SN 0 9

m

j=m
- 3] _2j2j <om 4 —2m2m e (2 —27")j om ne2"om
= n g e ne E e = T T
famd - = 1—2e2"
Set § = 0(m,n) = ne 2" € [e7""',1). Then
m 0

Similarly,

E max X, > (1—6—1)/ LA TP dt
i<n 0

2mp 00
=(1—e) [/ dt +n/ T(tl/p)dt]
0 2mp
=(1—e) [2”"’ +n Yy e (2U+P 2]'?)] :
j=m

Hence

Emax | X;[? > (1 — e Hne 2" (20mHP — 2mP) = (1 — e71)g2mP(2P — 1).  (3.13)

i<n

Putting (3.11), (3.12), and (3.13) together, we see that (3.10) would imply
0 -
1 — e Y)Wrglingm(or — 1)1/p < 2M<1 —) K
(1 e rgioan( 1) <o (14 o0 ) 4 Ry
for every p > 2, m > 2, and 0 € [e*mel, 1) of the form ne=2", n € N. Take p =1/6
and 0 ~ 1/m to get
0 K

1—e %72 — 1) <1 .
(1= )0 e A T

Since § — 0 and 2™0 — oo as m — oo this inequality yields 2 < 1, which is
a contradiction. Hence inequality (3.10) cannot hold for all p > 2 and n € N.
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Chapter 4

Estimates of norms of log-concave
madtrices

A classical result regarding spectra of random matrices is Wigner’s Semicircle Law,
which describes the limit of empirical spectral measures of a random matrix with
independent centred entries with equal variance. Theorems of this type say nothing
about the largest eigenvalue (i.e. the operator norm). However, Seginer proved
in [32] that for a random matrix X with i.i.d. symmetric entries E[|X||o2" is of
the same order as the expectation of the maximum Euclidean norm of rows and
columns of X. The same holds true for the structured Gaussian matrices (i.e. when
Xi; = a;j9;; and g;; are i.i.d. standard Gaussian variables), as was recently shown
in [25], and up to a logarithmic factor for any X with independent centred entries,
see [31]. The advance of the two latest results is that they do not require that the
entries of X are equally distributed.

Another upper bound for E||X||22 also does not require equal distributions but
only the independence of entries: by [17] we know that

E[X]l22 < max > EX? + max > EXE+ o) EX)
J ( i,J

This bound is dimension free, but in some cases is worse than the one from [31].

Upper bounds for the expectation of other operator norms were investigated
in [4] in the case of independent centred entries bounded by 1. For ¢ > 2 and
m x n matrices the authors proved that E||X|2, < max{m!4 /n}. In [11]

Guédon, Hinrichs, Litvak, and Prochno proved that for a structured Gaussian

'Recall that || - ||, , stands for the operator norm from ¢, to £,.
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matrix X = (ainij)igm,jgn and p,q > 2,

1<i<m 1<j<n
j=1 =1

- 1/p - 1/q
E|| X4 < C(p. ) {(10% )" e (3 el ) o s (3 Jel?)

+ (logm) g max |Xij\] :
1<j<n

This estimate is optimal up to logarithmic terms (see Remark 4.2 below). Note
that in the case (p,q) # (2,2) moment methods fails in estimating E| X ||y, (as
they give information only on the spectrum of X).

All the mentioned results require the independence of entries of X. In this
chapter we will see how to generalise the main result of [11| to a wide class of
random matrices with independent log-concave rows, following the scheme of proof
of the original theorem from [11]. Our estimate is optimal (for fixed p,q > 2) up to
a factor depending logarithmically on the dimension. Let us stress that we do not
require the rows of X to have independent, but only uncorrelated coordinates (and
to be log-concave). We will use results described in the previous chapters of this
dissertation.

To make the notation more clear, if A = (A;;)i<m,j<n 1S an m x n matrix, we
denote by A; € R™ its i-th row and by AY) € R™ we denote its j-th column.

