Udowodnimy, ze jesli 0 <z < 7, to x — ‘%3 < sinx < x. Punktem wyjscia bedzie nieréwnos¢
(1) sinz <z <tgw,

ktéra zachodzi dla kazdego = € (0, %).
Bedziemy tez korzysta¢ z rownosci

(2) sin(3a) = 3sina — 4sin’

ktora wynika z tego, ze sin(3a) = sin(2a) cos a+sin a cos(2a) = 2sin av cos? a+-sin a cos? a—sin® o =

= 3sinacos? a — sin® a = 3sina(1 — sin® ) — sin®
Z tego, ze 0 < cosx < 1 i z nieréwnosci (1) wynika, ze rcos’z < wcosz < sinz < w. Stad

a = 3sina — 4sin’ a.

wynika, ze z — 2® = 2(1 — 22) < 2(1 — sin® ) = zcos’ ¥ < sinzx < z, wiec
(N) r—2° <sinz <.

Z réwnosei (2) 1 nieréwnosei (N) wynika, ze

z>sing =sin(35) = 3sin g —4sin’ 2 >3 (2 - (2)") =4 (3)" =2 — (§+ £) 2%

Zalézmy, ze ay = 1, ay = % + 2%. JedliO<aiz—azr®<sinz<zdazxe(0,Z),to
: . . . 3 3
x> sinx = sin(3%) = 3sin £ —4sin® £ > 3 <§ —a(%) > —4(E) =z — (&4 5) 2%
Przyjmijmy teraz, ze a, 1 = éan + %. Poniewaz a; > aq, wiec ay = éal + % > %ag + % = as,
zatem az = éag + % > %ag + % = a4 itd. Ciag (a,) jest wiec $cisle malejacy. Jest tez ztozony z liczb
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dodatnich, a nawet wigkszych od wiec jest ograniczony z dotu, a stad wynika, ze ma granice.

27
Niech L = lim a,. Z definicji wynika wiec, ze 1 > L > 2%. Zachodza réwnosci
n—oo
1 4 1 4
L= lim a,yy = lim —a, + — ==L+ —.
iy Ot = I gn T o = gk T oy

Wynika stad, ze %L = % i wobec tego L = %. Poniewaz dla kazdego n i dla kazdego = € (0,%)
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zachodzi nier6wnos$¢ x > sinx > x — a,z°, wiec zachodzi tez nieréwnosc¢

. . 3 1 3
r>sine >z — lim a,2° =2 — =x°.
n—00 6
Ostatnia nieréwno$é jest nieostra, bo zostala otrzymana przez przejscie do granicy. Zauwazmy jed-

nak, ze jesli x € (0, §) to sin § < 3, wiec z wzoru (2) otrzymujemy

T T r 1 /x\3 r\3 1
i =3sin= —4sin®= > 3 ———(—) —4(—) =0 — -1,
sinx s1n3 sin 3 (3 s \3 ) 3 T 6$



We shall prove that if 0 < z < 7 then z— %3 < sinz < x. We start from the well known inequality
(1) sinz <z <tgw,

which holds for all = € (0, %).
We shall also use the equation

(2) sin(3a) = 3sina — 4sin’

which can be shown as follows

sin(3a) = sin(2a) cos a + sin a cos(2a) = 2sin acos? o + sin a cos? a — sin® o =

3 2 3

= 3sinacos® a — sin® a = 3sina(1 — sin? ) — sin® @ = 3sina — 4sin® .

It follows from 0 < cosz < 1 and inequality (1) that zcos?z < xcosz < sinx < z. Therefore
v — 1% =2(1 —2%) < z(l —sin®z) = zrcos’z < sinx < x s0

(N) r—2° <sinz <.

The equation (2) and the inequality (N) imply that

x> sinz =sin(3%) = 3sinf —4sin’ £ > 3 (% — (%)3) —4(%)3 =z — (3 +5) 2%

Let us define a; =1 and as = § + 5. If 0 < a and z — az® < sinz < z for z € (0, %) then

x> sinx = sin(3%) = 3sin % — 4sin® £ > 3 (% —a(%)?’) —4(%)3 =z — (&+5)%

_ 1 4 Q@ _ 1 4 1 4 _ _ 1 4
Let any1 = gan + 5. Since a; > as we have ay = 501+ 55 > a2+ 5 = az 80 ag = gaz + 5= >
>%a3—|—2¥47 = a4 etc. The sequence (a,) strictly decreases. Its terms are positive and moreover they are

greater than 2%. A bounded from below and decreasing sequence has a finite limit. Let L = lim a,,.
n—oo

It follows from the definition that 1 > L > 2%. The following equalities hold

. o1 4 1 4
L= lm any = lim gan+ 57 =g+ 57

Therefore §L = o thus L = &. For each n and each x € (0,%) we have 2 > sinz > z — a,x*. This

implies that
) . 1
r>sinz>r— lim a,2° =2 — —2°.
n—00 6

The last inequality has been obtained by passing to the limit and for this reason it is not sharp yet.
Let us notice that if 2 € (0, §) then sin § < %, so using (2) we get

T T T INE A T\ 3 1
inz =3sin 7 — 4sin’ 3 ___<_) _4<_> =z 5o
sin x 381113 sin 3>3(3 s 3 ) 3 T 63:



