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{ |~}����Y�>�)�����������>�,� �
���f�D�h�T���������u�4���f�� ¢¡�£¥¤G�¦��§P¨G�@�W©«ª�¬�¤Y ¢��­¥­p®¢�D�u¯h�T��°�±u¤T�.¬"²��u�l�´³Gµ�¶¸·W¹QºW»½¼�¾2¿�ÀÁ¹Q¼�Â

G = (V,E) Ã �Ä�I§4ÅuÆ>�
n
��­n¤Y���GÆDÇ« W�¸©u�T��°��

G
�È�«���¢ÉG�f­8�J�Ê²W�È�����B¤GÆ.§��I£8�«¤Ë��­n¤G���GÆDÇf W�h©W­6Ì"�B «Æ@�TÅQ¬�©¢ T�È�

s
­Í©u lÎfÆY T�È�

t
°ÐÏ)ÇfÆY¤G�J��G���u£¥¤YÑGÒ�²W��­¥¤�³Gµ�¶¸·W¹QºW»�¼Á¾Ó·ÕÔGÖ'¶¸·W×lµ�¶+�Ø¬P�«�Ù®¢�D�IÚf¤¢Ì�§P¤T²f��Å��

s
²« 

t
­)²«��ª«®'Å��Û�f���Y¤GÆG­s���l�«�Ù©W­¥¤Y��ª��«©Wª�°Ü.�f�l�«�Ð­l�D�¸ T�È�"�B u¬����Y¤Y¡�ªu§P¤G����Ý�ÆY­¥¤YÉY¤Y©

v0 → v1 → · · · → vk−1 → vk
­
v̄0 → v̄1 → · · · → v̄l−1 → v̄l

¬D�I©«­¥Æ>Ç ÃÉY¤
v0 = v̄l = s Ã vk = v̄0 = t

°<±¢¤G�.¬�¤GÝ��J���T�u­¥�l¬�¤Y��¤G�� T�È�u�f­p¬D�I©«­¥�Ä­ÓÝ�ÆY­¥¤YÉY©u�u�Ð­ Ã ©l¬��¢��¤��T�Y��­¥¤Y�D�I§4ÅÞ�Ð­8�f­¥�Þ�u£¥��Å£¥­8Æ@�Y¡2¨"��­¥¤Y���TÆDÇ« W�¸©u�T� Ã ¬� Ð�G�Á�IÆY�@�
ÆDÇfÆY¤G�J���G�Ä­¥��­¥�Ä�u£8­n�G T�È�uÒ��Ë «Æ"�Y¡�­¥ ¢��ª {v0, . . . , vk, v̄0, . . . , v̄l}
°

ß àá���ãâá�>ä��)��}
�>�
å"���B WÆY�TÅQ¬�©u¤Y©��,���� T�È�u²«ÑG����ÂPæÓ¾ÓµÁÖ>çYèéºëêÍì¸·'ÀëíPºÁÔGÖ'¶

δ:V × V → N
°éî"£_��©u�IÉG²«¤�§Ð�Á�I�4�ï��­n¤Y���TÆDÇ« W�¸©u�T�

u, v ∈ V
©f�6�I²f�G­n¤T�J�

δ(u, v) = ∞ §.¤YÉY¤G£8­,��­n¤´­¥�4¬D�f­n¤�§P¤�ÉT�u²f�Á���4©«­n¤G�� T�È�u����Ý�ÆG­n¤YÉG©I�Ê� G
�
u
²« 

v
°ð��f���G¤GÆY­n���¢�«�ñ�È�«�Á�u²«©«ª

δ(u, v) = k
§P¤GÉY¤G£8­<¬>�I©W­¥¤òÝ�ÆG­n¤YÉG©W­�­8�.¬D�f­¥¤4§4Åï­J���Q§.©'���u¬D���T�ó����­¥Æ>Çô�Ä��²B�¸ª«®¢ lÝ�Ò

