


Lecture 5

OM4 (HOw DOES THE STATE EvOrE ?)

What can
be the most general transformation of a quantum state ?

When describing quantum state we only are if it is normalized.

So we want the evolution to keep the vectors the same length.

GENERAL EVOLUTION It is a linear map
which preserves lengths of all vectors

UeG(ze): 11214311 = 1114)11 = 1 Ea
.
1

143eJ

such transformations are called unitary ,

and motrices associated are unitary matrices.

This is evolution in a Schrodinger picture ,

where it is state which evolves
,

not anything else.

Given that we have the most general transformation of states
,

we can write

the most general evolution as :

14(t')) = (tit) (n(t)) Ea
.

2

We can also consider an infinitesimal evolution in time.

The Schrodinger equation has form *
h is conventionally set to

1 but it main purpose is

it 14(H) = FHIHCH) Ea . 3
to make units of both sides

-

of the equation the same

where MCH) is self-adjoint operator
,
and h is a constant.*

↑
hamiltonian



Is there any
link between those two pictures ? YES !

In special case when hamiltonian does not depend on time [CH = M]

we can solve Schr
. eg .:

& 14(H3 =- (4(H) =) (4(H)) : exp) - M - t)(4(0))

Note: ifI is self adjoint
and additionally we can see that operator then exp(-iF) is

are unitary operator (homework).

(t"
,
t) = exp)- (t t)) Ean .

EXAMPLES :
NOTE: & [2

,
5x

,
5y ,

5z} is a bosis

for 2x2 hermitian matrices,

Unitary matrices 2x

1)
= x = (9) -y

= Y = ) ?:) rz = z = ( % )
BIT FLIP

PHASE FLIP

* (0) = 11) &x 11) = 10)
510) = 10) 52 (1) =

= 11)

H10) = &(10) + 117)
2) H =(2) Hadamard gate

H12) = F(10-123)↑
Why need for "" ?

ARY !

AXIOM 5 (COMPOSITE SYSTEMS)

So far we considered only one quantum system. What if we want to

describe two systems at the same
time (e .

g. there is an

interaction betreem them )?



We have two sobsysystems : A (with Hibert space JA) and

B (with 5) . Then the Hibert space of the system AB is

tensor product JAB = Ha * Jo·

If system A is prepared in stateItia and system B in

state 14 then system AB has state 147 * 14) p
-

PROPERTIES OF TENSOR PRODUCT :

1) A has basis GliMA and B-G1jh then AB has

* we will use

Jasis [li) /j]YMAm e (dimension is multiplied) motation

unlike carthesian product (i) (j) = (ij]

2) immer product in AB is mutturally defined as

rectors are orthogonal when

# ii) ((k * (1)=i d
at least one difference

3) tensor product of operators

(***) (147 * 14))=4 ** 14)

EXAMPLES : TWO QUBITS

B
A 10) 11) four possible states.

10) 100 110]
the most general two qubit state is

11) 101) 111)
Go0100 + 00 ,

101 + ap/10) + a
, 111) with normalization condition

EXAMPLE : EXTENSION

general n-qubit state lives in H =
C...

'
= phon

which has dimension 2



EXAMPLE : TENSOR PRODUCT IN MATRIX NOTATION

Let 10 = [] 1 = [3]
·

Then

102012) = 1023 : [](i) = [Le]]
Similarly with matrices A = [a] B: ]

AB = (a)(2



With the definition of composite systems we can now ask

what states are possible to produce and which of them have

some interesting properties .

We will start with definitions :

Quantum State IAB (in system AB) is called separable if it

can be written as a tensor product of two states (in A and B).

= 10 , 147 : 14 AB = 10* 147

If a quantum state is not separable it is entangled.

We can think about an entangled states as those which cannot be well

described by looking at the parts of the system separately .

"AB is more than A + B"

Example : BELL STATE

Let's consider (4) =

101 - 110)

It is perfectly correlated state where measuringE

O(1) in A will always yield ICO) in B
.

But this can be done also in classical

world. What can't is the same behaviour after a base change.

(t) = E(10) + 11))
Let us change 14/02,12) +143h

,
+ 1 = EC10 - 18

=> sS
We will obtain that 1431

, , 1

=

1 +3 - 1 + -> DO THE

E CALCULATIONS

We got exactly the same form of the state. It means that it is maximally entangled.

