
HAL Id: jpa-00225715
https://hal.science/jpa-00225715

Submitted on 4 Feb 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

FREQUENCY OF PATTERNS IN CERTAIN GRAPHS
AND IN PENROSE TILINGS

J. Peyriere

To cite this version:
J. Peyriere. FREQUENCY OF PATTERNS IN CERTAIN GRAPHS AND IN PENROSE TILINGS.
Journal de Physique Colloques, 1986, 47 (C3), pp.C3-41-C3-62. �10.1051/jphyscol:1986305�. �jpa-
00225715�

https://hal.science/jpa-00225715
https://hal.archives-ouvertes.fr


JOURNAL DE PHYSIQUE 
C o l l o q u e  C3, suppl&ment au n07, Tome 47, j u i l l e t  1 9 8 6  

FREQUENCY OF PATTERNS I N  CERTAIN GRAPHS AND I N  PENROSE TILINGS 

J .  PEYRIERE 

E q u i p e  d l A n a l y s e  H a r m o n i q u e ,  U n i v e r s i t e  P a r i s - S u d ,  (U .A .  7 5 7 )  
M a t h e m a t i q u e s ,  B a t i m e n t  425, F-91405 O r s a y  C e d e x  

I - INTRODUCTION 

Among t h e  aper iod ic  t i l i n g s  r e c e n t l y  used i n  c rys ta l lography  [l-81 some, a s  
2D-Fenrose t i l i n g s ,  a r e  i n v a r i a n t  by an opera t ion  genera l i z ing  s e l f  s i m i l a r i t y ,  
namely t h e  s o  c a l l e d  i n f l a t i o n  (or  d e f l a t i o n ,  depending on t h e  mood !) procedure. 
It is then n a t u r a l  t o  s tudy t i l i n g s  and more genera l ly  graphs which a r e  i n v a r i a n t  
by such an operat ion.  Some of t h e  i d e a s  and techniques  introduced by t h e  au thor  
[9-111 t o  b u i l d  a n  a b s t r a c t  s e t t i n g  f o r  t h e  s tudy of Mandelbrot's squigs  [12-151 
a r e  used aga in  i n  t h e  p resen t  work. 
I n  i t  we prove theorems on t h e  frequency of  appearance of f i n i t e  p a t t e r n s  i n  c e r t a i n  
colored graphs, examples of which a r e  t h e  graphs dua l  t o  Penrose t i l i n g s .  

Here is t h e  main r e s u l t ,  s t a t e d ,  f o r  t h e  sake of s i m p l i c i t y ,  f o r  2D-Penrose 
t i l i n g s .  Let {%In2 be a sequence of r e g u l a r  p lane  domains t h e  a r e a s  of which 

tend t o  i n f i n i t y  whi le  t h e  r a t i o  of t h e  per imeter  of 
Rn 

t o  i ts a r e a  tends t o  zero 

a s  n goes t o  i n f i n i t y  ( t h i s  l a s t  cond i t ion  means t h a t  63 does not  f l a t t e n  too  
n 

quickly) .  I f  a is a bounded p a t t e r n  appearing i n  a c e r t a i n  Penrose t i l i n g ,  l e t  us  
denote  N (a) t h e  number of times t h e  p a t t e r n  a appears  wi th in  t h e  domain an. 

n 
Then t h e  r a t i o  N (a) /area(A ) has a non-zero l i m i t .  

n n 
This  r e s u l t  is t o  b e  compared t o  Conway's weak p e r i o d i c i t y  as wel l  as t h e  pro- 

p e r t y  of almost p e r i o d i c i t y  brought i n t o  l i g h t  b e  s e v e r a l  au thors  [16-181. But it 
is t o  be not iced t h a t  none of these  p r o p e r t i e s  impl ies  any o t h e r  of them al though 
each one t e l l s  something about t h e  c o r r e l a t i o n s  wi th in  such a t i l i n g .  

The u s e  of graphs may seem complicated, but it al lows a u n i f i e d  t reatment  of 
d i f f e r e n t  s i t u a t i o n s ,  f o r  ins tance  decora t ion  of Penrose t i l i n g s  and aper iod ic  
c o l o r a t i o n  of r egu la r  l a t t i c e s .  

For t h e  reader  who is not  w i l l i n g  t o  go through a l l  mathematical d e t a i l s ,  t h e  
p a r t i c u l a r  case  of word s u b s t i t u t i o n s  is r e c a l l e d  i n  s e c t i o n  11 and t h e  o u t l i n e  of 
t h e  proofs  is  given i n  s e c t i o n  111 f o r  a p a r t i c u l a r  r e a l i z a t i o n  of a 2D-Penrose 
t i l i n g .  The complete s e t t i n g  and proofs  a r e  given i n  s e c t i o n s  I V - V I I .  Although t h e  
language of graph theory is used, no p e r e q u i s i t e s  i n  t h i s  theory is needed. 

The au thor  acknowledges P. Assouad and F. Axel f o r  f i r s t  in t roducing him t o  
Penrose t i l i n g s .  

I1 - THE ONE DIMENSIONAL CASE : WORD SUBSTITUTIONS 

Let A be  a f i n i t e  set which we c a l l  "alphabetw. For each a i n  A,  a word o(a), 
constructed over t h e  a lphabet  A,  is given. Such a d a t a  u is  c a l l e d  a s u b s t i t u t i o n .  

I f  w = x  x 2.. .xv is a word over A , we denote  a(w) t h e  word 

o(xl)(J(x2). . .'J(xv) obtained by p u t t i n g  end t o  end t h e  words G(xl) ,U(x2), . . . ,o(xv).  

These s u b s t i t u t i o n s  have been s tud ied  from d i f f e r e n t  p o i n t s  of view by many au thors  
[ l l ,  19-231. 
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L e t  u s  t ake  an  example : A = {0,1),  u(0) = 011, U(1) = 01. W e  t hen  have 

2 ( 0 )  = 0110101, 03(0) = OllOlOlOllOlOllOl and s o  on. One can remark t h a t  t h e  word 
1 

(0) begins  by 0 "(0) ; There fo re  t h e r e  i s  a n  i n f i n i t e  sequence El ,  E2,. . . , E n , .  . . 
of 0 ' s  and 1 ' s  which is  t h e  l i m i t  i n  a s u i t a b l e  sense  of $(o).  Th i s  i n f i n i t e  
sequence is i n v a r i a n t  under t h e  a p p l i c a t i o n  of a. 

Le t  xn and yn denote  t h e  numbers of 0 ' s  and 1 ' s  i n  t h e  word Un(0). A s  

each 0 generates  one 0 and two 1's and each 1 genera tes  one 0 and one 1, 
one has  t h e  fol lowing r e c u r s i o n  formula 

(note  t h a t  two d i f f e r e n t  s u b s t i t u t i o n s  may have t h e  same mat r ix  M ) .  