kõ �T�Y��­¥¤Y�D�
k
©W�D�Y�)¨G²«�T­_ö>°î"£_���G²��u��­8��£¥ ¢®l­¥Æ@�T�«¤Y®¢ 

P
���Y��­_�u�ãÜj÷l¤Y���4 l���

[P ]
§.¤G�.¬+�G²f¤YÚ��f­¥ T�È�u�¢���Á�u�.¬�¨Y��ªu§4ÅuÆ@ �Ì

[P ] = 1
§.¤YÉY¤G£8­

P
§P¤G�4¬�f�D�Y��²f�G­s�+¤ Ã [P ] = 0

�é�f���Y¤GÆG­s���l�«�Û�È�W�Á�u²f©Wªë°ø2²f¤YÚ��f­8ªI§P¤T�J�ó²«�Dª«®l­ã®¢�D�u¯È�4©«­n¤Y�� T�È�u�¢�
G2 = (V × V,E2)

 ¢�D�I��ÂPæÓ¾ÓµÁÖ>çYèÕ»½¼�ÀÁºW»½ù
w:E2 → N

§��Q©���u�4¬�¨G��ªI§.¤¢Ì
• ²f£_�ú©u�IÉG²«¤4§�©'�D�Y�)¨T²«�G­ (u, v) ∈ E

­<©u�IÉG²«¤G®u ���­n¤G���GÆDÇf '�¸©u�
v0 ∈ V

²« «²��Q§.¤G�J��²« 
E2
µ�¹Q¼l»½è'ê�û

ü ¶¸·W¹T»Ä³Gýl·'ÀÁºú¹Qº�êÓýl¼WçGæ e = ((u, v0), (v, v0))
­2©��:�u²«�T­n¤G���

w(e) = [v 6= v0] þ
• ²f£_��©u�IÉG²«¤4§"©'�D�Y�)¨T²«�G­ (v, u) ∈ E õ �Q�Iªl�È�IÉG��� Ã ÉY¤ u ­ v �DÅÞ¬�ªÊ�T�u�Ð­¥¤G�f­¥ l�«¤Qö<­Í©u�IÉG²f¤Y®¢ ���­¥¤Y���GÆ>Ç« W�h©u�
v0 ∈ V

²« «²��I§P¤G���Ë²f 
E2
µ�¹Q¼l»½è'ê�ûÄê�¹IæpÀB¶¸·WÀÁº´¹Qºëê�ýl¼WçYæ

e = ((v0, u), (v0, v))
­�©f�6�u²«�G­¥¤G�J�

w(e) =
[v 6= v0] þ
• ²f£_�Þ©u�IÉG²«¤�§��Á�I�4�´���¢ÉG�¢�fÆDÇ´��­¥¤Y���GÆ>Ç« W�h©¢�T� u, v ∈ V §.¤YÉY¤G£8­ δ(u, v) 6= ∞ ²« «²��I§P¤T�J�Êµë¹Q¼'»½è'ê�û�ÿT¹Qýl·��Ö'¶¸·'ÀBºò¹Qºëê�ýl¼WçYæ

e = ((u, v), (v, u))
²« 

E2
­�²«¤GÚ��f­8ªI§P¤G���

w(e) = δ(u, v)− 1
°

� �Gª«©u�u�¢�f���� ¢�@��­_ÅI�T�u�f­¥¤G��§.¤G�.¬ã²Á�:ª«®¢ lÝ�ÒÈ���I§P©'���I¬D���Y¤4§ÍÝ�ÆG­n¤YÉG©W­«�
G2
�

