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ABSTRACT. We prove that it is consistent with ZFC that for ev-
ery non-decreasing function f : [0,1] — [0, 1], each subset of [0, 1]
of cardinality ¢ contains a set of cardinality ¢ on which f is uni-
formly continuous. We show that this statement follows from the
assumptions that 9* < ¢ and c¢ is regular, where 0* < 0 is the
smallest cardinality x such that any two disjoint countable dense
sets in 2V can be separated by sets each of which is an intersec-
tion of at most sx-many open sets in 2. We establish also that
0* = min{u, 0} = min{r, 0}, thus giving an alternative proof of the
latter equality established by J. Aubrey in 2004.

1. INTRODUCTION
The main subject of this note is the following theorem.

Theorem 1.1. The statement

(*) For every non-decreasing function f : [0,1] — [0, 1], each subset
of [0,1] of cardinality ¢ contains a set of cardinality ¢ on which
f 1s uniformly continuous.

1s independent of ZFC.

Sierpiniski [10, Théoreme 6] proved that CH implies the negation
of (x). Sierpiriski considered an increasing function f : [0,1] — [0, 1]
which is discontinuous precisely at the rationals in (0, 1) (a well-known
example of such a function is due to Lebesgue and is defined by letting
L(0) = 0 and L(z) = > 1 en. goeny 2" for € (0,1], where {g, :
n € N} is an injective enumeration of Q N [0,1)). He proved that the
(continuous) restriction of f to the set P of irrationals in [0, 1] is not
uniformly continuous on any Lusin set in P.

The fact that in some models of ZFC statement (x) can be true will
be explained in Section 2, where a new cardinal coefficient 0* which
plays a crucial role in our considerations is introduced. A combinatorial
analysis, giving a precise description of 9* in terms of some other known
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cardinal characteristics of the continuum, will be presented in Section
3. Some additional comments will be gathered in Section 4.

2. THE STATEMENT (%) IS CONSISTENTLY TRUE

Definition 2.1. Let Fin and cFin be the families of all finite and co-
finite subsets of N, respectively. Then 0* is the minimal cardinality of
a cover K of P(N) by compact subspaces' such that for each K € K,
either K N Fin = () or K N cFin = 0.

Since both P(N) \ Fin and P(N) \ cFin are homeomorphic to the
Baire space N which can be covered by d many compact subspaces,
we have 9* <0 (here 0 denotes, as usual, the dominating number, i.e.,
the smallest cardinality of a dominating family in N¥ corresponding to
the ordering of eventual domination <*, cf. [3]). It follows that it is
consistent with ZFC to assume that * < ¢ and c¢ is regular, cf. [3], and
we shall show that these conditions yield (x).

Let us start from the following observation.

Lemma 2.2. Given two disjoint countable sets Dy, D1 in a compact
metrizable space X, there is a collection & of compact sets in X such
that | 2| <o, |J# = X and each element of & hits at most one

7

Proof. Using the Cantor-Bendixson theorem we write X in the form
YUZ, YNZ =, such that Y is a compact space without isolated
points and Z is countable. Now, to get £, it suffices to find a relevant
cover of Y and then to extend it by the singletons of Z. Instead, we
simply assume that X has no isolated points.

There is a continuous surjection u : P(N) — X such that u=!(d) is a
singleton, for d € DyU D;. Indeed, if we expand each d € D = DqU D,
to a copy P of the Cantor set in X, then [7, §45, II, Theorem 4]
gives us a continuous surjection u : P(N) — X which is injective on
" (Ugep Pa) -

Now, the disjoint sets u='(D;), i = 0,1, are countable, and by
adopting standard arguments concerning countable dense homogene-
ity of 2% (cf. [8, Theorem 1.6.9]) one can find a homeomorphism
h : P(N) — P(N) such that u=*(Dy) C h(Fin) and u=!(D;) C h(cFin).

Finally, if K is a collection of compact sets in P(N) satisfying the
conditions in the definition of 9%, with |K| = 9*, the collection & =
{(uoh)(K): K € K} satisfies the assertion of the lemma.

O

To complete the proof of the consistency of statement (x) (hence also
the proof of Theorem 1.1) it is enough to prove the following result.

' As usual, we identify P(N) with 2V using characteristic functions.
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Proposition 2.3. Ifd* < ¢ and ¢ is regular, then statement (x) is true.

