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Abstract

It was shown by Visser that Peano Arithmetic has the property that any two bi-
interpretable extensions of it (in the same language) are equivalent. Enayat proposed
to refer to this property of a theory as tightness and to carry out a more systematic
study of tightness and its stronger variants that he called neatness and solidity.

Enayat proved that not only PA, but also ZF and Z, are solid. On the other
hand, it was shown in later work by a number of authors that many natural proper
fragments of those theories are not even tight.

Enayat asked whether there is a proper solid subtheory of the theories listed above.
We answer that question in the case of PA by proving that for every n, there exist both
a solid theory and a tight but not neat theory strictly between I3,, and PA. Moreover,
the solid subtheories of PA can be required to be unable to interpret PA. We also
obtain some other separations between properties related to tightness, for example
by giving an example of a sequential theory that is neat but not semantically tight
in the sense of Freire and Hamkins.

1 Introduction

Our aim in this paper is to show that a potential very general characterization of Peano
Arithmetic (PA) as an axiomatic theory does not work.

To understand the background behind the potential characterization, recall the notion
of interpretation (precise definitions of all relevant concepts will be provided in Section
2). Intuitively speaking, a structure M interprets a structure N if the universe, relations
and operations of N can be defined in M, where the universe of N can consist of tuples
of elements of M rather than single elements, and equality in A/ can be an equivalence
relation on M other than equality. Well-known examples include the interpretation of the
field of rationals in the ring of integers, with rationals given as pairs of integers (k,{),
where ¢ # 0 and (k,¢) is identified with (p,q) if k¢ = p¢; and the interpretation of the
field of complex numbers in the field of reals, with a + bi given as the pair of reals (a, b).

An interpretation of an axiomatic theory 71" in a theory S is essentially a uniform
recipe for interpreting a model of T in a model of S. A pair of interpretations, of T in
S and of S in T, forms a bi-interpretation if the interpretations are provably mutually
inverse, in the sense that each theory proves that composing the interpretations in the
appropriate order gives rise to a structure that is isomorphic to the original model of
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the theory. The concept of bi-interpretability was originally introduced in model theory
(see [1]) but plays an increasingly meaningful role in foundational investigations (cf. e.g.
[24, 10]). Bi-interpretability between theories is much stronger than mutual interpretabil-
ity: a well-known example is provided by the theories ZF and ZFC + GCH, which are
mutually interpretable but not bi-interpretable. In contrast, PA is bi-interpretable with
an appropriate formulation of finite set theory.

In general, bi-interpretability and provability do not go hand in hand: for example one
easily finds examples of theories that are bi-interpretable and yet mutually inconsistent.
However, as shown by Visser, [27], there are incomplete first-order theories which make bi-
interpretability collapse to logical equivalence on the class of their extensions. In particular,
Visser [27] proved that PA has the following curious property, later called tightness: if two
extensions 77 and T of PA, still in the same language, are bi-interpretable, then in fact
Ty = T5. Note that every complete theory will be tight in this sense. In fact, tightness is
a kind of internal completeness property: a complete theory is one whose models are all
elementarily equivalent, while if a theory T is tight and a pair of interpretations | and J
gives a bi-interpretation of T with itself, then 7" can prove that the structures described
by | and by J are elementarily equivalent to one another, and in fact to the original model
of T in which the interpretations were applied.

Enayat [4] initiated a more systematic study of tightness and related concepts. In
particular, he introduced semantical variants of tightness in which one considers inter-
pretations between models of T rather than between theories extending T'. The strongest
property that he considers, called solidity, requires that any two models M, N E T have to
be definably isomorphic as soon as they satisfy a weaker form of bi-interpretability (essen-
tially, one of the two interpretations between M and N is only assumed to be a one-sided
rather than two-sided inverse of the other). Thus, solidity is an internalized categoricity
property rather than mere internalized completeness.

Enayat showed that PA is not just tight but also solid, and so are other foundationally
important axiom schemes such as ZF set theory and second-order arithmetic Zo. On the
other hand, it was gradually realized that natural proper fragments of those theories are
not even tight. In particular:

(a) neither Zermelo set theory Z nor ZFC™ (i.e. ZFC without Power Set and with col-
lection instead of replacement) is tight [8];

(b) for each n, the fragment ITI.- CA of Zs is not tight [9];

(c) for each n, no II,-axiomatized fragment of true arithmetic (thus, a fortiori, of PA)
is tight [6].

Freire and Hamkins [8] noted that the proofs of tightness and solidity for set theory
“seem to use the full strength of ZF”. Similarly, Freire and Williams [9] referred to their
results as “evidence that tightness characterizes Zs (...) in a minimal way”. This situtation
gave salience to a question asked already by Enayat [4, Question 3.2]: do any any of PA,
ZF, Zo have a proper solid subtheory?

In the context of set theory, it was stated in [9] that settling Enayat’s question (pre-
sumably in the negative) would amount to “a profound characterization of ZF”. Mutatis
mutandis, this would be even more true in the case of PA, due to both the very basic
nature of first-order arithmetic and to the special role played by the induction scheme in
tightness arguments: it was already observed in [4, just before Question 3.1] that all solid
theories known up to that point that interpret a minimal amount of arithmetic also imply
the full induction scheme under that interpretation.



In our view, the “right” question to ask is not quite whether the theories mentioned
above have arbitrary solid subtheories. Taken literally, that question is vulnerable to trivial
counterexamples: for instance, it is not difficult to show that “either the axioms of ZF hold,
or the universe has one element and € is the empty relation” is a solid theory. Rather, one
should ask whether there are solid proper subtheories that imply some reasonably strong
axioms giving the scheme at hand its appropriate (arithmetical or set-theoretic) character:
say I3 or IAg + exp in the case of PA and Zermelo set theory in the case of ZF. (One not
quite trivial solid subtheory of ZF that still seems to “leave out too much” is ZF without
infinity but with the axiom that every set has a transitive closure; see |6, Theorem 18].)

Here, we show that even after such an arguably natural modification, the answer to
Enayat’s Question 3.2 for PA is positive; as a consequence, we show that there can be
arithmetical solid theories that do not imply the full induction scheme. More precisely, we
prove that for every n there is a solid theory strictly between I¥,, and PA. Our examples
have a disjunctive nature like the trivial one above, but their construction is considerably
more involved: essentially, they state “either PA holds, or we are in a particular pointwise
definable model of I3, + —13,11”. To make this work, we have to ensure both that
the theory of those pointwise definable models is solid, and that it has a well-calibrated
interpretability strength sufficiently different from (in fact: greater than) that of PA.

The upshot of our result is that there is no hope of characterizing PA as a minimal
solid theory, at least in the realm of theories ordered by logical implication. In fact, we
are able to show that the same holds true for the coarser (pre-)order of interpretability
as well. Nevertheless, our work points to a more subtle sense in which it remains open
whether PA could be minimal solid; we discuss this briefly in Section 7 of the paper.

Another very natural question related to tightness, solidity and their cousins is whether
these concepts are actually distinct. Again, a naive version of this question admits some
relatively trivial positive answers, due to the fact that syntactically defined properties like
tightness apply to all complete theories, whereas semantically defined ones like solidity
in general do not. However, separating two syntactically defined tightness-like properties,
or getting any separating example at all that would be a computably axiomatized theory
subject to Godel’s theorems, was a significant challenge. We provide the first separations
“of the nontrivial kind”, showing for example that there are arbitrarily strong proper
subtheories of PA that distinguish tightness from a property that is likewise syntactically
defined but has the bi-interpretability assumption weakened as in the case of solidity.

To prove our results, we need constructions that ensure the existence of some specific
interpretations, isomorphisms etc. but not of others. For such purposes, we rely on a
wide variety of methods from the model theory and proof theory of arithmetic. The tools
we make use of include, among other things: axiomatic truth theories, flexible formulas,
pointwise definable models, and a very weak pigeonhole principle known as the cardinality
scheme.

The remainder of the paper is organized as follows. We review basic background con-
cepts and facts in Section 2. In Section 3, we discuss and develop some more advanced
background material. In Section 4, we prove our results on solid proper subtheories of PA.
In Section 5, we prove separations between tightness, solidity, and other similar properties.
Section 6 initiates the study of proper solid subtheories of Zo, by providing an example
containing ACAg. We summarize our work and state some open problems in Section 7.



2 Preliminaries

A few general conventions: to avoid irrelevant complications, all languages considered in
this paper are finite. If a theory T is fixed or clear from the context, then L denotes
the language of T. Given a formula W (z), we may sometimes write x € W instead of
W (z), mainly in order to be able to substitute Vx € W ... for the more cumbersome
Ve(xe W —...).

2.1 Interpretability

We expect that the reader has at least an intuitive understanding of what interpretations
are in logic. As mentioned in the introduction, an interpretation of a structure N in a
structure M is roughly a definition of the domain and relations of A/ inside M, while an
interpretation of a theory T in a theory S is a uniform recipe for interpreting models of
T in models of S. However, since we are going to prove theorems about interpretations
and interpretability, we need to be somewhat precise, and thus we provide a more formal
discussion of these concepts. Those formal details can be rather boring, so the reader may
consider just skimming the present subsection at first and referring back to it as needed.

For the purpose of giving an official definition of interpretations, we pretend that
all languages are purely relational. There is no harm in doing so, thanks to the usual
transformation of arbitrary languages into relational ones that replaces each n-ary function
symbol with an (n+ 1)-ary relational symbol. It is known that this transformation applies
not only to formulas, but also induces a (feasible) transformation of proofs in a theory T'
into proofs in its relational analogue T"; for details, see e.g. [26, Section 7.3|.

Translations. The formal definition of interpretation starts with the notion of trans-
lation. If £1 and Lo are first-order languages, then a translation M from L1 to Lo is
determined by specifying:

(i) a unary Lo-formula dv(x), sometimes called the domain formula;

(ii) for every m-ary relation symbol P of £; (including equality), an Lo-formula PM(%)
with exactly n free variables, such that - PM(yq,. .., yn) — /\ign om (i)

If I is a class of Lo-formulas, then we say that the translation M is I'-restricted if oy
and all the formulas PM belong to T.

Remark. The intention behind the definition of translation is that d defines a domain
of L£1-objects on which the formulas PM define £-relations. Our definition of translation
(and the definition(s) of interpretation based on it, given below) is not the most general one
possible: in particular, our translations are one-dimensional, in the sense that the domain
formula always has just one free variable. For our purposes, this is inessential, because
(almost) all the theories we consider support a pairing function. For an example (rather
distant from our main topic) of a situation in which multi-dimensional interpretations
would matter, see the Remark in Section 5.1.

The requirement that PM(yy,...,y,) logically imply dy(y;) for each i is a technical
condition that is sometimes useful, and it can be assumed to hold without loss of generality
in all contexts that will be relevant to us. So, we simplify things by including it in the
definition of translation.

Given a translation M from £ to Lo, we define the translation cpM of an Lq-formula
¢ as follows: (P(z))M is PM(Z) for a relation symbol P of Li; the translation commutes
with propositional connectives; and (Vz ¢)M is Vx (5M () — w)
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Interpretations of structures. If M is a translation of £1 into £2 and N is an Lo-
structure, then M is a parameter-free interpretation in N if (6y)" is nonempty and (=M
is an equivalence relation on (Jy)” that is a congruence w.r.t. each relation (PM)V.
In this case, M and A uniquely determine an L£i-structure whose universe is the set of
equivalence classes of (:M)N and whose relations are as determined by (PM )N . We denote
this structure by A, and we say that a model M is interpreted without parameters in
N wvia M, if M = NM. In general, an interpretation M in N’ can be based on formulas dy
and PM that use parameters from A in other words, an interpretation in A is essentially
the same thing as a parameter-free interpretation in (N, é) for some tuple of constants ¢.
We write M : N > M to indicate that M is an interpretation of the structure M in N (so
in particular M = NM). If the interpretation is clear from context or unimportant, we
then omit the reference to it, writing simply N > M and saying that M is interpreted in
N. We say that a model M is interpretable (as opposed to “interpreted”) in A is there is
an interpretation M in A such that M is isomorphic to A,

Remark. One easily notices that M is interpretable (resp. parameter-free interpretable)
in AV if and only if there is a surjection from N onto M such that the preimage of every
parameter-free M-definable set is definable (resp. parameter-free definable) in A/. Hence
our definition of interpretability is equivalent to the classical model-theoretic one, cf. e.g.
[1, 14]. In our context it will be easier to work with the more syntactic approach presented
above.

Remark. Note that if a translation M : £1 — Lo is identity preserving, which means that
z =M gy is 2 = y, then M is an interpretation in A for every Ly-structure N for which
(6m)" is nonempty.

Interpretations of theories. Let M be a translation from £; into Lo, and for i = 1,2
let T; be an L;-theory. Then M is an interpretation of Ty in T if Th proves that =M is an
equivalence relation on dy that is a congruence w.r.t. each relation PM, and T also proves
oM for each axiom ¢ of T} (including logical axioms, in particular the non-emptiness of
the universe). We then say that T interprets T via M. Thus, an interpretation of 7} in
Ty is given by a fixed set of formulas that provide a parameter-free interpretation of a
model of T} in each N E Ty. We write T > Ty (resp. M : Ty > T1) to indicate that Tb
interprets 77 (resp. via M). We say that a translation M is an interpretation in Tj if it is
an interpretation of the empty theory over the appropriate language in 75.

Composition and the identity interpretation. Interpretations between structures,
or between theories, can be thought of as morphisms of a category, in that they can be
composed and there is always an identity interpretation. For any language £, the identity
translation id is given by letting diq, be z = = and translating each relation symbol of £
to itself. For two translations M: £1 — L9 and N of L9 — L3, we define MN: £1 — L3
(note the order in which we write the composition of interpretations) as follows:

e OuN = 0N A ((5|\/|)N.
o PMN(7) .= Nyeg On(y) A (PM(g))N, for each L;-relation symbol P.

Then for every £i-formula ¢, the formulas ¢MN and (oM)N are logically equivalent. This
is enough to define composition for interpretations in theories and for parameter-free
interpretations in structures. If M is a model, N; is an interpretation with parameters in
M, and Ny is an interpretation with parameters in MN1,| then the composition NiNs is also



routinely defined, and it is unique up to equivalence in M: since the parameters used by No
correspond to equivalence classes of the M-definable equivalence relation =N, one should
choose some representatives of these classes. Clearly any choice of these representatives is
good, since =M1 is a congruence w.r.t. all definable relations of M.