Theorem 4.1. Let m > 2, let Yy,...,Y,, be i.i.d. isotropic log-concave vectors in
R", and let A = (A;;) be an m x n (deterministic) matriz. Consider a random
matriz X with entries X;; = A;;Y;; fori <m,j <n, whereY;; is the j 'th coordinate
of Y;. Then for every p,q > 2 we have

E[| X{]p,q (4.1)
< C.a)(logm)"™ max |4l + s 147, + (o) *™'B s 11
o o 150

where C(p,q) depends only on p and q.

Remark 4.2. Note that the bound from Theorem 4.1 is optimal up to a constant
depending on p, ¢ and logarithmically on the dimension. Indeed, since Y;; is log-

concave we have by (1.2) that E|Y;;| > (2C;)~! (EY;)U2 = (2C1)~'. Hence for
every j < n, (we take u = e;, use the unconditionality of || - ||, and the Jensen
inequality)

EHXHp’,q = [E sup ||Xu||q > ]EHX(j)Hq = EH (|Yij|AU)i||q > <201)_1||A(j)||Q'

uEZZ,
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Since || X|lyq = X7y p we also get E|| Xy, > (2C1) A, for all i < m.
Moreover, for all @ < m and j < n, (we take v = ¢; and u = e; sgn X;;)

1 X|.q = sup sup v’ Xu > | X1

uEKZ, UEKZ,

Therefore
Bl Xy > (40 + 1) | mae [ 4], + max [ 4], + E max X,1).
1<j<n

what yields the claim.

The next corollary is a version of Theorem 4.1 in the spirit of the aforementioned
results from [32, 25, 31]. It follows directly from (4.1), (1.2), and the Jensen
inequality.

Corollary 4.3. Under the assumptions of Theorem 4.1 we have

n

1/p " 1/q
Euxupaqsc<p,q><logm>1+”q(Eggg>;(Z|Az-mjrp) +E max (;mimq) )

Jj=1

Remark 4.4. If the rows and columns of Y are isotropic and log-concave (we do
not require independence), and p,q > 1, then

z 1/p m 1/q
m VP Vv |q
I 1§Z-a§)7<n (Zl ‘AUY;]’ > +E 1I§nja§)%< E 1 ’A”Y;]‘ )
j= —

< C(p2 max [| 4], +¢* max [[AV]] + (p+ g) log(m v n)E max !Ainz-j\)?
1<j<n

(4.2)

so the bound we used in the proof of Corollary 4.3 (the one which uses the Jensen
inequality) may be reversed up to a logarithmic factor and constants depending on
P, q. Inequality (4.2) follows directly from the following proposition.

Proposition 4.5. Let Z be an m x n random matriz with isotropic and log-concave
rows, let B be a deterministic m X n matrix, and let p > 1. Then

u 1/p - 1/p
E max (Y [ByZyl) S p* max (32 1Byl) "+ plog(m v n)E max |B; 2|
J=1 J=1 1<j<n

The rest of this chapter is organised as follows. Section 4.1 contains generalisa-
tions of Lemmas 3.1 and 3.2 from [11] to the log-concave setting and the proof of
Theorem 4.1. In Section 4.2 we will show how to deduce an analogue of Theorem
4.1 for Gaussian mixtures (see Corollary 4.12) and provide a proof of Proposition

4.5.
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4.1 Proof of Theorem 4.1

In the proof of Theorem 4.1 we will use Theorem 2.1 from [11], which is another
version of results provided before by Guédon—Rudelson in [14], and by Guédon—
Mendelson—Pajor-Tomczak-Jaegerman in [12]. Below we use a slightly different
notation than in [11].