(a(0) + 6(1))(c(0) + d(1)) =

&
key difference between classical and quantum s a <100) + ad(01) + 6/103 + 60(11)

& ~ &
correlation is that quantum are seen in &

move than one basis
.



* where we do

2
.
C

.

DENSITY OPERATORS not have full

knowledge of a

HOW TO DESCRIBE OPEN
*
QUANTUM SYSTEMS ? system

So far we described systems which are isolated from the environment.

But such systems does not really exist. For this we need to

generalize /extend our theory for open systems" i
. e

.

where there is

an
interaction with an environment and where we do not

have a full knowledge of a system.

Let's consider the following example :

ve are

ageeitherior 14)=
ENVIROMENT

difference between them?

If we measure in a computational Jasis them we can't distinguish
those states

.
BUT if we measure in basis (11)

,
11 then

1+ 14) != 1 |+ | 0)k = 1 1( + 11))2 = E

1 - 10)12=

im
of superposition imme get art

while in case of mixture of states" we will always have this disambiguity.



We need something different to describe mixtures of states".

We define density operator/density matrix as

g = [p : 14. Pil

where <pi
,

14:% is an ensemble of pure
states.

pub . State

How does one measure" with density matrices ?

projective

Let's suppose we have a mixed statea
with Vmeasurement operators

Cobservables) [M;3 ·

Then obtaining the output'n' given state 'K' is

* trace of number
p(m)i) = <↑ : /Mm/4: Tr (4i/Mm/4i)) =

is a number

=Tr (Mm(4iX4il) - trace is cyclic

So total probability :

p(m) = 2 p(m/i) ·

pi
= [pi Tr(Mm(4X4il) =

= Tr (Mmg)

We have two "kinds" of density matrices

· for pure states = 14X41 (we have only one state

% for mixed states
g

+ 14X4) (classical mixture of quantum states)



EXAMPLE : SUPERPOSITION US
.

CORRELATIONS

Let's compare density matrices from initial example

1) () = f((0) + 113) = g[(l0x0 + 10x1) + 11X0 + 11x11)

2) 50 % 10) and 50 % (1) => Sc
= (((0x01 + 12x11)

Let's measure it inS1t)
, 13 => Mc = 1 +x+ M= = 1 -x+

M
+

= (0x(0) + 10x1) + 11x0) + 12x0) =

g2

We can think about it in matrix motation : 10 = [b] (1)= [2]

1) I [ 3 ] = Met[22 =[i]
P +

= Tr(M + gr) = 1 p -

= 1 - 1 = 0

2)
ge = [b] = Mg2[[][] = [ii]

P+
=Tr(M + 92) = 2 p -

= 1 - E = 1

We confirm our intuition andnotation.



Properties of density operators :

*

reveres also works :

all conditions also give rise to

(1) SELF ADJONT : g
= gt a physical density matrix

(2) TRACE CONDITION : Tr(g) = 1 [Tr(pi(4ix4i))= pi
= 1

(3) POSITIVITY CONDITION : 920
-> actually stronger than (1)

↳
xylgly) = [pi <4144: 14) = [piki o

fly)

↳ those conditions guarantee othonormal diagonalization ,

real and positive eigenvalves
and sum of eigenvalues equal 1.

Can we easily distinguish pure states from mixed ? Fortunately LES !

If g
is a density operator then

9 pure state <)
Tr (g2) = 1

9 mixed state () Tr (g7) = 1

always

Proofi othonormal basis- wecan because it is positive

T Gij
-

9 [Piixtil =

g= Pip; 14:x4:
14

, x4%

= [p: 14 : X4i)

Tr (g) = [pie [pi

Epipi [pi(pi-1) = 0 = pi = O v pi
= t

4

ale a [pi = 1
musimy niec

jedno pi
= 1 resita

pi =

cyli stan crysly F



Where we can use density matrix formalism? Perhaps deepest

application is a descriptive tool for subsystems of composite quantum

systems" . Let's say we know that a quantum state lives in

& x
*J ,

but we can only see subsystem A.