Isomorphism of interpretations. To define the crucial notion of bi-interpretation
and its weaker version, retraction, we need to say what it means for interpretations to
be isomorphic. Given a language £ and two interpretations My, Mg of L-structures in a
structure N, we say that My, My are N -isomorphic (resp. parameter-free N -isomorphic) if
there is a definable (resp. parameter-free definable) relation « C N? such that the domain
of ¢ is (6, )", the range is (Ou, )", and ¢ preserves all L-predicates (including =). This
means that ¢ canonically determines an isomorphism between AM1 and A’M2. Note that for
any interpretation K in MMt the isomorphism ¢ gives rise to a corresponding interpretation
t[K] given by the same formulas as K with parameters shifted by ¢ (so, if K involves no
parameters, then ¢[K] is the same as K). One can define the notion of embedding between
interpretations in a similar way.

Retractions and bi-interpretations of structures. Let M and N be two structures,
let N be an interpretation in M and let M be an interpretation in MN.

e We say that M and N form a retraction in M if NM is M-isomorphic to the identity
interpretation.

e We say that M is a retract of N if there is a retraction (N, M) in M such that
is isomorphic to MN.

e We say that M and N form a bi-interpretation in M if NM is M-isomorphic to the
identity interpretation on M via isomorphism ¢, and M¢[N] is MN-isomorphic to the
identity interpretation on MN.

e We say that M and N are bi-interpretable if there is a bi-interpretation (N, M) in
M such that N is isomorphic to MN.

The picture below illustrates a retraction is illustrated in the picture below. The squares
and rectangles comprising the interpreted structures MN and MNM correspond to the
equivalence classes of =N and ="M. The arrow indicates an M-definable isomorphism
between M and MNM,




Remark. By an easy argument one can see that bi-interpretability is actually symmetric,
which need not be directly obvious from the definition. Similarly, it is equivalent to the
standard notion studied e.g. in [1].

Remark. We say that M and N are parameter-free bi-interpretable if the interpretations
and isomorphism needed for the bi-interpretation are given by parameter-free formulas. It
is reasonably straightforward to show that if M and A are parameter-free bi-interpretable,
then the automorphism groups of M and N are isomorphic. Note that this is not true for
general (parametric) bi-interpretability.

Retracts and bi-interpretability between theories. Unsurprisingly, the concepts
of bi-interpretability and being a retract have their analogues for theories as well, express-
ing that the appropriate compositions of interpretations are isomorphic to the identity
provably in the appropriate theories. Given two interpretations My, My of a language £ in
a theory T', we say that My and My are isomorphic in T if there is a binary Lp-formula
t(x,y) which T-provably determines an isomorphism between M; and My. That is, prov-
ably in 7" the relation defined by ¢ has dy, as its domain, dy, as range, and preserves all
the relations of £, including equality.
Let T, T be theories in languages L1, Lo, respectively.

e We say that T3 is a retract of 15 if there are translations My : £1 — Lo and
My : Lo — L1 such that the theory T} interprets T via Mo, the theory T5 interprets
Ty via My, and idz, is isomorphic to MaM;y in 7.

e We say that 17 and T3 are bi-interpretable if there are translations My : L1 — Lo
and Ms : Lo — L1 witnessing that T} is a retract of Th and T5 is a retract of T7.

2.2 Categoricity-like notions for first-order theories

Below we recall four categoricity- and completeness-like properties which emerged in the
literature. The concepts of solidity, tightness and neatness were introduced in [4], while
semantical tightness was considered for the first time in [8]. These notions can be seen to
arise by making independent choices with respect to two independent questions:

1. Do we want a semantical or a syntactic property?
2. Do we want to use the notion of retraction or the notion of bi-interpretation?

Perhaps the most natural of the four properties is the one that was introduced last,
semantical tightness. As the name suggests, this is a semantical property, and it is based
on the notion of bi-interpretability between structures.

Definition 2.1 (Semantical tightness). A theory T is semantically tight if whenever M
is a model of T and (N, M) is a bi-interpretation in M such that MN = T, then N is
Me-isomorphic to id (and, as a consequence, M is MN-isomorphic to id MN)-

Remark. We observe that the semantical tightness of a theory T entails that the bi-
interpretability relation between models of T is trivial in the following sense: whenever M
and AV are models of T and M is bi-interpretable with A/, then M and N are isomorphic.

Remark. One can consider stronger and weaker notions of semantical tightness. For ex-
ample, one could restrict the notion given above by insisting that the definition of the
isomorphism between N and id ¢ do not use any parameters other than the ones involved



in defining the interpretations and isomorphisms that give rise to the bi-interpretation. In
this paper, whenever we show the semantical tightness of a theory, it always holds in this
more restrictive sense, and whenever we show failure of semantical tightness, it applies
already in the weaker sense. So, our results do not depend on which of the two definitions
was applied.

The original definition of semantical tightness in [8] is weaker still: the isomorphism
between M and N need not be definable. We think that the definition proposed above
is more in the spirit of the other notions considered in this paper (see the definition of
solidity below). Moreover, our example of a theory which is neat but not semantically
tight from Section 5.4 works also for definition used by [8]. For an example of a situation
in which the distinction between isomorphism and definable isomorphism would matter,
see the Remark in Section 5.1.

A stronger property, solidity, is also semantical but starts from notion of retraction.

Definition 2.2 (Solidity). We say that T is solid if whenever M is a model of T and
(N, M) is a retraction in M such that MN = T, then N is M-isomorphic to id .

Remark. Analogously to the case of semantical tightness, we can observe that the solidity
of a theory T trivializes the retraction relation between models of T: whenever M and N
are models of T'and M is a retract of N, then M and N are isomorphic.

Remark. Our definition of solidity is equivalent to the original one given in [4]. However,
the later paper [6] used the more restrictive definition according to which the definition
of the isomorphism between N and id can only use the parameters involved in defining
N, M and the isomorphism between idys and NM. As in the case of semantical tightness,
our main results do not depend on which of the two definitions is adopted (see, however,
Lemma 5.9 in Section 5.3).
Remark. By an easy Lowenheim-Skolem argument, it is sufficient to verify the semantical
tightness/solidity of T" only on countable models of T'.

Now we pass to two notions of syntactical character, which are properly speaking more
“completeness-like” than “categoricity-like”, as they do not imply that certain models are
isomorphic but merely that they are elementarily equivalent.

Definition 2.3 (Tightness). A theory T is tight if whenever U C Ly and V' C L are
two extensions of T which are bi-interpretable, then U = V.

Definition 2.4 (Neatness). A theory T is neat if whenever U C L7 and V C Lg are two
extensions of T" and U is a retract of V, then U - V.

Remark. By an easy argument, it is enough to verify the tightness/neatness of 7' only
on complete extensions of T'. Hence in particular a theory is tight if and only if the bi-
interpretability relation on its complete extensions coincides with the identity.

It is quite easy to see that all the arrows in the diagram below correspond to implica-
tions between the four properties:

solidity
neatness semantical tightness
tightness

As for the question which of the implications are strict, see some results in Section 5
and the discussion in Section 7.



2.3 Basic first-order arithmetic

In this paper we focus mainly on theories in the language of arithmetic Lpy (i.e. the
usual language of ordered rings), though occasionally we also consider extensions of Lpp
by finitely many predicates (see e.g. Section 3.3) or other languages. Below, we review
some basic properties of arithmetical theories that we will need later on, and we fix some
notational conventions. A few more advanced topics related to first-order arithmetic are
discussed in Section 3.

Standard notions and classical results in the model and proof theory of first-order
arithmetic that we rely on can be found in the monographs [12] and [16].

Arithmetical theories. All the arithmetical theories that we consider extend PA™,
the finitely axiomatized theory of non-negative parts of discretely ordered rings. It was
shown by Jefabek [15] that PA™ is a sequential theory, which means roughly that it
supports a reasonably behaved theory of finite sequences of arbitrary elements. (For a
precise definition of sequentiality, an important general concept that was in fact discovered
in the study of interpretability [25], see e.g. [28, Section 2.4].) Sequentiality of PA™ implies
that there is an interpretation M of PA™ in PA™, with the domain forming a definable cut
in PA™ (i.e., provably closed downwards under < under and successor) and the arithmetical
operations translated identically, and there is a formula y = x, (intended to mean “y is
the z-th element of the sequence x”) such that PA™ proves the statement:

Vs,z,k3s'Vi,y (dm(k)ANi<k = (y=sj< (i<kAy=s)V(i=kAy=1x))).

This says that a given sequence s can be extended/modified by inserting an arbitrary
element z in the position indexed by an arbitrary number k from the domain of M.

Most of the systems we study extend IAg + exp, also known as elementary arithmetic
EA or elementary function arithmetic EFA, a well-known theory whose provably total
functions are exactly the elementary computable functions. This theory extends PA™
by the induction scheme for all Ag formulas, IAg, and a single axiom stating that the
exponential function is total. In general, if I' is a class of formulas, then II' denotes the
extension of PA™ by all instances of the induction scheme for formulas from I'; while BT’
denotes the extension of 1A by all instances of the collection scheme for formulas from I.

Encoding of syntax and set theory. The theory 1Ay + exp allows for a convenient
encoding of finite sets via the Ackermann membership relation € 4 (“the z-th bit in the
binary notation for y is 17). Except for Section 5.3, when a more fancy coding is required
by the weaker setting, all encoding of set-theoretic and syntactical notions is done using
€ 4. For a syntactical object o (a formula, a term, a proof), "o denotes the Godel code of
0. We let seq(z) and len(s) = = be some fixed arithmetical formulas expressing (in terms
of €4) that s is a sequence and that the length of the sequence s is z, respectively, and
we let y, or (y), stand for the z-th element of the sequence y. Given an arithmetization
of some language £, we let Form(z), Form%l, Sent,(x), Termg(z), Var(xz) denote the
arithmetical formulas expressing respectively that x is (the Godel code of) an L-formula,
an L-formula with at most one free variable, an L-sentence, an L-term, and a variable.
Omitting the subscript £ indicates that the intended language is Lpa. If T" is class of
formulas, then Formp(x) denotes the arithmetical definition of T

We use the notation name(z) to denote the the arithmetical naming function, which



given a number z returns (the code of) a canonical numeral naming x, say of

(o (04+1)+1)...+1).

TV
z additions

We use val(t) for the function which given (the code of) a closed term t outputs its value.
Given (the codes of) a formula ¢ a variable v and a term ¢, subst(p,t) denotes the result
of substituting the term ¢ for all occurrences of the unique free variable of ¢ (preceded by
the renaming of bound variables so to avoid clashes). The notation subst(y, name(x)) is
often simplified using the dot convention: instead of subst(y, name(z)), we write "¢ ()™
More generally, " often indicates the application of some syntactical function on codes
of formulas: for example, " A1) denotes (the code of) the conjunction of given formulas

o and 2.

Provability, reflection and partial truth predicates. If T is (an arithmetical defini-
tion of ) a theory, then Provy(z) stands for the canonical provability predicate, i.e. provabil-
ity in first-order logic with sentences from 7" as additional axioms, and Proofr(z, z) stands
for the formula stating that z is a proof of z in T". The sentence Con(7') is = Provy(T0#£07).
If " is a class of formulas, then I'- REN(T") denotes the theory extending IAg + exp by the
uniform I'-reflection scheme for T', that is, by all axioms of the form

Va (Provr(To(@)) = ¢(z),

where ¢ € I (we assume that ¢ has at most one free variable). We write I'-Con(T") for
the extension of 1Ay + exp by all sentences of the form

VY (go(ac) — Con(T + '—cp(:b)j)),
where p € I'.
Remark. Let X, IL,, be the usual formula classes of the arithmetical hierarchy. It is easy
to prove that II,,- REN(T) is equivalent to 3,-Con(T"), and vice versa.

For each n > 1 and I' € {¥,,,I1,} there is a partial satisfaction predicate Satr(p, )
which satisfies the usual inductive Tarskian truth conditions for formulas from I' provably
in A + exp. As a consequence, for each ¢(x) € T,

IAg + exp b Va (Satp (T, z) > ¢(z)).

Trr(¢) denotes the canonical truth predicate based on Satr, that is the formula Satr (e, 0)
applied to sentences ¢ (so that the second argument, in this case fixed to be 0, does not
matter).

Thanks to the partial truth predicates, for each n > 1 and I' € {¥,,,II, : n € N}
the theory I'- RFN(T') can be finitely axiomatized, using a fixed finite axiomatization of
IA( + exp and the sentence

Yo (Formp(cp) A Provp(p) — Trp(go)).
See |2, Lemma 2.7| for details.

Ehrenfeucht’s Lemma. We recall a classical fact about models of PA (originally due
to [3], a proof can also be found e.g. in [18, Theorem 1.7.2|).

Assume that M F PA and a, b are distinct elements of M such that b is definable from
a — in other words, b is unique such that M E (b, a), where ¢(z,y) is a formula with no
free variables other than z,y. Then tp™(a) # tp™(b), where the notation tp™(-) refers
to the complete type of an element in M.

10



Models of fragments of PA. We briefly summarize some well-known constructions of
models of I3, + exp + =~ BX,1+1 and BX,, + exp + = 13,. A detailed presentation can be
found in [12, Chapter IV.1(d)]. In our main arguments in Section 4 and 5, we will rely
heavily on the arithmetization of these constructions.

A typical method of building a model of I1¥,, + =BX, 11 is to use pointwise definable
structures. Given M F PA™, the substructure K,41(M) consists of those elements of M
which are definable in M by a ¥,11 formula. If M E I%,, then K,11(M) <p41 M
(that is, the extension is elementary with respect to ¥,; formulas), so K,,+1(M) is a
model of I¥,,, and it satisfies exp if M does. Assuming KC,,11(M) E exp, we also have
Knt1(M) E =BX, 41 unless K, 11(M) coincides with the standard model.

A typical method of building a model of BX,, + =13, for n > 1 is to use a sufficiently
elementary proper initial segment of a model of enough induction. If M F IX,, where
n>1,and J <,_1 M is a proper initial segment of M, then J E BX,,.

To get J F —1X,, we can for instance ensure that J is nonstandard but has a 3,-
definition of the standard cut. One way of doing that is to let J be the closure of [0, a],
where a is a nonstandard element of M, under the witness-bounding function for the
universal 3,1 formula (that is, the function that on input = outputs the smallest y such
that all ¥,,_; sentences (whose codes are) smaller than = are witnessed either below y
or not at all). If a is a nonstandard X, _;-definable element of M, then the segment [J
thus obtained coincides with the structure called H,—1(M) in [12], but we will reserve the
letter H for structures of a different kind (Henkin models).

