Continuous separation of game languages

André Arnold LaBRI University of Bordeaux I

Damian Niwiński^∗ Institute of Informatics Warsaw University

September 14, 2006

Abstract

We show that a family of tree languages W_{(ι,κ)}, previously used by J. Bradfield, and by the first author to show the strictness of the Mostowski index hierarchy of alternating tree automata, forms a hierarchy w.r.t. the Wadge reducibility. That is, W_{(ι,κ)} ≤W W_{(ι}′_{,κ}′_) if and only if the index (ι^′, κ^′) is above (ι, κ). This is one of the few separation results known so far, concerning the topological complexity of nondeterministically recognizable tree languages, and one of the few results about finite-state recognizable non-Borel sets of trees. The interest of the result is reinforced by the fact that a related family M_{(ι,κ)}, witnessing the strictness of the index hierarchy of non-deterministic automata, does not have a similar property.

1 Introduction

Classical fields of computer science, like algorithmics or complexity theory, primarily deal with computable sets and functions over integers. If they benefit from numerous ideas of arithmetics and recursion theory, originally reaching beyond the computable world, it is by borrowing concepts and pursuing analogies, rather than by direct application. In particular, numerous hierarchies have been proposed to organize complexity classes, following the patterns traced back to the work of Borel, Tarski, Kuratowski, Kleene, Mostowski, Grzegorczyk, and others (see [1] for a short review of definability theory).

The situation appears to be different in those areas of computer science where infinite computations are relevant. For example, finite automata running in potentially infinite time constitute a useful tool in verification of non-deterministic, concurrent, open systems, whose behaviour is ideally non-terminating. These automata proceed over infinite words or trees, which can be encoded as reals, rather than integers. In contrast to the finitary case, finite automata then exhibit remarkable definability power in terms of classical hierarchies, going far beyonds computable (i.e., Δ^0_1) sets of reals. In particular, they recognize sets of infinite words complete in the bold-face classes Σ^0_2 and Π^0_2 (but no more than Δ^0_3 sets), and even non-Borel sets of trees (but no more than Δ^1_2 sets). Therefore, at least in principle, classical hierarchies are of direct interest in the studies of such automata, in particular of their definability and complexity properties.

A relevant problem is to find an automaton which is the simplest possible for a given task. In these context, several hierarchies of automata have been introduced and studied, depending on the input type (word or tree) and the computation mode of automaton: deterministic, non-deterministic, or alternating. Although the basic methods are automata-theoretic, sometimes a topological evidence is useful. For example, Rabin [19] separated (in today’s terminology) Rabin tree automata from Büchi automata, by a direct proof that no Büchi automaton can recognize the set of 0-1-labeled trees, such that on each path, there is only finitely many 1’s. But this fact follows also by a topological argument, since Rabin’s counter-example can be easily seen Π^1-complete, while Büchi automata recognize only Σ^1 tree languages. Another example concerns the game tree languages W_{(ι,κ)} (defined below), which are the subject of the present note. The first author [2] used the Banach Fixed Point Theorem to show that these languages require alternating automata

∗A part of this work was made during the author’s visit at the Newton Institute, Cambridge, UK. Partly supported by KBN Grant 4 T11C 042 25.

of arbitrarily high indices—this solved an open problem and gave an alternative proof of the strictness of the μ-calculus hierarchy, previously shown by Bradfield [4] and independently Lenzi [11].

Topological aspect of finite-state recognizable sets of infinite words is by now well understood. Classification in terms of Borel classes was established by Landweber [10], and further refined by Wagner [23] in terms of the Wadge hierarchy (see also [17]). Let us recall the fundamental concept of continuous reducibility, studied by W. Wadge ([22], see also [9]).

Definition 1. Let T_1 and T_2 be topological spaces. A set A ⊆ T_1 is Wadge reducible to a set B ⊆ T_2, in symbols A ≤_W B, if there is a continuous function φ : T_1 → T_2, which reduces A to B, i.e., A = φ^{−1}(B).

In this context we also say that A is reducible to B via reduction φ.