Suppose we have physical systems A and B
,

whose state is

described by a density operator gAB. The reduced density

operator for system A is defined by

gA = Tri (gAB)

where Trp(.) is partial trace over system
B defined by

Tr (laxa2/16 ,X62)) = lan Xaz/ Tr (6.
Xt

:
1)

where1a) ,
(2) (1)

,
162) are any

two rectors in the state space ACB).

We can shorten Tr(16
,
X611) to <balbe)

Partial trace tells us how much information we can

access when we observe only a part of it



EXAMPLE : BELL STATE

Let 14) = ED00 + 1117). Then

14x41 = 1(100X001 + 100x111 + 111x0% + 112x12)
10/ol 10x0

g
*Try (gAB) = 1 [Tr (10000) + Tr (1004211) + Tra (122x0a) + Try(maxx)]=

= & [10x01 · <010) + 10x21 < 210) + 18X01(0113 + 12x215211)] =

= & [10x01 + 12x11] = &I

So the partial state is a mixed state. However the joint state is

a pure
state

. Looking at only one part of it we loose all the

knowledge (we get 10) and 11) with 50 :50)

nu

EXAMPLE : MEASUREMENT ON A PART OF THE SYSTEM

Let Kli)] ,
is orthonormal Jasis in A and h1j} ; im B.

p(mm) =[plm SM3m SN33
Them 14

AB=lij I P(ma nz) = Tr[(MN)gab]

Sab = [pr14cX4a) = [Paa*

(15)k))
P(mm) = Tr [(M]ga

Lijkh
P(ma)= Tr[(Mm1)gAb]) motivation

Let's consider measurement on only one subsystem : M = Ma * I

↓M = Tr ((FB) gar)=(
*

Tr (kMij)=(a) (j) =

Pri
* Tr(Malkil) = Tr (MalPhakil))=(Mga)



Indeed

Sa
=Tr(ga) =[pa

*

Tr (lixk(x1) = Epa Ca*
lik ·G =

= [p(a)
*

lixk

so Tr((MFp)gaB) = Tr(Maga) <we
, average out "the information in B

For pure states in $2 we can represent them as a sphere called

Block sphere. Now we extend it for mixed state.

of trace 1 ->

it is mothear space

Any 212 hermition matrixcan be represented in "basis" GE2
,

Ex
, 5 ,
5z]

↳ decomposition

so

9 = f 12 + x (x + y5y +z5x, y ,
ze

Now we also need to make sure that gro.
r[]I3
-

It is
easy

to calculate that detg = &(1 - x3 - y2 -z) = (1-1).

g is nonnegative when it's eigenvalues are mon negative (here we use the fact

that trace is 1)
so detg = 0 => Kill 1

I mumbers which sum and product

is positive are also positive !

So all 2x2 density matrices lay in Block ball

NZ
The Soundary of Block ball are all

states for which detg = 0. This
&

7 y

-

means that it has eigenvalues 40
,
13

>
x

so it is an ensemble of 100 %

one state. So it is Block sphere !

containg all
pure

states.



How far away are two general quantum states ?

Fidelity is a measure of how states are distinguishable. It is

defined as

# (g ,
r) = ( +ru)

Fidelity is

space
orthogonal

to the Karmel

same as row space of a matrix

1) nonnegative ↑
2) = 0 when git have support on mutually orthogonal spaces N(g)tN(r)
3) =1 g = 5

2. 3 SCHMIDT DECOMPOSITION
USEFUL TOOL TO CHECK ENTANGLEMENT

Theorem (Schmidt decomposition) Suppose 14) is a pure
state of composite system AB

e]a edi

(HeFi) .

Ther there exists orthonormal states Cli]] and lib]] such that

14) = [til lin

where I; are non-negative real numbers satisfying [x = 1

Pf : Let Glin33 (1m)3) be an orthonormal Jasis for Ja(Jep)

Them 14 = En Airline M = [ ] = Elisa in
We need to check ifhliby is orthogonal.

Now we will calculate ga
twice :

1) A
= [piliXil we write general state

g in basis (i)

2) ga
= Tr (14x41) = Tr (SliiallTX) = [liaXal.Blis]



It means that pidij=ii)

So indeed (lib)] is orthogonal after all
.

After scaling we obtain orthonormal rectors littl
So we obtain 14) = [Filin) lib

Note : Gasis lif) and lipt depends on the state we
want to decompose !

in geneal we can't expand two rectors in the same basis !