3 Groundwork

In this section, we discuss three topics in first-order arithmetic which are still of essentially
preliminary character but require more extensive treatment. In some cases, this is because
we need to refine standard formulations of presumably rather familiar results, in others
because the results themselves and the concepts underlying them might not be very widely
known.

First, we give a hierarchical version of the well-known argument showing that a model
of PA is an initial segment of any model of arithmetic that it interprets. Then, we recall
the notion of flexible formulas and prove the existence of particular variants of flexible
formulas that we will later make use of. Finally, we discuss the topic of axiomatic truth
theories with multiple nested truth predicates.

3.1 The formalized categoricity argument

It is well-known that by formalizing the classical argument used to prove that the (second-
order) Dedekind-Peano axiomatization of the standard natural numbers is categorical — or
to prove that the standard numbers form an initial segment of any nonstandard model of
arithmetic — one can show that every model of PA embeds as an initial segment into any
model of arithmetic that it can interpret. In [4], this observation is attributed to Feferman
[7].

We need a hierarchical version of that result, in which the ground model might not sat-
isfy full PA, but at the same time we have control over the complexity of the interpretation.
This version is proved by mimicking the usual argument.

Definition 3.1. An interpretation M (in an Lpa-theory or in a structure for Lpy) is 3, -
restricted if the formula &y and all the formulas PM, for P a symbol of the interpreted
language, are %,,.
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Lemma 3.2. Let n > 1. Suppose that M E 1Ay + exp and that I C. M is a cut in M
such that for every %, formula ¢(x) (possibly with parameters from M) it holds that

ME o(0) AVz (p(z) = (x4 1)) = for each a € I it holds that M E ¢(a). (1)

Suppose further that N = PA™ is interpreted in M wvia a X, -restricted interpretation N.

Then there exists an M-definable relation v(x,y) such that t( (I x N) is an embedding
of Lpa-structures I < N. Moreover, ([I] is an initial segment of N, and the definition of
L refers only to the parameters used by N.

Proof. Fix n, M, I and N as above. In particular MN = N E PA~ and
5N7+N7 XN70N51N7<Na:N

are given by 3, formulas. For the purpose of this proof, we introduce the following ab-
breviation: if p(z) is a ¥, formula, then s: p(z) denotes the formula in two free variables
s and x resulting from @(x) by deleting the leftmost existential quantifier (or quantifier
block) and substituting the variable s for the variable bound by that quantifier. Hence if
o(z) is Jy ¥ (x,y), then s: p(z) is Y(zx, s).

We define «(x,y) to hold if:

Js, t [seq(s,t) Alen(s) =len(t) =z +1
A sg =N ON AVi<z (t;: (Sit1 =N g, 4N IN)) A sz =N y}

Since the formula t;: (s;41 =N s +n 1n) is IT,,—1, the relation ¢ is ¥,,-definable. We claim
that for every a,a’ € I the following holds in M:

Jyu(a,y), (1)
vy Vy' (u(a,y) Ala,y) =y =N ), (2)
Yy Vy' (L(a,y) Al )YANy=Ny —a= a'). (3)

The proof of (1) is a straightforward application of (), since Jy ¢t(z,y) is a 3, formula,
and the subset of M it defines is closed under successor. The latter follows from the fact
that the successor operation is provably total in PA™ and that we can always extend a
given sequence by one element.

To prove (2), consider a € I and s, s’ such that s: ¢(a,y) and s': ¢(a, '), and apply (})
to the formula (s, =N s,) V z > a to prove s; =N s/ for all i < a.

Finally, (3) can be proved by using (f) to simulate the ¥, least number principle up
to elements of I: if a € I is the smallest number for which there is @’ witnessing that ¢ is
not injective with respect to =N, we reach an easy contradiction by considering a — 1 and
a —1.

This completes the proof that ¢ is an embedding from I into M. Clearly, the definition
of + does not make use of any parameters beyond the ones used in N. It remains to check
that the range of ¢ is an initial segment of N. To this end, consider a € I and v, s,t, 2
such that that s,¢: ¢(a,y) and z <N y. Apply (1) to find i < a such that s; <N z and
Sit1 >N 2 Then it is easy to check that in fact s; =N, O

Remark. Lemma 3.2 is stated for models of IA( + exp, because the proof of the lemma offi-
cially relies on sequence coding by means of the Ackermann interpretation. However, using
the sequentiality of PA™ and essentially the same proof as above but with appropriately
modified sequence coding, one can obtain the following variant of the lemma:
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Suppose that M F PA™ and that there is a shortest M-definable cut I C. M. Suppose
further that A/ = PA™ is interpreted in M via an interpretation N. Then there exists an
M-definable relation ¢(x,y) such that : N (I x N) is an embedding I < A. Moreover, the
t[I] is an initial segment of A/, and the definition of ¢ refers only to the parameters used

by N.

Corollary 3.3. Let n > 1. Suppose that T O 1X,, and that N is a X, -restricted interpre-
tation of PA™ in T. Then, provably in T, there is an embedding of idp into N whose range
is an <N-initial segment of .

Proof. Fix any model M E T and apply the proof of Lemma 3.2 to I = M. O

The corollary below is a syntactical incarnation of the well-known fact that the truth
of II; formulas is preserved in initial substructures.

Corollary 3.4. Let n > 1. Suppose that T O IX,, and that N is a X, -restricted interpre-
tation of PA™ in T. Then for every Ily-sentence @

Tl—cpN—>g0.

3.2 Flexible formulas

Flexible formulas, or formulas whose truth values that are “as undetermined as possible”,
were introduced in their basic form by Mostowski [23] and Kripke [19]. The theory of
flexible formulas was then developed by a number of authors, in recent years inter alios
by Woodin, Hamkins, Blanck and Enayat. Flexible formulas of various kinds play an
important technical role in our arguments. Below we introduce yet another variant, quite
similar to one from [20] and well-suited to applications to arithmetical theories.

Definition 3.5. Let T be a theory, and let ©," be two classes of Lp-formulas.

The formula £(z) is I'-flexible over T if for every formula ¢(z) in I', the theory T +
Va (£(x) < ¢(x)) is consistent.

We say that £ is (©,)-flexible over T if for every formula ¢(z) in I" and every M E T
there is a ©-elementary extension N of M such that N'F T 4 Vz ({(z) <> ¢(z)).

We note that if 7" is consistent and § is (X,, X )-flexible over T', then obviously £ is
Y p-flexible over T as well. However, for each k > 1 one can construct a ¥g-flexible formula
which is itself ¥, whereas for instance a ¥, formula can never even be (Xg, ¥1)-flexible
(recall that the satisfaction of ¥; formulas is preserved upwards under extensions of models
of IAg + exp).

Theorem 3.6 below states that for every sufficiently strong consistent r.e. theory T,
flexible formulas of both kinds always exist. The first part of the theorem is due to [22],
and the proof of the second part is inspired by the proof of the first part as given in
Lindstrom’s book [21, Chapter 2.3, Theorem 11].

Theorem 3.6. Letn >0,k > 1, and let T' D IAg + exp be a consistent r.e. theory.

(a) There is a X formula £(x) that is Yk-flexible over T. Moreover, the statement
Con(T') — Yo (Formy, (¢) — Con(T + Vz ({(z) <> ¢(z))))

is provable in I1Ag + exp.
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(b) There is a Lpax(niok) formula §(x) that is (X, X)-flevible over U. Moreover, the
statement
Ve (Formy, (¢) — IL,-Con(T + Vz (£(z) < ¢(z))))

is provable in Xy ax(nt3,k4+1)-REN(T).

Proof. We begin with, and give more details of, the proof of (b), which is a bit more
technically complicated. Fix T, n, and £ > 1. Let Form%i(go) express that ¢ is a X
formula with at most one free variable. Let p'(6, 1, ¢, z) (where each of 6, 1), ¢ is a variable)
abbreviate

Form=!(6) A Trs,,, ., (¥)) A Form%i(go) A Proofp(z," — =V (0(x) + p(z))7).
Let p(z,y) stand for

P (@, )1 )2, ()3) AVw <y —p/(z, (W), (w)2, (w)s)-

Thus, intuitively, p(x,y) says “z is a formula with one free variable, and y provides the
smallest witness that some true X, ;1 sentence T-provably implies that x is not equivalent
to some particular ¥ formula”. We note that p is a X, 11 A Il,4+;1 formula.

By the parametric version of the diagonal lemma (see e.g. [12, Theorem II1.2.1(2)])
there is a formula £(z) such that

1A + exp = Va [€(x) < 3y (p(T€7,y) A Sats, ((y)2,2))] -

Furthermore, we can choose § so that it is a X ax(ny2,k) formula.

We claim that (z) is (2, Xk )-flexible over T'. To prove the claim, consider M E T and
a X, formula (), and assume for the sake of contradiction that there is no ¥,,-elementary
extension of M satisfying T+ Vz (£(x) <> ¢(x)). By compactness (and an obvious pairing
argument), it follows that there is a IT,,-sentence ¢’ (a) with a parameter a € M such that
ME Y/ (a) and T F ¢/ (a) = —Vz (§(x) + ¢(x)). Since TU{&, p} C Lpa, we can quantify
out the parameter and conclude that 1" proves the following implication:

Fo ' (v) = Vz (§(z) > ¢ ().

Note that this implication is a ¥ ax(n43,k+1) Statement.

Let ¢ be Jv1)’(v), and let p be a number coding a T-proof of ¢ — —Vz ({(x) < p(x)).

Then

ME p/(l_é'_|7 I—d}—l’ '—(,0—',])).
The number ¢ = ("¢, "7, p) is standard, so by external induction we may assume that it
is the smallest number witnessing M E 3y p'("¢7, (y)1, (v)2, (v)3) (importantly, whatever
the actual smallest witness for Jy is, its middle coordinate is a standard ¥ formula which
is not equivalent to £ in any X,-elementary extension of M; by slight abuse of notation,
we may continue calling that formula ¢).

By the minimality of ¢, we have M E Vy (p("¢7,y) > y = (). Hence, since M F
IAg + exp, the choice of ¢ implies that M F Vx (£(z) <+ Saty, ("¢, x)). Using the “It’s
snowing™it’s snowing lemma for Satsy, , we conclude that M F Va ({(z) <+ ¢(z)). However,
& cannot be equivalent to ¢ in any X,-elementary extension of M, including M itself.
Thus, we have arrived at a contradiction, which proves the claim that {(z) is (X, Xk)-
flexible over T'.

We still have to argue that the above proof can be formalized in Xy, ax(n43 k1)~ REN(T).
This is generally unproblematic, with the following modifications:
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e M E§ is replaced by Saty 0), for any statement J;

max(n+3,k+1) (

e the nonexistence of a ¥,,-elementary extension of M satisfying T" together with the
equivalence of ¢ and 7 is replaced by —II,,-Con(T + Vx ({(x) <> ¢(x))), so instead of
a sentence 1’(a) implying the inequivalence we have v¢’(a) for some number a, where
the numeral naming a does not have to be quantified out;

e to ensure the existence of a least triple (¢, ¥, p) satisfying the 3,11 formula p/("¢7, p, ¥, p),
we invoke I¥,, 11, which is already a consequence of ¥, 1o- REN(IAg + exp);

e finally, towards the end of the argument we conclude the inequivalence of £ and ¢
(and thus reach a contradiction) by invoking ¥ ax(n4-3,k41)- REN(T').

The proof of part (a) is as in [21], and it is similar to the argument given above but
simpler and purely syntactic. One defines a A formula p'(6, ¢, z) as above but without
any mention of the 3,11 sentence v, so the diagonal formula £(z) can be X rather than
Ymax(n+2,k)- Then one argues like in the proof of (b), but referring only to the provability
of various statements in 7" (or its subtheories) rather than their truth in M. At the end
of the argument we conclude that Vz (§(x) <> ¢(x)) is both provable and disprovable in
T, which contradicts the consistency of T O

Corollary 3.7. Suppose T is an r.e. theory which extends 1Ay + exp and assume that &(x)
is a X1 -formula that is X1 -flexible over T and witnesses Theorem 3.6(a). Then 1Ay + exp b+
Con(T) — Va —¢&(x).

Proof. Fix T and () as in the assumptions. Working in 1A + exp, assume that 3z £(x).
Then, by provable ¥j-completeness, Provy("3z £(z) ™). However, that implies

~Con(T + Vz (&(z) +» x # 7)),

and z # x is a ¥ formula. By the “moreover” part of Theorem 3.6(a), we obtain =Con(T").
0

3.3 Theories of iterated Tarskian truth

In the proofs of our main result, we will need to have access to a pair of theories which are
themselves solid but additionally do not interpret models of each other in a “nice” way:
specifically, no model of one of the theories should be a retract of a model of the other.
It turns out that one way of securing such a property is to use Tarski’s undefinability
of truth theorem. Consequently, one example of not just a pair, but a whole family of
such theories is supplied by the following canonical theories of truth over arithmetic with
varying numbers of hierarchically nested truth predicates.

Definition 3.8. For n € w, the theory CT"[PA] is formulated in the language £,, which

extends Lpa with fresh predicates P, ..., P, (we assume that £y = Lpa). The theories are
defined inductively: CTY[PA] = PA, and CT""![PA] extends CT"[PA] by the induction

scheme for all £, 1-formulas and the following axioms:
(i) Vt€ Term (Pyq1(subst("P;(z)7,t)) <> Pi(val(t))), for each i =1,...,n.
(i) Vs,t€Term (Poy1("s =t7) ¢ val(s) = val(t)).

(iii) VpeSents, (Por1(TogT) < =Poyi(p)).
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(iV) VQO, ¢ € Sentﬂn (Pn-l—l('_so A 1/}1) A (Pn-i—l(@) A Pn+1(¢))) .
(v) Vpe Form%i Vv € Var (P11 ("Vv ¢7) 4+ Vy P11 (subst(p, name(y)))).

One usually writes CT[PA] instead of CT![PA], and we will occasionally write P instead
of Py. The theories CT"[PA] are sometimes also called RT<""! (for example in [13]).

Remark. By induction on formula complexity inside CT"[PA], we can show that for all
1 <i<j<n, Pjagrees with P, on £;_1, provably in CT"[PA]. More precisely, for every
1 < < j < n the following is provable in CT"[PA]:

Vo (Sentz,_, (¢) = (Pj(v) < Pi(p)).