Theorem 4.6 (|11, Theorem 2.1]). Let E be a Banach space with modulus of
convezity of power type 2 with constant A\. Let X1,...X,, € E* be independent
random vectors, ¢ > 2. Define

u = sup (Z E}X )1/q, (4.3)

teBEg

and y

a
M) (4.4)
where To(E*) is the Rademacher type 2 constant of E*. Then

e 8 %\ 2
V= (/\ (T»(E")) logm]ElrélizgsJ

m

[E sup Z(‘Xi(t)r] — E|Xi(t)‘q>

teBp i—1

1/q
} < C(Vuv +v) <2C(u+v).

The next two lemmas provide estimates on quantities v and v appearing in
Theorem 4.6 in the case £ = Bj.

Lemma 4.7. Assume p,q, X, and Y are as in Theorem 4.1. Then

(Elrgzix | X2 ) < C(p, q) max HA |, +logm E max | X511
1<]<n

where C(p,q) depends only on p and q.
Lemma 4.8. Assume p,q, X, and Y are as in Theorem 4.1. Then

1/q
sup (ZE| X, t) ‘ ) < (C1q max ||AJ)|| (4.5)

tEBn 1<j<n

In the proof of Lemma 4.7 we will also need the following estimate:

Lemma 4.9. Assume that Z is an isotropic log-concave vector in R™. Then for
alll <k <m and all a € R™ we have

]Elrggin\alZ\ > Dy rknax(ak, min || Z;|iog(k+1) ) s

where D3 1s an absolute constant.
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In order to prove Theorem 4.1, we repeat the proof scheme from [11].

Proof of Theorem 4.1. We use Theorem 4.6 for E' = ¢;,. Then A\ ~ p (see [30,
Theorem 5.3]) and T5(E*) ~ {/p. Let u and v be given by formulas (4.3) and (4.4).
The triangle inequality, Theorem 4.6, Lemma 4.8, and Lemma 4.7 yield

1/q
ENX Iy < (BIX]E,) " = hamgjtx !

p’ i=1

m 1/q m 1/q
< |E X, 0| — E|(X;, 1) EY [t X))
< [2 g[S (v or —eexoor) ||+ g (B3 e xor)
<C-(u+v)
< C(p,q) [(logm)l/q glz%}ﬁ@HA H + lriljagiHA H + (logm) Yatlg max |Xzy|}

1<]<n

O

The main contribution of this chapter lies in the proofs of Lemmas 4.7, 4.8, and
4.9.

Proof of Lemma 4.9. We may and do assume that a; > as > ... > a,, > 0, i.e.
af = a; for i < m. By |21, Proposition 3.3] we have for all k& < m,

E max |a; Z;| > C~* min 1a: Zi|Jiog(re1) > C ™ ay min. 1 Zillog (1) -

Thus

£ o] = e B o fouil 2 O7F o (o 1mip, 1 Zbosen)- O
Proof of Lemma 4.7. If m = 1 then the assertion follows by (1.2). From now on
we assume that m > 2.

Since we may approximate A;; by nonzero numbers, we may and do assume
that a;; # 0 for all ¢, j. Let Dy, Dy be the constants from (2.41) applied with r = p,
let D3 be the constant from Lemma 4.9, and recall that C is the constant from
(1.2). We may assume that all these constants are greater than 1.

Note that for any a,b € R we have a = (a — b); + a A'b. Thus, by the triangle
inequality,

(B max X2 )

1<i<m

1/q
< (E fgiﬁl[(ll&llp—DlplEllXillp)ql{Xi|p>D1pExip}]) +Dip max E[LX]|,.
(4.6)
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Moreover, for every 1 < i < m we have by (1.2) and the isotropicity of Y;, that

- p p p
B Xill, < (D EIVPIAGP) < max [Vl Adly < CupllAdl
j=1 -

< Cip max || A (4.7)

Now we pass to the estimation of the fist term of (4.6). Let

B := C?Dslog(m + 1) ]Elrélig(n | X5 and o : (lrgz}x Ol-fp.x:(2)) V B.
1<j<n

By (2.41) we have

E max [(IlXin - DlpEllXi||p)q1{||Xi||plepE||Xi||p}]

