
❈❤❛♣t❡r ✶✺

●r❛♥❣❡r ❈❛✉s❛❧✐t② ❛♥❞ t❤❡ ❙♣❡❝tr❛❧

❉❡♥s✐t②

❈♦♥s✐❞❡r ❛ ❧✐♥❡❛r p✲✈❛r✐❛t❡ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s Z✱ ♠❡❛♥ 0✳ ▲❡t S(λ) ❞❡♥♦t❡ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t②

♠❛tr✐①✳ ■❢ Z(i) ❞❡♥♦t❡s t❤❡ it❤ ❝♦♠♣♦♥❡♥t ♦❢ Z✱ t❤❡♥ t❤❡ ❆❈❱❋ ✐s ❞❡✜♥❡❞ ❛s✿

Γij(h) = ❈♦✈(Z
(i)
t , Z

(j)
t+h).

❚❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♠❛tr✐① ✐s t❤❡ ♠❛tr✐① ✇✐t❤ ❡♥tr✐❡s✿

Sij(λ) =
1

2π

∞∑

h=−∞

eiλhΓij(h).

✶✺✳✶ ❘❡♣r❡s❡♥t❛t✐♦♥s ❢♦r ❙t❛t✐♦♥❛r② Pr♦❝❡ss❡s

❚❤❡ st❛t✐♦♥❛r② ♣r♦❝❡ss ❤❛s ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ r❡♣r❡s❡♥t❛t✐♦♥ ✐❢ ✐t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

Zt =
∞∑

s=0

Θsǫt−s Θ0 = I {ǫt} ∼ WN(0,Σ)

■♥✈❡rt✐❜✐❧✐t② ✐s ❡q✉✐✈❛❧❡♥t t♦✿ |Θ(z)| 6= 0 ❢♦r ❛❧❧ z ∈ C : |z| ≤ 1 ✇❤❡r❡✱ ❢♦r ❛ ♠❛tr✐① C✱ ‖C‖ ❞❡♥♦t❡s

t❤❡ sq✉❛r❡ r♦♦t ♦❢ t❤❡ ❧❛r❣❡st ❡✐❣❡♥✈❛❧✉❡ ♦❢ CtC ❛♥❞ |C| =
√
❞❡t(CtC)✳ ❋✉rt❤❡r♠♦r❡✱ t♦ ❡♥s✉r❡ t❤❡

♣r♦❝❡ss ❤❛s ❛ ✇❡❧❧ ❞❡✜♥❡❞ ❝♦✈❛r✐❛♥❝❡ str✉❝t✉r❡✱ ✐t ✐s ♥❡❝❡ss❛r② t❤❛t
∑∞

s=1 ‖Θ(s)‖2 < +∞✳

❉♦♦❜ ✭❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s✱ ❏♦❤♥ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦ ✶✾✺✸ ♣♣✹✾✾ ✲ ✺✵✵✮ ♣r♦✈❡s t❤❛t t❤❡ ❡①✐st❡♥❝❡ ♦❢

s✉❝❤ ❛ ♠♦✈✐♥❣ ❛✈❡r❛❣❡ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r ❛ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡

s♣❡❝tr❛❧ ♠❛tr✐① SZ(λ) ♦❢ Z ❢♦r ❛❧♠♦st ❛❧❧ ❢r❡q✉❡♥❝✐❡s λ ∈ [−π, π]✳

❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ♠❡❛♥✲sq✉❛r❡❞✲❡rr♦r ♦❢ t❤❡ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛st ✭❢♦r❡❝❛st ♦❢ Zt ❜❛s❡❞

♦♥ {Zs; s ≤ t− 1} ✐s✿

|Σ| = exp

{
1

2π

∫ π

−π

ln |S(λ)|dλ

}
> 0.