The lemma below can be seen as a generalization of the result that all the theories
CT"[PA] are solid [6]. The proof of the lemma combines a few simple but important obser-
vations concerning models of the full induction scheme and theories of iterated Tarskian
truth.

Lemma 3.9. Fizm € w. Let M1, Mgy, M3z be models in a language extending Lpa such
that

(i) M; EPA™, fori=1,2,3,
(i) Mg : My > My and M3 : Ma > Ms.

Suppose further that for each i = 1,2,3 we are given an interpretation N; of CT™[PA] in
M, such that

(a) the domain of N; is the shortest definable cut in M;, and

(b) there exists an Mi-definable isomorphism from M1N1 onto My“

Then, there are M;-definable isomorphisms between Mi\ll and Mi\lf{l

Proof. Since we are going to apply N; and M;11 only in M;, we shall abbreviate ./\/li\l ‘ ./\/livI “’1
as N;, M;11, respectively. Observe that since the domain of N; is the shortest cut in Mj,
we know that N; satisfies induction with respect to all M;-definable properties. We shall
refer to this feature as the M;-inductiveness of N;. Thanks to M;-inductiveness, we can
repeat the argument from Section 3.1 so as to conclude that for each i < 2 there is a
M;-definable embedding h; of the reduct M!\' i onto an initial segment of the reduct

Nit1
Mi+1 rCPA‘

The reasoning thus far was independent of m. To prove the lemma, we use induction
on m. Assume first that m = 0. Let j be the Mj-definable isomorphism from N; onto N3
(or, more precisely from the point of view of M7, onto MaM3N3). Since m = 0, in order to
prove that N; and N;y1 are M;-definably isomorphic we only need to show that both the
embeddings h; are onto N;;1 for their respective i. Suppose otherwise: then (hg o h1)(Nyp)
is an M-definable proper initial segment of MaM3N3, and thus (j7! o hg o h1)(N7) is an
M-definable proper initial segment of Ny, contradicting the M-inductiveness of Nj.

Now fix m > 0 and assume that the lemma holds for m—1. The inductive assumption
tells us that for ¢ = 1,2, the map h; is an isomorphism between N;[., , and Njyi[z, ;.
Let P! be the m-th truth predicate of N;. We argue that h;[P:] = Pirl) which will
complete the proof. Consider h; 1[P7?;j1]. This is an M;-definable subset of N;. Since h; is
an isomorphism between N; [, and N 11, we see that h; 1[Pf;1+1] actually satisfies

Lpa

m—1 m—17
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the axioms of CT™[PA], cf. Definition 3.8. In N;, define I be the set of logical depths of
those sentences for which P!, coincides with A L[PEF1]. In other words, I consists of those
x € N; such that M; satisfies

VoeN; ((cp € Formg,, , Adpt(p) < a)N — (PL(p) < p € h;l[Pf,LJrl])) :

Since both P, and h; '[Pi+!] satisfy conditions (i)-(ii) of Definition 3.8, we know that
0 € I, and since both satisfy the inductive conditions (iii)—(v), we also know that I is
closed under successor. Thus, I is a M;-definable cut contained in N;, and since the latter
is the shortest cut in M;, we conclude that P!, actually coincides with h; '[P, O

Corollary 3.10. For every m, the theory CT™[PA] is solid.

Proof. This is a special case of Lemma 3.9 in which N; is the identity interpretation on

M;. O

4 Solidity below PA

This section contains the proof of our main result. We begin with the proof of a no-frills
version, which simply says that there are arbitrarily strong solid proper subtheories of
PA. Then, in Section 4.2, we discuss some aspects of the proof on a more abstract level.
This lets us obtain two improvements of the basic result: firstly, that the solid theories
can be weaker than PA in terms of not just provability, but also interpretability; secondly,
that they can be made weak enough that extending them by any single true sentence, or
even by all true II,, sentences for a fixed n, will still be insufficient to derive PA. These
improvements are presented in Sections 4.3 and 4.4, respectively.

4.1 The basic construction

Most of this subsection is devoted to a proof of the following theorem:

Theorem 4.1. For every n € N, there exists an r.e. solid subtheory of PA that contains
I1¥, +exp but not BX 1.

To prove Theorem 4.1, we will gradually introduce the main concepts involved in our
argument and derive a series of lemmas about those concepts.

Fix n € N. We want to construct a theory 7, 2 IX, +exp that is a proper sub-
theory of PA but is nevertheless solid. To that end, we will define an auxiliary theory
IT(n) D IX,, + exp that is inconsistent with BX,, ;1 but rather strong from the perspective
of interpretability. Furthermore, we will define an interpretation K,, of a model of IT(n) in
the standard model (N, Th(N)) of CT[PA], and an interpretation N,, in the other direction.
Our eventual theory T, will essentially say that we are either in a universe satisfying PA
or in one satisfying I'T(n).

Remark. The interpretations K,, and N,, will in fact witness the bi-interpretability of IT(n)
and CT[PA], which we will show as a separate proposition after the proof of Theorem 4.1.
Hence the abbreviation IT(n), which stands for interpreting truth.

We now proceed to define our concepts more precisely, beginning with K,,. Let &, (z) be
a X1 formula that is ¥;-flexible over I¥,,; and witnesses Theorem 3.6(a). The interpreta-
tion K,, describes the following process, as carried out in the standard model (N, Th(N))
of CT[PA]:
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Figure 4.1: Construction of the model (N, Th(N))X» of IT(n). The solid horizontal lines
represent (N, Th(N))X» which is the pointwise ¥,,; ;-definable substructure of the Henkin
structure H. The dashed horizontal lines represent the rest of H.

e Consider a canonically defined binary tree whose paths correspond to complete con-
sistent henkinized extensions of the theory

8010 U{&n(k) : k € Th(N)} U{=&n (k) : k € N\ Th(N)}. (4)

e Take the Henkin model, say H, given by the leftmost path through that tree.

e Take ICp11(H), that is the submodel of H consisting of the ¥, 1-definable elements.

Since &, (x) is a X1-flexible formula over I3, 41, the compactness theorem implies that
the theory in (4) is consistent. Thus, when applied in (N, Th(N)), the interpretation K,, in-
deed produces a structure K := /C,,1(H). The construction of K, that is, of (N, Th(N))K»,
is schematically presented in Figure 4.1.

Lemma 4.2. K is a Xp41-elementary substructure of H satisfying 13, +exp + " BX,41.

Proof. Tt follows directly from the well-known properties of pointwise X, 1-definable struc-
tures discussed at the end of Section 2 that K <,4+1 H and, as a consequence, that
K EIX, + exp. We can also conclude that L F =B, 1 unless K is the standard model.

However, since H E Jx &, (z), by Xy 41-elementarity we get K F 3z &, (x), which ensures
nonstandardness by Corollary 3.7. O

The standard cut N is definable in K as the set of those x that satisfy the formula
On(z): “there exists an element without a 3,4 definition smaller than z”. Clearly then,
N is the smallest definable cut of L. Moreover, since &, (z) is a X1 formula and K <,4+1 H,
for each standard k it holds that K F &, (k) if and only if & is (the code of) an arithmetical
sentence true in N.

Thus, (N, Th(N)) can be interpreted in C by the interpretation N,, in which the domain
is defined by d,,, the arithmetical operations are unchanged, and P is given by &, (z).

Lemma 4.3. There is a K-definable isomorphism iy, between N,K, and the identity in-
terpretation of K in itself, and there is an (N, Th(N))-definable isomorphism j, between
KnNy, and the identity interpretation of (N, Th(N)) in itself.

Proof. The isomorphism i,, takes an element y of K, finds the least 3,1 definition x of y
(where z is necessarily a standard number, because K is in fact pointwise X,,11-definable),
and maps y to the element defined by x in the structure obtained according to K,,.

The isomorphism j, is a special case of the map appearing in Lemma 3.2: it takes
x € N to the z-th smallest element of K. By the construction of K and the definition of
N,., the range of j, is exactly KXN» = (N, Th(N))K»N= and the isomorphism of arithmetical
structures extends to the truth predicate P. O
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Note that N, K,,i,, j, are all definable without parameters in the respective struc-
tures. (Which is in any case obvious since both (N, Th(N)) and K are pointwise definable.)

We let IT(n) be a theory axiomatizing some salient properties of K. Namely, the axioms
of IT(n) are:

(i) I, + exp + = BX, 41,
(ii) “d,, defines a cut which is the shortest definable cut”,
(iii) N, F CT[PA],
(iv) “ip: id — N,K,, is an isomorphism”,
(v) Np E “jn:id = KN, is an isomorphism”.

We note that (ii) and (iii) are infinite collections of sentences.
Finally, we let T}, be the following theory:

IAg+expU{BE, 41 = ¥, : ke N}JU{=-BY,11 = p:p € IT(n)}.

In other words, T, is defined by cases: if BX,,11 holds, then PA holds, and if BY,, 11 fails,
then IT(n) holds.

Lemma 4.4. T, contains X, 4+ exp but not BX,,+1. Thus, it is a proper subtheory of PA.

Proof. By the construction of the model K described above, and the facts summarized in
Lemmas 4.2 and 4.3, IT(n) is a consistent theory.

By definition, IT(n) contains I3, + exp + =" BX,, 11, and each model of T}, is either a
model of PA or one of IT(n). O

To prove Theorem 4.1, we need to show the solidity of 7. This requires analyzing
a number of cases dependent on the theories satisfied by models forming a potential
counterexample to solidity. We prove two more lemmas, the first of which rules out a
counterexample consisting of models of I'T(n), while the other will be helpful in ruling out
counterexamples in which models of IT(n) and of PA alternate.

Lemma 4.5. IT(n) is solid.

Proof. Let M11>Ma> Mgz be models of IT(n) such that there is an M;-definable isomor-
phism from M; onto M. For each i € {1,2,3}, let NV; be the model of CT[PA] obtained
by applying the interpretation N,, in M;, and let M) be the model of IT(n) obtained by
applying K,, in ;. Note that the domain of each N; is the smallest definable cut of M;,
by axioms (ii) of IT(n), and that there is an M;j-definable isomorphism from N7 onto N3.
See Figure 4.2.

We can use Lemma 3.9 for m = 1 to infer that there is an M;-definable isomor-
phism between N7 and N5. This isomorphism in turn clearly gives rise to an M;j-definable
isomorphism between M} and M.

By axioms (iv) of IT(n), for each i there is an M;-definable (hence M;-definable)
isomorphism between M, and M. Combining this with the isomorphism between M)
and M), we obtain an M-definable isomorphism between M and My, which completes
the proof. O

Lemma 4.6. No model of PA (as an Lpa-structure) is a retract of a model of CT[PA].
In other words, if M, M’ are models of PA, K is a model of CT[PA], and M > K > M/,
then there is no M-definable isomorphism from M onto M'.

Similarly, no model of CT[PA] is a retract of a model of PA.
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Figure 4.2: The proof of Lemma 4.5. The solid arrows represent isomorphisms given directly
by the assumptions about M1, Mo, M3, and the dashed arrows represent isomorphisms
shown to exist during the argument. Composing the arrows gives an isomorphism from

My onto Ms.

Proof. We prove only the first part of the statement, as the proof of the other part is very
similar. Suppose that M, M’ E PA and K E CT[PA] with M > K > M/, but there is an
M-definable isomorphism from M onto M’. Then, by Lemma 3.9 for m = 0, there exists
an M-definable isomorphism from M onto the Lpa-reduct of K.

We claim that such an isomorphism would make it possible to define a satisfaction
predicate for M in M, contradicting Tarski’s theorem on undefinability of truth. Indeed,
let K: MK, and let j be the isomorphism from M onto | Then, since K E CT[PA],
the formula

Lpa-

o(z,y) =3 W i) =K 2" Ajly) =X9) A (KE P(subst(a:’,name(y’)))} ,

evaluated in M, correctly determines whether a (standard) Lpa-formula x is satisfied in
M by an (arbitrary) element y € M.

Note that the formula o(z,y) may involve parameters from M required to define the
interpretation K or the isomorphism j. However, by Tarski’s theorem, not even a formula
with parameters can be a definition of satisfaction for formulas with free variables, in
contrast to merely being a definition of truth for sentences. O

We can now complete the proof of Theorem 4.1.

Proof of Theorem 4.1. By the definition of T,, and Lemma 4.4, we already know that T,
is an r.e. subtheory of PA containing I3, + exp + ~BX,, 1. It remains to show that T}, is
solid.

So, let M11>Ms> M3z be models of T;, such that there is an M-definable isomorphism
between M and Mj3. We need to prove that there is an M;j-definable isomorphism
between M7 and M.

By the definition of T},, each M; satisfies either PA or IT(n). Moreover, clearly M; =
Mg3. This leaves four cases to consider.

1° Each M; satisfies PA. Then an M;j-definable isomorphism between M; and Mo
exists by the solidity of PA.
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2° Each M; satisfies IT(n). Then the isomorphism exists by Lemma 4.5.

3° M1 E PA and Ms E IT(n). Let Ny be the model of CT[PA] obtained by applying
the interpretation N, in Mg, and let MY be the model of IT(n) obtained by applying K,
in M. Note that i, applied in My is an isomorphism between My and MY}, by axiom
(iv) of IT(n). Let M% be the model of PA obtained by applying in M}, the interpretation
provided by the formulas defining the interpretation of Mg in My, but with all parameters
of the latter replaced by their (i, )"'2-images.

My > Mo > Ms

M;, > M,

Composing interpretations, we see that M; > Ny > M4. Moreover, by assumption
there is an M-definable isomorphism between M; and M3, and the isomorphism (i, )2
between My and M), induces an My-definable (thus, Mj-definable) isomorphism between
Mz and M}. Composing the isomorphisms from M; onto M3 and from M3z onto M5,
we obtain an M;-definable isomorphism between M; and M. However, then the triple
of models M > Ny > MY witnesses that M, is a retract of N, contradicting Lemma 4.6.

4° My E IT(n) and My E PA. This case is similar to the previous one but slightly
more subtle. Let N7 E CT[PA] be obtained by applying N,, in My, let M} E IT(n) be
obtained by applying K,, in N1, and let A] E CT[PA] be obtained by applying N,, in M.
Note that (i,)™" is an isomorphism between M; and M/, by axiom (iv) of IT(n), while
(jn)M is an isomorphism between N and N7, by axiom (v). Let M}  PA be obtained by
applying in M the interpretation of My in My, but with parameters moved by (i) M1,
Let Mj E IT(n) be obtained by applying in M), the interpretation of M3 in Mo, again
with parameters moved by (i,)*1. Finally, let N} F CT[PA] be obtained by applying N,
in Mj.
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My > Mo > Ms

Nl in

Composing interpretations, we see that N7 > MY > Ni. Moreover, there is an M-
definable, and thus Nj-definable, isomorphism from M/ onto MY, which induces an N7-
definable isomorphism from A7 onto Aj. This can be composed with the isomorphism
(7)1 to give an Nij-definable isomorphism between A and NVj. However, then the triple
of models N; > M4 > N3 witnesses that N is a retract of M}, contradicting Lemma 4.6.