Proof. Let a function f : [0, 1] — [0, 1] be non-decreasing. Let D be the
set of discontinuity points of f and let X be the closure in the square
[0,1] x [0,1] of the graph of f restricted to the set [0,1] \ D. For each
t€[0,1] let X(t) = X n ({t} x[0,1]).

Since f is non-decreasing, the set D of discontinuity points of f is
countable and for each d € D we have X (d) = {(d,dy), (d,d1)}, where
do < dy, while X (t) = {(t, f(¢))} for t € [0,1] \ D.

Let

Qi = {(d,dl) s de D}, 1=0,1.

Since X is compact, Lemma 2.2 provides a covering .# of X by
compact sets such that |.Z| < 0* and each element of £ intersects at
most one of the sets )y, Q1.

Let m : X — [0, 1] be the projection onto the first coordinate. Since
each K € ¢ contains at most one point from every pair X(d) =
{(d,dp),(d,dy)}, d € DNw(K), K is the graph of a continuous function
fx : m(K)—1[0,1]. Since K is compact, fx is uniformly continuous.
Moreover, f and ff coincide on 7(K)\ D, so f is uniformly continuous
on 7(K)\ D.

We are ready to address statement (x). Let £ C [0, 1] have cardi-
nality ¢. Since the sets 7(K), K € J, cover [0,1] and |.#| < ?* < ¢
(cf. Lemma 2.2), the regularity of ¢ implies that there is K € &
with |[7(K) N E| = ¢, and since f is uniformly continuous on the set
(r(K)NE)\ D, we get (x). O

3. " = min{u, 0} = min{r, 0}

The aim of this section it to prove the equalities announced in its
title. Let us recall that the ultrafilter number u is the minimal size
of a base of a free ultrafilter in P(N), and the reaping number t is
the minimal size of a reaping subfamily B C P(N), i.e., a family B of
infinite subsets of N such that for every X C N there exists B € B such
that either X D B or BN X = (), see [3] for more information on these
cardinals.

Clearly, each ultrafilter base is reaping, hence v < u, and the strict
inequality is consistent, cf. [6]. However, by [1, Corollary 6.3] we cannot
have v < uif v < 9, which is clearly equivalent to min{u, 9} = min{t, 9}.
In the course of our proof of Theorem 3.4 below we reestablish the
latter equality, this way giving an alternative and more streamlined
proof thereof, as well as giving a natural topological interpretation of
min{u,0}.

Definition 3.1.

o A family F of infinite subsets of N is called a semifilter, if it
18 closed under taking almost-supersets of its elements, i.e., if
FeFand FC* X CN, then X € F.
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o A family C of infinite subsets of N is called centered if NC' is
infinite for any finite subfamily C' C C.

For a semifilter F we denote by F7' the family {X C N : VF €
F(FNX #0)}. It is clear that F is also a semifilter.

For X C P(N) we denote by ~ X the family {N\ X : X € X'}. It
is easy to check that F© = P(N)\ ~ F. Note that if Fy C F; are
semifilters, then F 2 F.

The following two facts are probably well-known, but we give their

proofs for the sake of completeness. The first one is reminiscent of [3,
Theorem 2.10].

Lemma 3.2. Let k < 0 be a cardinal and
{(n:ieN) : a <k}
be a family of increasing number sequences. Then there exists an in-

creasing number sequence (h(j) : j € N) such that for every finite
A C k the set

Ja={j €N : Vae AJi e N([nf,nf,) C [h(j),h(j +1)))}
18 infinite.
Proof. 1t is enough to find h satisfying the statement of the lemma for
singletons A C k, i.e., A of the form {a} for some « € &, since without

loss of generality we may assume that for every finite A C k there
exists v € k such that

Vj e NVa € AJi e N([nf,n,,) C [n],n],,)).
For every a € k and i € N set f,(i) = n$; and find a strictly increasing
h € NN such that h(0) = 0 and h £* f, for all @ € k. We claim

that (h(j) : j € N) is as required. Indeed, let us fix ¢ > 0 such that
h(i) > fa(i) = ng;. Thus,

{ny - k < 2i} < | JIn(0), n(1 + 1)),
1<i
which gives that }{k < 2 : ng,ny,; belong to the same interval
[h(1), (1 + 1))}| > 4, and consequently Jio defined in the formula-
tion must be infinite because ¢ with h(i) > f,(i) = ng, may be taken
arbitrarily large. O

Corollary 3.3. Let K be a family of < 0-many compact subspaces of
P(N) \ Fin. Then there exists a monotone surjection ¢ : N — N and a
centered family C of size |C| < |K| such that {¢|X]: X e JK} C F,
where F is the smallest free filter generated by C.