As mentioned above, the topological complexity of finite-state recognizable sets of infinite trees goes beyond the Borel hierarchy (and there are sets complete on any finite level [20]). Deterministically recognizable tree languages exhibit an interesting dichotomy: any such language is either Π^1-complete, or in Π^0_3. Recently, Murlak [14] completely described the Wadge hierarchy of deterministic tree languages thus making an analogue to Wagner’s classification of ω-regular sets of words. It is worth to note that all the results about deterministic languages are effective: given a deterministic automaton (on words or trees), one can effectively determine its exact level in the Borel/projective hierarchy, and in the Wadge hierarchy restricted to deterministic sets.

However not much is known about topological complexity of non-deterministic tree languages, except that they (obviously) comprise Σ^1-complete sets, and by definition do not exceed the Δ^1_2 level of the analytical hierarchy.

The present paper makes some step in this direction: we show that the so-called game languages W_{(ι,κ)}, which are non-Borel and non-deterministic (except for the first level), constitute a hierarchy w.r.t. the Wadge reducibility, i.e., W_{(ι,κ)} ≤_W W_{(ι}′_{,κ}′_) if and only if the index (ι^′, κ^′) is above (ι, κ) (defined below). As in [2], the argument explores the following observation: no set A ⊆ T is reducible to its complement A via a contracting reduction f (where T is a complete metric space), because otherwise, by the Banach Fixed-Point Theorem, we would have

a ∈ A ⇐⇒ f(a) ∈ A ⇐⇒ a ∈ A (contradiction), (1)

for the fixed point a = f(a). Now, the main technical lemma of the present paper shows that any continuous reduction of W_{(ι,κ)} to L can be modified to a contracting one, for any set of trees L.

The knowledge of automata theory is not necessary for understanding the technical content of the paper, although it is a source of motivation, and the main context of this research. For an interested reader, we include an automata-theoretic primer in Appendix. Also, the recursion-theoretic and topological hierarchies, although frequently mentioned in comments, are not relevant in technical sense. On this matter, we refer the reader to monographs [8] or [9].

2 Preliminaries

Throughout the paper, ω stands for the set of natural numbers. The distance function in a metric space is usually denoted by d; the actual meaning is determined by the context.

Metrics on trees A full binary tree over a finite alphabet Σ (or shortly a tree, if confusion does not arise) is represented as a mapping t : {1, 2}^∗ → Σ.

We consider the classical topology à la Cantor on T_Σ induced by the metric

d(t_1, t_2) = { 0 if t_1 = t_2 2^{−n} with n = min{|w| : t_1(w) ≠ t_2(w)} otherwise (2)

It is well-known and easy to see that if Σ has at least two elements then T_Σ with this topology is homeomorphic to the Cantor discontinuum {0, 1}^ω. Indeed, it is enough to fix a bijection α : ω → {1, 2}^∗, and a mapping

(code) C : Σ → {0, 1}^∗, such that C(Σ) forms a maximal antichain w.r.t. the prefix ordering. Then T_Σ ∋ t → C ∘ t ∘ α ∈ {0, 1}^ω is a desired homeomorphism. It is clear that, whenever A ≤_W B, for A ⊆ T_{Σ1} , B ⊆ T_{Σ2} then the same relation holds if we identify A and B with their homeomorphic copies in {0, 1}^ω.

A mapping f : T_{Σ1} → T_{Σ2} is contracting if, for some constant 0 < c < 1,

d_2(f(t_1), f(t_2)) ≤ c · d_1(t_1, t_2).

By the Banach Fixed-Point Theorem, any contracting mapping of T_Σ into itself has a (unique) fixed point.

As we have already remarked in Introduction, no L ⊆ T_Σ is Wadge reducible (c.f. Definition 1) to its complement L = T_Σ − L via a contracting reduction, as it would yield contradiction (1).

Parity games A parity game is a perfect information game of possibly infinite duration played by two players, say Eve and Adam. We present it as a tuple (V_∃, V_∀, Move, p_0, rank), where V_∃ and V_∀ are (disjoint) sets of positions of Eve and Adam, respectively, Move ⊆ V × V is the relation of possible moves, with V = V_∃ ∪ V_∀, p_0 ∈ V is a designated initial position, and rank : V → ω is the ranking function.