✸✵✼



❚❤✐s s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ❢♦r t❤❡ ♠❡❛♥✲sq✉❛r❡❞ ♣r❡❞✐❝t✐♦♥ ❡rr♦r ✇❛s st❛t❡❞ ✭✇✐t❤♦✉t ♣r♦♦❢✮ ❢♦r

✉♥✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s ❡❛r❧✐❡r✳ ■t ✐s ❞✉❡ t♦ ❘♦③❛♥♦✈✳

❲❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ s❡r✐❡s ✇✐t❤ ❛♥ MA(+∞) r❡♣r❡s❡♥t❛t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ✐♥✈❡rt❡❞✿

Zt =

∞∑

j=1

ΦjZt−j + ǫt ✭✶✺✳✶✮

✇❤❡r❡ {ǫt} ∼ WN(0,Σ)✳ ❆s ✉s✉❛❧✱ ❧❡t

Φ(z) = I −
∞∑

j=1

zjΦj .

❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ❡①✐st❡♥❝❡ ♦❢ ❛♥ ❆❘(+∞) r❡♣r❡s❡♥t❛t✐♦♥ ✐s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❝♦♥st❛♥t c < +∞

s✉❝❤ t❤❛t

c−1I 4 S(λ) � cI

✇❤❡r❡✱ ❢♦r t✇♦ ♠❛tr✐❝❡s A ❛♥❞ B✱ t❤❡ s②♠❜♦❧ A � B ♠❡❛♥s t❤❛t B −A ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡✳ ❚❤✐s

✐s ❛ r❡s✉❧t ♦❢ ❘♦③❛♥♦✈✳

◆♦t❡✿ ♥♦t ❛❧❧ st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ❤❛✈❡ ❛♥ ❆❘(+∞) r❡♣r❡s❡♥t❛t✐♦♥❀ r❡❝❛❧❧ t❤❡ ▼❆✭✶✮ ❡①❛♠♣❧❡ ♦❢✿

Zt = ǫt+ǫt−1✳ ❚❤✐s ❞♦❡s ♥♦t ❤❛✈❡ s✉❝❤ ❛ r❡♣r❡s❡♥t❛t✐♦♥❀ ✇❡ s❤♦✇❡❞ t❤❛t infλ S(λ) = 0 ✐♥ t❤✐s ❡①❛♠♣❧❡✳

◆♦✇ s✉♣♣♦s❡ t❤❛t Z ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦
(
X
Y

)
✇❤❡r❡ X ✐s k✲✈❛r✐❛t❡ ❛♥❞ Y ✐s m ✈❛r✐❛t❡✱ k +m = p✳ ▲❡t

SZ ❞❡♥♦t❡ S ✭t❤❡ s✉❜s❝r✐♣t ✐♥❞✐❝❛t❡s t❤❡ ♠✉❧t✐✈❛r✐❛t❡ t✐♠❡ s❡r✐❡s ❢♦r ✇❤✐❝❤ t❤✐s ✐s t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t②

♠❛tr✐①✮✳ ❯s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ SZ(λ)✿

SZ(λ) =

(
SX(λ) SXY (λ)

SY X(λ) SY (λ)

)
.

❇♦t❤ X ❛♥❞ Y ♣♦ss❡ss ❛✉t♦r❡❣r❡ss✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥s✿

{
Xt =

∑∞
s=1E1sXt−s + η1t {η1t} ∼ WN(0, CX)

Yt =
∑∞

s=1G1sYt−s + ξ1t {ξ1t} ∼ WN(0, CY ).

❚❤❡s❡ ❛r✐s❡ ❢r♦♠ ♣r❡❞✐❝t✐♥❣ X ♦♥❧② ✉s✐♥❣ ✐ts ♦✇♥ ♣❛st✱ r❡s♣❡❝t✐✈❡❧② Y ✱ ♦♥❧② ✉s✐♥❣ ✐ts ♦✇♥ ♣❛st✳ ❚❤❡

❞✐st✉r❜❛♥❝❡ η1t ✐s t❤❡ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❡rr♦r ✇❤❡♥ Xt ✐s ❢♦r❡❝❛st ❢r♦♠ ✐ts ♦✇♥ ♣❛st ❛❧♦♥❡✱ s✐♠✐❧❛r❧② ξ1t

✐s t❤❡ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❡rr♦r ✇❤❡♥ Yt ✐s ❢♦r❡❝❛st ❢r♦♠ ✐ts ♦✇♥ ♣❛st ❛❧♦♥❡✳ ❚❤❡s❡ ❞✐st✉r❜❛♥❝❡s ❛r❡ ❡❛❝❤

s❡r✐❛❧❧② ✉♥❝♦rr❡❧❛t❡❞✱ ❜✉t ♠❛② ❜❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❝♦♥t❡♠♣♦r❛♥❡♦✉s❧② ❛♥❞ ❛t ✈❛r✐♦✉s ❧❡❛❞s

