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Abstract

This dissertation is about logics that are invariant under bisimulation.

The first part investigates classical model-theoretic questions in the modal
context. These include categoricity (“when does a set of sentences have a
unique model?”); compactness (“does satisfiability of a set of sentences fol-
low from satisfiability of its finite pieces?”) and small model property (“how
big model is needed to satisfy a set of sentences?”). The questions are asked
for modal logic over several classes of models: all models, transitive models,
two-way models and ordinal models. Simple characterizations expressed in
terms of finiteness are given.

The second part introduces and investigates the countdown p-calculus,
an extension of the classical modal fixpoint logic with countdown operators.
The new operators resemble the standard fixpoint operators. However, in-
stead of referring to fixpoints they refer to the ordinal approximations of
these fixpoints. The resulting logic expresses (un)boundedness properties
such as “there exist arbitrarily long paths staring at a given point” that are
inexpressible in the standard calculus. The classical correspondence with
parity games and automata extends to suitably defined countdown games
and automata. The connection is used to answer expressivity and decidabil-
ity questions.



Streszczenie

Przedmiot niniejszej rozprawy stanowia logiki niezmiennicze na bisymu-
lacje.

Czesé pierwsza poswiecona jest klagycznym problemom teoriomodelowym
przeniesionym na grunt modalny. Do zagadnnieni tych naleza: kategorycznosé
(“kiedy dany zbior zdan posiada unikatowy model?”), zwartosé (“czy speknial-
no$¢ zbioru zdan wynika ze spetnialnosci jego skonczonych fragmentow?”) i
wlasnoé¢ matego modelu (“jak duzy model jest konieczny, by spehié¢ dany
zbior zdani?”). Pytania te stawiane sa dla logiki modalnej nad réznymi
klasami modeli: modelami dowolnymi, przechodnimi, dwukierunkowymi oraz
porzadkowymi. Udowodnione zostaja proste charakteryzacje wyrazone w
terminach skonczonoéci.

Czes¢ druga wprowadza i bada odliczajacy rachunek p — rozszerzenie
klasycznego modalnego rachunku punktéw statych o operatory odliczajgce.
Operatory te przypominaja standardowe operatory statopunktowe — zami-
ast jednak odnosi¢ sie do punktéw stalych, odnosza sie do porzadkowych
aproksymacji tychze. Otrzymana w ten sposob logika wyraza wlasnodci
(nie)ograniczonosci niewyrazalne w standardowym rachunku takie jak “ist-
nieja dowolnie dtugie Sciezki rozpoczynajace si¢ w danym punkcie”. Wprowad-
zone zostaja gry i automaty odliczajace — uogoélniajace gry i automaty parzys-
todci. Klasyczna odpowiedniosé logiki, gier i automatéw zostaje uogdlniona
do poziomu ich odliczajacych rozszerzen. Uogdlniona odpowiedniodé jest
nastepnie wykorzystana do badania sity wyrazu logiki oraz zwiazanych z nia
probleméw decyzyjnych.
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Chapter 1

Introduction

Bisimulations. A notion central to this dissertation is that of a bisimu-
lation. Bisimulations, as well as some related basic concepts, are formally
introduced at the beginning of Subsection 2.1.1 of Chapter 2. Before we
dive into the technical details, however, let us have a look at the motivating
intuition and take a moment to appreciate the significance and beauty of the
notion (|28| overviews the role of this fundamental concept in various fields
and may serve as a more extensive introduction).

Analysis of various kinds of phenomena requires different tools and ap-
proaches. What is common is that before any investigations a decision must
be made: what part of the information we take as relevant and what is ig-
nored as accidental. If we are given a graph, the order in which its vertices
appear is usually irrelevant. Similarly, we do not care about the specific
names of functions in a program, the way a reasoning agent stores remem-
bered facts, or the orientation of a depicted triangle. The reason for this is
that the structure of all the listed entities does not depend on such details.
Their various instances are isomorphic. Identification of isomorphic objects
is uncontroversial to the point that it is often assumed without mentioning
it explicitly.