Thus (xn) = Mn (A) 
Yn 

So, a s  a consequence of Perron-Frobenius theory ( see  t h e  appendix),  we have 
X a  a  

( n, % An ( &  , where A is  t h e  l a r g e s t  e igenvalue of M and 
(& 

is  a correspon- 
Yn 

ding r i g h t  e igenvector .  So t h e  r e l a t i v e  frequency of 0 ' s  and 1 ' s  is  a/B. 
Evident ly  such a r e s u l t  holds  f o r  genera l  s u b s t i t u t i o n s .  It can be rephrased i n  t h e  
fol lowing form : 

1 1 #(o) 1 Q 
l i m  --- C E . = -  

n + a  ( 8 ( 0 ) l  j=1 J " + B '  

where 1$1(0) 1 is t h e  l e n g t h  of t h e  word 8 ( 0 ) .  
The nex t  problem is t o  determine whether o r  n o t  t h e  sequence {E. 1 h a s  an 

Iun(o) I-k J 

a u t o c o r r e l a t i o n  sequence, i . e .  t o  determine i f  --L- C E.E. has  a 
l8i0) I i=l  3 Jfk 

l i m i t  f o r  each p o s i t i v e  i n t e g e r  k. A way of couAting ;he ngn-zero terms i n  t h i s  
l a s t  sum is t o  count t h e  number of occurences i n  on(0) of words of l e n t h  k+l 
which begin and end by a 1. So one is  l e d  t o  s tudy  t h e  frequency of appearance of 
any word w i n  t h e  sequence E1,E2, ..., E 

n'"' 
Le t  u s  exp la in  how t h e  e x i s t e n c e  of a frequency f o r  words of l e n g t h  2  can be 

proved. The reader  would then supply t h e  proof f o r  t h e  genera l  case  ( see  a l s o  
[ l l ] .  The t o o l  is t h e  change of a lphabet  desc r ibed  below. 

I f  w = x x7...xv is  a word over  A , l e t  u s  w r i t e  
1 - - 

$ = (X x ) (X x ) (X x ) . . . ( X ~ - ~ X , , )  (xu&) , where E is  a new symbol i n d i c a t i n g  ends 
1 2  2 3 , 3 4  

of words. Then w appears  t o  be  a word over  a new a lphabe t  t h e  " l e t t e r s "  of which 
a r e  words of l e n g t h  2 .  

Let  u s  cons ide r  t h e  above example and draw t h e  fol lowing diagram showing t h e  
"genealogy" 

d to, 0 1 1 0 1 0 1  

and perform t h e  change of a lphabe t  : 



% % 
It is  then c l e a r  t h a t  (d(0) )  = (O)~(OE) where 0 is the  following subs t i -  

t u t i o n  ac t ing  on t h e  alphabet 2 = 1(01), (lo), (ll), ( 1 ~ )  1 : 
% 
O(01) = (01) (11) (10) 
'L 
O(l0) = (01)(10) 
'L 
a(ii) = (OI)(IO) 
% 
U(1E) = (01)(1&) . 

Therefore t h e  number of occurences of words of l eng th  2 i n  a"(0) i s  governed 
by t h e  matrix 

0 0 0 1  

and t h e i r  r e l a t i v e  frequencies a r e  t h e  components of t h e  normalized eigenvector 
corresponding t o  A -- 1 + 6. 

Indeed t h i s  ana lys i s  is  v a l i d  i n  general ,  not  only on t h i s  example. 
I n  f a c t  we have only proved t h e  following proposi t ion : i f  w is a word, then 

t h e  r a t i o  
1 ------ x number of w ' s  i n  8(0) 

la"(0) I 
tends t o  a l i m i t  a s  n goes t o  i n f i n i t y .  But a s t ronger  r e s u l t  holds : i f  an 
and bn a r e  two sequences of p o s i t i v e  in tegers  such t h a t  bn tends t o  i n f i n i t y ,  

then the  r a t i o .  

- b1 x number of w ' s  i n  
'a 'a +l... 

E 

n n n an+bn 
tends t o  a l i m i t ,  a s  n goes t o  i n f i n i t y ,  uniformly with respec t  t o t  a n t s .  

The treatment of Penrose t i l i n g s  and graphs follows t h e  same l i n e s  axthough 
l o t s  of t e c h n i c a l i t i e s  indeed appear, due t o  t h e  g r e a t e r  combinatorial complexity 
of t i l i n g s  and graphs. 

111 - PENROSE TILINGS 

There a r e  severa l  ways of construct ing Penrose t i l i n g s  124-311. We use 
Robinson's approach [26] .  A s imi la r  descr ip t ion  has been used by Dekking [29]. 
We consider t h e  i soce les  t r i a n g l e s  of f i g u r e  1. 
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The t i l i n g  elements we consider  a r e  t r i a n g l e s  equal  t o  one of those,  t h e  ver- 
t i c e s  of which a r e  colored w i t h  two colours  so  t h a t  t h e  v e r t i c e s  of a t r i a n g l e  cor- 
responding t o  equa l  ang les  have d i f f e r e n t  colours .  I n  t h e  subsequent f i g u r e s  one of 
t h e  co lours ,  say t h e  whi te ,  w i l l  n o t  be  represented,  t h e  o t h e r  one, t h e  black, w i l l  
be ind ica ted  by smal l  c i r c l e s  around t h e  corresponding v e r t i c e s .  We observe t h a t ,  
due t o  d i f f e r e n t  c o l o r a t i o n s  and symmetries, t h e r e  a r e  e i g h t  d i f f e r e n t  kinds  of 
t i l es  a s  shown on f i g u r e  2.  

F igure  2 

The e i g h t  d i f f e r e n t  t i l e s  wi th  an enumeration of t h e i r  s ides .  

The t i l i n g s  we a r e  consider ing obey t h e  fol lowing r u l e s  : 



lo  They a r e  composed e i t h e r  of t i l e s  a l ,  a 2 ,  b and b2 o r  of t i l e s  
a;, a;, b; and . 

b; 
1 

2' The t i l e s  a r e  assembled so  t h a t  t h e  colours  of t h e i r  v e r t i c e s  match. 
3 O  I f  two t i l e s  a r e  i n  contact  along one s i d e  t h e  v e r t i c e s  of which 

have the  same colour ,  t h e  l a r g e r  angles of each t i l e s  adjacent  t o  t h i s  s i d e  a l s o  
match. 

Let us  consider such a t i l i n g  of a plane domain. One obtains  a f i n e r  t i l i n g  by 
replacing each t i l e  according t o  t h e  r u l e  described by f i g u r e  3. 

gives 

gives 

Figure 3 
F i r s t  s t e p  of t h e  i n f l a t i o n  procedure. 

This f i g u r e  only gives t h e  s u b s t i t u t i o n  r u l e s  f o r  two kinds of t i l e s ,  t h e  o ther  
ones being deduced by permutation of co lors  o r  symmetry. I f  one expands t h e  new 
t i l i n g  by t h e  f a c t o r  T one g e t s  a t i l i n g  of a plane domain by t r i a n g l e s  of types 
I and I1 s a t i s f y i n g  t h e  above requirements on colors .  The operat ion we have j u s t  
described is commonly c a l l e d  i n f l a t i o n .  It enables us ,  s t a r t i n g  from a t e s s e l a t i o n  
of a plane domain, t o  g e t  a t e s s e l a t i o n  of a l a r g e r  one. By i t e r a t i n g  i n f l a t i o n  
and taking weak limits one g e t s  t i l i n g s  of t h e  plane which a r e  i n f l a t i o n  invariant .  
These a r e  t h e  Penrose t i l i n g s .  

Let us  take an example. We consider OAB a t r i a n g l e  of type I with white v e r t i c e s  
0 and B. Let  us  apply t h e  i n f l a t i o n  procedure twice, using d i l a t i o n s  centered a t  0. 
The r e s u l t  is shown on f i g u r e  4. The t i l e  OAB appears i n  t h e  new t i l i n g ,  t o  within 
a symmetry, and would have been found exact ly had we appl ied four  times t h e  i n f l a -  
t i o n  procedure. So t h e  sequence of t i l i n g s  obtained by applying 4n times t h e  
i n f l a t i o n  procedure converges a s  n goes t o  i n f i n i t y  t o  a t i l i n g  of a sec tor  of 
t h e  plane of aper tu re  T/5. The t e s s e l a t i o n  obtained by completing t h i s  one using 
symmetries and r o t a t i o n s  of angle 2n/5 is t h e  Penrose t i l i n g  of t h e  plane with 
pentagonal symmetry. 