(s, s)
²f 

(t, t)
�f���@�Ëª«É@�fÆY­8ªÐ¯hª��«©¢Æ4§.­�È�I®¢ T�)¤4§

w
°

� � �,â���� ����������âá}��
	��)�

� T��­n¤T²«�G��� Ã ÉY¤+�Ä�u����²«��­n¤+Ý�ÆY­n¤GÉY©W­ õ §P¤G²���Å�� s ²«  t ­W²f��ª«®'Å,� t ²«  s ö�©l¬��¢��¤+��Å��� ¢�@��­_�Q�Q�u�f­n¤T� �Á�u�4�Y¤Y®¢ <���� ��¡�£¥¤G��ª�°+å<­¥¤GÆDÇ

a1, a2, . . .
¡B¨T²«�G­¥¤��Y¡Á­n ¢��¤G�á��­¥¤Y���GÆ>Ç« W�h©¢ T� ���4�B�l£8�¢�fÆDÇ�²�£8�Ð ¢¡l�f²W�)�«ÆDÇ�Ý�ÆY­n¤GÉY¤Y©�� ©¢ l£n¤4§4�« lÝ�ÆG­�Õ§4�I©«­n¤�§ã¬�¤���­n¤G���GÆDÇf '�¸©W­2�È�f�.¬�¨Y��ªu§4�Ë�Á�½��­n¤G�4���4�Y¤�§)Ý�ÆY­¥¤YÉGÆ@¤¢°



±¢¤YÉY¤G£8­
a
§P¤T�.¬��Y¡�­¥ ¢��¤G� ��ªf�4¬P�«� õ Æ@�@�f£¥­xÝ�ÆG­n¤YÉG©W­x�f­¥¤Þ�Ä�I§4Å����4�B�l£¥�l�«Æ>ÇÊ��­n¤G���GÆDÇf W�h©¢�T���B ¢�T�
�B «Æ@�TÅQ¬�©W­¥¤G�­ã©u lÎ�Æ@¤G�Þö��È¬�¤G²W�ï�:�Q¬P�) �§P¤G�4¬Ë²f T��­n¤GÝ�Æ Ã ÉY¤��Á�u�4�Y¤��� ¢�Y��­8ÅI�T�u�f­¥¤�§P¤T�.¬Ë���T���«¤��Á�Q§.©'���u¬D�4�Y¤�§���ÆY­¥¤YÉGÆ@¤� «² (s, s)²« 

(t, t)
��®u�>�QÚ�¤

G2
°Ä�ò�«�.¬>�I��ÆY�@��ª«É@�fÆÐ©'�>�Y�)¨G²«�G­]��­¥¤Y�4���4�G¤Y®¢ ��� «²«�Q�Q§4ªò�I¡'�Ê�f���G¤4§.Ý�ÆË «²

(s, s)
²« 

(t, s) Ã©l¬��¢�4�fÆDÇú©u l���@¬<§P¤T�.¬½���T���l�ò²B�¸ª«®¢ lÝ�ÆY­x��­n¤G�4���4�Y¤�§�Ý�ÆY­¥¤YÉY©«­ õ  W²
s
²« 

t
öJ­x�B ¢ÑG��­n¤4§J�����Y¤4§4Ý�ÆÞ W²

(t, s)
²f 

(t, t)ª«É@�W�È�I§4ÅuÆ"©W�D�Y�)¨G²f�G­�²«��ªf®l­n¤Y®¢ Ë¬P�«��ªë°±¢¤YÉY¤G£8­
a
§P¤G�4¬"�f­¥¤Y��ªf�4¬�¤ Ã ¬� ��Ä�u�J��²«��­n¤½�Ë ¢ÉG£8­s�+ ¢��ÆY­6ÌÈ�I£¥¡B  a1