Isomorphism, however, is an inherently ezternal notion. Consider the



following directed graphs with nodes colored either red or blue:
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Any two of the above graphs are clearly non-isomorphic: the structure
is different. However, to see the structural difference we need to look from
the outside. On the other hand, in many contexts an internal perspective of
an observer inhabiting the graphs is more appropriate than such an external
one.

Imagine that the points of the graphs represent states of different pro-
grams controlling a spaceship. The red states are the ones in which the
engine is on and the arrows depict possible changes of the state. Assume
this is all we observe: we can only look at the engine or change the state to
a next one. In such case every two states depicted in the same row exhibit
the same behavior, in the sense that they cannot be distinguished by any
present or future observations.

Similarly, assume that the points represent epistemic states of an agent,
arrows depict their possible evolution and blue states are the ones in which
(s)he believes that Socrates is mortal. Again, if in a point we can only see its
color or move to a successor point then the observable behavior is identical
for every two points depicted in the same row.

Such colored graphs, called modal models, describe an impressive number
of seemingly unrelated phenomena. Notable examples other than programs
and epistemic reasoning include: reasoning about possibility and necessity
(hence the name modal), time and space, provability, but also non-well-
founded set theory, or even moral duties (see [34] for an overview). What is
common to all these different cases is that the properties of interest, such as
“the engine can be always turned off”, depend only on the behavior and not
the full structure of a model.

A bisimulation captures such behavioral equivalence, similarly to how
an isomorphism captures the structural one. As with an isomorphism, it is
independent from the particular interpretation of modal models and allows
us to abstract from it. The key idea here, formally introduced in Defini-
tion 2.1.4, resembles that of a congruence. Apart from having the same
color, equivalent points m and m’ must satisfy the so-called back and forth
conditions: for every edge originating in either of the points there is an edge



originating in the other one such that the targets of the two edges are again
equivalent. The analogy to congruence is in fact deep and although we do
not use category theory in this dissertation, it is worth to mention that
in the category-theoretic framework bisimulations arise as a notion dual to
homomorphisms between algebras [26].

Bisimulations successfully formalize the intuition about behavior and pro-
vide an elegant framework of both practical and theoretical significance. Al-
though alternative formalizations are sometimes considered, bisimulation is
the most popular and usually the most natural one (see [35] and [29] for a
discussion). In all the listed examples of possible interpretations, the rele-
vant properties of points in modal models are invariant under bisimulation:
if two points are linked by a bisimulation then either both or none of them
has a given property.

Logics. A natural approach to investigating various phenomena is to de-
scribe them using logic. The design of a good logic is often a nontrivial
task because of the inevitable tradeoff: the more expressive power a logic
has, the harder it is to reason about its formulae. Bisimulations provide
an attractive solution, as they allow to filter out troublesome part of the
information without loosing its essential aspects. This explains the great
success of bistmulation-invariant logics, i.e. logics interpreted in points of
modal models that only define properties invariant under bisimulation.

Among a great number of such logics two fundamental ones are modal
logic ML and modal p-calculus p-ML. ML extends propositional logic with
modal operators & and O working as restricted quantifiers. A formula G
interpreted in a point m means that m has a child satisfying (. Dually, O¢
means that all m’s children satisfy . The p-calculus further extends ML
with fizpoints.

Formulae of ML and p-ML are constructed inductively in a way that
guarantees bisimulation-invariance by design. However, they can be also ob-
tained as semantically defined fragments of known logics. This is expressed
by the two celebrated results: the van Benthem Theorem |33, Theorem 1.9]
and the Janin-Walukiewicz Theorem |20, Theorem 11]|. The first one iden-
tifies ML with the bisimulation-invariant fragment of the first-order logic
FO, the fragment of FO consisting of precisely these formulae that define
bisimulation-invariant properties. The latter theorem says that u-ML is the
same as the bisimulation-invariant fragment of monadic second-order logic
MSO.

This demonstrates the usefulness of bisimulations. The full logics FO
and MSO are rather complicated. For instance, the satisfiability problem
(given a formula of the logic, does it have a model?) is undecidable for both.
However, if we consider their bisimulation-invariant fragments ML and pu-ML
then the question becomes decidable in both cases (as follows from [20]).