❛♥❞ ❧❛❣s✳

❚❤❡s❡ ❡q✉❛t✐♦♥s ❞❡♥♦t❡ t❤❡ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥s ♦❢ Xt r❡s♣❡❝t✐✈❡❧② Yt ♦♥ t❤❡✐r ♦✇♥ ♣❛sts✳

✸✵✽



❚❤❡ ❡q✉❛t✐♦♥ ❢♦r Z ♠❛② ❜❡ ♣❛rt✐t✐♦♥❡❞✿

{
Xt =

∑∞
s=1ΦXX;sXt−s +

∑∞
s=1ΦXY ;sYs + ǫX;t

Yt =
∑∞

s=1ΦY Y ;sYt−s +
∑∞

s=1ΦY X;sXt−s + ǫY ;t.
✭✶✺✳✷✮

❙✐♥❝❡ ǫt =
(
ǫXt

ǫY t

)
❛♥❞ {ǫt} ∼ WN(0,Σ)✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ❞✐st✉r❜❛♥❝❡ ✈❡❝t♦rs ❢♦r t❤✐s ♠♦❞❡❧ ❝❛♥ ♦♥❧②

❜❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦t❤❡r ❝♦♥t❡♠♣♦r❛♥❡♦✉s❧②✳

◆♦✇ ❝♦♥s✐❞❡r Σ =

(
ΣXX ΣXY

ΣY X ΣY Y

)
✳

✶✺✳✷ ❯s❡❢✉❧ ❘❡♣r❡s❡♥t❛t✐♦♥s

▲❡t ✉s ♣r❡✲♠✉❧t✐♣❧② t❤❡ s②st❡♠ ❢♦r
(
X
Y

)
❜② t❤❡ ♠❛tr✐①✿

(
Ik −ΣXY Σ

−1
Y Y

−ΣY XΣ−1
XX Im

)
.

❚❤✐s ❣✐✈❡s ❛ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s

{
Xt =

∑
s≥1E3sXt−s +

∑∞
s=0 F3sYt−s + eXt

Yt =
∑∞

s=1G3sYt−s +
∑∞

s=0H3sXt−s + eY t

✭✶✺✳✸✮

◆♦t❡ t❤❛t t❤❡ tr❛♥s❢♦r♠❛t✐♦♥✱ ❢♦r Xt ✐♥tr♦❞✉❝❡s ❝♦♥t❡♠♣♦r❛♥❡♦✉s Yt ❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❍❡r❡

(
eXt

eY t

)
=

(
Ik −ΣXY Σ

−1
Y Y

−ΣY XΣ−1
XX Im

)(
ǫXt

ǫY t

)
.

❲❤✐❧❡ eXt ❛♥❞ eY t ❛r❡ ❝♦rr❡❧❛t❡❞ ✇✐t❤ ❡❛❝❤ ♦t❤❡r✱ t❤❡ ✐♠♣♦rt❛♥t ♣♦✐♥t ✐s t❤❛t ✭❛✮ eXt ✐s ✉♥❝♦rr❡❧❛t❡❞

✇✐t❤ ǫY t ❛♥❞ ✭❜✮ eY t ✐s ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ ǫXt✳ ❚❤✐s ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥✳ ■t ❢♦❧❧♦✇s t❤❛t

eY t ✐s ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Yt ❛s ✇❡❧❧ ❛s ✇✐t❤ {Xs : s ≤ t− 1} ❛♥❞ {Ys : s ≤ t− 1}✳

◆♦✇ ❧❡t

D̂(λ) = SXY (λ)SY (λ)
−1

❚❤❡ t❡r♠s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✱ ❜② t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ t✐♠❡ s❡r✐❡s✳ ▲❡t D ❞❡♥♦t❡ t❤❡ ✐♥✈❡rs❡

❋♦✉r✐❡r tr❛♥s❢♦r♠

D(s) =
1

2π

∫ π

−π

D̂(λ)e−iλsdλ s ∈ Z.