The players start a play in the position p_0 and then move the token according to relation Move (always to a successor of the current position), thus forming a path in the graph (V, Move). The move is selected by Eve or Adam, depending on who is the owner of the current position. If a player cannot move, she/he looses. Otherwise, the result of the play is an infinite path in the graph, v_0, v_1, v_2, . . . Eve wins the play if lim sup_{n→∞} rank(v_n), is even, otherwise Adam wins.

Parity games, introduced by Emerson and Jutla [6], and independently by A.W. Mostowski [12], have been recognized as a combinatorial essence of many verification problems. A crucial property is the positional determinacy: any position is winning for one of the players, and moreover a winning strategy of player θ can be made positional, i.e., represented by a (partial) function σ : V_θ → V .^1 We say simply that Eve wins the game G if she has a winning strategy, the similar for Adam.

More information on parity games can be found in [21, 7, 3].

Mostowski indices A Mostowski index is a pair (ι, κ), where ι ∈ {0, 1} and ι ≤ κ < ω. We may see it as the minimal and maximal value of the rank function in some parity game. We consider the following (partial) order on indices: (ι, κ) ⊑ (ι^′, κ^′) if either ι^′ ≤ ι and κ ≤ κ^′ (i.e., {ι, . . . , κ} ⊆ {ι^′, . . . , κ^′}) or ι = 0, ι^′ = 1, and κ + 2 ≤ κ^′ (i.e., {ι + 2, . . . , κ + 2} ⊆ {ι^′, . . . , κ^′}). We consider the indices (1, n) and (0, n − 1) as dual, and let (ι, κ) denote the index dual to (ι, κ). Note that (ι, κ) = (ι, κ).

3 Game languages

We now recall the definition of game languages W_{(ι,κ)} ([5, 2, 3]). The alphabet of W_{(ι,κ)} is Σ_{(ι,κ)} = {∃, ∀} × {ι, . . . , κ}. With each tree t in T_{Σ(ι,κ)} , we associate a parity game G(t), as described in the previous section, with

• V_∃ = {v ∈ {1, 2}^∗ : t(v) ↓_1= ∃},

• V_∀ = {v ∈ {1, 2}^∗ : t(v) ↓_1= ∀}, • Move = {(w, wi) : w ∈ {1, 2}^∗, i ∈ {1, 2}}, • p_0 = ε (the root of the tree),

• rank(v) = t(v) ↓_2, for v ∈ {1, 2}^∗.

The set W_{(ι,κ)} consists of those trees for which Eve wins the game G(t).

The above family of languages was used in [5], to show the strictness of the index hierarchy of the alternating parity tree automata (see Appendix). Another proof has been given in [2], based on the following observation (we include its simple proof, for completeness).

1Positional strategy σ is winning for θ if every play p_1 = q_1, q_2, . . . is won by θ, provided that q_ℓ ∈ V_∃ follows q_{ℓ+1} = σ(q_ℓ).

Lemma 1. There is no contracting reduction of W_{(ι,κ)} to W_{(ι,κ)}.

Proof. We show that W_{(ι,κ)} coincides with W_{(ι,κ)} = T_{Σ(ι,κ)} − W_{(ι,κ)}, up to renaming of symbols. More specifically, let ι = 1; hence (ι, κ) = (0, κ − 1) (the other case is symmetric). Let β : Σ_{(ι,κ)} → Σ_{(ι,κ)} be a bijection of alphabets given by β(Q, ℓ) = (Q, ℓ + 1), where ∃ = ∀, and ∀ = ∃. This induces a re-labeling of trees B : t → β ∘ t, which is clearly an isometry of T_{Σ(ι,κ)} and T_{Σ(ι,κ)} , and moreover reduces W_{(ι,κ)} to W_{(ι,κ)}. (A strategy for Eve on t amounts to a strategy of Adam on β ∘ t, and vice versa.) If there were a contracting reduction γ of W_{(ι,κ)} to W_{(ι,κ)}, then γ ∘ B would be a contracting reduction of W_{(ι,κ)} to W_{(ι,κ)}. But this would yield a contradiction (1), noted in Introduction.