Games. Bisimulation-invariant logics ML and p-ML and bisimulations them-



selves are easy to work with and theoretically pleasant. What contributes to
that is the tight connection with games. The games we consider are always
two-player zero-sum games, meaning that they are played between two play-
ers dve and Vdam, and precisely one of them wins. Games characterize the
existence of bisimulations between models and the semantics of formulae.
They offer a more dynamic point of view on both. Toggling between the
the static, compositional perspective and the dynamic, game-theoretic one
is often extremely helpful.

Automata. The connection between logic and games is mediated by au-
tomata. Given a model, an automaton induces a game and depending on
its winner the model is either accepted or rejected. The interrelation with
logic goes both ways. On the one hand, a formula ¢ can be viewed as an
automaton A, equivalent to ¢ , meaning that A, accepts a point in a model
iff ¢ is true there. On the other hand, an arbitrary abstract automaton A
can be described by an equivalent formula ¢ 4. Hence, logical formulae can
be viewed as a special normal form of automata.

Games provide a useful perspective on logic but the converse is also true.
The threefold connection between logic, games and automata is completed
by definability. Classes of games corresponding to a given logic can be fully
described in the logic itself, in the sense that there is always a formula that
defines the class of all games in which Jve wins.

The contribution of this dissertation is naturally divided into two themes.
Both extend known results about bisimulation-invariant logic in a way that
can be roughly summed up as going beyond some form of finiteness. On
top of that, we introduce a new notational framework for games, which
contributes to the organization of present and possibly future proofs.

Model Theory for ML. First, we ask classical model-theoretic questions
in the context of modal logic. Model theory for ML has been widely investi-
gated to the point that it is virtually impossible to come up with a complete
summary of all the results. The focus, however, was mostly put on model
theory for single formulae. The theory for entire sets of formulae, although
present, is less developed. While a finite set of formulae is equivalent to
their conjunction and so the theory is the same, infinite sets behave quite
differently. The finite model property could serve as an example. Every sat-
isfiable ML formula has a finite model, but this is not true for arbitrary sets
of formulae.

We scout this underexplored area in the landscape of modal logic. In
particular, we investigate when a given set of modal formulae has a unique
model. Such uniqueness property, known as categoricity, is usually under-
stood up to isomorphism. However, in the context of ML bisimulation is
arguably more natural than the isomorphism. This motivates the study of
bisimulational categoricity, the property of having a unique model up to
bisimulation. We investigate several variants of the question, when either all



models, or only the ones from some fixed classes are considered. Simple char-
acterizations phrased in terms of finite branching are found. We then discuss
limitations of our method and turn to a fairly different class of models. For
this last class, we establish characterizations of bisimulational categoricity
and compactness as well as some results concerning the size of the models.

Countdown Logic. Second, we extend the modal fixpoint logic u-ML. The
classical p-ML is already infinitary in some sense. It is capable of describing
properties such as the existence (or lack) of infinite paths and the corre-
sponding semantic games may contain infinite plays. However, u-ML has its
limitations. For instance, (un)boundedness properties such as “there exist
arbitrarily long paths” are not expressible. This follows from the finite model
property of u-ML, because the conjunction “there are arbitrarily long paths
but no infinite one” can be satisfied but only in infinite models.

Such (un)boundedness properties form a landmark in the quest for broad-
ening our theoretic understanding. But apart from the more conceptual
motivation, they are also important for interpretations. Whether every ex-
ecution of a program terminates is often critical. However, the difference
between a program with a bound on the maximal lengths of executions and
one without such a bound is substantial, especially if one needs to allocate
assets in advance.