This concludes the proof that T, is solid, and thus also the proof of Theorem 4.1. [

To conclude the subsection, we prove a result that was already announced above: the
interpretations N, and K,, witness not only the bi-interpretability of the specific models
(N, Th(N)) and K, but work in a more general axiomatic context.

Proposition 4.7. For each n > 1, IT(n) is bi-interpretable with CT[PA].

Proof. We will show that N,, and K, witness the bi-interpretability. Axioms (iii) and
(iv) of IT(n) explicitly state that N, is an interpretation of CT[PA] and that N,K, is
isomorphic to the identity interpretation. It remains to show that K,, is really an interpre-
tation of IT(n) in CT[PA], not merely in (N, Th(N)), and that K,N,, is isomorphic to the
identity interpretation provably in CT[PA]. This is a somewhat routine verification that
CT[PA] is strong enough to carry out various constructions involved in the definitions of
Ny, Kiy i, jn. We provide some details.

The first step is to check that the construction of the models H and K prescribed by
K, formalizes in CT[PA]. We begin by verifying that CT[PA] proves the consistency of
the Lpa U{P}-definable theory

U:=1n11 U{&n(k) : P(k)}U{=6u(0) : =P(O)}-

(note that this is the formalized version of the theory appearing in (4) in the definition of
K,). Indeed, work in CT[PA] and assume that U is inconsistent. Then for some disjoint
finite sets ¢, d of numbers we have

—Con (Izn+1 + /\ §n (E) A /\ _‘fn (€)>

kec led
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However, then also
—Con (IZnH +Vz (&L(:p) = \/ x = k) )

Since &, is provably ¥;1-flexible over I, ;1 in the sense of Theorem 3.6(a), and \/,.c.z =k
is a 31 formula (quantifier-free, in fact), the “moreover” part of Theorem 3.6(a) gives us
—Con(I¥X,,11). But we are working in CT[PA], so we do have Con(IX,,4+1), and thus we
reach a contradiction. This concludes the proof of Con(U) in CT[PA].

From now on it will be convenient to assume that we are working with a given model
M E CT[PA]. We already know that M E Con(U), so we can apply the usual construction
associated with the arithmetized completeness theorem (see e.g. [16, Theorem 13.13|) to U
in M. We only need the construction in its most basic form: produce a (A;(P)-definable)
henkinized consistent extension of T" and take the (As(P)-definable) leftmost path through
the infinite binary tree whose paths correspond to complete consistent extensions of the
henkinization. Thus we obtain a model of U, say HM, definable in M by a formula that
by abuse of notation we could call H. In fact, the structure ™ has an M-definable
satisfaction relation (or, in other words, M-definable elementary diagram). Thus, we can
easily define the structure MK» = (Kn+1)M(HM) consisting of those elements of H™M
that are definable in #™ by 3,41 formulas in the sense of M. In contrast to H™, from
the point of view of M the structure MK~ is only a partial model in the sense that M
cannot define the full satisfaction relation for MX» but only its universe and operations.
Of course, that is already enough to define satisfaction for X, formulas for any fixed m. In
other words, we have M-definable predicates H F ¢(z) and K,, Fp, (), for any m € w,
which agree with satisfaction in HM resp. MX» for atomic formulas and satisfy the usual
inductive clauses of a definition of satisfaction for all M-formulas resp. for all M-formulas
that belong to the class X,,.

We still have to check that K,, provides an interpretation of IT(n), or in other words,
that MX» [ IT(n). In the process, we will also check that K, and N, give rise to a
bi-interpretation.

The verification that M*%» is a model of I, + exp and that ¥, 1-elementarity holds
between MKX» and HM, i.e. that

M EVpeFormy,  , VreK, (Kn Fri1 o) & HE go(x)),

n+1

is straightforward.

Recall the map named j, in Lemma 4.3 and first introduced in the proof of Lemma 3.2,
namely the one taking k € M to the k-th smallest element of MX». By the argument from
Section 3.1, the map j, is an M-definable embedding of M[,_, onto an initial segment of
MXn Let J be the (M-definable) image of j,. We know that 7 is also an initial segment
of HM, since every element of HM that is below 7, (k) is named by a numeral from M,
so it is 3,4 1-definable in the sense of M. Moreover, 7 is a proper cut in MX»: otherwise,
M¥» would be isomorphic to M zps, which cannot happen by Corollary 3.7, because
M E Con(I¥,41), while H™ and as a consequence MKX» both satisfy 3z &, (z).

By the definition of MK~ and Ynt1-elementarity, each element of MK can be Yina1-
defined by a formula in 7. This lets us carry out the usual argument showing that MX»
~BX, 41, so MK validates axiom (i) of IT(n).

Clearly, J is the smallest M-definable cut in MX» (and thus, also the smallest MKn-
definable cut), because otherwise M would define its own proper cut. This implies in
particular that J C 5T/7}/[Kn. But we also have 5T/Z\4Kn C J, because each element of MKn
has a ¥,,41 definition in J. So, 57/1\%” = J, and thus MX» satisfies axioms (i) of IT(n).
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For each k € M, we have that P(k) holds in M exactly if &,(j,(k)) holds in HM.
This is because M E (H E U) and j, (k) is the element named by the numeral k in HM.
The truth values of &, are the same in MK» as in HM, by ¥, 1-elementarity. So, by the
definition of N,,, we indeed have M*»Nn = CT[PA], which means that MK~ satisfies axioms
(iii). Moreover, we have just shown that j, is an isomorphism between M and MHKnNn,
This also implies that (the map defined by the same formula as) j, is an isomorphism
between MHKeNn and MKaNaKalNn go AfKn satisfies axiom (v).

Finally we argue that MKn satisfies (iv). Since J = 6" is the shortest cut in MKn,
and each element of MK» is definable via a Yn+1-definition from J, the definition of i,
makes sense: each element of MX» has a least Ynt1-definition. To verify that 4, is indeed
an isomorphism between MXn and MKXnNeKn “one uses the fact that M and MX2Ne are
isomorphic via 7. O

4.2 Modularizing the construction

In the proof of Theorem 4.1 we made use of Lemma 4.6: no model of PA can be a retract
of a model of CT[PA], and vice versa. We now carry out a more general study of families
of theories with this extreme form of non-bi-interpretability property. Infinite families of
this kind will be needed in our proofs of refinements of Theorem 4.1.

Definition 4.8. We say that the family {Uj}xe,, of theories is retract-disjoint if for any
k,n € w the following holds: if M E U, and N E U,, and M is a retract of N/, then k = n.

Definition 4.9. Let {Ug}rew be a sequence of theories and {pg}rew be a sequence of
sentences. The symbol @, (Uy|pk) denotes the theory {pr — 9 : k € w,¢ € Ui}

Proposition 4.10. Suppose that {Uy}re is a family of solid theories, that V is a theory,
and that {pg trew i a sequence of sentences with the following properties:

1. the sentences @y for k € w are pairwise inconsistent,

2. the theory VU {—py : k € w} is solid,

3. the family {V U {—pg : k € w}} U {Uk}rew is retract-disjoint.
Then the theory VU @, (Uk|px) is solid.

Proof. Assume that M = VU@, (Uy|pk) and there is a retraction N, M such that MN =
V U@, (Ukler). Put N := MN. By our assumptions, exactly one of the following two
cases holds:

1° there is k € w such that both M and N are models of Uy,
2° both M and N are models of V + {—py : k € w}.

By solidity of each of the relevant theories, in either case there is an M-definable isomor-

phism from M onto V. O
Lemma 4.11. The family {CT*[PA]}ve. is retract-disjoint.

Proof. The argument is a slight generalization of the proof of Lemma 4.6. Fix M; £ CT*
and My E CT™ and assume that M, is a retract of Ms as witnessed by the retraction
(Mg, My1). Without loss of generality assume that Mgy = ./\/lllvb. Aiming at a contradiction
assume further that k # m. Let ¢ := min{k, m}. By Lemma 3.9, we conclude that for
1 < 2 the Ly-reducts of M; and M, are isomorphic via an M;-definable isomorphism.
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Now we can assume without loss of generality that £ = k < m. Arguing like in the
proof of Lemma 4.6, we can use the (k4 1)-th truth predicate of M3 to define satisfaction
for Li-formulas in M; within M, contradicting undefinability of truth. O

The proposition below and its consequence, Corollary 4.13, will play a key role in
verifying retract disjointness of various families of theories. The argument is presented
in the diagram below, and it is probably most convenient to follow the formulation of
the proposition and its proof while looking at the diagram. We use the following local
convention: whenever our assumptions imply that a structure A is interpretable in a
structure B, the symbol Ag stands for an interpretation of (an isomorphic copy of) A
in B witnessing this fact and having whatever additional properties are postulated by the
assumptions.

Proposition 4.12. Suppose that M,N,K,G are structures such that:

o M is a retract of N via the retraction (Nag, Myr),
o M is bi-interpretable with IC via the bi-interpretation (K, M),

o N is a retract of G via the retraction (Gyr, Ng).

Then K is a retract of G. Moreover, the retraction (Gx,Kg) witnessing this is such that
the isomorphism between MNMON gnd MKMOK s M-definable.

In the statement of the proposition, the mere fact that K is a retract of G can be
obtained from the transitivity of retracts, which is a special case of the proposition with
a considerably simpler proof. However, a more involved argument seems needed to obtain
the definability relation expressed in the “moreover” part of the statement.

Proof. Note that, by our convention, A is isomorphic to MNM and K is isomorphic to
MHKM: the interpretations N and My witness that M is a retract of N; etc. Below,
we will identify A with MNM | K with MKM | and G with N®V to simplify the notation.
Also for the sake of notational simplicity, we assume that all the interpretations and
isomorphisms involved are definable without parameters; otherwise, nothing substantial
would change but we would have to keep track of how the parameters are mapped by
various isomorphisms.

M pNu N My NMN

\Y
i K
T
\Y%
M
My pNm N My NlN
\Y \Y
MlKM k NlGN ky
\\\ v
\\\ No S>My o My
\\\\ -
L Ko,
> M2



Define
My = KMe A = MM

(note that Mj is MK»Me and N is MKEMMENM) By our assumptions, Ky and My
witness that K is a retract of M, so there is an M-definable isomorphism i : M — Mj.
This isomorphism induces further M-definable isomorphisms N' — A and NMy¥ — A/ 1M N
Thus G is (M-definably) isomorphic to Nf’ N and the interpretations G and Ng witness
that A7 is a retract of N 1G N Moreover, since A" and N6~¥Ng are A-definably isomorphic,
there is an Ai-definable isomorphism & : A7 — NlGNNg. Let N5 be NlGNNg. Composing
the interpretations My, Ny, and Gar witnesses that NlG N is interpretable in K. Also, k
induces an Nj-definable isomorphism k; between NV and Mg™ =: My, and M5M is
interpretable in NlG N via the composition of Ng, Ms, and K.

So, we have interpretations of NIG Nin K and of M? Min NlG N, We want to show that
there is a K-definable isomorphism between /C and M2K M. Note firstly that, by the choice
of M and N, there is an M-definable isomorphism ¢ : M — N™M~_ Thus there is also an
M -definable isomorphism 7 : M1 — N, 1MN . Composed with kq, this gives an M-definable
isomorphism M; — My, which induces an M;-definable (thus, K-definable) isomorphism
./\/llK"/1 — Mg( M. But Ky and My are chosen so as to witness the bi-interpretability of M
and C, so there is a KC-definable isomorphism K — MlKM. Composed with the isomorphism
MEM 5 MEM this gives the desired K-definable isomorphism K — M5,

This completes the proof that IC is a retract of G. For the “moreover” part, notice that
Gy, the interpretation of (a copy of) G in K in the retraction, is such that Ko = MHKmEGi
is NlGN. On the other hand, MNMEN g G, and we have already shown that G is M-
definably isomorphic to NlG N O

Corollary 4.13. Suppose that {Uy}rew and {Vi}rewn are two sequences of theories such
that for each k, the theory Uy is bi-interpretable with Vi. Then if {Uy}ren is retract-
disjoint, then {Vi}rew is retract-disjoint.

Proof. Assume that m # n and that M E V,, is a retract of N’ F V,,. By the assumption
on bi-interpretability between theories, there are K F U,, and G E U, which are bi-
interpretable with M and N, respectively. By Proposition 4.12, K is a retract of G, so the
family {Ug}rew is not retract-disjoint. O

The fact expressed in the corollary below was first observed in [4]. Here we derive it
using the argument from the proof of Proposition 4.12.

Corollary 4.14. IfU and V are bi-interpretable theories and U is solid, then V is solid.

Proof. Let U and V be as above, and let V : U >V and U : V > U witness the bi-
interpretability. Assume that M E V and let (N,M) be a retraction in M such that
MNEV. Put N = MN.

Applying the argument from the proof of Proposition 4.12 to M, N, K := MY, and
g = NU, we can fix a retraction (G, K) witnessing that K is a retract of G and the
isomorphism between MNV (= G) and MYC (= K©) is M-definable.

By the solidity of U, there is a K-definable isomorphism between X and X, which
induces an M-definable isomorphism between MYV (= K£V) and NV (= GV). However,
MYV is M-definably isomorphic to M, and NV is N-definably (hence, M-definably)
isomorphic to NV, so there is an M-definable isomorphism between M and N.

[
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4.3 A solid theory not interpreting PA

The solid theories T;, constructed in Section 4.1 are weak in the sense that they do not prove
PA. However, they are relatively strong in the sense of interpretability, and in particular
they clearly interpret PA — for each n the Lpa-part of N, interprets PA in IT(n), and
then an interpretation of PA in T, is obtained by an obvious case distinction.

So, it is quite natural to ask whether there are solid subtheories of PA that are also
strictly weaker than PA in terms of interpretability. This subsection contains a proof of
the following theorem, which provides a positive answer to that question.

Theorem 4.15. For every n € N, there exists a r.e. solid subtheory of PA that contains
I3, but not BX,,+1 and that does not interpret PA.