We will now see that the claim of the above Lemma can be made stronger. More generally, we have the following.

Theorem 1. The game languages form a hierarchy w.r.t. the Wadge reducibility, i.e.,

W_{(ι,κ)} ≤_W W_{(ι}′_{,κ}′_) iff (ι, κ) ⊑ (ι^′, κ^′).

The if implication follows easily from definitions; the required reduction can be simply the embedding of T_{Σ(ι,κ)} into T_{Σ(ι′ ,κ′)} , if necessary (i.e., if ι < ι^′), preceded by the re-labeling (Q, ℓ) → (Q, ℓ + 2).

The only if implication is based on the following.

Lemma 2 (Main). Let T be a metric space and L ⊆ T . If W_{(ι,κ)} ≤_W L, then there is a contracting reduction of W_{(ι,κ)} to L.

The remaining of this section is devoted to the proof of this lemma.

As (ι, κ) are fixed, let T = T_{Σ(ι,κ)} . Suppose a continuous mapping f : T → T reduces W_{(ι,κ)} to L. Since T is a compact space, f is uniformly continuous. That is, we can fix some function δ_f : (0, ∞) → (0, ∞), such that

d(t_1, t_2) ≤ δ_f (ε) =⇒ d (f(t_1), f(t_2)) ≤ ε. (3)

Lemma 3. Suppose that g : T → T satisfies

d(g(t_1), g(t_2)) ≤ δ_f ( d(t_1, t_2) 2 ) , (4)

for all t_1, t_2 ∈ T . Then f ∘ g is contracting with constant c =^1_2 . Proof. >From (4) and (3), we have d(f ∘ g(t_1), f ∘ g(t_2)) ≤ d(t_1, t_2) 2 , as required.

Thus, in order to establish the claim of Lemma 2, it is enough to construct g satisfying (4), which moreover reduces W_{(ι,κ)} to itself. The following definition is quite arbitrary, many other functions would do as well.

Definition 2 (stretching). Given a sequence of natural numbers M = (m_0, m_1, m_2, . . .), we define a function γ : {1, 2}^∗ → {1, 2}^∗, as follows.

• γ(ε) = 1^{m0} .

• If γ(v) is already defined, with |v| = i − 1, then γ(v1) = γ(v)1^{mi} γ(v2) = γ(v)2^{mi} . This further induces a mapping Γ : T → T , which we call stretching parametrized by M, whose definition additionally depends on ι (recall that T = T_{Σ(ι,κ)} ).

1. If ι = 0, we let Γ(t)(γ(v)) = t(v) Γ(t)(w) = (∀, 0), otherwise.

2. If ι = 1, we let Γ(t)(γ(v)) = t(v) Γ(t)(w) = (∃, 1), otherwise.

Obviously, the above mapping Γ is continuous.

Lemma 4. The mapping Γ reduces W_{(ι,κ)} to itself.

Proof. It is enough to show that whenever Eve or Adam wins the game G(t), the same player wins the game G(Γ(t)). Suppose first Eve wins the game G(t). Note that the only positions of Eve in G(Γ(t)) are those of the form w = γ(v), where v is a position of Eve in G(t). In that game, Eve has the strategy v → v1, or v → v2 (i.e., go left, or go right, respectively). Eve adopts exactly the same strategy in G(Γ(t)). Then it is easy to see that any infinite play consistent with this strategy has one of the two forms:

• α_0, γ(v_0), α_1, γ(v_1), α_2, . . . , α_i, γ(v_i), α_{i+1}, . . ., where v_0, v_1, v_2, . . . is an infinite play in G(t) won by Eve, and the α_i’s consist of positions labeled by (0, ∀).

• α_0, γ(v_0), α_1, γ(v_1), α_2, . . . , γ(v_k)α_ω,, where α_ω is an infinite sequence of positions labeled by (0, ∀).

Clearly, in both cases, the play is won by Eve.