This  operat ion of i n f l a t i o n  is a kind of s u b s t i t u t i o n  : a t i l e  of type a 
gives one t i l e  of type a; , one of type a; and one of type 1 

b; and s imi la r ly  

f o r  the  o ther  types. Therefore the  numbers of each type of t i l e s  a f t e r  n applica- 
t i o n s  of t h e  i n f l a t i o n  procedure a r e  given by t h e  n-th power of a c e r t a i n  matrix. 

I n  order  t o  be a b l e  t o  count not only each type of t i l e s  but a l s o  t h e  occurences 
of each f i n i t e  pa t te rn ,  we a r e  going t o  descr ibe  t i l i n g s  by t h e  mean of t h e i r  dual 
graphs. 
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Figure  4 
Resul t  of two a p p l i c a t i o n s  of t h e  i n f l a t i o n  procedure 

Given a  t i l i n g  ( f i n i t e  o r  no t )  one can consider  t h e  graph t h e  v e r t i c e s  of which 
a r e  t h e  elements of t h e  t i l i n g ,  two t i l e s  being l inked  by an edge of t h e  graph i f  
and only i f  they share  one of t h e i r  s ides .  One keep i n  memory t h e  type of each t i l e  
by i n d i c a t i n g  it  a t  t h e  corresponding node of t h e  graph and a l s o  t h e  way t i l e s  a r e  
connected by tagging each edge of t h e  r e s u l t i n g  graphs. The type of a  t i l e  w i l l  be 
c a l l e d  t h e  colour  of t h e  corresponding v e r t e x  of t h e  dua l  graph. Figure  5 shows a  
t e s s e l a t i o n  with  i n d i c a t i o n  of types  and of t h e  tagging of each s i d e  wi th in  each 
t i le .  Figure  6 shows t h e  coding of t h i s  t e s s e l a t i o n  as a  graph. Such a  graph w i l l  
be i n  t h e  sequel  c a l l e d  a  coloured tagged graphs. 



Figure  6 (on t h e  r i g h t )  

Dual t o  f i g u r e  5 

F igure  5 (on t h e  l e f t )  

Same a s  f i g u r e  4 ,  b u t  w i th  t h e  
i n d i c a t i o n  of t h e  "colours" of 
t r i a n g l e s  and of t h e  numeration of 
t h e i r  s i d e s .  
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Now, we have t o  descr ibe  i n  t h i s  s e t t i n g  t h e  operat ion of i n f l a t i o n .  Consider 
f o r  instance t h e  s p l i t t i n g  of a t i l e  of type 

a; a s  shown on f i g u r e  7 .  

gives 

Figure 7 ( i n f l a t i o n  r u l e  f o r  t i l e  a;) 

The coding of t h i s  s i t u a t i o n  is 
shown on f i g u r e  8. A s  t h i s  graph 
is t o  be l inked t o  o thers ,  i t  has 
dangling bonds. These dangling 
bonds have been separated i n t o  
th ree  c l a s s e s  w1 , w2 and ~ 3 ,  
taking i n t o  account which edge of 
the  o r i g i n a l  t i l e  they come from. 
The arrows i n d i c a t e  an order  of 
enumeration of t h e s e  dangling bonds 
i n  each c lass .  The r e s u l t i n g  
f i g u r e  is an example of what is 
ca l led  an ion i n  t h e  sequel. 

Figure 8 



Figure  9 shows a two-t i les  t e s s e l a t i o n  and t h e  corresponding graph. Figure  10 
shows t h e  i n f l a t i o n  process  on t h i s  t e s s e l a t i o n  and t h e  corresponding opera t ion  
on graphs 

F igure  9 

F igure  10 

Binding of ions  

This  opera t ion  c o n s i s t s  i n  r ep lac ing  each node of t h e  o r i g i n a l  graph by an ion  
and bindfng t h e s e  ions  a s  shown on f i g u r e  10 : each edge of t h e  o r i g i n a l  graph 
d i r e c t s  t h e  binding of corresponding dangling bonds. Th i s  opera t ion  is  analogous 
t o  t h e  word-subst i tu t ions  previously  considered. Figure  11 shows t h e  r e s u l t  of 
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Figure  11 

Up t o  now, we have j u s t  g iven an a l t e r n a t i v e  d e s c r i p t i o n  of t i l i n g s  and i n f l a -  
t i o n  procedure, bu t  t h i s  enables  u s  t o  prove t h a t  p a t t e r n s  occur wi th  a w e l l  
determined frequency. As p rev ious ly  f o r  words - subs t i tu t ions ,  t h e  proof r e l i e s  
upon changes of co lours .  Here is  t h e  ske tch  of t h e  proof .  

By success ive  a p p l i c a t i o n s  of t h e  i n f l a t i o n  procedure we g e t  a sequence 

-(Gnjn> 
of colored tagged graphs. I f  we s u i t a b l y  d e f i n e  new co lours ,  t h e  sequence 

Gn obta ined by changing co lours  i n  Gn can b e  generated by a new i n f l a t i o n  pro- 

cedure,  which provides  informat ion on f r equenc ies  of new colours .  
W e  u s e  two changes of co lours .  This  f i r s t  one aims a t  s tudying t h e  growth of t h e  

boundarz, aGn of Gn. It is shown t h a t  t h e  number of elements of a~~ grows a s  Tn 
where is t&e Perron-Frobenius e igenvalue of a c e r t a i n  matr ix .  I n  t h e  Penrose 
case  one has  X < A  ( t h i s  can a l s o  be  shown by using area-per imeter  argument). I n  
t h e  genera l  case  we have t o  assume X < A. Then we perform a second change of co- 
l o u r s  : t h e  new co lour  of a v e r t e x  d e s c r i b e s  i t s  surroundings  up t o  d i s t a n c e  k. 
It provides  us  wi th  a ma t r ix  which governs t h e  numbers of p a t t e r n s  of s i z e  k i n  
Gn. A f t e r  t h a t  t h e r e  is s t i l l  some work t o  o b t a i n  t h e  r e s u l t  f o r  any l i m i t  po in t  of 

t h e  sequence {G,) and f o r  any sequence {Rnl of domains. 

I V  - TAGGED GRAPHS, IONS, BINDINGS 

1. Tagged graphs. 
A f i n i t e  non-empty s e t  F is  given throughout t h e  paper.  The graphs  we a r e  

going t o  cons ide r  a r e  non-directed and t h e i r  v e r t i c e s  have o r d e r s  less than o r  
equal  t o  # F , t h e  c a r d i n a l i t y  of F. 

D e f i n i t i o n  
subse t  of 

. A tagged graph i s  a couple  Z = (V,E) where V 
VXFXVXF SO t h a t  
a )  (a,m,b,n) e E impl ie s  a # b,  
b) (a ,m,b,n)EE impl ie s  ( b , n , a , m ) E E ,  
c )  if a & b a r e  elements of V , then t h e  s e t  
F ; (a,m,b,n) e E) has  one element a t  most, 
d )  i f  (a,m) i s  an  element of Vx F , then t h e  s e t  
F ; ( a , m , b , n ) E ~ ]  has  one element a t  most. 

s e t  and -. 

The element of V a r e  t h e  v e r t i c e s  of Z , t hose  of E i t s  edges.  