1<i<m

< (2D1peo)? +/

2D1pec

o0

qwlp< max (1X;ll, = DipEl|Xill,) > u) du

< (2D;pec)? + (D1p qZ/ qui™"P(||X;|l, — D1pE|| X, > Dipu)du
=1

< (2D1pec)? + (D1p)?Dy Z/ qui™! sup P(‘Zt Xii| > u)d
i—1 J 2e0 ll2ll,r <1
(4.8)

For u > supyy < | >27=1tXijlleo the function we integrate vanishes, so from now
on we will consider only ¢'s for which u < supyy < 1251 X5 oo

Note that if 1 <4 < m and supj, < 12251t Xijlleo > u > e > eoy, x,(2),
then Remark 1.3 implies that r := r(i) := sup{s > 2 : o), x,(5) < u/e} € [2,00)
and o)., x,(r) = u/e. Therefore

sup ]P()Zt Xy;| >

], <1

supy <1 It Xa) I
) < 1], <1 K )| - (4.9)

ur

Now we will estimate r from below. For ¢ > 2 let

plt) = t min [V

Since Y's are identically distributed, ¢ does not depend on i. By (1.2), and the
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isotropicity of Y we have

n o\ 1/2
. < . < V.
A plt) < ox, (1) < cltrgg(xa(z Agvin)’)

1/2
~ it (E (ZAW 2))
- Clt max |Az]! 15112 < Crop(t ) max |A”|. (4.10)

Since we can permute the rows of A, we may and do assume that

> ... >
mmax |4y 2 | Al

Let j(i) < n be such an index that |A;;;)| = max;<;<n |A;;|. Lemma 4.9 applied to

Z; = Y;j) and a non-increasing sequence a; = |A;j(;)| implies

_ -1 .
]Elrgaﬁ\XU] >E max |AZ] Y| > D; 1(log(m+1)) 122%)51<g0(10g(z+1))|Aij(i)\),
1<j<n

so for all # < m we have

B > CYp(log(i + 1))| Ay = Ceo(log(i + 1) max |4;].

Note that by (1.2) for all > A > 2 we have oy, x,(7/X) > oy.,.x,(r)/(C1A). Take
A= 0|.,.x;(r)/B = u/(Be) > 2. Then by a calculation similar to the one above
we get

U Cir

= = O (r) £ 5= max [Ay] < Cfr max [Ay[E|Yy| < C7E max [X;| < Br,
1<j<n 1<j<n
so indeed r > A\ > 2.
Therefore for all ¢« < m we have
B 1 (4.10) Bo(3)
— <o x(r/A) < C < ) Ay A .
G = 36, M) S arx /) < Cre (3 ) e 1Al < Fos

(4.11)
Since the function ¢ is strictly increasing, the previous inequality yields r >
Alog(i 4 1). This together with (4.9) implies that (recall that A = 5= > 2)

Z sup P(‘Zt Xij

el <1

> u> < (i+1)7 <2778 +/ 1T 5 dy < 3.2 %,
- 2

(4.12)
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Inequalities (4.8), (4.12), and the Stirling formula yield that

1/q
(E[max (il — DﬂEHXiHp)ql{nxz-npzplmXz-np}]) < CDyD)%opg.  (4.13)

1<i<m
Moreover, by (1.2)

max oYl x: (2) <204 max OYf-fp.x: (1) <20, 1r£ie%>r<nEHXin,
where the second inequality holds since the weak first moment is bounded above
by the strong first moment. This together with (4.6), (4.7), and (4.13) gives the
assertion. ]

Proof of Lemma 4.8. Note that if 0 < r < s, then for every z € R"” we have
|lz||s < [|z]|-, so we may and do assume p = 2. By (1.2), the isotropicity of ¥, and
the Jensen inequality we have

m l/q m /2 1/‘1
sup< E\(Xi,t>|q> < Ciq sup (Z(ERXM)\z)q )
i=1 1

teBy lella<1 \ 42

m. . n 1/q
= (q sup (Z(Z A?jti)qm)

=1 Ny =1

mo n 1/q
< Cyq sup (ZZM@‘W?)

ltll2=1 N\ =7 =1

n 1/q
= Clq( sup ZHA(j)HZt§>

[I]l2=1 j=1

= (C1¢q max “A(j)“q.