�È�«�4¬�¨G��ªI§.¤,§��Q©¢ Þ l�4¬D�Q¬D�f­���­¥¤Y���GÆ>Ç« W�h¤Y©��Y¤�Y¡�­¥ ¢��ª
a
���ËÝ�ÆG­n¤Y�GÆY¤� «²

t
²« 

s Ã �u£¥¡B Ä­¥�4¬D�f­n¤�§P¤�¬>�I©W­¥¤ k Ã ÉY¤ ak �È�«�.¬�¨Y�ÁªI§P¤J�B  a1 Ã �u£¥¤ ak+1
§.ªfÉJ��­n¤¢°� �Á­n¤Y�4�����@�«�Û�f���@�W�Á�u²f©Wª
�Ð uÉG¤G�J���B «²«�G­¥¤G£¥­8Æ����u���"�f�� u¡Á£n¤G�á���½�B «²«�f�� ¢¡�£¥¤G��� Ã ²f£_��©'¬��u���«ÆDÇ��È�I�4¬� lÝ�ÆY­

s, t
¡B¨G²ÁÅ����T���«¤� W²f�B T��­n¤G²��f­¥ 

s, a1
­
a1, t
°�Ü.�.¬D�f­¥¤4§P¤��� ¢�Y��­8�I�T�u�f­¥¤Þ��­¥¤Y�4�����Y¤Y®¢ ´�B «²«�f�� ¢¡Á£n¤G�½ª Ã ©l¬��¢��¤��f­n¤�Ä�Ê��ªf�f©l¬��T�¦���4�B�l£8�¢�«Æ>Ç õ �È�f�.¬>�I��Æ@�@�ó�,�T­8�uÝ�Æ����u�4�Y¤��� u�Y��­8�I�T�u�f­¥¤� «²«�B T��­¥¤G²f�f­¥ ò «²fÆY­¥¨@¬�¤Qö Ã ¬>�I©ú��­¥¨GÆ�²�£8�¬�¤Y®¢ Ä�f���@�«�Á�u²«©«ª�ªf²« T�) «²f��­¥£8­¥���J� Ã �Y¤È§.¤G�.¬� l�����T���« T�È�IÉG�l�
 W²f�B T��­n¤T²f�f­¥¤4§È���I§P©W���u¬����Y¤4§ÈÝ�ÆY­¥¤YÉGÆ@¤J� G2

°ãî"£_�²«��ªf®l­n¤Y®¢ Ð�B «²«���� ¢¡�£n¤T��ª
�Ð uÉG¤G�J����¤Y©«ª«��¤G�fÆ@�Q§.��­n¤�ª«ÉY�«ÆJ���u���Y¤Y®¢ Ä²« T�) «²fªë°� ²«�Dª«®l­¥�������@�«�Á�u²«©Wª�¡B¨G²f�G­n¤T�J���½ªf��­¥¤G£¥­B�Q�uÆ@�TÅuÆ"ª«É@�W�È�uÆ�©W�D�Y�)¨G²f�G­Á¬����Y¤GÆY­¥¤Y®¢ ½�� «²«�T�I§.ª�° å<���B «Æ@�QÅT¬�©«ª¬����Y¤Y¡B���T�uªl�È�IÉ@�«Æ Ã ÉY¤Ä­8�.¬D�f­¥¤4§�Å�©W�D�Y�)¨G²f�G­n¤ (a1, a2), (a2, a3), . . . (ak−1, ak)
­]ÉY¤Þ���u£n¤GÉTÅ� l�f¤Ä²f � ¢¡l�f²W�)�«ÆDÇÝ�ÆG­n¤YÉG¤Y©B°ãÏã Ë��­n¨GÆY¤4§)���Ë²«��ªf®¢­¥¤4§)Ý�ÆY­n¤GÉGÆ@¤��B l�Ä­n¨G²f�@�Þ��­n¤G���GÆDÇf '�¸©u�u�Ð­

ak+1
�
a1
�f­n¤"�È�f�.¬�¨Y�ÁªI§P¤�ÉT�u²«¤T����­n¤Y�����ÆDÇf W�h¤Y©��Y¤��Y¡�­¥ ¢��ª

a
°��Í�Q©Ê��­n¨TÆÄ�T�« T��ªó�Ë ¢�Y¤G�����B W²f�G­n¤T£¥­8Æ����u�4�Þ���� ¢¡�£¥¤G�Ù����²«�È���B «²«�f�� ¢¡Á£n¤G��� Ã ®¢²f�G­n¤�È�I�4¬� lÝ�ÆG­8�u�Ð­