As we s h a l l  have t o  cons ide r  s e v e r a l  tagged graphs s imul taneously ,  we s h a l l  b e  
more s p e c i f i c  i f  needed : i f  :: is a tagged graph, VZ w i l l  denote  t h e  s e t  of i ts 



v e r t i c e s  and EZ t h a t  of i t s  edges. 
- 

To each tagged graph Z we a s s o c i a t e  an  o rd ina ty  graph ZQ i n  t h e  fol lowing 
way. The graph Z~ has t h e  same v e r t i c e s  a s  Z .  The s e t  E$ of i ts  edges is s o  z 
de f ined  : (a ,b)  E VZ xVZ belongs t o  EZ i f  and only  i f  t h e r e  e x i s t s  (m,n) i n  

F X F  such t h a t  (a,m,b,n) belong t o  Ez. 
A tagged graph Z is s a i d  t o  be connected i f  Z' is. Then t h e  d i s t a n c e  w i t h i n  

Z , denoted d7 , of two of i t s  v e r t i c e s  is, by d e f i n i t i o n ,  t h e i r  geodesic  d i s t a n c e  

a long Z4 (i.;. t h e  minimum number of edges t o  go through t o  connext them). 
I f  Z i s  a tagged graph we s e t  

W = {(a,m) EVZ X F ; t h e r e  e x i s t s  no (b ,n)  i n  VZXF a such t h a t  (a,m,b,n) E E 
z 

and 

a Z  = { a g ~ ,  ; t h e r e  e x i s t s  m i n  F such t h a t  (a,m)EwZ}. 

Figure  6 ,  i f  we f o r g e t  t h e  names of t h e  nodes, shows a p i c t u r e  of 
a tagged graph. 

Let  us  cons ide r  a tagged graph Z = (V ,E  ) and U a subse t  of VZ. We a r e  z z 
going t o  d e f i n e  a tagged graph which we c a l l  sub tagged graph of Z a s soc ia ted  
t o  U : its s e t  of v e r t i c e s  is  U and i ts s e t  of edges is {(a,m,b,n) ; ( ~ , ~ ) E u x u } .  
I f  x is  a v e r t e x  of Z and r a p o s i t i v e  i n t e g e r ,  BZ(x,r) s t a n d s  f o r  t h e  sub 

tagged graph of Z a s soc ia ted  t o  t h e  b a l l  VZ ; dZ(x,y)  r1. It w i l l  be  c a l l e d  
t h e  b a l l  of c e n t e r  x and r a d i u s  r of Z. 

Two tagged graphs Z1 e t  Z 2  a r e  isomorphic i f  t h e r e  e x i s t s  a one-to-one 

mapping rp from V onto  V such t h a t  ( ~ ( a )  ,m,lp(b) ,n) be  i n  VZ i f  and 
z2 2 

only  i f  (a,m,b,n) is i n  "zl' 

2. Colorat ions ,  ions .  
Le t  A b e  a f i n i t e  s e t ,  which we c a l l  s e t  of colours .  An A-coloration of a 

tagged graph is a mapping g from VZ t o  A. From now on, an A-colored tagged 

graph w i l l  b e  simply c a l l e d  an  A-graph. 
I f  Z is  an  A-graph and U a subse t  of V , ZU denotes  t h e  A-graph obtained 

by r e s t r i c t i n g  t h e  c o l o r a t i o n  of Z t o  t h e  sub tagged graph of Z a s soc ia ted  t o  
U. BZ(x,r) w i l l  a l s o  denote  t h e  b a l l  BZ(x,r )  def ined above endowed wi th  t h e  

c o l o r a t i o n  of Z .  
An isomorphism Ip of t h e  A-graph Z = (VZ,EZ,gZ) on t h e  A-graph Z '  is  an  

isomorphism of t h e  under lying tagged graphs  which is compatible w i t h  t h e  colora-  
t i o n s  : i . e .  gZ ,  . Ip = gZ. 

Def in i t ion .  We s h a l l  c a l l  a f i n i t e  A-graph Z w i t h  a p a r t i t i o n  of Wz {q}mE F - 
by non-empty s e t s  and, f o r  any m & F , a t o t a l  o rde r ing  of WZ an A-ion. 

Two A-ions Z = (VZ ,EZ , {w;, ImE F,gZj ) ,  ( f o r  j = 1,2 ) ,  a r e  isomorphic i f  
j 

j j  J 
t h e r e  e x i s t s  a one-to-one mapping 9 from V 

Onto V ~ 2  
such t h a t  rp be  a n  

z1 
isomorphism of t h e  under lying tagged graphs  and, f o r  any m i n  F , an isomorphism 

of t h e  ordered sets "; and $2. 
F igure  8 shows an ion. 
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3. B h d i n g  of ions. 
W e  a r e  given a  tagged graph Z = (V,E) and, f o r  any x i n  V ,  a n  A-ion 

Zx = (vZx,EZx, {$ ImE F , g z 2  i n  such a way t h a t  whenever (x,m,y,n) is i n  E t h e  
X 

s e t s  $ and W; have t h e  same c a r d i n a l i t y .  Then we d e f i n e  an A-graph 
X v  

2 '  = (v ' ,E1,g ' )  by t h e  fol lowing t h r e e  condi t ions .  
a) V is t h e  d i s j o i n t  union of t h e  s e t s  { v ~ ~ ) ~ ~  , 
b) g '  extends any of t h e  mappings g  , 

Zx 'L 

c )  E' i s  t h e  d i s j o i n t  union of t h e  s e t s  { E ~ ~ } ~ ~  and of t h e  s e t  E 
s o  def ined : 'I, 

( ~ , j ,  0,k) is i n  E i f  and only i f  t h e r e  e x i s t s  ( x , m , ~ , n )  i n  

E s u c h t h a t  ( ~ , j )  b e i n  W; , (6,k) be i n  W; and (U,j) and (0,k) match 
Y 

according t o  t h e  o r d e r s  on $x and W; . 
X Y 

The A-graph Z' w i l l  b e  c a l l e d  t h e  binding of t h e  ions  { z ~ } ~ ~  d i r e c t e d  by 
t h e  tagged graph 2. 

The binding process  is i l l u s t r a t e d  by f i g u r e s  9 ,  10 and 11. 

V - PENROSE TILINGS AS A-GRAPHS 

Le t  F be  t h e  set {1,2,3). The set A h a s  e i g h t  elements a l  , a2 , bl  , b2 , 
a; , a; , b; , b; which correspond t o  t r i a n g l e s  a s  shown i n  f i g u r e  2. I n  f i g u r e  2  

a l s o  appears  a numbering of t h e  edges. 
Let u s  consider  f o r  ins tance  t h e  t e s s e l a t i o n  obtained by applying twice t h e  

i n f l a t i o n  procedure t o  a t r i a n g l e  of type a l  
a s  shown i n  f i g u r e  4.  Figure  5 then 

shows t h e  types  of t r i a n g l e s  which appear and t h e  numbering of t h e i r  edges. The 
dua l  t o  f i g u r e  5 is f i g u r e  6. I n  o t h e r  words i t  i s  a n  A-graph Z : 

V I  - SUBSTITUTIONS 

1. D e f i n i t i o n  of s u b s t i t u t i o n s .  
As previously  two f i n i t e  sets A and F are given. An A-subst i tut ion is a 

mapping (J , which a s s o c i a t e s  a n  A-ion t o  each element of A, toge the r  with  a set 
of A-graphs, subjected t o  t h e  fol lowing requirements : 

a)  $)- con ta ins  A , t h e  elements of which a r e  i d e n t i f i e d  t o  A-graphs 
wi th  a  s i n g l e  v e r t e x ,  



b) i f  Z = (V,E,g) is  i n  8- , then t h e  binding of t h e  family  
{ Q ( ~ ( x ) )  IxE d i r e c t e d  by Z can b e  done and t h e  r e s u l t i n g  A-graph, denoted O(Z), 
is i n  8. . 

I n  o t h e r  words, one passes  from Z t o  o(Z) by rep lac ing  each node of Z by 
a graph according t o  i t s  c o l o r .  The v e r t i c e s  of t h e  ion  by which a v e r t e x  x of Z 
has  been replaced a r e  c a l l e d  t h e  descendents  of t h e  f i r s t  genera t ion  of x. 