1<j<n

]

Remark 4.10. By the same reasoning as in the log-concave case, we may prove
(using Corollary 2.11, [24, Theorem 2.1|, and the claim below instead of (2.41),
Lemma 4.9 and the previous estimates on oy ,, x,(s), respectively) the following.

Let X be an m x n random matrix with entries X;; = a;;Y;;, where Y;; are
independent symmetric random variables such that IEY; = 1. Assume that for any
r>2andany 1 <i <m, 1 <j <n we have % < ||Vl < prY with v € [%,1].
Then for every p,q > 2 we have

EHXHpﬂq
< C(p,q,p) [(logm)l/q max HAin + max ”A(j)|’q + (logm)l/qE max | X;;]|.

<i<m 1<j<n 1<i<m
I<j<n
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where C(p, ¢, ) depends only on p, ¢, and /3.
As we mentioned, it suffices to prove the claim:

i t;Yi i t;Yi;
s =1

where C' is an absolute constant, and repeat the proof of Theorem 4.1.

< OB

r

= CBr |tz (4.14)
2

Proof of the claim. It suffices to consider r = 2k, where k is an integer. Let us

denote
. Wt ...+, [la+...+1, in
115eln * T il i2 ’in .

Let G = (Gj)j-; be the standard n-dimensional Gaussian vector. Recall that
for any ¢ € R™ and r > 1 we have “Z;L:1 t;iGill, = Itl2llGallr ~ tl2v/T =
VI Y-

By the assumptions on Y; and by the fact that v > % we get

> otV
j=1

2k
2

= . . 251 2jn 4241 2j
= E : Cojy,. 25, BY ;70 - EY 80 8
k ]1++Jn:k

< ﬁ% Z Coj1,.. 20 (2j1)2j17 .. (2jn>2jn7t§jl . 't?@jn

< @RPITEEE Y T oy (27 (2
< (Qk)ka—k(Cﬂ>2k Z Cle,...anEG?jl .. -]EGijnt%jl . tijn
n 2k n 2k
= (2K)*7HCBM | DGy < RPCH* DtV
j=1 2k j=1 2
what finishes the proof of (4.14). O
By the claim we get
Oleri(9) < CBg” sup D5} = CBg" max [o; < CH*min [[Vylly max |c;,
SEBJ, =1 == = ==

what allows us to obtain a version of (4.11) for ¢(t) := mini<i<m, ||Yil+-
1<j<n
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4.2 Estimates of norms of matrices in the case of
(GGaussian mixtures

Let us recall the definition from [7], where the significance of Gaussian mixtures is
also described.

Definition 4.11. A random variable X is called a (centred) Gaussian mixture if
there exists a positive random variable r and a standard Gaussian random variable
g, independent of r | such that X has the same distribution as the product rg.

We will work with a matrix (R;;A;;Gij)i<m j<n Which entries are Gaussian
mixtures. We additionally assume that a random vector in R} which coordinates
are the entries of R = (R;;) is log-concave and isotropic. It will be clear from
the proof, that the corollary below is true also for another type of matrices:
(1:A4ijGij)i<m,j<n, Where (r1,...,7,) is an isotropic log-concave random vector.