A logic that was designed specifically to capture (un)boundedness is
MSO + U [8]. It extends MSO with a special nonstandard quantifier U in-
terpreted as “there exist arbitrarily big finite sets such that...”. Although
complicated in general, MSO is well-behaved over some restricted classes of
(finite or infinite) models such as words or binary trees. Over these classes
MSO is equivalent to automata and thanks to this has decidable satisfiabil-
ity, and the same was hoped for MSO + U when it was introduced. Unfortu-
nately, this is not the case. Unlike MSO, MSO + U over trees or even infinite
words has high topological complezity in a certain sense and consequently no
simple game nor automata model may correspond to the logic [18, Theorem
5.1]. It eventually turned out that not only the classical proof techniques fail
in the case of MSO + U, but its satisfiability problem is actually undecidable,
even over infinite words [6, Theorem 1.1]. This discovery led to an end of the
research project around MSO + U in its original form, although some similar
simpler logics (such as WMSO + U in which second-order quantifiers range
over finite sets) were successfully solved afterwards [3, Theorem 3 and 5], |7,
Theorem 1].

Nonetheless, the question about a logic properly extending MSO but
sharing its desirable properties remained open. Further research showed
that, roughly, every nontrivial extension of the syntax of MSO leads to a
logic containing MSO + U and hence misses the goal [10, Theorem 1.3]. On
the other hand, the good properties of MSO over words and trees stem from
the somewhat miraculous equivalence between MSO and automata, which



in turn correspond to pu-ML. This suggests a different approach: extend the
syntax of u-ML instead of that of MSO. We propose and investigate such an
extension: the countdown modal p-calculus p<°°-ML.

Recall that according to the Knaster-Tarski Theorem 2.1.1, the least and
greatest fixpoint LFP.F and GFP.F of any monotone map F : A — A over
a complete lattice A always exist. Moreover, they are given as the limits of
the sequences of their inductively defined approximations:

a=\/ f())

B<a

and:

o= N\ F£)

B<a

with « ranging over ordinal numbers. The semantics of a logical formula
p can be seen as a map F on the powerset of the model. Under some
assumptions on ¢ the map is monotone and so it has fixpoints LFP.F' and
GFP.F'. The classical u-ML is obtained by enriching ML with operators p and
v interpreted as these fixpoints. Our countdown calculus p<°°-ML extends
p-ML with additional countdown operators pu® and v® for every ordinal a.
Every such p® is similar to the classical p except that it is interpreted as the
a-th approximation F of LFP.F" instead of LFP.F itself. The semantics of
v® is analogous.

This countdown logic p<°°-ML contains u-ML by definition but is much
more expressive. It can describe prototypical examples of (un)boundedness
properties such as the existence of arbitrarily long paths in a model or arbi-
trarily long blocks of the same letter in an infinite word. Most importantly,
however, we are able to define countdown games which lead to countdown
automata. These extend the classical ones in a way such that the threefold
logic-games-automata connection lifts to the new setting. Interestingly, the
transgression of the finite-infinite dichotomy of u-ML is accompanied by the
loss of some of its finitary aspects. Countdown logic does not have the fi-
nite model property, countdown games are not memory-finite and countdown
automata have infinitely many possible configurations. On the other hand,
these are often almost finite in the sense that the internal symmetries allow
for finite descriptions.

Some complications arise, however. First, the threefold correspondence
requires a vectorial rather than a scalar calculus. Usually the two are equiva-
lent thanks to the so-called Bekié principle. However, no analogous principle
exists for countdown operators and the vectorial logic turns out to be strictly
more expressive than its scalar fragment. Another difference is that, unlike
in the standard setting, the automata model is inherently alternating and
no nondeterministic model may exist. This is arguably a good sign, as the
existence of a nondeterministic model would imply that the logic contains



MSO + U, and this is provably not the case for £<°°-ML due to its low topo-
logical complexity. But the lack of a nondeterministic model prevents us
from directly adapting nice classical techniques. In particular, the model
checking problem (“given a model M and a formula ¢, does M satisfy ¢?”)
is decidable, but satisfiability is solved only for some fragments and left as a
conjecture for the full logic. Still, games and automata are crucial for estab-
lishing our decidability results as well as some model-theoretic properties of
the logic.

Enhanced Bookkeeping. Apart from the more concrete results mentioned
above, we introduce a new notational framework for games. It allows us to
separate the coinductive heart of many intuitively similar proofs and replace
repetitive vague claims with a reference to a formal statement. As such, it
contributes to a better organization of the known and possibly also future
proofs.