This  no t ion  g e n e r a l i z e s  t h a t  of s u b s t i t u t i o n  opera t ing  on words. 
It has  been int roduced i n  [ lo]  i n  o r d e r  t o  g ive  an  a b s t r a c t  s e t t i n g  f o r  Mandelbrot 's  
squ igs  [12-15 I. 

Seve ra l  f a c t s  a r e  t o  b e  no t i ced  : 
- I f  t h e  A-graph Z is connected, so  is O(Z). 
- O does  n o t  dec rease  d i s t a n c e s .  It means t h e  fol lowing : l e t  x and 

y be  two elements  of V , then i f  x' and y '  a r e  descendents of x and y 
r e s p e c t i v e l y  one has  (x' ,YO dZ(x ,y ) .  

- O can be i t e r a t e d  : i f  Z E 9 , then we g e t  a sequence *(z) of 

A-graphs. We a r e  mostly i n t e r e s t e d  i n  t h e  behaviour of on(a) f o r  a i n  A. 
- I f  Z = (V,E) is an element of and i f  U is a subse t  of V , 

then o"(zU) = ( $ ( z ) ) ~  , where U i s  t h e  nth-generation o f f s p r i n g  of t h e  
n 

element of U. 
n 

2 .  Example. 
The above cons t ruc t ion  of Penrose t i l i n g s  can b e  rephrased i n  terms of s u b s t i -  

t u t i o n  : i n  chap te r  V t h e s e  t i l i n g s  have been coded as A-graphs and t h e  i n f l a t i o n  
procedure g i v e s  t h e  r u l e s  of s u b s t i t u t i o n .  Let u s  f o r  i n s t a n c e  d e f i n e  t h e  i o n  
o (a ' ) .  F igure  7 shows t h e  i n f l a t i o n  of a t i l e  of type  

a; 
and f i g u r e  8 shows i ts 

2 
codings a s  an  ion  : 

( t h e  o rde r  of enumeration of t h e  elements of 
':(a:) 

d e f i n e s  t h e  t o t a l  o rde r ing  
L 

of t h i s  s e t ) .  Th i s  p a r t i t i o n  of W and t h e  corresponding o rde r ings  a r e  
o(a:) 

L 

obtained by analysing from which edge of t h e  i n i t i a l  t r i a n g l e  t h e  pending bonds 
come, and i n  which o r d e r  they appear according t o  t h e  o r i e n t a t i o n  induced by t h e  
numbering of t h e  edges of t h e  i n i t i a l  t r i a n g l e .  

The o t h e r  ions  { ~ ( a )  I a E A  a r e  de f ined  i n  t h e  same way. I f  a is  an  element 
- 

of A, t h e  A-graph d l ( a )  d e s c r i b e s  t h e  Penrose t i l i n g  obta ined a f t e r  applying 
n t imes t h e  i n f l a t i o n  procedure t o  a t r i a n g l e  of type  a .  

3 .  Matrix of a s u b s t i t u t i o n  
I f  Z is a n  A-graph L(Z) denotes  t h e  v e c t o r  i n  IRA which desc r ibes  t h e  

composition i n  c o l o r s  of t h e  v e r t i c e s  of Z : t h e  component La(Z) of L(Z) 

corresponding t o  t h e  element a i n  A is  t h e  number of v e r t i c e s  of Z t h e  
c o l o r  of which is  a .  

A square  ma t r ix  M indexed by AXA is  a s s o c i a t e d  t o  t h e  s u b s t i t u t i o n  0 
i n  t h e  fol lowing way : t h e  column of M corresponding t o  t h e  element b of A 
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is L(U(b)). For any Z i n  9 t h e  fol lowing r e l a t i o n  h o l d s  : L(Q(2))  = ML(Z). 
For i n s t a n c e  t h e  ma t r ix  of t h e  Penrose s u b s t i t u t i o n ,  descr ibed i n  t h e  previous  

paragraph, is  

i f  t h e  c o l o r s  a r e  so  ordered : al,a2,bl,b2,a;,a;,b;,b; . 

4. F i r s t  change of co lours  
% 

Consider t h e  s e t  A = AX 2F , where 2F s t ands  f o r  t h e  s e t  o i  s u 2 s e t s  of F. 
If Z = (V,E,g) is  an  A-graph, we d e f i n e  on it  an A-coloration g : g(x) = (g(x)  ,B) 
where B is  t h e  s e t  B = { m ~  F ; t h e r e  is  no (y ,n)  i n  V X  F such t h a t  
(x,m,y,n) b e  i n  E). The A-graph s o  obt-ained w i l l  be-denoted 5.  

We aim a t  defining a s u b s t i t u t i o n  0 a c t i n g  on A i n  such a w2y it-be 
equ iva len t  t o  0. Tke set of A-graphs on which it w i l l  ope ra te  is 4. = {Z ; ZE ?I. 
Let  u s  now d e f i n e  u(a,B) f o s  a i n  A and B i n  2F. 

- f o r  Q(a) and O(a,B) t h e  under lying tagged graphs a r e  t h e  same, 
- i f  x is  a v e r t e x  of E ( ~ , B )  ( t h e r e f o r e  a l s o  of O(a)) ,  i t s  

colour  is (g(x) ,B') where 

- t h e  ordered s e t s  W' and ~i 
Q(a) 

u(a,B) a r e  i d e n t i c a l .  

'L 'L % 
For any Z i n  % we have U(Z) = (O(Z)) . The p a r t i t i o n  

A = (Ax { 0 1 ) _ ~  (X\(AZ {@I>) induces  t h e  fol lowing decomposition i n t o  b locks  of 
t h e  ma t r ix  M of O : 

It is  t o  b e  no t i ced  t h a t  t h e  ma t r ix  M of 0 appears  a s  one of t h e s e  
blocks. 

A, .-, 
As previously ,  a v e c t o r  L(H) i n  lRA i n  a s s o c i a t e d  t o  any x-graph H. I f  

Z is  an  A-graph, then t h e  sum of t h e  components of L(Z) which correspond t o  
 AX If$)) is t h e  number of elements o f  32. 

5. Hypotheses 
Terminology and a few f a c t s  about  non-negative ma t r i ces  can be  found i n  t h e  

appendix. 
The hypotheses we s h a l l  assume t o  hold from now on, u n l e s s  otherwise  

s p e c i f i e d ,  are t h e  fol lowing : 
a)  t h e  ma t r ix  M i s  p r i m i t i v e  and i t s  Perron-Frobenius e igenvalue A 

is s t r i c t l y  g r e a t e r  than 1 ,  
b) t h e  l a r g e s t  e igenvalue of M" i s  s t r i c t l y  l e s s  than  A. 

It r e s u l t s  from hypothesis  a )  t h a t ,  f o r  any a i n  A ,  t h e  v e c t o r  h -n~(Xn(a ) ) ,  
a s  n goes t o  i n f i n i t y ,  tends  t o  a v e c t o r  any component of which is  p o s i t i v e .  

Hypothesis b) impl i e s  t h a t  %-n card(a(*(a))) has  a polynomial growth a s  a 
func t ion  of n. 

Example 1. 
This  example shows t h a t  hypotheses a )  and b) a r e  independent. Let  F = {1,2,31, 

A = {a) and d e f i n e  t h e  ion U(a) = ( v , E , w ~  ,w2,w3) so  : 

V = { u , ~ ]  E = { ( u , l , v , l ) , ( v , l , u , l ) ]  



A, 

It i s  e a s i l y  checked t h a t  A = ?I = 2. 