Now suppose that the winner of G(t) is Adam. Clearly Adam can reach γ(ε) from the initial position in G(Γ(t)) (which may be γ(ε) itself if m = 0). In each position of his, which is of the form γ(v), Adam uses exactly the same strategy (go left, or go right) as in G(t) in position v, and then continues (if necessary) until the play reaches again a position in the range of γ. Again, it is easy to see that any infinite play consistent with this strategy has the form α_0, γ(v_0), α_1, γ(v_1), α_2, . . . , α_i, γ(v_i), α_{i+1}, . . ., where the α_i’s consist of positions labeled by (0, ∀), but this time the play v_0, v_1, v_2, . . . is won by Adam in G(t), and hence so is the play in G(Γ(t)).

Lemma 5. For some parameter M, the induced stretching Γ satisfies (4).

Proof. It remains to choose m_0, m_1, m_2, . . ..

Note that, by definition (2), the distance function on T_Σ takes values of the form 2^{−n} or 0. Let m satisfy^1_{2m} ≤ δ_f (^1_2 ). Then, for any stretching with m_0 = m, we have

d(Γ(t_1), Γ(t_2)) ≤ δ_f ( 1 2 ). In particular, the inequality (4) is satisfied whenever d(t_1, t_2) = 1.

More generally, suppose m_0, m_1, m_2, . . . , m_k, satisfy 1 2^{m0+m1+...+mk} ≤ δ_f ( 1 2^{k+1}

). (5)

Note that if |w| = k then |γ(w)| = m_0 + m_1 + . . . + m_k. Therefore, if d(t_1, t_2) =^1_{2k} then d(Γ(t_1), Γ(t_2)) = 1 2^{m0+m1+...+m}k . Hence

d(Γ(t_1), Γ(t_2)) = 1 2^{m0+m1 +...+mk} ≤ δ_f ( 1 2^{k+1} ) = δ_f ( d(t_1, t_2) 2 ). Therefore, if the parameter sequence satisfies (5) for every k, the induced stretching Γ satisfies (4), for all t_1, t_2 ∈ T , as required.

We are ready to conclude the proof of Lemma 2. If a continues mapping f reduces W_{(ι,κ)} to L, we find a stretching Γ, satisfying (4), by Lemma 5. Then, by Lemma 4, f ∘ Γ is a desired contracting reduction of W_{(ι,κ)} to L.

Remark The game languages W_{(ι,κ)} arose as a “game variant” of simpler languages, previously considered in literature. At first, instead of trees, we can consider the set of infinite words L_{(ι,κ)} ⊆ {ι, . . . , κ}^ω, satisfying the parity condition. These languages also form a hierarchy w.r.t. the Wadge reducibility, as shown by Wagner [23]. The proof of the present note can be also adapted to this case.

Another interesting variant is the set of trees M_{(ι,κ)} ⊆ T_{{ι,...,κ}}, such that each path satisfies the parity condition. The set M_{(ι,κ)} can be viewed as a restriction of W_{(ι,κ)} to those trees, where Adam is the only player. Tree languages M_{(ι,κ)} have been used in [15] to show the infinity of the index hierarchy for nondeterministic Rabin automata. Interestingly, these sets do not form a hierarchy in the sense of Wadge. Indeed, all these languages are in Π^1, while M_{(0,1)} is complete even in the bold-face class Π^1 (see, e.g., [16]). Hence, all M_{(ι,κ)} with (ι, κ) ⊒ (0, 1), are equivalent in the sense of Wadge.

Acknowledgments. The second author wishes to thank Jacques Duparc for enlightening discussions.

References

[1] Addison, J.W., Tarski’s theory of definability: common themes in descriptive set theory, recursive function theory, classical pure logic, and finite-universe logic. Annals of Pure and Applied Logic 126 (2004), 77–92.

[2] Arnold, A., The μ-calculus alternation-depth hierarchy is strict on binary trees. RAIRO-Theoretical Informatics and Applications 33 (1999), 329–339.

[3] Arnold, A., and Niwiński, D., Rudiments of μ-Calculus. Elsevier Science, Studies in Logic and the Foundations of Mathematics, 146, North–Holland, Amsterdam, 2001.

[4] Bradfield, J.C., The modal mu-calculus alternation hierarchy is strict. Theoret. Comput. Sci. 195 (1997), 133–153.

[5] Bradfield, J.C., Simplifying the modal mu-calculus alternation hierarchy. In: Proc. STACS’98, Lect. Notes Comput. Sci. 1373 (1998), 39–49.