Organization of the Document. The dissertation is organized into five
chapters. After this introduction 1, we set basic notions in Chapter 2. We
then present the results related to model theory for ML in Chapter 3 and in
Chapter 4 we introduce and investigate the countdown p-calculus p<*°-ML.
The last Chapter 5 contains a brief summary with a focus on possible further
investigations. A significant part of the presented results was published by
the author in [22] and [23]. Apart from that, the content of the document is
new and was never published.



Chapter 2

Basic Notions

In this chapter we introduce basic notions used throughout the disser-
tation. This is mostly notation-setting, although the choices we made here
facilitate further presentation and emphasize similarities between classical
and new concepts. The only exception is Section 2.2 about games where we
diverge from the usual terminology in two ways. Both are relevant mostly
for Chapter 4, as games are nearly absent from the other Chapter 3.

First, we call the basic information unit of a game its configuration rather
than a position (as it is usually called). Consequently, we talk about “config-
urational” rather than “positional” strategies etc. A configuration of a game
may contain a position, but possibly also some extras such as counter values.
The distinction helps us to better understand the connection between the
usual parity games and countdown games introduced in Chapter 4.

Second, we introduce a novel notational framework for games. It allows
us to avoid huge part of the usual hand-waving, both in the known and the
new proofs. Since pedantic proofs are often good to have but painful to read,
in order to keep the text reader-friendly we usually present the formal rea-
soning in parallel with its underlying intuition. Our new framework is based
on the notion of a partial game where some moves lead to a draw meaning
that the game ends but no player wins. Partial games generalize the games
characterizing semantics of formulae, where the victory may depend on an
external coloring of the model. A draw corresponds to reaching a configu-
ration whose status is not fully determined in the sense that it depends on
such an external coloring. However, the definition of a partial game is purely
game-theoretic and abstracts from logic or automata.

2.1 Models

A signature is a set Symb whose elements, called relational symbols and
functional symbols, come equipped with arities given by ar : Symb — w. A
model M for signature Symb consists of a universe M being a non-empty



set, together with an interpretation R™M C M?"F) for every relational symbol
R € Symb and fM : M?(f) — M for every functional symbol f € Symb.
We will skip the superscript whenever the model is clear from the context,
denote models by M and N and their elements, called points, by m and n.
We will often abuse notation and identify model with its universe, writing
m € M instead of m € M.

Binary Relations and Orderings. Assume a binary relation R. When-
ever mRn, we call n an R-successor or R-child of m and m an R-predecessor
or R-parent of n. We use standard terminology regarding properties of binary
relations such as transitive relation, reflexive relation etc. The only possibly
confusing property is well-foundedness: relation R is said to be well-founded
if there is no infinite chain of elements my Rms R... (with possible repetitions,
so for example there is no m for which mRm). We call a single point m
well-founded with respect to R (or just well-founded in case R is clear from
the context) if there is no infinite chain originating in that m.

Throughout the thesis we will often use the notion of partial orders,
i.e. binary relations =< that are reflexive, antisymmetric and transitive. An
ordering < is linear if any two elements m and m’ are comparable (meaning
that either m < m’ or m = m’) and well-founded if there is no infinite
descending chain my > mg > ... (with m < m’ meaning m < m’ and m # m’).
It should be emphasized that well-foundedness of < as an ordering is the
same as well-foundedness of the relation > rather than < seen as a relation.

Lattices and Fixpoints. An important example of orderings are ordinal
numbers or ordinals. The class of all ordinals will be denoted by Ord and the
class of ordinals extended with a single additional element oo, greater than
all the ordinals, by Ordy. Recall that every well-founded linear ordering is
isomorphic with an ordinal. We use the set-theoretic convention where the
universe of every ordinal equals the set of all smaller ordinals. We use stan-
dard notation for ordinal arithmetic with +1, + and x denoting successor,
addition and multiplication, respectively.