Example 2 : t h e  Penrose s u b s t i t u t i o n  
The matrix Mp is not  pr imit ive.  But, i f  we consider 2 , we s e e  t h a t  when 

s t a r t i n g  from a l ,  i t  is  a s u b s t i t u t i o n  i n  f a c t  ac t ing  on {al ,a2,bl,b2} a s  s e t  

of co lors  with matr ix (M:)~ , which is  primit ive.  
r * 

It is  easy t o  determine and f o r  the  Penrose subs t i tu t ion .  S t a r t i n g  from 
a t r i a n g l e  of type I and applying n times the  i n f l a t i o n  procedure we ge t  a 
t e s s e l a t i o n  of T , a t r i a n g l e  of type I expanded by t h e  f a c t o r  Tn. So, t h e  
number of t i l e s  and t h e  a r e a  of T have t h e  same order  of magnitude and so have 
i t s  perimeter-and t h e  number of t i l e s  touching i t s  boundary. Therefore we have 
A = T 2  and h = T .  

6 .  Second change of colours. 
Let r be a nonnegative in teger .  Let us  consider t h e  s e t  

= {(Z,x) ; ZE 9- , x E  V 1 and def ine  an equivalence r e l a t i o n  z dir on 3k : 

(Z,x) and (Z' ,x ' )  a r e  equivalent i f  the re  e x i s t s  a mapping 
P from {y€vZ ; d Z ( x , y ) G r }  onto i Y ' E v Z ,  ; d Z , ( x ' , y ' ) G r }  

such t h a t  we have P(x)  = x '  and 9 be an isomorphism of t h e  A-graph 
BZ(x,r) onto B Z , ( x t , r ) .  

The quotient  space %/ar i s  denoted A . I n  o ther  words, Ar is  t h e  s e t  of 

c l a s s e s  of b a l l s  of r a d i i  r of elements of 8. , modulo isomorphisms of 
A-graphs carrying cen te rs  onto centers .  

Any A-graph Z i n  gives an Ar-graph z ( ~ )  i n  t h e  following way : 

- t h e  underlying tagged graphs a r e  t h e  same f o r  Z and Z(') , 
- i f  x is a vertex,  its colour  i n  z ( ~ )  is t h e  c l a s s  modulo 

of (BZ (x,r)  ,XI. 'r 

In  the same s p i r i t  a s  i n  paragraph 4 we a r e  going t o  def ine  an A -subt icut ion 

or such t h a t ,  f o r  any Z i n  9 ,  we have o ~ ( z ( ~ ) )  = (o(Z))('). Thi: s u b s t i t u t i o n  

w i l l  a c t  on t h e  s e t  & = LZ(') ; Z 9). Let a be an element of Ar. We now 

proceed t o  t h e  d e f i n i t i o n  of or(a).  Let u s  suppose t h a t  a i s  represented by 

(BZ (x,r)  ,x) where Z E and x c  VZ. The s u b s t i t u t i o n  procedure gives an 

isomorphism cp from t h e  tagged graph ly ing  under 5(g&x)) onto t h e  sub tagged 

graph of 5(Z) t h e  v e r t i c e s  of which a r e  t h e  descendents of x i n  u(Z). We 

now def ine  a new co lora t ion  g( r )  on 5(gZ(x)) : i f  y is  a ver tex  of 

O(gZ (x))  , then g(r) (y) is t h e  c l a s s  modulo 5 of (B5(Z) (P(Y) , r )  ,P(Y)). It 
. . 

r e s u l t s  from t h e  f a c t  t h a t  5 does not decrease d i s tances  t h a t  t h e  co lora t ion  

gr does not depend on t h e  p a r t i c u l a r  choice of t h e  representant  of a . Therefore, 

we can def ine  Qr((y.) a s  t h e  ion U(gZ(x)) t h e  co lora t ion  of which has been 

replaced by g"). It i s  easy t o  check t h a t ,  a s  claimed above, f o r  any Z i n ? ,  

we have % ( z ( ~ ) )  = ( G ( z ) ) ( ~ )  and thus * ( z ( ~ ) )  = ( 8 ( ~ ) ) ( ~ ) .  

Let us  consider t h e  following subset of &i : 
1 &r = ( ( 2 , ~ )  ; Z , x E  VZ , d (x, 3Z) > r) and denote Ar the  s e t  of c l a s s e s  z 

modulo $ of elements of &r. We s e t  A* = A? A:. Corresponding t o  t h e  p a r t i t i o n  

Ar = A:uA: t h e  matrix M of Or deco:poses i n t o  blocks : 
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Propos i t ion .  
l o  A is  an  e igenvalue of t h e  ma t r ix  M ' .  
2' Any eigenvalue of M '  has  a  modulus no t  l a r g e r  than . 
3' Any eigenvalue of M" has  a  modulus no t  l a r g e r  than  A . 

Proof.  
These a s s e r t i o n s  r e s u l t  from t h e  fol lowing f a c t s  : 

- f o r  any Z i n  , t h e  number of v e r t i c e s  of 8 ( ~ )  grows l i k e  An, 

- f o r  any Z i n  P , rn c a r d ( a 8 ( z ) )  has  a  polynomial grows a t  most. 

It is  t o  b e  no t i ced  t h a t  a s s e r t i o n s  2 and 3 remain t r u e  wi thout  assuming 

hypotheses a )  o r  b ) .  It is, i n  f a c t ,  enough t o  conclude t h a t  t h e  growth of 

card(V ) be polynomial. 
a"(z) 

7. P r e c i s i o n s  on t h e  preceding paragraph. 

Theorem. U be  an  A-subs t i tu t ion  s a t i s f y i n g  hypotheses a )  and b ) .  We suppose 

t h a t  = { 6 ( a )  ; n>O, ~ E A ] .  Then, f o r  a n e  r ,  t h e  ma t r ix  M: - 
pr imi t ive .  

Proof.  1 
If  a is  an  element of Ar , then we can choose an  i n t e g e r  n ( a ) ,  a  i n  A 

and x  i n  V such t h a t  b e  t h e  c l a s s  modulo q of ( 6 ( a ) , x )  and such 
$(a) 

t h a t  d  (x, aUn(a)) > r. Let  u s  s e t  N = sup{n(a) ; a €  A:} . 
on(a) 

Let  0. be any element of A: , then t h e r e  e x i s t s  n ( a ) ,  a and x  a s  above. 

Because M is p r i m i t i v e ,  t h e r e  e x i s t s  b  i n  A such t h a t  ~ ( ~ - ~ ( ~ ) ) ( b )  has  a  

v e r t e x  t h e  c o l o r  of which is  a .  Due t o  t h e  f a c t  t h a t  U does no t  dec rease  

d i s t a n c e s ,  t h e r e  e x i s t s  a  v e r t e x  z  0.f $J(b) such t h a t  a b e  t h e  c l a s s e  modulo 

6: of ($T(z) , z )  and such t h a t  d  ( z ,  a?(b)) > r. 
(b) 

Because M i s  p r imi t ive ,  t h e r e  e x i s t s  an  i n t e g e r  N '  such t h a t ,  f o r  any a  
1 

i n  A ,  # ' ( a )  h a s  a t  l e a s t  card(A-) v e r t i c e s  of each co lo r .  
1 

Le t  u s  cons ide r  now B i n  4,. Then B i s  t h e  c l a s s  of (Z,x). A s  t h e  

preceding remarks show i t ,  (UN+' (Z))( r )  con ta ins  v e r t i c e s  i n  t h e  descent  of x  

having any p o s s i b l e  colour  i n  
1 

Ar. Therefore  t h e  ( N + N ' ) ' ~  power of M' has  a l l  

its e n t r i e s  s t r i c t l y  p o s i t i v e .  Th i s  ends t h e  proof.  
It is t o  b e  no t i ced  t h a t  hypothesis  b) has  no t  been used. 