▲❡t

Wt := Xt −
∞∑

s=−∞

D(s)Yt−s

❚❤❡♦r❡♠ ✶✺✳✶✳ ❚❤❡ ♣r♦❝❡ss W ✱ t❤✉s ❞❡✜♥❡❞✱ ✐s ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ ❛❧❧ {Ys : s ∈ Z}✳ ❋r♦♠ t❤✐s✱ ✐t

❢♦❧❧♦✇s t❤❛t

✸✵✾



Xt =
∞∑

s=−∞

DsYt−s +Wt

✐s t❤❡ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ ♦❢ Xt ♦♥t♦ {Ys; s ≤ t}✳

Pr♦♦❢ ❈♦♥s✐❞❡r t❤❡ s♣❡❝tr❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ Z✿ Zt =
∫ π

−π
e−itνdL(ν) ✇❤❡r❡ L ✐s t❤❡ p✲✈❛r✐❛t❡

♦rt❤♦❣♦♥❛❧ ✐♥❝r❡♠❡♥t ♣r♦❝❡ss✳ ▲❡t L =
(
LX

LY

)
✱ t❤❡ k✲✈❛r✐❛t❡ ❛♥❞ m✲✈❛r✐❛t❡ ♣r♦❝❡ss❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦

X r❡s♣❡❝t✐✈❡❧② Y ✳ ❚❤❡♥

Wt =

∫
eitνdLX(ν)−

∑

s

D(s)

∫
ei(t−s)νdLY (ν)

s♦ t❤❛t✿

E[WtY r]
t] =

∫
SXY (ν)e

−(t−r)νdν −
∞∑

s=−∞

D(s)

∫
SY (ν)e

−i(t−r+s)νdν

❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t ❛ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ ❋♦✉r✐❡r tr❛♥s❢♦r♠s ✐s t❤❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ♣r♦❞✉❝t ❣✐✈❡s

t❤❛t E[WtY
t

r] = 0 ❢♦r ❛❧❧ r✳

❚❤❡ ✜♥❛❧ ❢♦r♠✉❧❛ ❢♦r t❤❡ ♣r♦❥❡❝t✐♦♥ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤✐s✳

❙✐♠✐❧❛r❧②✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♠❛tr✐① ❢♦r W ✐s ❣✐✈❡♥ ❜②✿

SW (λ) = SX(λ)− SXY (λ)SY (λ)
−1SY X(λ)

❚❤❡ ♣r♦❝❡ss W ❤❛s ❛♥ ❛✉t♦r❡❣r❡ss✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥

Wt =
∞∑

s=1

ΦWsWt−s + ǫWt

❛♥❞ ❝♦♥s❡q✉❡♥t❧②

Xt =
∞∑

s=1

ΦWsXt−s −
∞∑

s=0

ΦWs

∞∑

r=−∞

DsYt−s−r + ǫWt

✇❤❡r❡ ΦW0 = −I✳ ●r♦✉♣✐♥❣ t❤❡ t❡r♠s ❣✐✈❡s✿

Xt =
∞∑

s=1

ΦWsXt−s +
∞∑

s=−∞

(
∞∑

r=0

ΦWrD(s− r)

)
Yt−s + ǫWt.

❙✐♥❝❡ ǫWt ✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ Y ❛♥❞ {Ws : s ≤ t−1}✱ ✐t ✐s ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ Y ✳ ❙✐♥❝❡ {Xs : s ≤ t−1}

✐s ❛ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ Y ❛♥❞ {Ws : s ≤ t − 1}✱ ǫWt ✐s ✉♥❝♦rr❡❧❛t❡❞ ✇✐t❤ {Xs : s ≤ t − 1}✳ ❍❡♥❝❡ t❤✐s

❡q✉❛t✐♦♥ ♣r♦✈✐❞❡s t❤❡ ❧✐♥❡❛r ♣r♦❥❡❝t✐♦♥ ♦❢ Xt ♦♥ {Xs : s ≤ t− 1} ❛♥❞ ❛❧❧ Y ✳

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ Yt ♦♥ {Ys : s ≤ t} ❛♥❞ ❛❧❧ X✳

✸✶✵



✶✺✳✸ ▲✐♥❡❛r ❉❡♣❡♥❞❡♥❝❡ ❛♥❞ ❋❡❡❞❜❛❝❦

❚❤❡ ♠❡❛s✉r❡ ♦❢ ❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ❢r♦♠ Y t♦ X ✐s ❞❡✜♥❡❞ ❛s✿

FY→X = ln
|CX |

|ΣXX |
.