A complete lattice is a partial ordering (A, <) such that for every B C A,
the supremum and infimum of B, denoted \/ B and ) B, respectively, both
exist. Note that if we instantiate B = A, then \/ A and A A are the greatest
and the least elements of A, respectively. We denote these elements as T
and L. The powerset P(X) of any set X ordered by set inclusion, or the
unit interval [0, 1] with its usual ordering are examples of complete lattices.
A function f : A¥ — A is monotone if:

a1 S by A ... A ag =< by implies f(al, ak) = f(b1, ,bk)

For instance, monotonicity of an operation f : P(X) — P(X) means that
S C S implies f(S) C f(57). A classical result due to Knaster and Tarski
[32] states that monotone operations in a complete lattice have both the
least and the greatest fixpoint.



Theorem 2.1.1 (Knaster-Tarski). Assume that f : A — A is a monotone
operation on a complete lattice (A, <). Then f has the greatest and the least
fizpoint, denoted GFP.f and LFP.f, respectively. Moreover,

e LFP.f is the limit of the increasing sequence:

fa=\ f()

B<a

e GFP.f is the limit of the decreasing sequence:
=N

B<a

where o € Ord. Hence, we denote f;° = LFP.f and f° = GFP.f.

Well-foundedness and Depth. An important instance of a fixpoint is the
set M of all well-founded points in a fixed structure (M, R). Consider the
monotone operation Fy : P(M) — P(M):

Fo(H)y={me M |Vmpnn€ H}

mapping each H to the set of points whose all R-children belong to H. The
least fixpoint of F equals to the set of well-founded points:

LFP.Fy = M. (2.1)
We skip the easy proof and only illustrate the equality with an example.

Example 2.1.2. Consider the following model (M, R) with a single binary
relation R depicted by arrows and red nodes representing the subsets F; Dg -
Fp, C..CFatC...CM:

Fo = Uaey, Fol Foit! = Fy(Fp¥)

10



The computation starts with FD?L =\ 0 = 0. For every a < w, the set
FDZ‘H = Fp(Fo),) contains points from which there is no path longer than
a + 1 (with the origin of a path contributing to its length). In the first
limit step we get the set F}y = Ua<w Fyj, of all points for which there exist
a finite bound on the lengths of paths originating there. Finally, the set
FD‘;L’+1 = Fy(Fn,) = LFP.Fy containing all the well-founded points is the
fixpoint because FD(FD‘;L’H) = FE,Z’H. A different model could require a
different number of steps to reach LFP.F but it always coincides with the

set of well-founded points.

The fixpoint characterization gives rise to an ordinal-valued measure of
well-foundedness expressed by the partial function:

depth : M — Ord

mapping each well-founded m to the least « such that m € FDZ‘. The
depth(m) need not be finite, but when it is it equals to the maximal length
of paths starting in m.

For example, the nesting of operators from a fixed set O in a logical
formula ¢ can be defined as the maximal depth of points in (M, R), where
M is the set of all subformulae of ¢ beginning with an operator from O and
YRy iff Y’ is a subformula of ¢ (the nesting is 0 if there are no operations
from O and 1 if they appear but are not nested).

2.1.1 Modal Models

We call a signature modal if it consists only of unary relational symbols
Prop and binary relational symbols { | a € Act}, where Prop and Act are
two sets called atomic propositions and actions, respectively. We call the
relations > accessibility relations and refer to = as an a-edge. A Kripke
model is a model for a modal signature. A color of a point in a Kripke
model is the set of all atomic propositions it satisfies. In depictions of modal
models we will often use actual colors (e.g. blue or red) to represent colors
of points. Signatures and models are monomodal if there is only one action
a € Act, in which case we skip the index and write — in place of 2. In
either case, these symbols should not be confused with implication which is
always denoted by = . Hence, “m — n = n — m” is a statement about
monomodal —: “if there is an edge from m to n then there is an opposite
one from n to m”.

A pointed model is a Kripke model M together with a chosen root m €
M. Following the traditions of modal logic, we denote such pointed model
by M, m with no parentheses. The main focus of this thesis are logics and
phenomena, that are, in a broad sense, modal. Therefore, we will always
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assume that models and signatures are modal, unless it is explicitly stated
otherwise.