[6] Emerson, E.A., and C. S. Jutla, C. S., Tree automata, mu-calculus and determinacy. In: Proceedings 32th Annual IEEE Symp. on Foundations of Comput. Sci. (1991), 368–377.

[7] Grädel, E., Thomas, W., and Wilke, T., Editors, Automata, Logics, and Infinite Games. A Guide to Current Research, Lect. Notes Comput. Sci. 1500, Springer-Verlag, 2002.

[8] P. G. Hinman, P. G., Recursion-Theoretic Hierarchies. Springer-Verlag, Heidelberg, New York, 1978.

[9] Kechris, A.S., Classical descriptive set theory. Springer-Verlag, New York, 1995.

[10] Landweber, L.H., Decision problems for ω-automata. Math. Systems Theory 3 (1969), 376–384.

[11] Lenzi, G., A hierarchy theorem for the mu-calculus. In: F. M. auf der Heide and B. Monien, editors, Proc. ICALP ’96, Lect. Notes Comput. Sci. 1099 (1996), 87–109.

[12] Mostowski, A. W., Games with forbidden positions. Technical Report 78, Instytut Matematyki, University of Gdansk, 1991.

[13] Muller, D.E., Schupp, P.E., Simulating alternating tree automata by nondeterministic automata: new results and new proofs of the theorems of Rabin, McNaughton and Safra. Theoret. Comput. Sci. 141 (1995), 69–107.

[14] Murlak, F., The Wadge Hierarchy of Deterministic Tree Languages. In: Proc. ICALP 2006, Lect. Notes Comput. Sci. 4052 (2006), 408-419.

[15] Niwiński, D., On fixed point clones. In: ICALP’86, Lect. Notes Comput. Sci. 226, Springer-Verlag, 1986, 464–473.

[16] Niwiński, D., and Walukiewicz, I., A gap property of deterministic tree languages. Theoret. Comput. Sci.

303 (2003), 215–231.

[17] Perrin, D., and Pin, J.-E., Infinite Words. Automata, Semigroups, Logic and Games. Pure and Applied Mathematics Vol 141, Elsevier, 2004.

[18] Rabin, M.O., Decidability of second-order theories and automata on infinite trees. Trans. Amer. Soc., 141:1–35, 1969.

[19] Rabin, M.O., Weakly definable relations and special automata. In: Mathematical Logic and Foundations of Set Theory, Y. Bar-Hillel ed., 1970, 1-23.

[20] Skurczyński, J., The Borel hierarchy is infinite in the class of regular sets of trees. Theoret. Comput. Sci.

112 (1993), 413–418.

[21] Thomas, W., Languages, automata, and logic. In G. Rozenberg and A. Salomaa, editors, Handbook of Formal Languages, volume 3, Springer-Verlag, 1997, pp. 389–455.

[22] Wadge, W., Reducibility and determinateness in the Baire space. Ph.D. Thesis, University of California, Berkeley, 1983.

[23] Wagner, K., On ω-regular sets. Inform. and Control 43 (1979), 123–177.

A Tree automata primer

Non-deterministic automata. A non-deterministic tree automaton over trees in T_Σ with a parity acceptance condition^2 is presented as A = ⟨Σ, Q, q_I , Tr, rank⟩, where Q is a finite set of states with an initial state q_I , Tr ⊆ Q × Σ × Q × Q is a set of transitions, and rank : Q → ω is the ranking function. A transition (q, σ, p_1, p_2) is usually written q^σ→ p_1, p_2.

A run of A on a tree t ∈ T_Σ is itself a Q–valued tree ρ : {1, 2}^∗ → Q such that ρ(ε) = q_I , and, for each w ∈ dom (ρ), ρ(w)^{t(w)}→ ρ(w1), ρ(w2) is a transition in Tr. A path in ρ is accepting if the highest rank occurring infinitely often along it is even. More formally, for a path P = p_0p_1 . . . ∈ {1, 2}^ω , this means that lim sup_{n→∞} rank(ρ(p_0p_1 . . . p_n)) is even. A run is accepting if so are all its paths. The tree language L(A) recognized by A consists of those trees in T_Σ which admit an accepting run.