s, t
¡B¨T²�Å½ «²«�B T��­¥¤G²f�f­¥ 

s, ak+1
­
ak+1, t

°
�Ó¤Y�>�Q���B ¢�Y l�.¬>�l�h Þ���u�¦²« T��­¥¤GÝ�Æ Ã ÉY¤�­8�.¬D�f­¥¤4§P¤�Ý�ÆG­n¤YÉG©I�Ë� G2

�B l�Ð­¥¤G²«�@�
(s, s)
�

(ak+1, ak+1)
 Þ²f£¥ªf®¢ lÝ�ÆY­�f­¥¤Ð��­n¤G©W���Y¤4§���­nÉÄ�� ¢�@��­_�I�T�u�f­¥¤Ä��­n¤G�4���4�Y¤G®u ��B «²«�f�� ¢¡�£¥¤G�½ªë°�±u¤YÉG¤G£¥­ �)¤YÑG�Ä­n¤G����Ý�ÆY­¥¤YÉY©¢¤Ð�

G2
 W²

(s, s)
²f 

(a1, s)
ª«ÉY�'�È�I§4�uÆ<©'�>�Y�)¨G²«�G­2��­¥¤Y�4���4�Y¤G®¢ ½�� «²«�T�I§.ª Ã �B�¢ÑG�f­¥¤4§ã²f  (a1, ak)

�B Ë©'�D�Y�+¨G²«�G­_�uÆDÇ�²f��ª«®l­n¤G®¢ ½�� «²«�T�I§.ªë°å"�u�.¬�¨Y����­n¤�ª«ÉY�'�È�u���ó©'�D�Y�)¨T²«�G­)¬����Y¤GÆG­n¤Y®¢ ��� «²«�T�I§.ª��
(a1, ak)

²« 
(ak, a1)

­)�B�¢ÑG�f­¥¤4§½�G�« T��ª���­¥¤Y�4�����Y¤Y®¢ �� «²«�T�I§.ª
²f 
(ak+1, a1)

­����½©u lÎ�ÆYª�²«��ª«®l­¥¤Y®¢ Ð�� «²«�T�I§.ª
²« «Æ>Ç« «²«�TÅuÆ�²f 
(ak+1, ak+1)

°
���D�Y�)¨G²f�G­n¤"��­¥¤Y�4�����Y¤Y®¢ Ë­2²«��ª«®l­¥¤Y®¢ ½�� «²«�T�I§.ªÞ «²«�B T��­_�u²��I§4ÅJ�����Y¤G��ª¢�È�u�f­8ª���­¥¨<��­¥¤Y�4�����TÅ�Ý�ÆY­¥¤YÉY©uÅJ�������Y�«²­+²«��ªf®lÅ�Ý�ÆY­¥¤YÉY©u���Û¬P�Á�P°óî< «²��Q¬�©¢ T�) Ê©'�D�Y�+¨G²«Ñ�¬����Y¤GÆG­n¤Y®¢ Ê�� «²«�T�I§.ª� W²f�B T��­8�u²Á�´�f���Y¤G��ªf�f­¥¨GÆY­8ªï��­¥¨� ¢¡�­¥¤G�Ä�Ý�ÆG­n¤YÉG©I�u�Ä­]�B �¬P�«Æ>Çú���u���«Æ>Ç�©W�D�Y�)¨G²f�G­8�uÆ>Çë°��Í�I©���­n¨GÆ�§P¤YÉY¤T£¥­ã­¥�4¬D�f­n¤�§P¤Ä�

G2
Ý�ÆG­n¤YÉY©u�� «²

(a, b)
²f 

(c, d)
 ©¢ ¢���GÆY­¥¤

x
¬� � ¢�G���uÆ@�Q� Ã ÉY¤Þ­¥�4¬D�f­n¤�§4Å
²W��­n¤ÞÝ�ÆY­¥¤YÉY©«­�� G Ã ��­¥¤Y�4�����T�� W² a ²«  c ­]²«��ª«®'�� «² d ²«  b ¬>�I©W­¥¤ Ã ÉY¤��ª��Ä�I�4�«ÆY�G���Ë­¥£¥ lÝ�Æ"��­n¤G���GÆDÇf W�h©¢ T�é�f���G¤Y�+§��I©W­n¤J�����Y¤GÆ>Ç« «²«�TÅ<§P¤T�.¬,���T���Á�

x
°

�Í�I©Þ��­n¨TÆJ²« T��­n¤T²f£¥­8Ý���� Ã ÉY¤�²f£_�½©u�I�G²«¤�§+Ý�ÆY­¥¤YÉY©«­ë� G2
­¥����­n¤4§�ÅË W²f�B T��­8�u²Á�Q§4ÅuÆY¤+§.¤4§+Ý�ÆY­¥¤YÉY©«­2�

G
°xî< «²��Q¬��©¢ T�) "��­¥¤G�J� Ã �Y¤,²Á�¸ªf®¢ ¢Ý�ÆÈ���Q§.©'�� u¬D�4�G¤4§�Ý�ÆY­¥¤YÉY©W­«� G2

§.¤G�.¬ã�f­¥¤+��­n¨Y©«�4�T���f­nÉÈ�� ¢�@��­_�I�T�u�f­¥¤È²�£8�
G
° � ¬>Åu²½�È�«�f­¥©u�§.ªfÉ Ã �Y¤"²Á�¸ªf®u lÝ�Æ����I§P©W���u¬����Y¤4§xÝ�ÆY­¥¤YÉY©«­B�Ð­¥¨G²«�Y�Ð «²«�B Q��­n¤G²��f­¥�Ä­���­n¤Y���GÆDÇ« W�¸©u�I�Ä­�� G2

§.¤G�.¬)���T�����J «²«�B T��­¥¤G²«�G­���Ë�Á�I�������� ¢¡�£n¤T�Ø�
G
°

� |~�����������Í�

� Ð�+Æ@�@�W¬D�u��­¥ª
®¢�D�u¯¸ª

G
�"�+¤4§.Ý�ÆY­8� Ã ©¢ l�f�.¬���ªfªu§P¤G����®¢ Ë� �Á�u�Ð­¥¨GÆY­�©u l�Ë�ÁªW¬�¤Y�D�½�>�Q�G¤G�Û�È§.¤Y®¢ Ä²f ¢�B¤Q�¸��­n¤G��­n¤G�

GT
°xå"�u�.¬�¨Y����­n¤J ¢¡�£8­¥Æ@�Q�I���
¯hª��«©lÆ.§P¨

δ
²f£_�½©u�IÉG²«¤�§)�Á�I�4����­¥¤Y���GÆ>Ç« W�h©¢�T� �

G
°��� ¢ÉY¤G����¬� Ä�Y�� ¢¡�­8ÒJª«É@�W�È�Q§�ÅuÆ¼Áì¸ÀÁºÁ¹T¿ëÿ���æ! ,ì¸ºW¿pêÓ¼"��#�¼�¹Q³%$p¼Áì:ì¸¼�²«�T­8�l�:�I§4ÅuÆ@¤G®u Ð�éÆY�T�u��­¥¤

O(n3)
°å"�u�4¬�¨G���¢�f� ©'�� ¢©«­n¤G� §P¤G�4¬Ð�È�W©¢ l���u�f­n¤�¼Áì¸ÀÁºÁ¹T¿ëÿ��Êæ'&�¶ çYµë³@ÿQ¹T¿ ����®¢�D�IÚ�¤

G2
��¯hª��«©lÆ.§4Å��È�I®u Q�ÈÅ

w
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