Remark 2.1.3. The models we consider are both edge- and vertez-labelled.
Usually, these two ways of coloring are equivalent in the sense that model-
theoretic and computational questions about models with colors exclusively
on edges or exclusively on vertices (and sometimes with no colors at all) are
inter-reducible via straightforward coding. Although this is often true in our
investigations, in some cases the situation is more subtle (see e.g. Conjec-
ture 4.9.2). Moreover, some notions are more naturally presented in a mixed
setting (as in Chapter 3, where it is arguably natural to see the colors of edges
as fixed and the ones on vertices as a parameter). Therefore, we choose such
richer, although sometimes redundant, notion of a Kripke model.

It is worth to mention that this notion can be further extended to the
category-theoretic concept of a coalgebra. Coalgebras neatly generalize var-
ious types of structures such as Kripke models, (in)finite words, weighted
graphs and many others. We do not assume familiarity with category theory
and hence refrain ourselves from using coalgebras (an excellent introduction
can be found in [26] or [19]). However, a huge part of what we present
generalizes to that framework. We will comment on that in the concluding
Chapter 5.

A key notion in this thesis is that of a bisimulation.

Definition 2.1.4. A a relation Z C M x M’ between two (not necessarily
distinct) models M and M’ is called a bisimulation if for every mZm’, the
following three conditions are satisfied:

e (base) m and m’ have the same color

(that is: m e ™™ <= m’ € 7™M’ for every 7 € Prop);

M .
e (forth) for every a € Act: whenever m " n, there exists n’ such that
M/
m’ 3 n’ and nZn’;

’

M .
e (back) for every a € Act: whenever m’ %" n’, there exists n such that

M
m =" nand nZn'.

Z is a bisimulation between pointed models M, m and M’ m’ (denoted
(M, m)Z(M’,m")) if it is a bisimulation between M and M’ such that mZm’.

Bisimulations are closed under unions, and so the greatest bisimulation
relation between given models, called bisimilarity and denoted <, always
exists.
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Example 2.1.5. Recall the monomodal example from the introduction.
Roots, all depicted at the bottom, are indicated by arrows with no sources:

LN
S

Any two of the above models are bisimilar. This is witnessed by the
bisimulation relation Z that links two points iff they are at the same level.

Bisimilarity ignores a lot of information yet it preserves many important
properties. For example, if points m and m’ are bisimilar then m is well-
founded iff so is m’. Moreover, in the case both are well-founded they have the
same depth depth(m) = depth(m’). Let us recall three classical constructions
that transform models into different but bisimilar ones.

Proposition 2.1.6 (generated submodels). Given a pointed model M, m,
the model generated by m, denoted M, is the submodel of M consisting
of points reachable from m by o finite path. Then, the graph of the inclusion
map v : Mimy — M s a bisimulation.

Proposition 2.1.7 (tree unravellings). For a pointed model M, m, its tree
unravelling M7T, m is the tree of all paths in M starting at m. That is, MT
is the set of all the paths miajmoas...my € (M U Act)™ such that m; = m

and m; 2% m;11 for every i < k. We interpret atomic propositions and
accessibility relations as follows. For every m,n’ € MT:

e for all a € Act:
= 7 iff 7 =man
withn € M;
e for all T € Prop:

e M iff m ends with n such that n € ™.

It follows that the graph of the function last : MT — M mapping each path
7€ MT to its last point is a bisimulation.

Proposition 2.1.8 (quotients). Assume a model M and a bisimulation
Z C M x M which happens to be an equivalence relation. Then, the model
structure on the set of all equivalence classes of Z:
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e for all a € Act:

e for all T € Prop:

[m],, € Mz iff meM

is well-defined (i.e. does not depend on the choices of m and n). Moreover,

the graph of the projection map m —Zs [m]/Z s a bisimulation. We call that
model the quotient of M by Z and denote it M.