Note : gi = Tra (14x41) = [pilisXiB)

it means that
ga

and
gig

has the same eigenvalves !

Procedure of obtaining Schmidt decomposition :

given a density matrix g we need to diagonalize it
using SVD. It yields

vectors as well as coefficients ,

What for we can use Schmidt decomposition ?

Entanglement Conce again) : #Pi + 0

-> IAB) is entangled if its Schmidt number 1

-> 14AB) is separable otherwise

From it follows

-is a product state ga
and

gi
are pure

G
.

1
.

ENSEMBLE INTEPRETATION

Natural question about density matrix is the structure they posses.

What

happens if we add two density matrices ge + ga
:? Wenot get another

density matrix since Tr(g+ g) = 2. # 1. What about convex combination

↓
g.

+ (-1) ge =? Teran jest usays tho jest speccione !

Density matrices are a convex subset of the real rector space of Hermition
operators.



External points are
the points which cannot be written as a

EXTERNAL
non-trivial combination of two other states.

⑧

⑧

⑧
*

⑧

INTERNAL
6

⑧

Pure statesaretermutpoints t

OK
,

so now a mixed state is a combination of pure
states . But

in how many ways this combination can
be written ?

Sets &1533 and 91533 generate the same density matrix

: c
. g:=S if IF)= uij

where a is a unitary matrix of complexnumbers.

Proof : Niels & Chrang (p .

10n)

EXAMPLE : (TRIVIAL)

g : I, now we can choose any
othonormal basis in $241 : 33

and obtain g
= [[[iXil] | +)= E((0) + 113)

-
In particular 3= [loxa + 11x1)] = E[1 + x+ + 1 - x+]

PURIFICATION

Suppose we are given a mixed state Sa .

It is possible (mathematicly

to introduce additional system R in which exist pure state(AR)

such that

Sa
= Tr (lARXARI)

That is the pure
state IARS reduces to ga

when looking at system A alone.

FindingIAE) is called purification.



Proof : Let
ga

= 2 pill with Clin]] orthonormal basis

Let Glim]} orthonormal in R which is the same state space as A.

Then
lARD = [Filia) lin) -> existbecause ofecomposition

Easy to calculate ga
= Tr (IARXARD) m

Examples : DIFFERENT ENSEMBLES ONCE AGAI

We are given state In which we want to

purify. Let blia] be an eigenvectors of ga (ga is diagonal in

this basis)

Let hlia]] be an
othonormal basis of R

,
the extended system.

Then we know there is purification of the form

1ARD = [FiliaXolir)

But we had a freedom to choose basis in R
.

We can also

choose Glir]Y .

Those two Jusis are connected through an unitary

transformation
.

So we can see that there exist infinitly many

purifications of the system
R. ↓m(IOU)IARY (IOM)

T

Furthermore : we also know that ga is produced by a partial measurement

on
the subsystem R. So



2. 5. GENERALIZED MEASUREMENTS

Let us first recall Axion 3 (Measurement)
·

Set &Mm3 which & Mm
"

Men = 1 and

P(m) = <4)Mm
+

Mm/4] and
Sometimes we do not care about the state after the measurement

(for instance photon is absorbed by a mirror and it does not make

sense of talking about state offer the measurement) . If it is a

case
then we can simplify this picture

POVM(POSITIVE OPERATOR-VALUED MEASURE) FORMALISM

We are given measurements GMm3
.

Let us define Em := MmMm

Because [MM=Em = 1
.

Now
, if we are not

interested in a post measurement state we can define POM

to be set of GEmb such that EmPO and Em =1

There ison equivalence between those pictures .

POVM Mm =Ems #xOM3

4Em3 S Mm3

Emo & ZEm = 1 & MMm =D
r

p(m) = <4/Em/4) Em = MiMm p(m) = <4/MMm14)

NOTE : POVM are perfectly equivalent to projective measurements augmented
by an unitary evolution. We will come to it soon.

POUM = PVM + U



why
to even introduce it? Turns out that there are important problems

in quantum computation and
g. information ,

the answer to which involves

a general measurements
,

rather than a projective measurement
.