Let IT(n) be defined as in Section 4.1. We observe that
Corollary 4.16. For each n > 1, there is no X, -restricted interpretation of PA in IT(n).

Proof. Assume that M is a ¥,-restricted interpretation of 1Ay 4 exp in IT(n). By defini-
tion, IT(n) contains I¥,,, and by the discussion from Section 4.1, it also proves 3z &, (z)
for the the ¥q-flexible formula &,. So, by Corollary 3.4, we have IT(n) F (3z &,(z))M. But
PA + Con(I¥%,), whereas IAg + exp + 3z &, (z) = =Con(IX,,) by Corollary 3.7. Hence, M
is not an interpretation of PA. O

Now, the intuition is that the theory we are looking for is roughly the following one
(“p” stands for “proto-"):

pT,, := I, +exp+ P AT (k)1 A =184 11).
k>n

Lemma 4.17. The theory pT,, does not interpret PA.

Proof. Suppose that M is an interpretation of PA in pT,,. Let £ > n be such that M is
Yp-restricted. Then M is also a Yj-restricted interpretation of PA in the consistent theory
pT, + I3, + —1X;41. However, the latter theory coincides with IT(k), which contradicts
Corollary 4.16. O

The problem with pT,, is that the family {IT(k)}xe. is not retract-disjoint. As a result,
there are models M, N E pT, such that M is a retract of ' but the two structures
satisfy pT,, “for different reasons” and thus cannot be isomorphic. For example, consider
the models of IT(2) and IT(3), respectively, obtained by applying the interpretations Ko
and Kz from Section 4.1 in (N, Th(N)). These models are not even elementarily equivalent,
but they are both bi-interpretable with (N, Th(N)), so they are not only retracts but in
fact bi-interpretable with one another.

We will now show how to improve the theories IT(n) so as to eliminate such patterns.
Below we use the same interpretations K,, and N,, as before, in Section 4.1.

Define the theory W,, by

W, = {0‘ € Lpa : IT(TL) F O'N"},

and let W = {J, ¢, Wn. Since N E W, for each n, we know that W is a consistent
theory. It is also clearly r.e. Let ((x) be a Xj-flexible formula over W. Let ITD(n) :=
IT(n) + (Vo (¢(z) < = = n))N» (here “D” stands for “disjoint”). By flexibility of ¢, the
theory ITD(n) is consistent for each n.
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Lemma 4.18. For each n € w, the theory ITD(n) is bi-interpretable with CT[PA] +
Va (¢(x) <> x =n).

Proof. As in the proof of Proposition 4.7, we once again use the interpretations N,, and
K,.. By the definition of ITD(n), these interpretations witness the mutual interpretability
of ITD(n) and the extension of CT[PA] by Vz ({(x) <> = = n). The argument that they
actually witness bi-interpretability as well is the same as before. O

Since bi-interpretability preserves solidity and since by Corollary 3.10 each extension
of CT[PA] in the same language is solid, we obtain:

Corollary 4.19. For each n, the theory ITD(n) is solid.
One last missing piece is the retract-disjointness of the theories ITD(n).
Corollary 4.20. The family {ITD(n)}pen is retract-disjoint.

Proof. By Corollary 4.13 and Lemma 4.18, it is enough to check that the family {V, }new
defined by
Vp := CT[PA] + Vz ({(z) > = =n)

is retract-disjoint. However, this easily follows from the solidity of CT[PA]. O

Finally, we define T'D,, to be

IS, + exp + @ATD (k) IS A ~15441).
k>n

We observe that the axioms of ITD(k) can be effectively generated given k, so TD,
really is an r.e. subtheory of PA. By repeating the argument from Lemma 4.17 (which
requires using the obvious variant of Corollary 4.16 for ITD(k) instead of IT(k)), we
obtain:

Corollary 4.21. The theory T D,, does not interpret PA.

Proof of Theorem 4.15. We have already observed that T'D,, is an r.e. subtheory of PA,
and in Corollary 4.21 we have shown that it does not interpret PA. Clearly, T'D,, contains
13X, by definition. So, it remains to show that T'D,, is solid.

To this end, we want to invoke Proposition 4.10 with Uy := ITD(k), V := I¥, + exp,
and @p 1= IX; A 213,11 (where in pg we use a finite fragment of 1A that is equivalent
to IAg assuming exp). By Corollary 4.19, each theory Uy is solid. The sentences ¢y, are
obviously pairwise inconsistent. It is easy to see that VU{—py : k € w} is simply PA, hence
it is also a solid theory. The last thing we have to verify is that the family consisting of PA
and of ITD(0),ITD(1),... is retract-disjoint. By Lemma 4.20, it is enough to check that
each two-element family consisting of PA and a single theory ITD(k) is retract-disjoint.
This follows by Lemma 4.18, Corollary 4.13, and Lemma 4.6. 0

Remark. Note that each model of the theory T'D,, actually interprets a model of PA. Intu-
itively, the reason why these interpretations cannot be merged into a single interpretation
of PA in T'D,, is that T'D,, is defined by an “infinite case distinction”, and a finite formula
is unable to decide which of the cases applies. We return to this topic in the final section
of the paper.
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4.4 A solid theory infinitely below PA

This section improves on our main result from Section 4.1 by providing an example of a
solid subtheory of PA which does not not imply PA even after being strengthened by an
arbitrary true sentence.

Theorem 4.22. For each n € w, there is a solid r.e. subtheory TF, of PA such that
TF, 1%, +exp, but for each k it holds that T'F,, + Thy, (N) ¥ PA.

One of the motivations for this theorem is a result of Wilkie’s that we will now explain.
An Lpa scheme template is an Lpp-formula §(P) with a marked fresh predicate letter P.
For a first-order formula (), the notation 6[¢)/P] stands for the formula obtained by
replacing each occurrence of a subformula P(t) with ¥ (t) (preceded by renaming the bound
variables if necessary). The scheme generated by the template §(P), denoted by 0[Lpa],
is the set {0[¢/P] : ¢(x) € Lpa} A scheme template 0(P) is restricted if it is of the form

Qozo€EPQrz1€EP ... Qurn€Pp(x0,...,Tn),

where P does not occur in p(xg, ..., x,) and Q;z; € P denotes either Jz; (P(z;) A1) or
Va; (P(x;) — 1). We say that 6(P) is second-order categorical if (N, P(N)) F VP 6(P) and
for every Lpa-structure M, if (M, P(M)) E VP 6(P), then M is isomorphic to N.

Theorem 4.23 (Wilkie [29]). Let O(P) be a restricted Lpa scheme template which is
second-order categorical. Then there is a true Lpa sentence ¢ such that

O[Lpa] + ¢ - PA.

Recall that a theory being solid is, in a loose sense, a categoricity property. Theorem
4.22 shows that a natural variant of Wilkie’s result with “solid theory” replacing ‘“restricted
second-order categorical scheme” is false.

Our strategy for the proof of Theorem 4.15 is similar to the one used to prove Theorem
4.15 in the previous subsection. We will define a retract-disjoint family of theories ITF(n)
with the following additional property: for every n, ITF(n) is consistent with Thyy, , (N)+
—13,,+1. We observe that the theories ITD(n) do not have this consistency property
because they all imply the false ¥; statement =Con(PA) (additionally, each ITD(n) implies
the ¥ statement Jx &, (z) which is inconsistent with PA). Our way of making the family
{ITF (n) }ne, retract-disjoint will also be different from the one in Section 4.3.

Below we describe the construction of ITF(n). As in the case of IT(n), we first describe
the construction of the “intended model” of ITF(k) and then extract its relevant properties
in the form of axioms.

The construction of ITF(n). Let ¢, be a ¥, ; formula that is (3,_1,%;)-flexible
over 1Y, 11 and witnesses Theorem 3.6(b). We perform a procedure of finding a Henkin
structure H and its pointwise X, 1-definable substructure X similar to the one described
by the interpretation K, from Section 4.1, except that now instead of the theory from (4)
we start with:

B0 11 U{Ga(E) : Pa(B)} U{=Ca(L) : ~Pa(0)}, ()

and we also want to ensure that H satisfies all true II,,_; sentences. Here, P, is the highest-
level truth predicate of CT"[PA]. In particular, if this construction is carried out in the
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standard model of CT"[PA], i.e. in the n-th element of the sequence defined recursively
by:

CTo:=N
CTj+1 = (N, Th(CT()), e ,Th(CT]»

then ¢, encodes the theory of CT,_1. We note that the argument that the theory in (5)
is consistent formalizes in CT"[PA] thanks to Theorem 3.6.

We will use the notation K/, N/, for analogues of the interpretations K,,, N,, from Section
4.1 adapted to the current setting. So, K/, describes the procedure of constructing the model
Kn = K"Y(H), where H is the Henkin model a theory obtained by taking the theory
in (5) extended by Thy, ,(N), henkinizing it, and taking the leftmost completion. As in
the case of IT(n), we have a canonical definition §,, that isolates the smallest definable
cut in K, (which is the standard cut if we apply K/, in CT,). The interpretation N/, of
CT™[PA] in K,, has universe defined by d,,, arithmetical operations given by restricting +
and X to d,, and the n-th truth predicate P, given by (,; the predicates P, ..., P,_1 are
determined by P,.

With the above definitions, ITF(n) is defined as IT(n) is Section 4.1, except that
Ky, N;, are changed to K/,N/ , and “N,, F CT[PA]” in (iii) is replaced by

(iii)’ N/, = CT™[PA].
Lemma 4.24. For each n > 1, ITF(n) is consistent with Thyy, ,(N) +-=BX,41.

Proof. This is essentially the same argument as the verification that IT(n) is consistent,
adapted to the slightly more complicated setting.

Fix n > 1 and consider the standard model CT,, of CT"[PA]. By compactness and the
(X1, X1)-flexibility of ¢, we conclude that the Lp, -definable theory

B 1 U{Gn(E), =Ca(l) : Pa(k), 7Pu(l), b, € € w} U{p € Ty : NE o}

is consistent. Applying to this theory the henkinization and completion process described
above and codified in K/,, we obtain a CT,-definable Henkin model H F 1%, such that
N <y, H and for each natural number k, we have that ¢, (k) holds in H iff P,,(k) holds
inCT,.

By the usual arguments, K" (H) <5, H, hence K"t (H) F IE, +exp + Thy,_, (N)
and, since (, is a 3,11 formula of Lpy, for each k € w we have

K'Y H) B Go(k) i CT B Po(k).
With the above, it is now routine to verify that indeed K"*1(#) F ITF(n). O
Lemma 4.25. For each n > 1, ITF(n) is bi-interpretable with CT"[PA].

Proof. This can be shown essentially as in the proof of Proposition 4.7. The main change
is that instead of a formalization of the arguments from Section 4.1 in CT[PA], we use
a formalization of the proof of Lemma 4.24 in CT"[PA]. The verification that ¢, has the
required (3,1, 31)-flexibility property over I3, can be carried out in CT"[PA] thanks
to Theorem 3.6(b) and the fact that CT"[PA] F X,49- REN(IX,,41). O

Corollary 4.26. For each n > 1, the theory ITF(n) is solid.
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Proof. By Lemma 4.25, Corollary 3.10, and the fact that bi-interpretability preserves
solidity. ]

Corollary 4.27. The family {PA} U {ITF(n)}ne, is retract-disjoint.
Proof. By Lemma, 4.25 and Corollary 4.13. O

Proof of Theorem 4.22. Let T'F,, be I3, + exp + @y, ITF(k)|[IX; A 2 1X441). Clearly,
TF, is an 1.e. subtheory of PA, and it contains I¥,, by definition.

The fact that T'F,, + Thyy, (N) does not imply PA for any k follows immediately from
Lemma 4.24.

To prove solidity of T'F,,, we invoke Proposition 4.10 with U, := ITF(k), V :=
I, +exp, and ¢y := X, A 21X, (with IA( replaced its a sufficiently large finite frag-
ment as before). By Corollary 4.26, each Uy is solid, and V U {—¢y : k € w} is solid
because it is equivalent to PA. The sentences ¢, are pairwise inconsistent. Finally, the
family PA U {Uy }rew is retract-disjoint by Corollary 4.27. O

Remark. We can combine Theorems 4.15 and 4.22 in the following sense. Suppose that
{ITD(n)'}new is a sequence of theories which is produced as {ITD(n)},e., but with the
change that instead of using the theory W and formula ¢ from Section 4.3, we ensure
retract-disjointness by making each ITD(n)" bi-interpretable with CT"[PA]. That is, to
define ITD(n)" we essentially repeat the construction of IT(n) from Section 4.1 but working
with P, instead of P and N/, instead of N,; unlike for ITF(n), we use the basic flexible
formula & rather than (,, and do not include II,,_1-truth in the theory of the Henkin model.

Then if we set Usy, := ITF(2n) and Us,11 := ITD(2n + 1), one can easily check that
for every n € N the theory

IS, + exp + @D (Uk1%k A ~18441)
k>n

is a proper solid subtheory of PA that is both unable to interpret PA and “infinitely below”
PA in the sense of Theorem 4.22.

5 Separation theorems

We now focus on separating the categoricity-like properties considered in this paper. In
particular, we obtain a separation of tightness from neatness, and a nontrivial (e.g., not
based on a complete theory) example separating neatness from semantical tighness and
solidity.

In most of our constructions, we exploit the fact that an actually existing isomorphism
that would be needed to witness one of the properties we study or the failure of another is
somehow difficult to express. In some cases, the isomorphism cannot be defined internally
in a structure, in others, its definition requires parameters from the structure.

Some of our nontrivial examples take the form (77|-v) € (T2|) for a sentence 1. To
avoid using such cumbersome notation, we will write 11 @, 1% in its stead.

5.1 Tame separators

We first discuss two simple examples of separations between the syntactic and the seman-
tical notions, based on the fact that any complete theory has to be neat. The theories in
these examples have the virtue of being r.e., but they do not interpret any arithmetic at
all; in particular, they are not sequential.
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Proposition 5.1. DLO is neat and therefore tight, but it is not semantically tight.

Proof. Note first that DLO is clearly neat because, it is complete. To show that it is not
semantically tight, let M = (Q, <) + (R, <) and let N’ = (R, >) + (Q, >), where + stands
for the disjoint sum of linear orders. Since the order on N is just the inverse of the order
on M, the two structures are clearly bi-interpretable. However, M is not isomorphic to
N, so DLO fails to be semantically tight. O

Remark. As another example in this spirit that additionally illustrates the role of multi-
dimensional interpretations and the subtleties involved in defining semantical tightness,
consider the theory of infinite sets, in the empty language. Just like DLO, this theory is
complete and hence trivially neat.