❙✐♠✐❧❛r❧②✱ t❤❡ ❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ❢r♦♠ X t♦ Y ✐s✿

FX→Y = ln
|CY |

|ΣXX |
.

❚❤❡ ♠❡❛s✉r❡ ♦❢ ✐♥st❛♥t❛❡♦✉s ❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ✐s✿

FX.Y = log
|ΣXX ||ΣY Y |

|Σ|
.

■t ✐s ♥♦♥✲③❡r♦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❛rt✐❛❧ ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥ Xt ❛♥❞ Yt ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❡ ❡♥t✐r❡ ♣❛st

❤✐st♦r② ♦❢ ❜♦t❤ ♣r♦❝❡ss❡s ✐s ③❡r♦✳ ❋✐♥❛❧❧②✱ t❤❡ ♠❡❛s✉r❡ ♦❢ ❧✐♥❡❛r ❞❡♣❡♥❞❡♥❝❡ ✐s✿

F̃X,Y = ln
|CX |‘|CY |

|Σ|
.

◆♦t❡✿

F̃X,Y = FY→X + FX→Y + FX.Y .

❲❡ ♥♦✇ ✇❛♥t t♦ ❞❡s❝r✐❜❡ t❤❡ ❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ❛♥❞ ✇❡ s❡❡❦ ♥♦♥✲♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s

fX→Y (λ) ❛♥❞ fY→X(λ) ✇❤✐❝❤ r❡♣r❡s❡♥t t❤❡ tr❛♥s❢❡r ✐♥ ❋♦✉r✐❡r s♣❛❝❡✳

❲❡ ✉s❡ ✭✶✺✳✷✮ ❛♥❞ ✭✶✺✳✸✮ ❛s t❤❡ ❜❛s✐s ❢♦r t❤❡ tr❛♥s❢❡r ❢✉♥❝t✐♦♥✳ ❚❤✐s ♠❛② ❜❡ ❡①♣r❡ss❡❞ ❛s✿

(
ΦXX(B) ΦXY (B)

G3(B) H3(B)

)(
Xt

Yt

)
=

(
ǫXt

eY t

)
.

❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❥♦✐♥t ❛✉t♦r❡❣r❡ss✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ❡♥s✉r❡s t❤❛t t❤✐s ❝❛♥ ❜❡ ✐♥✈❡rt❡❞ t♦ ❡①♣r❡ss✿

(
Xt

Yt

)
=

(
A11(B) A12(B)

A21(B) A22(B)

)(
ǫXt

eY t

)
.

❲❡ ✉s❡✿

Xt = A11(B)ǫXt +A12(B)eY t

▲❡t TY ❞❡♥♦t❡ t❤❡ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐① ♦❢ eY t✱ t❤❡♥ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ X ♠❛② ❜❡ ✇r✐tt❡♥✿

SX(λ) = Â11(λ)ΣXÂt
11 + Â12(λ)TY Â

t
12(λ)

✇❤❡r❡ t❤❡ ❤❛t ❞❡♥♦t❡s ❛ ❋♦✉r✐❡r tr❛♥s❢♦r♠✳

❚❤❡ ♠❡❛s✉r❡ ♦❢ ❧✐♥❡❛r ❢❡❡❞❜❛❝❦ ❢r♦♠ Y t♦ X ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ✐s t❤❡r❡❢♦r❡ ❞❡✜♥❡❞ ❛s✿

✸✶✶



fY→X(λ) = ln
|SX(λ)|

|Â12(λ)ΣXÂt
12(λ)|

.

❚❤✐s ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ♦❢ X ✇❤✐❝❤ ✐s ❞✉❡ t♦ t❤❡ ❞✐st✉r❜❛♥❝❡ {eY t : t ∈ Z}✳

✸✶✷