1 
I f  a is  i n  Ar and Z i n  9 , L ~ ( z )  denotes  t h e  number of v e r t i c e s  of 

Z(r) t h e  colour  of which is  a . I f  Z is  an  ion o r  a  graph ( Z  I denotes  t h e  

number of i t s  v e r t i c e s .  The above theorem g i v e s  t h e  fol lowing r e s u l t .  

Corol lary .  For any a  & A, t h e  v e c t o r  A - ~ L ~ ( u " ( ~ ) )  converges t o  a n  eigenvec- 

t o r  of M: assoc ia ted  t o  A . The v e c t o r  Lr(Un(a))/lOn(a) 1 tends  t o  



the er t h e  components of which a r e  s t r i c t l y  p o s i t i v e  
and add up t o  1. 

I n  the  next paragraph we s h a l l  e s t a b l i s h  a s t rengthening of t h i s  coro l la ry .  

8. Frequency of appearance of pat terns.  
Let us  remind the  reader  t h a t  by a sub-A-graph of Z we mean an A-graph of t h e  

form ZU ( see  5 IV-2) where U i s  a subset of VZ.  I f  we have such a sub-A-graph 
h 1 

which is 

, then br ( lu )  is  t h e  vector  i n  IR t h e  ath component of which 

.s t h e  number of v e r t i c e s  of z ( ~ )  belonging t o  U and t h e  color  of 
k 

a. In  t h i s  framework, uk(U) is t h e  sub-A-graph of 0 (2) t h e  v e r t i c e s  

of which a r e  t h e  kth generation descendents of an element of U. The r e l a t i o n  of 

inclusion between sub-A-graphs means t h e  correspofiding inclusion r e l a t i o n  f o r  t h e  

s e t s  of v e r t i c e s .  

Theorem. For any nonnegative in teger  r ,  there  e x i s t s  t h r e e  p o s i t i v e  numbers q < l ,  

h & C such t h a t ,  f o r  any a A and f o r  any sequence IRn'n> 0 
such t h a t  Kn be a sub-A-graph of on(a) ,  we have, f o r  any n>O a 

1 

Proof. 
In  what follows the  l e t t e r  C s tands  f o r  a constant t h e  value of which may 

depends on its occurence. 
Let be a number such t h a t  

Xl w - X<X C X  
1 

- is  s t r i c t l y  l a r g e r  than t h e  maximum of moduli of t h e  eigenvalues 

d i s t i n c t  from of M and M ' .  

It r e s u l t s  from the  preceding paragraph t h a t  

C being independent of a ,  a and n. 

Let n be an in teger .  Let j be an in teger  t o  be  ~ h o s e n ~ l a t e r  on . Let  u s  
consider two d i s j o i n t  subsets  E and E2 of v e r t i c e s  of o J ( a )  such t h a t  

.1  - .n-j ( E ~ )  c R ~ C  on-] ( E ~  u E ~ )  

- El is maximum f o r  inc lus ion ,  

- E2 is  minimum f o r  inclusion.  

Then any of t h e  s e t s  {V . , which a r e  d i s j o i n t  , i n t e r s e t s  aRn . so 

we have I E 2 l < l a R n l .  

Now we a r e  going t o  g ive  an evaluat ion of the  number of v e r t i c e s  of Rn t h e  
I 

A -color of which is a : one has 
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But i f  x  i s  a  ver tex  of 0 i ( a )  t h e  colour of which is gr ( r )  the  A-graphs 

0:-j (x) and O:-j(gr(x)) d i f f e r  only by t h e i r  co lora t ions  : to  be s p e c i f i c ,  t h e  

number of t h e i r  v e r t i c e s  t h e  co lors  of which d i f f e r  i s  majorized by C 1 (x) I .  
Thus 

' 1  n-j 
ILr(g CL n ) - ~ i l o ~ - ~ ( ~ ~ )  1 I + ~(7) 1 0 n - j ( ~ l )  1 

and 
'1 n-j 

I L ~ ( R ~ )  - E ~ I R ~ ~ ~ < C ( ~ )  1911 +A.~-' lagn/ . 

Lr (on-j a (x)) 

- 6; 

BY taking j = sup(O, (n - ( l o g ( l ~ ~ l / ]  a ~ ~ l ) / l o g ( h ~ / h ~ ) )  I ) ,  where [ ] denote t h e  

i n t e g r a l  p a r t ,  we g e t  t h e  r e s u l t  with a  = / A  and 
1 

h = (logX - log A1) / (21ogX - log h l )  . 

'1 n  + 1 son-j (x) 1 
(+)n-j G C ( 7 )  

A s  we s h a l l  s e e  l a t e r  on (VII-3), t h i s  r e s u l t  on frequencies  holds not only f o r  
pa t te rns  described by t h e  various Ar-colorations but a l s o  f o r  a r b i t r a r y  f i n i t e  
pa t te rns .  

1d"'j (x) 1 1 un-j (x) 1 
Therefore 

V I I  - GRAPHS INVARIANT BY A SUBSTITUTION 

1. Limits of graphs. 
A based A-graph i s  an A-graph one ver tex  of which, c a l l e d  base point ,  has been 

dis t inguished.  Two based A-graphs a r e  isomorphic i f  t h e r e  is an isomorphism of 
these graphs which c a r r i e s  t h e  base point of t h e  f i r s t  graph onto t h a t  of t h e  second 
one. 

Defini t ion.  A sequence C ( Z ~ , X ~ ) } ~ > ~  is sa id  t o  converge t o  (Z,x) i f ,  f o r  any 

p o s i t i v e  in teger  r ,  t h e r e  e x i s t s  an in teger  N such t h a t ,  f o r  any 

n>  N ,  t h e  based A-graphs (BZ (xn,r)  ,xn) & (BZ(x,r) ,x) be  iso- 

morphic. n  

2. Based subs t i tu t ions .  
Let  0  be  a  s u b s t i t u t i o n  a s  defined i n  § VI-1. Let us  d i s t inguish  a  ver tex  

x of t h e  ion  0(a)  f o r  each a  i n  A. Then, i f  (Z,y) is a based A-graph 

with Z i n  9, t h e  A-graph U(Z) is based i n  a  n a t u r a l  way : its base point  

is  t h e  ver tex  x of the  ion 0(g(y)) which has replaced y. 
P(Y) 

An i n t e r e s t i n g  case  is  t h e  following : t h e r e  e x i s t s  W i n  A such t h a t  
a) 

xW = W. Then the  based A-graphs (un(w) ,U) have a  l i m i t  0  (a)  which is an 

A-graph invar ian t  by 0 . 
I f  such an w does not e x i s t  i t  s u f f i c e s  t o  consider a  s u i t a b l e  power of 0 

instead of 0 t o  ge t  such a  co lor .  It is  what we have done with t h e  Penrose 
s u b s t i t u t i o n  : we were led  i n  chapter  111 t o  consider i ts f o u r t h  power. 

3 .  Pat te rns  i n  an invar ian t  graph. 
Let  0  be a  p r imi t ive  s u b s t i t u t i o n  and Z a  0-invariant A-gra h. Let us 

consider a  sequence { ~ ~ l ~ > ~  of f i n i t e  subsets  of Vz such t h a t  l a R n l  / lRn1 - 
converges t o  0. Then, i t  r e s u l t s  from the  preceding theorems t h a t  L ~ ( R ~ ) /  lgnl - 
converges t o  S L .  