"

PLEcould like to distinguish between two quantum states

1413 = 10 and 142) = (10) + 113)( = (t)

The problem is that those states are not orthogonal and so they

are impossible to distinguish with 100%. However it is possible to

perform a
measurements which distinguishes perfectlybut only

sometimes
,

and

never mis-identify.
Let's consider

A
, Ay

,
Az-normalization factors

En = An 11X11 those operators are positive

Ec = Az1-X+ -> and satisfy completness

relation.
Ez = 1- En-Ez

Now have two scenarios :

we
~ (1) = A

,
(0(1)(110) = 0

I

1) we receive It) = 10) p (2)
= Ax017- 10 = E

p(3) = 1-

p(1) = A
,

< + 12x1( +) = E
2) we receive 14 = It)

p(z) = Acx+ 1 -x 1 +) = 0

p(3) =
= 1 - E

So if we measure 2 we are sure it was 11) and if we

measure 1 We are sure it was 12) We got it at the cost of

sometimes not knowing antihy about the state (measurent 3).



How can we do a generalized measurement (POVM or AXOM3) with projective

measurements only ? additiony

Let Q be a system and M auxiliary system. Let define U

a
u(10)) = [Mm (4)@ (m)

↓
U is unitary otho normat busis

↑
Eno <01) U

+

U (143010) =&YIMMmo) <mIm) =

= [xy) MiMm(4) = <4(4)

We checked it only on states (43010 but it is possible to extend U

to be unitary
in whole space QQM

.
(homework)

Now we perform projective measurement : Pm = Ig@ImXml

p(m) = kx( * =0)U
+ PmU(4)8109) =

-im (4/Mmmi) (Fa(mXml) (Mm : (4) Im")) =

=MmmmXm)m
= <MIMmMm(n) -like inor 3



IMPORTANT NOTE: CREATION OF ENTANGLEMENT BETWEEN A QUANTUM

SYSTEM AND A DEVICE THAT MEASURE IT IS THE

ESSENCE OF QUANTUM MEASUREMENTS , AB
A

Sa 147
As

likan
Wa

< UltAB

Purification Tris()2. 6
.

QUANTUM CHANNELS &a
Es E(gn)

Motivation : we know from the axioms that pore states evolution is unitary
.

Furthermore

any
mixed state can be seem as a part of a greater pure state. So we can purity a mixed

state , apply unitary evolution and then "trace out" the auxiliary system. But we can also introducemew

mechanism to evolve mixed states directly.

E
-

Definition: Quantum channel is a map from the set of density operators of the

input spaceQg to the set of density operators for the output space Q2 ,
which

satisfy : 3 : g ECgI

Q1

1) Tr (E(g)) = 1 - output of a quantum channel needs to be a poper density matrix

E([pigi) = [piE(gi) , Spi = 1 - convex-limear mup

3) E -

completely positive - (IE) (gras) = 0 for
gras - O

Note : 3) implies normal positivity for m =

Theorem: The map
E is quantum channel if and only if

E(g) = &EigEit
set GEi3 is called

for some operatorsGEi3 with SETE;
= 1

.

-

roussoperators

-

I Proof: Niels & Chrang , p .

368.

Note : set &Eig is notaque
! IEE they giveie

ta

some quantum channel



Are dammels revertible like unitary transformation ? The answer is :

only special cases are revertible.

We are given a channel E. Let us find a channel E

such that (EoE) (g) =

g.
But since E is convex

linear we can limit ourselves to
pure

states only :

(E'oE) (14x41) = 14x4)

(50E)(1x41) = E'(E(14x41))= 3) Ma14x41M) =[E(Malx41Ma) =

& No Ma 14X41 MaN = 14X41 Fu

We can deduce that NoMa = Asa1 = proportional to identity

We can also see

real
,
positiv

&

Mi Ma = Mit (NNr) Ma= pa
T = Ba

We can write Ma = KatMaPolardecompositionMa
unitary

Ma = UMa=
a
Na

So

MiMa = Por Hila = BlaD= Un= U

It means that all Kraus operators are proportional to thesure

unitary matrix
,

so



ECIX41) = &M : 14X41Mi = [BiiU : 14441Ui =

Kit

- [BiiU4Ukx =

= 14X4/ where = U
↑

unitary transformation !

So the channel can be reverted by another chanel if

it is unitary
.

Decoherence is in reversible. Once system is entangled to B

we lose information not having
access to system

B.