Corollary 4.12. Let m,n > 2, and let G = (G;j)i<m,j<n be a matriz which entries
are t.i.d. standard Gaussian variables. Let X;; = R;;B;;G;j, where R is a log-
concave and isotropic random matrixz independent of G. Then for every p,q > 2 we
have

E||X”p/7q S O(p, q) ((IOg m) 1/q+1 [ max ||BZHp + E 1128%}7(” |X1]|] + 10gn 11%&3}%“3(]) Hq) .

1<i<m <i<
155<n

Proof. Theorem 4.1 applied to Y = G and A;; = R;;B;; yields

E“XHPI»‘] < C(p, q) [(logm)l/q]E max H(BZJR”>]Hp + E max ||(BZJRZ])ZH

1<i<m 1<j<n q

+ (log m) Vatlg max | X |} ,

1<j<n
so it suffices to prove that
Elrggfn”(Binm)ij < C(p) logmlrgiz%);HBin (4.15)

and
E max H(Bl]RU>ZHq S C(Q) IOgTL max HB(])Hq

1<j<n 1<j<n

By the symmetry of assumptions we need only to show (4.15).
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Note that for any u > 1 we have

u/ 1/u
E&%ﬁ(ZiBwipﬂ = (Eﬂi};(z|3w|p3> )
m ” 1/u
< <EZ(Z|Bij|pR§’j) p)

i=1 j=1
/p 1/u
u p
<m 112%1( (Z|BZ]\R> ) . (4.16)

Fix ¢ < m. By Theorem 2.5 applied to p = u, r = p, and X; = B;; R;; we have

n ” 1/u n
-1 (E<Z|Bij|prj> /p> §]E<Z|Bij|prj> + sup ZBwat
=1 j=1

teBr,
(4.17)
Let us use (1.2) and the isotropicity of R; to estimate the first term in (4.17):

“ 1/p - 1/p
E(M1BslRy) < (Y IBPERY) T <l Bl (418)
7j=1 7j=1

Recall that B}, C By. We use again (1.2) and the isotropicity of r; to estimate the
second term in (4.17):

1/2
sup Bi;Rijt;|| < Chiusup B;;R;jt;|| = Ciusup ( B; )
o[ <o <o (S
1<j<n
Take u = logm and put together (4.16)-(4.18) to get the assertion. O

Remark 4.13. Using [11, Theorem 1.1] instead of Theorem 4.1 in the proof above
yields a slightly better estimate:

E|| Xy < Cp,q) (logm)l/qu [max ||B || + logm)l/qurilix | X5
1<j<n

+ logn max HB(j)H
1<j<n q
Proof of Proposition 4.5. We begin similarly as in the proof of (4.15), but we only
estimate the second term on the right hand-side of (4.17) in a slightly different

way, using (1.2). Let us repeat the whole proof for the Reader’s convenience.
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For any u > 1 we have
E S srze) " < (E AN
121@%;(2;’ il ij) = glfgn(z‘ i R)
‘7:
m n u/p 1/u
< (Ez@wijwzz) )

/p 1/u
Ju P
<m'™" max ( (Z |Bi;|"Z ) ) ' (4.20)

Fix 1 < m. By Theorem 2.5 applied to p = u, r = p, and X; = B;;Z;; we have
" u/p\ M/ -
- (E(Z (By1°Z2) ) <E() |Bij|pij) - Z By Zist;
j=1 j=1
(4.21)
Let us use (1.2) and the isotropicity of Z; to estimate the first term in (4.21):

" 1/p - 1/p
B(M1Bylzy) " < (Y 1BsIEZE) T < ol Bl (422)
j=1 j=1

Recall that B}, C By. We use again (1.2) and the isotropicity of r; to estimate the
second term in (4.21):

su B;; Zijt; < n'* sup (E max tiBi; Zi|" 1/”Lt<nl/“CuIE‘, max | B;; Z;;|.
teBEL ]Zl j4ij = tGBEL( o2 |t By Zij ) = 1 1§j§n’ i Zij]
We take u = log(m V n) to get the assertion. O
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