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X = (X1, X2, . . . , Xp)
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X = (X1, X2, . . . , Xp)

T , X̃ =

(

X1

σ1
,
X2

σ2
, . . . ,

Xp

σp

)T

,
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σi =

√
V arXi

g/wxW!Fy8>z
cov(X̃) = E(X̃ − EX̃)(X̃ − EX̃)T = (E(X̃i − EX̃i)(X̃j − EX̃j))i,j

=

(

E(Xi − EXi)(Xj − EXj)

σiσj

)

i,j

= cor(X).

{ S^F
cov(X̃) ≥ 0

BU|�9
0 ≤ V ar tT X̃ = E(tT X̃ − tT EX̃)(X̃T t − EX̃T t) = tT covX̃t
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cor(X)
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V T X̃
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cov(X̃)
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C : {1, . . . , N} → {1, . . . , K} B K < N
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x̄k = mk = arg min
x

∑

i:c(i)=k d(x, xi) ¨Y¨ PG?`JbA[8>_<A2FGH'zjKCFO?XW!NR_:H©Q<JbDy8>F2AVQ�S^JYZ[z
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c(i) = argmin
k

d(xi, mk) ¨L¨ PG?`JbA[8>_<A2FOH�z�?:9<;�zYB>SMFO�`Z!PGz���9>8>PG@TJXd­�®>��ªL¯«����°��>�Y�~ªy­L±U²X³<� � �X­\Y8:PG@^F
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X = (xij )n×p
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X = (xij)n×p � H�JLKG@MFON!P68:JL?�z�K$vUB x̄·j � c[NRFO8:?:@^J j � WRF2AUKGFOK$v�zLg�wxWRFO8>z X̃ = (xij−x̄·j)n×p � H�JYKC@^FGNRP8:JL?Xz>K$v¶ZRKCFO?YWRN!9<;aJb?�z>K$v�g 1
n
X̃T X̃ =: Σ � H�JYKC@^FGNRP"QL9<;aJbNR@^JL?`K�A2@�8:Jb?�z>K$v X
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V = [v1| . . . |vp] � H�JYKC@^FGNRP;VFGQXW!9YN!�<;·;edfJLZ!?�z�K$v

Σ
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XV
A2FOZ[W"H�JLKC@^FGNRPO�]9L|�Z[FON!;aJLK2A2@�;VFGQXW!9YNRJ`BEQXW!�LNRFG\Y9j;�Z!���>d�NRPG�y8>?:F�ZR�?:@^FOZ!QL9YN!FOSM9<;aJb?:FYg

(*),+-)/.-021·¹-5
wºzX�`N!9<;aJL8>»�;�PO�LN¶?`J¼|`J�zLFyZ[9<;�Z!Q<�½NRFG\Y_�d���Q�STJLZ!zY¾�Q�JYKCzyA2?`�x;�;�@^FGS^9LH�@^JL?:9<;�z�H¿H�9>8>FGS^_·?:9LNRH�JbS^?�zXH
(N (µ1, Σ1), . . . ,N (µk , Σk))

P%NR9LPOQ:dfJL8:FGH4JI�:NR@M9YN!@
(q1, . . . , qk)
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(q1, . . . , qk) � N!9YPGQ`dfJL8jJI�:NR@^9LNR@E�`JbN$JbH�FCWRN!_]9LQ�NRFOc!S^JbA[�LKCFO\L9"��9L�`_:S^JYK�A2�YB
fi(x) =

1
√

detΣi(2π)p
exp(−1

2
(x − µi)

T Σ−1
i (x − µi)) � NR9LPOQ`d�JY8 i � W!F2Aa��9L�:_:STJLK2A2@ N (µi, Σi)
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f(i|x) ∝ qifi(x)
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x � _�Z2W$JbS^9L?:F
max

i
qifi(x) ⇔ max

i
lnqi − 1

2
log(det(Σi)) −

1

2
(x − µi)

T Σ−1
i (x − µi).
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Σi = Σ ∀i
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Y � PGH�@^FG?:?`J'S^9YZ!9<;VJ`B X = (X1, X2, . . . , Xp) � ;VFCW!NR9LN=SM9XZ[9<;�zI9LN$JbP covX
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E(Y − α − βT X)2
�:NRPGzyA2H�_bA2F H�@^?:@^H�_:H 8>S^J

β∗ = C−1σY X , α∗ = EY − β∗T
EX

g
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f(x, β) = E(Y − α − βT X)2 → min
α, β

.

���YDG?:@TKCPOQX_bA[�LKb�
df

dα
= −2E(Y − α − βT X) = 0 ⇒ α∗ = EY − (β∗)T

EX.

�¶JLH�z*A2_:D
α∗
B�W!FONRJLP PO?`J<A[8:»GH�z

β∗
�

∇βf = 2E(Y − α − βT X)XT = 0

E(Y XT ) − α∗
EXT − Eβ∗T XXT = 0

E(Y XT ) − EY EXT + (β∗)T
EXEXT − β∗T

EXXT = 0.

� W$�L8
σT

Y X − (β∗)T C = 0

β∗T = σY XC−1

β∗ = C−1σY X .
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X = {1, . . . , k}, pi, qi � \L�yZ2WR9YcRKC@~?`J X,
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H(p||q) = −
k

∑

i=1

pi log
qi

pi

≥ 0.

�6?XW!NR9L�`@^J
p

H(p) = −
∑

pi log pi ≤ −
∑

pi log qi. � À��u�@^FOK$v
qi = 1

k
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−
∑

pi log qi = −
∑

pi log
1

k
= log k = H(q),
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