Up t o  now, we have proved the  exis tence of frequency of c e r t a i n  pa t te rns  only, 
namely those which correspond t o  b a l l s .  We a r e  going now t o  show t h a t  t h i s  is 
enough t o  g e t  t h e  r e s u l t  f o r  any pa t te rn .  Let 7% be a f i n i t e  connected A-graph and 
x one of i ts v e r t i c e s .  Let V be t h e  c a r d i n a l i t y  of t h e  s e t  
iy ; y is a ver tex  of r(tj and (T&,x) and a r e  isomorphic a s  based A-graphs) 
and r = sup {dm(x,y) ; y vertex of 'YE ). Let us  now consider an element i n  
1 AT. It is  represented by a based A-graph (T, t ) .  Let us  denote k, the  number of 

sub based A-graphs ( T q , t )  of (T, t )  which a r e  isomorphic t o  (?%,x). Then, i f  Z 
is  an A-graph, t h e  number of times Ta appears i n  Z i s  equal t o  
1 - 2 k L ~ ( z )  , t o  within an e r r o r  term majorized by c l a Z l  due t o  t h e  boundary. 

(re nl 
--L 

Thus the  preceding r e s u l t s  a r e  a l s o  v a l i d  f o r  occurences of V-6 . 
We a r e  now a b l e  t o  prove the  property of Penrose t i l i n g s  we had claimed. Let 

us  consider a pa t te rn  ( i n  o ther  words, a bounded t e s s e l a t i o n )  appearing i n  a 
Penrose t i l i n g .  Let  { R ~ } ~ > ~  be a sequence of r e a l  numbers converging t o  i n f i n i t y  

.. -- . 

and { z ~ } ~ ~ ~  a sequence of points  i n  t h e  plane. Let Nn be t h e  number of 

appearances of t h i s  p a t t e r n  i n  t h e  d i sk  of center  zn and rad ius  Rn. Then 
L 

N , / R ~  
has a l i m i t  : l e t  us  consider t h e  t i l e s  i n  t h e  d i s k  of cen te r  z and 

rad ius  Rn ; by reasoning on a reas ,  one can s e e  t h a t  t h e i r  number is minorized by 

C R ~  , while t h e  number of bording t i l e s  is  majorized by CIRn , so we can apply t h e  

preceding r e s u l t .  As a consequence, i f  we denote NA and N: t h e  numbers of 

t r i a n g l e s  of type I and of type I 1  contained i n  t h e  d i sk  D(z ,R ), t h e  r a t i o  
n n 

NA/N: converges t o  T . Thus s e t t i n g  N = N '  + N" and again reasoning on a reas ,  
4 n ~ &  2 

we ge t  t h e  r e l a t i o n  N *--- 
n 5 Rn . 

A s  an example, we a r e  now going t o  determine the  matrix Mi f o r  t h e  Penrose 
1 

subs t i tu t ion .  The s e t  A1 has  twenty elements, of which f i v e  a r e  shown on 

f i g u r e  12 (more exact ly t h i s  f i g u r e  shows t h e i r  duals) .  

f i g u r e  12 
1 

f i v e  elements of A1 f o r  Penrose t i l i n g s .  
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1 
Five more elements of A1 a r e  obtained by performing symmetries on t h e  f i v e  

f i r s t  ones, they a r e  denoted a 2 , l  ' a2,2 ' a2,3 ' b2,1 
and b2,2. By permuting 

t h e  co lora t ions  of t h e  v e r t i c e s  of these t e n  t i l e s ,  we g e t  t h e  t e n  o ther  elements 

of A : they a r e  named by dashing t h e  element they come from by exchanging colours. 

I f  we use  the  following order  of t h e  elements of 
1 

A1 ' al , l  ' a1,2 a1,3 * a2,1 

a2,2 ' a2,3 
then b ' s  , (a ' )  's and (b') 's, t h e  matrix M '  takes t h e  form 

M; = 4 where 

Therefore, i f  we consider &nth powers of t h e  i n f l a t i o n  procedure, a s  i n  
chapter 111, when s t a r t i n g  from 

a l  
t h e  only pa t te rns  which occur a r e  t h e  t e n  

f i r s t  ones and t h e i r  f requencies  of appearances a r e  t h e  components of t h e  r i g h t  

eigenvector of D corresponding t o  t h e  eigenvalue T2 : 
1 - (51-8, 2-T, 5-3T, 5T-8, 2-1, 5-3T, 2T-3, 5-3T, 2T-3, 5-31). Then, i f  Yn 2 
denotes t h e  number of times t h e  p a t t e r n  a f o r  instance,  appears i n  

1,l' 

V I I I  - FINAL REMARKS 

It r e s u l t s  from t h e  ana lys i s  i n  VI-7 t h a t ,  a s  it is known f o r  Penrose 
t i l i n g s ,  p a t t e r n s  appear i n  a r e l a t i v e l y  dense way. Let x be a ver tex  of a 

U-invariant A-graph Z t h e  Ar colour of which i s  t h e  element ol of A: . We 

a r e  going t o  show t h a t  t h e r e  e x i s t s  R such t h a t  t h e r e  is a vertex,  d i f f e r e n t  

from x,  of colour a i n  t h e  b a l l  B (x,R). Indeed, a s  z o*+~ ' (Z)  = Z, t h e r e  

is  a ver tex  y of Z the o f f spr ings  of t h e  (N+N') th generation of which 

contains  BZ(x,R) a s  a sub-A-graph. I f  z is a ver tex  neighbour t o  y , then 

i t s  (N+N') th generat ion off  spr ings  contain a ver tex  t h e  A,-colour of which i s  

a. But, a s  y and z a r e  neighbours, any of t h e i r  (N+N')~' generat ion descents 
CAN+N ' N+N ' 

a r e  a t  d i s tance  l e s s  than . It s u f f i c e s  then t o  t ake  R = CA . 
We could have defined a not ion of A-graphs a b i t  more sophis t i ca ted  t h a t  t h e  

one we used, allowing v e r t i c e s  t o  be l inked t o  a v a r i a b l e  number of o ther  v e r t i c e s ,  
nevertheless  without being i n  t h e  boundary : we a r e  given a mapping h from A 
t o  t h e  s e t  of p o s i t i v e  integer .  Then an A-graph would be  a t r i p l e  Z = (V,E,g) 
where V is a s e t ,  g a mapping from V t o  A and E a subset  of 
{(a,m,b,n) ; l < m < h ( g ( a ) ) ,  l < n < h ( g ( b ) ) )  s a t i s f y i n g  t h e  analogous of require- 
ments a ) ,  b ) ,  c) and d) of IV71. 



One can a l s o  cons ide r  randomized such systems i n  t h e  same s p i r i t  a s  i n  
19-11, 321. 

APPENDIX. NONNEGATIVE MATRICES. 

A square  ma t r ix  is  s a i d  t o  b e  nonnegat ive  i f  any of its e n t r i e s  is. It is  
s a i d  p r i m i t i v e  i f  t h e r e  e x i s t s  one of i t s  power any e n t r y  of which b e  non-zero. 

Le t  M b e  a p r i m i t i v e  matr ix .  Then t h e  Perron-Frobenius theorem a s s e r t s  t h e  
fol lowing f a c t s  : 

- M h a s  a p o s i t i v e  simple e igenvalue A which is s t r i c t l y  l a r g e r  than 
any o t h e r  e igenvalue,  

- t h e  e igenspace a s s o c i a t e d  w i t h  k 
i s  generated by a v e c t o r  any component of which is s t r i c t l y  l a r g e r  than 0. 
The above is  c a l l e d  t h e  Perron-Frobenius e igenvalue of M. I f  a is a 

number i n  1 0 , l  [ such t h a t  ak b e  s t r i c t l y  l a r g e r  than  t h e  modulus of any 
o t h e r  e igenvalue and i f  v and w a r e  r e s p e c t i v e l y  r i g h t  and l e f t  p o s i t i v e  
e igenvec to r s  a s soc ia ted  wi th  k t h e  s c a l a r  product of which is  1, then  it  r e s u l t s  
from Perron-Frobenius theorem t h a t ,  a s  n goes t o  i n f i n i t y ,  we have 

F a c t s  on nonnegative ma t r i ces  can b e  found i n  [331. 
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