We show that this theory is not semantically tight if one is willing to allow multi-
dimensional interpretations. Let M = N, N' =N\ {0}, M* = {(n,n) : n > 1} U{(1,2)},
N*={(n,n) : n > 1}. Then we have three interpretations witnessing M >N > M* > N*.
The interpretations are defined in the obvious way, though the one in of M* in N is
two-dimensional, and they all use parameters, namely 0; 1,2; and (1,2), respectively, in
order to exclude the appropriate elements from the domain. There is an M-definable
isomorphism between M and M* (map 0 to (1,2), and any other n to (n,n)), as well
as an N-definable isomorphism between N' and N* (map n to (n,n)). Thus, we get a
bi-interpretation between M and N. But there is no M-definable bijection between M
and N, because, by quantifier elimination, any definable injection from M to M has the
following form: an arbitrary permutation of a finite set (the set of parameters involved in
the definition), and the identity on all other elements.

The argument from the previous argument breaks down if in the definition of semantical
tightness we only require isomorphism instead of M-definable isomorphism: indeed, any
two bi-interpretable infinite sets must have the same cardinality and thus be isomorphic.
It also breaks down if we only allow one-dimensional interpretations as in the rest of this

paper.

5.2 Tight but not neat

This subsection is devoted to the proof of a less trivial separation, between the two syn-
tactic notions of tightness and neatness. In fact, we prove that there are arbitrarily strong
subtheories of PA that are tight but not neat. We do not know whether the theories in
question are semantically tight.

Theorem 5.2. For every n > 1, there exists an r.e. subtheory of PA that contains
BX,, +exp but not IX,, and s tight but not neat.

The overall structure of the argument is similar to that of Section 4.1, though the role
of CT[PA] is played by PA, and pointwise definable models of I¥,, + - B3, ;1 are replaced
by models of BY,, + - 1X,,.

Fix n > 1. In analogy to the theories 7;, and IT(n) from the proof of Theorem 4.1 in
Section 4.1, we will use the symbol S, to denote the theory that will eventually witness
Theorem 5.2, and we will define an auxiliary theory IS(n).

In Section 4.1, we had an interpretation K,, of a model of I3, +-BX,,1; in (N, Th(N)),
and an inverse interpretation N,, of (N, Th(N)) in that model. The theory IT(n) axioma-
tized many features of our particular model of 1%, + = BX, 11, and T,, said that we are
either in a model of IT(n) or in one of PA. This time, K,, will be replaced by a parameter-
free interpretation J,, of a model of BY,, + = I¥, in N, and again there will be an inverse
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Figure 5.1: Construction of the model No» of IS(n). The solid horizontal lines represent
NJ”, which is a nonstandard X, y1-elementary initial segment J of the Henkin structure
‘H. The dashed horizontal lines represent the rest of H.

interpretation of N in our model. In fact, we will reuse the name N,, for that inverse in-
terpretation, because it will essentially do the same job as before — pick out the smallest
definable cut of our model — except that there will be no need to define the truth predicate.
As before, IS(n) will axiomatize some properties of our model, and S,, will say that we
are either in a model of IS(n) or in one of PA.

The interpretation J,, describes the following process, as carried out in N:

e Consider a canonically defined binary tree whose paths correspond to complete con-
sistent henkinized extensions of the theory I¥X,, + =Con(I%,).

e Take the Henkin model H given by the leftmost path through that tree.

e Take the initial segment of H generated by the first N iterations of the witness-
bounding function for the universal ¥,,_; formula (see discussion at the end of Sec-
tion 2) on the smallest proof of inconsistency in I¥,. For n = 1, instead of the
witness-bounding function consider the first N iterations of exp.

This process is illustrated in Figure 5.1. As discussed at the end of Section 2, it produces
a Xp_1-elementary cut J of H that is necessarily a proper cut, because H is nonstandard,
and in a model of I¥,, the witness-bounding function for a 3,1 formula can be iterated
an arbitrary number of times (and so can exp in a model of I¥;). Thus, J is a model of
BX,,. Moreover, J is a model of —1%,,, because it is a nonstandard structure in which
the standard cut N is ¥,-definable, say by the formula 6,(x) expressing “there exists
an inconsistency proof for I3,, and on that proof the witness-bounding function for the
universal ¥,,_1 formula can be iterated x times”.

Thus, N is the smallest definable cut of 7, and it can be interpreted in J by the
interpretation N, in which the domain is defined by §,, and the arithmetical operations
are unchanged. As in the proof of Theorem 4.1, there is an N-definable isomorphism j,
between J,,N,, and the identity interpretation of N in itself, namely the map from Lemma
3.2: take x € N to the z-th smallest element of J. Each of N,,, J,,, i, is definable without
parameters.

However, we no longer have a J-definable isomorphism between N,J,, and the identity
interpretation of IC in itself. The reason is that 7 is a model of BX,, + exp + —13,,, and
the domain of N,, is a proper cut in it. It is known that models of BX,, 4+ exp + = 1%,
cannot have a definable injective multifunction into a proper initial segment:

Theorem 5.3. [17] Let the cardinality scheme CARD say that no formula defines an
injective multifunction from the universe into [0,x] for any number x. Then, for each
n > 1, it holds that BX,, + exp + - 1¥, - CARD.

On the other hand, the structure produced by N,J, is in fact isomorphic to J, even
though J does not see the isomorphism. In particular, the two structures are elementarily
equivalent.

We let IS(n) axiomatize the properties of J discussed above. The axioms of IS(n) are:
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(i) BE, + exp + —1%,,
(i) “0,, defines a cut which is the smallest definable cut”,
(iii) 9Nndn «5 ), for each sentence ),
(iv)
We let S, be IS(n) @1x,, PA. Note that it follows from axioms (ii) of IS(n) that N, is
an interpretation of PA in IS(n).

N,, E “j,:id — J,N,, is an isomorphism”.

Lemma 5.4. The theory S, contains BY,, + exp but not 13,,. Thus, it is a proper subtheory
of PA.

Proof. The argument is analogous to the one for Lemma 4.4: by the construction of the
model J described above, IS(n) is consistent and contains B, +exp but contradicts

Ix,. O
Lemma 5.5. The theory S, is not neat.

Proof. Consider U = PA and V' = IS(n). Note that both these theories extend S,,. More-
over, J,, is an interpretation of IS(n) in PA, and J,,N,, is an interpretation of PA in PA. By
design, the latter interpretation is PA-provably isomorphic to the identity interpretation:
Jn is the shortest initial segment of H which contains all the finite (in the sense of the
ground model) iterations of the witness-bounding function for the universal ¥,,_; formula
on the smallest witness to ~Con(IX,), and N, isolates precisely the set of those numbers
a for which that function can be iterated a-times. Thus, PA is a retract of IS(n). Clearly,
however, IS(n) is not a subtheory of PA. O

Lemma 5.6. The theory IS(n) is neat.

Proof. 1t is enough to prove that if M; > Mo > M3 are models of IS(n) and there is an
M-definable isomorphism from Mj onto M3, then My = Ms. So, let M1, Mo, M3 be
as described.

For each i € {1,2, 3}, let \V; be the model of PA obtained by applying the interpretation
N, in M;, and let M. be the model of IS(n) obtained by applying J,, in N;. See Figure 5.2.
Note that the domain of each N is the smallest definable cut of M; and that there is an
M ;-definable isomorphism from Nj onto N3 (induced by the M;j-definable isomorphism
between M; and M3).

By axioms (ii) of IS(n) and Lemma 3.9 we have an (M;-definable) isomorphism be-
tween N7 and Ny. This clearly gives rise to an (M;j-definable) isomorphism between M/

and M.
By axioms (iii) of IS(n), we know that M; = M} and My = M), Since M and M),
are isomorphic, this implies that M1 = Ms. O

Proof of Theorem 5.2. We have already shown in Lemmas 5.4 and 5.5 that S, is a sub-
theory of PA containing BY,, + exp but not I3, and that S, is not neat. Clearly, S, is
an r.e. theory, so it remains to prove that it is tight.

It is enough to show that if M; is a model of S,, and (M2, M;) is a bi-interpretation
in My, then My = M?AQ. Put My = MQAQ.

By the definition of S, each M; satisfies either PA or IS(n). If M; and M3 both
satisfy PA or both satisfy IS(n), then M; = My follows from the solidity of PA or the
proof of Lemma 5.6, respectively.
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Figure 5.2: The proof of Lemma 5.6. The horizontal solid arrow represents an isomorphism
given directly by the assumptions about Mj, My, M3, and the dashed arrows represent
isomorphisms shown to exist during the argument. The vertical solid arrows stand for
elementary equivalences, which together with the isomorphisms let us conclude that M
is elementarily equivalent to M.

The remaining case is that exactly one of M1, My satisfies PA. Assume w.l.o.g. that
M E IS(n) and Mo E PA. We will show that this leads to a contradiction, which will
complete the proof of the theorem.

Let M3 = Mgﬂ ! be the structure interpreted in Mo which is M;-definably isomorphic
to M. That isomorphism between M; and Mg, say fi, may in particular be viewed as
an Mj-definable injective multifunction from M; into M.

By Lemma 3.2, there is an Ma-definable (hence Mj-definable) embedding fo from
My into the initial segment (8,)™3 of M3. However, (f1)~! restricted to (&,)™? is an
M-definable isomorphism between (5n)M3 and ((5n)M1. So, (fi)~to fao fi is an M;-
definable injective multifunction from M; into (6,)™*, where (d,)™ is a proper initial
segment of M. This contradicts Theorem 5.3. O

5.3 Tight but neither neat nor semantically tight

In this subsection, we aim to define a theory that separates tightness from neatness and for
which we also know that it is not semantically tight. We are able to find a sequential theory
of this kind, but we do not know whether such theories can have arbitrary arithmetical
strength.

Below, Z[X] denotes the ring of polynomials over Z, which we see as a model for
Lpa, with the ordering determined by making X greater than all the integers. We write
(Z[X])>0 for the nonnegative part of Z[X], which is a model of PA™.

Lemma 5.7 (|5]). The structure ((Z]X])>0,X) is parameter-free bi-interpretable with N.
As a consequence, (Z[X])>o is bi-interpretable with N; but it is not parameter-free bi-
interpretable with N.

Proof. (Z[X])>0 is clearly a computable structure, hence it is arithmetically definable, and
we can fix an interpretation Z of a copy of ((Z[X])>0,X) in the standard model N. To be
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more specific, we represent polynomials from ((Z[X])>0, X) as (natural numbers coding)
finite sequences of integers.

This provides us with one interpretation needed for the bi-interpretability. To define
the other one, observe that N, the standard cut, is parameter-free definable in (Z[X])>o.
Namely, let §(x) say that all numbers smaller or equal to z are either even or odd. Since
elements of the form X + k, where k € Z, are downwards cofinal over N in (Z[X])>¢, and
no such element is divisible by 2, only the standard integers satisfy d(z) in (Z[X])>o. This
gives rise to an interpretation of N in ((Z[X])>0, X) (in fact, in (Z[X])>0), which we will
denote by N.

Now we show that there is a parameter-free definable isomorphism between the identity
interpretation on ((Z[X])>0, X) and NZ. This crucially depends on the fact that PA™ is
sequential, so internally in PA™ we have a notion of finite sequence that is well-behaved for
sequences of standard length. Consequently, by mimicking the usual recursive definitions,
we can define such notions as (standard) finite sums and finite products. In particular
there is a ((Z[X])>0, X)-definable function with domain NZ which, given a coded finite
sequence a = (ag, . . ., a,) € NZ, returns a, X" +a, 1 X" ' +...+a1 X +ap; the definition
of the function needs no parameters beyond X itself, which is named by a constant in
((Z[X])>0,X). The inverse of this function is our ((Z[X])>0,X)-definable isomorphism
between id and NZ. The N-definable isomorphism j between id and ZN is the usual map
from Section 3.1.

Thus, N is parameter-free bi-interpretable with ((Z[X])>0, X ), which means that it is
also bi-interpretable with (Z[X])>¢. To prove that the bi-interpretability with (Z[X])>o
requires parameters, it is enough to observe that (Z[X])>¢ carries a non-trivial automor-
phism: namely, the semiring homomorphism generated by X — X + 1, whose inverse is
given by X — X — 1. On the other hand, N has no automorphisms other than the identity,
and as mentioned in one of the remarks following the definition of bi-interpretation in Sec-
tion 2, structures that are parameter-free bi-interpretable have isomorphic automorphism
groups. ]

In the remainder of this subsection, we will continue to use the notation §(z), j, N, Z for
the formulas resp. interpretations thus denoted in the proof of Lemma 5.7. We let ¢, stand
for the (Z[X])>o-definable map that, given a parameter z and a sequence (ao,...,a,) in
NZ, outputs anz™ + an—12"" '+ ... 4+ a1z + ag. Thus, (LX)*l is an isomorphism between
((Z[X])>0, X) and ((Z[X])>0, X)V*

We also let h, be the (Z[X])>o-definable operation that maps the parameter z to z+1
and extends to values of polynomials in z in the obvious way. More precisely: h, takes
p € (Z]X])>o and searches for a € NZ such that p = ¢,(a). If such an a does not exist, the
function is undefined. If it does, then h.(p) := t,+1(a). Note that in general, h, is only a
partial function — for instance, the domain of hy2 is (Z[X?])>o rather than all of (Z[X])>¢
— but hx is an automorphism of (Z[X])>o.

Let U be the following theory, axiomatizing some properties of (Z[X])>¢ in the spirit
of the theories IT(n) and IS(n) of Sections 4.1 and 5.2, respectively:

(i) PA-,

3

‘there exists x such that h, is a nontrivial automorphism of id”,

)
(ii) “0 defines a cut which is the smallest definable cut”,
(iii)

)

(iv) “there exists = such that (1;)~': id — NZ is an isomorphism”,
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(v) NE “j:id — ZN is an isomorphism”.

We observe that (ii) is an axiom scheme, while the other axioms of U are single
statements.
Our goal is to prove the following theorem:

Theorem 5.8. There is a sequential r.e. subtheory of PA which is tight but is neither neat
nor semantically tight.

The theory in question is U @y, PA. As usual, to prove a tightness-like property of
the theory (here, specifically tightness only), we need to show the corresponding property
for U and to obtain a result that rules out some “mixed cases” of interpretations.

Lemma 5.9. The theory U is solid.