Proof. For every K € K, K being compact, there is an increasing num-
ber sequence (nf : i € N) such that X N [nf,nf ) # 0 for any X € K
and 7 € N. Since |K| <, by Lemma 3.2 there exists a strictly increas-
ing function h : N — N such that h(0) = 0 and for any finite K’ C K
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the set C'(K’) of those j € N such that for every K € K’ there exists
1 € N with
(3.1) [n(5), h(j + 1)) 2 [nf",miy),
is infinite. Note that the family

C ={C(K') : K' is a finite subset of K}
is centered because by the definition of C'(K’) we have

C(K UK, U---UK}) =) C(K)
1<n

for any finite family {K{, K},..., K]} of finite subsets of K.

We claim that C and ¢ : N — N such that ¢=1(5) = [h(j), h(j + 1))
for all j € N, are as required. Indeed, given X € JK, let K € K be
such that X € K. Then

cb[X]:{jGN:Xﬂ[h() h(j+1)) # 0} 2
D{jeN: FeN([h(),h(G+1) 2R n5))} 2CHK} eC,
which completes the proof. Il

For every X C N we adopt the following notation:
LX =P(X), 1X={Y CN:X CY},
JX={YCN: YT X}, M"X={YCN: XCY}
For a subset £ C P(N) we set:
L= Jitx:xecy, lL={J{lx:XxeL}
rL=J{rrx:xec}, 'c=J{I'x:xeL}

It is easy to see that if £ is compact, then both T £ and | £ are
compact, and T* £ and |* L are o-compact.

We are now ready to prove the main result of this section.
Theorem 3.4. 9* = min{u, d} = min{t, 0}.

Proof. As we have already noticed, since both P(N)\Fin and P(N)\cFin
are homeomorphic to the Baire space NV which can be covered by 0
many compact subspaces, we have 0* < 0.

Let B be a reaping family of cardinality v. For every B € B set
K(B)s =4L(N\ B) and K(B), =1 B.

It follows that

= | J{K(B)a: B € BYU| J{K(B). : B € B}

and IC(B)gNcFin = K(B),NFin = for all B € B, hence ?* < t, which
together with the first paragraph yields 9* < min{t, 0}.
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To show that 0* > min{u, 9}, suppose, towards a contradiction, that
there is a family K = K; U K, of compact subspaces of P(N) of size
k = |K| < min{u, d} such that (JK = P(N) and

(3.2) Ko NcFin =K NFin=10

for any Iy € Ky and K € K,,.

Replacing each K € K, (resp. K € K,) with a countable family of
compact subspaces of P(N) covering [* K (resp. 1K), we can assume
that U, = |JK, as well as Uy =~ |JK; are semifilters on N. Set
U=uU, U, It follows that

U =P\ ~Uy =P\ ~(~| JKa) = PM)\ | Ka C | JKu = U,
and hence
(3.3) U Ccus Ccu, CU.

By the construction, the semifilter &/ can be covered by x many
compact subspaces. Since k < 0, by Corollary 3.3, there exists a free
filter F generated by at most x many subsets of N and a monotone
surjection ¢ : N — N with F D {¢[X] : X € U}. Moreover, the family
{p[X]: X € U} is a semifilter and one easily checks that

FrC{o[X]: X eU}r ={o[X]: X eUt} C{s[X]: X eU} C F,

the second inclusion being a consequence of (3.3). This shows that F
is an ultrafilter generated by at most x many sets, which is impossible
because k < u.

It follows from the above that
min{u, 0} <9* < min{t, 0},

and therefore these two inequalities must actually be equalities because
t<u. ]

4. COMMENTS

4.1. Non-decreasing functions versus arbitrary functions. In [9,
Poposition 3.5] the following result is obtained:

Let g : P—[0,1] be a continuous function such that the closure
of the graph of f hits each section {q} x [0,1], ¢ € QN [0,1], in an
uncountable set. Then P cannot be covered by less than 0 sets on which
g is uniformly continuous. In particular, if 0 = ¢, there is a subset £
of P of cardinality ¢ such that g is not uniformly continuous on any
subset of E of cardinality ¢ (cf. the proof of [9, Theorem 3.4]).