2Currently most frequently used in the literature, these automata are well-known to be equivalent to historically previous automata with the Muller or Rabin conditions [21].

The Mostowski index of an automaton A is the pair (min(rank (Q)), max(rank(Q))); without loss of generality, we may assume that min(rank(Q)) ∈ {0, 1}.

For example, an automaton recognizing the game language W_{(ι,κ)}, may have states {ι, . . . , κ} ∪ {T }, with rank(T ) = 0, and rank(ℓ) = ℓ, the initial state 0, and transitions ℓ^{(m,∀)}→ m, m; ℓ^{(m,∃)}→ m, T ; ℓ^{(m,∃)}→ T, m; T^{(m,Q)}→ T, T, with ι ≤ ℓ, m ≤ κ, and Q ∈ {∃, ∀}. Note that this automaton has Mostowski index (ι, κ).

An automaton A is deterministic if Tr is a function Q × Σ → Q × Q. Deterministically recognizable tree languages form a proper subclass of the recognizable ones. In particular, the game languages W_{(ι,κ)} (except for W_{(0,0)} = T_{Σ(0,0)} and W_{(1,1)} = ∅) are not deterministic. The results on the Wadge hierarchy of recognizable tree languages known so far [14] concern only deterministic languages.

Alternating automata. In one possible setting, an alternating tree automaton over trees in T_Σ can be presented similarly as a nondeterministic one, except that Tr ⊆ Q × Σ × Q^∗ × Q^∗. A transition can be written by q^a→ (q_1 ∧ . . . ∧ q_k, p_1 ∧ . . . ∧ p_m) which means that the automaton sends a copy in the state q_i to the left successor, and a copy in the state p_j to the right successor, for all i = 1, . . . , k, j = 1, . . . , m. Formally, a run of A on a tree t ∈ T_Σ can be presented as a tree ρ : dom (ρ) → Q whose domain is a subset of ({l, r} × ω)^∗, so that the projection w ↓ 1 of a node w ∈ dom (ρ) is a node of t. We require that ρ(ε) = q_I , and whenever w is a node in dom (ρ) with t(w ↓ 1) = a, there is a transition ρ(w)^a→ (ρ(w(l, 1)) ∧ . . . ∧ ρ(w(l, k)), ρ(w(r, 1)) ∧ . . . ∧ ρ(w(r, m))), where w(l, 1), . . . , w(l, k), w(r, 1), . . . , w(r, m), are all the successors of w in dom (ρ). Again, a run is accepting if so are all its paths.

>From the results of Rabin [18], it follows that an alternating tree automaton can be always simulated by a non-deterministic one (a direct construction has been given in [13]), but the index can arbitrarily increase.

It was proved in [15] that the languages M_{(ι,κ)} (defined above) witness the Mostowski index hierarchy of non-deterministic automata. That is, each M_{(ι,κ)} is (obviously) recognized by a non-deterministic automaton of index (ι, κ) (in fact, even by a deterministic one), but not by any automaton with index (ι^′, κ^′) ⋣ (ι, κ). These languages do not, however, witness the Mostowski index hierarchy of alternating automata. Indeed, they can be all recognized by alternating automata of index (0, 1). In contrast, the game languages W_{(ι,κ)} do witness the hierarchy of alternating automata: each W_{(ι,κ)} can be recognized by an alternating automaton of index (ι, κ) (as we have seen, even by a non-deterministic one), but not by any alternating automaton with index (ι^′, κ^′) ⋣ (ι, κ) [5, 2] (see also [3]). A slightly stronger result can be claimed: if W_{(ι,κ)} is reduced to L ⊆ T_{Σ(ι,κ)} by a non-expansive mapping then L cannot be recognized by any alternating automaton with index (ι^′, κ^′) ⋣ (ι, κ) (see [3], Theorem 8.2.13). Lemma 2 above allows us to further strengthen this claim.

Proposition 1. If W_{(ι,κ)} ≤_W L ⊆ T_{Σ(ι,κ)} then L cannot be recognized by any alternating automaton with index (ι^′, κ^′) ⋣ (ι, κ).