Proof. Let My>Ms> M3 be models of U such that there is an Mj-definable isomorphism
from M, onto Mj. For each i € {1,2,3}, consider A; := MN and M} := N?. Since each
M, is a model of U, it follows that My, M, M3 and N7, N3, N3 satisfy the assumptions
of Lemma 3.9 for m = 0, so N is M;-definably isomorphic to Na. Hence, M7} is M-
definably isomorphic to M3.

By axiom (iv) of U, each M; is M;-definably and thus also M;j-definably isomorphic
to M7. Composing these isomorphisms with the one between M7 and M3, we obtain an
M-definable isomorphism between M and M. O

Remark. Note that in the proof of Lemma 5.9, the isomorphism between M7 and Mo
needed to witness solidity is defined using parameters from M that might not be involved
in defining the interpretations between M1, My, M3 and the isomorphism between M1
and Ms3. In any case, we will only need the tightness of U in the remainder of our argument.

Lemma 5.10. If M1 E PA and My E U, then My and My are not parameter-free
bi-interpretable.

Proof. Suppose the contrary and let (Mg, M;) be a bi-interpretation in M; = PA such
that ./\/1'1\/|2 = U. Let K be the prime substructure of M. Then K < M, so M; and My
witness that K is parameter-free bi-interpretable with a model of U. This cannot be the
case, because the automorphism group of K is trivial, while every model of U, specifically
of axiom (iii), carries a nontrivial automorphism. O

Proof of Theorem 5.8. Clearly, U @15, PA is an r.e. subtheory of PA, and it is sequential
because it implies PA™.

We now show that it is tight. Let Vi, Vo be bi-interpretable extensions of U &1y, PA,
and let V1, V2 be interpretations witnessing the bi-interpretability. We claim that applying
V3_; in a model of V; + PA gives rise to a model of V5_; + PA, and analogously for models
of U instead of PA. To prove the claim, note that if M E V; + PA, then by the choice
of V1, Vg the structures M and MV3-¢ are in fact parameter-free bi-interpretable. So, by
Lemma 5.10, it must be the case that MV3-i = PA. The proof for models of U is similar.

By the claim, V; + PA is bi-interpretable with V5 4+ PA, and V; 4+ U is bi-interpretable
with Vo 4+ U. Thus, the solidity of PA implies that Vi + PA = V5 + PA, and Lemma 5.9
implies that V1 + U = Vo + U. So, V1 = V3, proving tightness of U @1y, PA.

The lack of semantical tightness is witnessed by the structures N and (Z[X])>¢, which
are both models of U @1y, PA and are bi-interpretable by Lemma 5.7 but are not iso-
morphic. The lack of neatness is witnessed by the theories Th(N) and Th((Z[X])>0). The
former is a retract of the latter, because not only the interpretations N and Z, but also
the isomorphism j between N and (N)?N are defined without parameters. O
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5.4 Neat but not semantically tight
Our final separation result takes the following form.
Theorem 5.11. There is a sequential r.e. theory which is neat but not semantically tight.

This time, the theory in question will be a strengthening of PA formulated in the
language extending Lpa by a fresh constant symbol c. It will take the form PA + p(c),
where p(x) is a partial type with some particular properties.

Lemma 5.12. There exists an r.e. partial type p(x) over PA such that:
(i) every element realizing p is undefinable,
(ii) if M =N E PA and a, b realize p in M, N respectively, then tp™(a) = tpN(b).

The Lemma can be obtained from known constructions of indiscernible types (see the
proof of Theorem 3.1.2 in [18] and the Remark following it), but in order to make the
paper more self-contained, we give a relatively simple proof based on flexible formulas.

Proof of Lemma 5.12. Let ¢o(z), ¢1(z), ... be a computable enumeration of Lpa-formulas
with one free variable in prenex normal form. Let kg, k1,... be the sequence of natural
numbers defined inductively by ko = X(p0), knt1 = kn + 2(@n+1) + 2, where X(1)) stands
for the smallest ¢ such that the formula v is 3.

Let —Def(x) be the partial type {3y p(y) = —p(z) : p(x) € Lpa}. Define the sets of
Lpa-formulas po(z), p1(x),. .. as follows:

po(x) := —Def(x)
Pnt1(z) = pa(2) U{Vy &n(y) < on(z)},

where &, is a X, -flexible formula over the Lpa-consequences of PA + p,,(c) (this assumes
the satisfiability of each p,(z), which we will verify below). By Theorem 3.6 and its proof,
we can require &, to be a X, formula of Lpa, and we can assume that the construction
is computable in n, so that p(z) := J,, pn(x) is a computable set of Lpp-formulas.

We still have to check that p(z) is in fact a type, i.e. that each p,(z) is satisfiable. We
do this by induction on n. Clearly, po(x) is satisfiable. Now assume that p, (x) is satisfiable
and consider p,t1(x). Let ay,(z) denote the Lpa-sentence

N\ V&) < on(x)
k<n

(note that p, () is logically equivalent to po(z)Uay,(z)). We claim that one of the following
cases holds:

1° There is no ¢ € w such that PA +—Def(c) 4 o, () + Yy & (y) F 3 (o () A pn ().
2° There is no m € w such that PA + —Def(c) + an(c) + Jy &, (y) B I"x (an(z) A
—n(2)).

Assume the contrary. Then, since PA + —Def(c) 4+ a,(c) F 3%z ay, (), for some r € w we
have
PA + —Def(c) + an(c) F Vy &a(y) < 3572 (an(x) A pn(T)).

Since 3"z (apn () A pn(x)) is an Lpa-sentence of complexity at most IIy, (the formula
an(x) is at most Xy, yo), this contradicts the flexibility of &,. Hence at least one of 1°
and 2° holds.
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Finally, we show that if 1° holds, then p,41(x) is satisfiable (the argument for the case
when 2° holds is analogous). From 1° it follows that for every ¢, the theory

PA + ~Def(¢) + an(c) + ¥y &u(y) + 3@ (an () A pa(a)

is consistent. In particular there is a model of PA+—=Def(c)+ay,(¢)+Vy &, (y) in which there
are uncountably many elements satisfying the formula a,(x) A ¢, (z). So, the following
theory is consistent as well

PA + —Def(c) + an(c) + Vy &u(y) + (an(d) A pn(d)) + —Def(d).
Any element interpreting the constant d in a model of this theory realizes p,y1(x). O

Proof of Theorem 5.11. Let T be PA + p(c), where p(x) is the type provided by Lemma
5.12. Clearly, T is an r.e. theory.

We claim that T is not semantically tight, even in the weak sense of [8] (see one of
the remarks following Definition 2.1) . Indeed, fix a model (M,c) F T in which there
is d # ¢ with the same complete Lpa-type as ¢ (such a model exists since any element
realizing p(z) is undefinable). Consider N := (M, ¢, d) - the submodel of M with the
universe consisting of the elements which are definable with parameters from the set
{c,d} (or, equivalently from the pair {c,d)). Since N is an elementary submodel of M,
it follows that both (N, c¢), (N, d) are models of T'. Moreover both (N, ¢) and (N, d) are
interpretable in A/ and it follows that they are bi-interpretable (using ¢, d as parameters).
However, it follows from Ehrenfeucht’s Lemma (see Section 2) that A/ admits no non-trivial
automorphisms. Hence (N, ¢) and (N, d) witness that 7' is not semantically tight.

We now argue that T is neat. Take any two extensions U and V of T' and assume that
V:UrV and U:V > U witness that U is a retract of V. In particular VU is U-provably
isomorphic to idy. Take any (M, ¢) E U. We claim that (M, ¢) ~ (M, ¢c)V, so in particular
(M, ¢) E V', which will suffice to prove neatness.

Consider (NV,d) := (M,¢)V and (M*,c*) := (N,d)V. Since V and U witness the
retraction between U and V, it follows that (M*, ¢*) is (M, c)-definably isomorphic to
(M, c). By the solidity of PA, there is also an M-definable isomorphism ¢ between M
and N. Moreover, since ¢ is in fact the map from Lemma 3.2, and the interpretation V of
(N, d) uses no parameters from M other than ¢, the definition of ¢ also has ¢ as its unique
parameter. This means that the element :~(d) of M is definable in M from c.

Both (M, ¢) and (N, d) are models of T', so the properties of the type p(z) imply that
the Lpa-types of ¢ and d are determined by the theories of M and N, which are the
same because M and N are isomorphic. Hence, :71(d) is not only definable from ¢ in M,
but also has the same arithmetical type as ¢. By Ehrenfeucht’s Lemma (see Section 2),
we obtain ¢~1(d) = ¢, which means that ¢ is an isomorphism between (M, c) and (N, d);
hence (M, ¢) ~ (N, d) as claimed. O

6 A weak subtheory of 7,

The focus of this paper is on subtheories of first-order arithmetic. However, the question
on the existence of solid proper subtheories asked in [4] concerned not only PA, but also
other foundationally relevant axiom schemes, like second-order arithmetic Zy and ZF set
theory.

As in the case of PA, we feel that (in order to avoid trivial examples) in the case of
more powerful systems the question should also be not about proper subtheories as such,
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but proper subtheories containing a sufficiently strong characteristic fragment of a given
axiom scheme, or even better about arbitrarily strong subtheories. In the present paper,
we do not take up that problem. Nevertheless, to illustrate what can be done using our
methods in a rather straightforward manner, we provide a simple example of a proper
solid subtheory of Zy containing arithmetical comprehension.

Recall that ACA], is the theory that extends ACA( by the axiom “for every set X and
every number k, the set X*) exists”, and ACA’ is ACAj plus the full induction scheme
for the language of second-order arithmetic.

Proposition 6.1. There exists an r.e. solid proper subtheory of Zs extending ACA’.

Proof. Let U be the theory of those models of ACA’ that consider themselves to consist
of the arithmetical sets. In other words, U is ACA’ plus the axiom

VX 3k (X is Turing-reducible to 0)).

We claim that U ®1.ca, Z2 is solid.

By [4], Z is solid. It is also easy to show that U is solid: if M; > Mg > M3 are
models of U and we are given an Mj-definable isomorphism between M; and Ms, then
an argument just like the one for PA shows that there is also an Mj-definable isomorphism
between the first-order parts of M; and Mj (the argument makes use of the full induction
scheme available in U, because the interpretations between the models might be second-
order definable). This extends to the second-order parts in the natural way: if e1, k1 € M,
are mapped by the first-order isomorphism to es, ko € Moy, respectively, then map the set
{el}o(kl) to {62}0(k2). We can prove by induction on k; that this is an embedding of the
second-order universes, and it is surjective because My satisfies U.

By (an obvious variant of) Proposition 4.10, it remains to show that the family {U, Zs}
is retract-disjoint. This is similar to the proof of Lemma 4.6. If say M E U is a retract
of N'E Zs, then again by the usual argument the first-order universes of M and N are
definably isomorphic. But the second-order universe of N contains a set that is a defini-
tion of satisfaction for second-order formulas in M, because all sets in M are internally
arithmetical. We could use the isomorphism between the first-order universes to transfer
this definition to M, contradicting Tarski’s theorem. The argument for the case when a
model of Zs is a retract of a model of U is analogous. O

By a somewhat more involved argument in a similar spirit, we can prove the solidity of
a proper fragment of Zy containing IT}-comprehension (and full induction). Solid proper
subtheories of Zs containing fragments at the level of I13-comprehension and beyond are
left as a possible topic for future work.

7 Conclusion and open problems

The work presented in this paper provides significant new insight into the behaviour of
solidity and similar properties for subtheories of first-order arithmetic, as well as into the
precise relations between the properties.

When it comes to solid subtheories of PA, we were able to not only show the existence
of relatively strong solid proper subtheories of PA, but also to provide examples that are
strictly below PA in terms of interpretability rather than just provability. Still, it seems
that a piece of the picture remains missing.

Recall the Remark at the end of Section 4.3, pointing out that the reason why the
theories T'D,, defined in that section fail to interpret is that they are unable to make an
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\ sequential \ arbitrarily strong below PA

not tight [4] [4]

tight only Sec. 5.3 ?

neat but not sem. tight Sec. 5.4 ?

sem. tight but not neat ? ?

sem. tight and neat only ? ?
solid [4] Sec. 4.1

Table 1: Possible combinations of categoricity-like properties discovered up to and includ-
ing the present paper.

infinite case distinction, but each model of each T'D,, actually interprets a model of PA.
In fact, among the solid subtheories of PA that we are able to come up with, all the ones
containing a reasonable amount of arithmetic (we leave aside trivial counterexamples like
“either PA holds or the universe has one element”) have the property that each of their
models interprets a model of PA. Thus, the following question seems to be of interest.

Question 1. Can a solid subtheory of PA containing IAg 4+ exp have a model that does
not interpret any model of PA?

A potential negative answer to Question 1 could be interpreted as meaning that, in an
appropriately weakened sense, PA is a minimal solid theory after all.

We also mention two questions in a similar spirit originally raised by other authors.
One of the questions was already asked by Enayat in [4]:

Question 2. Is there a consistent finitely axiomatizable solid sequential theory?
The other was suggested by Fedor Pakhomov (private communication):
Question 3. Is there a solid sequential theory that is interpretable in I3, for some n?

Note that a positive answer to Question 3 implies a positive answer to Question 1,
because (for Godel-style reasons) I3, has models that do not interpret any model of PA.

Turning now to the topic of relations between tightness, solidity and the other notions,
since solidity is the strongest of the four categoricity-like properties considered and tight-
ness the weakest, a priori there could be up to six combinations of the properties. These
combinations correspond to rows of Table 1 below and are listed in the first column.

Before our work, all theories that had been classified were either solid or not even
tight. We were able to come up with examples witnessing some separations between the
properties, including a theory that is tight but has none of the stronger properties and
a theory that is neat but has neither of the semantical properties. All the separations
we obtained can be witnessed by theories that are at least sequential theories, although
separating examples that we managed to classify exactly do not have arbitrary arithmetical
strength. Table 1 lists the combinations of properties known to occur based on results up
to and including the present paper, with references to sections of this paper or to earlier
work, as appropriate.

Recently, the first author developed a new method that makes it possible to show that
in fact all six combinations corresponding to rows of Table 1 are possible, as witnessed by
variants of finite set theory. These advances will be reported in a separate work [11].

One example considered in the present paper that is not represented in Table 1 is the
family of tight but not neat theories S, studied in Section 5.2. These theories could fill
either the second or the fourth row of Table 1, depending on whether they are semantically
tight. Thus, we ask:

Question 4. Are the theories S,, from Section 5.2 semantically tight?
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