In contrast, Proposition 2.3 yields the following.

Remark 4.1. Let h : E — [0,1] be a monotone function on a set
E C[0,1] of cardinality c. If0* < ¢ and ¢ is reqular, then h is uniformly
continuous on a set of cardinality c.
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Indeed, if h : E — [0, 1] is, say, non-decreasing, then we can extend
it to f : [0,1] — [0, 1] which is also non-decreasing (by setting f(y) =
sup h[EN[0,y]] for all y € [0, 1], where we set sup(()) = 0) and then we
can apply Proposition 2.3.

Remark 4.1 applied to the continuous function g and the set E de-
scribed in the opening statement of this subsection, leads to the fol-
lowing.

Remark 4.2. If 0* < 0 = ¢ and ¢ is reqular, then there exists a
continuous function f : E — [0,1] on a set E C R of cardinality ¢ such
that no restriction of f to a subset of E of cardinality ¢ is monotone.

4.2. Models of ZFC with 9" < 0. In view of the remarks from the
preceding subsection and for the sake of completeness, we would like to
mention that an example of a model of ZFC with0* =u=8; <Ny =0
(cf. Theorem 3.4) is provided by the Miller model resulting from the
N,-length countable support iteration of Miller forcing over a model of
GCH, see [2, Model 7.5.2]. Another model which has the advantage
that 0* = u < 0 can be any prescribed uncountable regular cardinals
is presented by Blass and Shelah in [4].

4.3. A generalization of 0*. In view of Lemma 2.2 it is natural to
generalize 0* as follows.

Definition 4.3. For a compact metrizable space X and countable dis-
joint sets Dy, Dy in X let 0*(X, Dy, D1) be the minimal cardinality of
a cover K of X by compact subspaces such that for each K € K, either
ICOD():@ OTKﬂDl :(Z)

In this notation we have 0* = ?*(P(N), Fin,cFin) and Lemma 2.2
states that 0*(X, Dy, D1) < ?* for any two disjoint countable sets
Dy, Dy in an arbitrary compact metrizable space X. We complement
this lemma with the following observation (whose proof gives also an-
other method for establishing Lemma 2.2).

Proposition 4.4. Let X be a compact metrizable space with no isolated
points and let Dy, Dy be two disjoint countable dense subspaces of X.
Then *(X, Do, D1) = 0* (equivalently, 9* is the smallest cardinality
k such that Dy, Dy can be separated by two sets each of which s the
intersection of a collection of at most k-many open sets in X ).

In the proof we shall need the following well-known fact which can
be proved by the standard back-and-forth argument.

Lemma 4.5. Let Q be the set of the rational numbers and Q = Q5UQY,
Q = QLU be two decompositions of Q into disjoint dense subspaces.

Then there exists an automorphism of (Q,<) (hence a homeomor-
phism) h: Q — Q such that h[Q]] = Q} and h[QY] = Q1.
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Proof of Proposition 4.4. As X has no isolated points and Dy, D are
dense in X, both A = Fin U cFin € P(N) and B = Dy U D; are
homeomorphic to the rationals Q being countable metrizable spaces
without isolated points. Let h : A — B be a homeomorphism such that
h[Fin] = Dy and h[cFin] = D, (its existence follows from Lemma 4.5)
and let Bh : A — BB be its homeomorphic extension to the Cech-
Stone compactification A of A.

By [5, Theorem 3.5.7] we have Sh[fA\ A] = B\ B and analogously,
the extensions f4 : A — P(N) and fp : BB — X of the identity maps
ia:A— P(N)and ig : B — X have the property that f4[fA\ A] =
P(N)\ A and fp[6B\ B] = X\ B.

It follows that if K is a family of compact subspaces of P(N) such as
in the definition of ?*, then

{fs[Bh[f4"K]]] - K € K}

is such as in the definition of 9*(X, Dy, D;); and vice versa, if K is a fam-
ily of compact subspaces of X such as in the definition of 9*(X, Dy, D1),
then

{falBr~'[f5'[K]]] : K € K}
is such as in the definition of 9*. Thus, 0*(X, Dy, D1) = 0*, which

completes the proof.

g
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