2.2 Games

Throughout the thesis we will often consider games, always meaning
perfect-information games played between two players Ive and Vdam (also
denoted 3 and V). Such a game G consists of a set Conf of configurations and
a relation Mov C Conf x Conf together with partitions ConfgU Confy = Conf
and Wing U Winy = Conf% of configurations and their infinite sequences,
respectively. A play is a (finite or infinite) sequence of configurations v17s...
such that each consecutive 7; and ~;41 are linked by Mov. After a finite
play m = y1..., the player P for which v € Confp, called the owner of
vk, has to extend the play by choosing i1 with yxMovygy,. Either at
some point the game reaches a configuration where one of the players is
stuck, meaning that (s)he has no legal choice, or it continues forever. In the
first case the player who got stuck looses, and in the later P wins iff the
resulting infinite play y1vy273... belongs to Winp (thus, we call the partition
Wing L Winy the winning condition of the game). We say that the game
moves deterministically from ~ € Conf if there is precisely one legal move
from ~ (in which case the ownership of v does not matter). Usually, we will
assume that the games are initialized in a fixed configuration v. We denote
the game G initialized at v by G, ~.

A strategy for player P is a function o : Conf*Confp — Conf that tells
the player how to play. A play 7 is consistent with strategy o if whenever
V1. YeVe+1 18 a prefix of m and v, € Confp, then v,11 = o(y1...9%). We call
such plays o-plays and say that o is winning from configuration ~ if every
o-play starting at v is won by P. Player wins the initialized game G,~ if
(s)he has a strategy winning from ~.

A phase of a game is a set of its finite plays that is convex with respect
to the prefix ordering, meaning that if m; is a prefix of mo, mo is a prefix of
w3 and both 7 and w3 belong to the set then so does me. Given a phase B
and a play w € B, we denote by B, the subset of B consisting of all the plays
having 7 as a prefix.
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Bisimilarity Game. An important example of a game is the bisimilarity
game Go(M, M) for models M and M’, defined as follows. Players move
two pebbles placed in points of M and M’, round by round. At the beginning
of each round, we check if the points where the pebbles are placed satisfy the
base condition from Definition 2.1.4, i.e. they have the same color. If this
is not the case then Jve looses immediately. Otherwise, Vdam checks either
the back or the forth condition: first he chooses an action a € Act and moves
one pebble along a chosen a-edge and then dve has to respond by moving
the other pebble along an a-edge. In case of an infinite play, Ive wins.
Formally, we define the set of configurations to be:

Confz =M x M’ x {base} U M x M’ x Act x {back, forth}
Confy =M x M’ x {b&f}.

The legal moves are as follows:

1. In (m,m’,base), if m and m’ have different colors then there are no
moves (so Jve looses immediately), otherwise the game moves deter-
ministically to (m, m’, b&f).

2. In (m, m’, b&f), Vdam chooses either:

M
e (n,m’,a, forth) such that m 3" n or

/

M
e (m,n’,a, back) such that m’ 3" n’.

3. In (n,m’,a, forth) or (m,n’ a,back), 3ve chooses (n,n’, base) such that
LA M a M ,
m’' = n’ or m = n, respectively.

If during the play one of the players is stuck, (s)he looses immediately and
otherwise dve wins. It is well known that the above game characterizes
bisimilarity, meaning that for every m € M and m’ € M’:

Jve wins Go (M, M') from (m,m’ base) < M, mae M' m'. (2.2)

A standard proof can be found e.g. in [37].Later in this chapter, in Exam-
ple 2.2.10, we also derive (2.2) from a more general result.

Depth-k Bisimilarity Game. Another important example of a game, this
time with configurations containing a counter value, is the game character-
izing the relation " of depth-k bisimilarity. This relation, defined for every
k < w, approximates bisimilarity and captures the intuition that models are
bisimilar up to depth k. Instead of defining depth-k bisimulations (which is
also possible), we directly define relations of £0De!D . Def | of depth-k
bisimilarity by induction on k < w:

The relation %= M x M’ is the full relation. For every k < w, the
relation **1 links points that satisfy the base condition and the back and
forth conditions with respect to €. That is, for every m € M and m’ € M’,
m <kt m’ iff:
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e (base) m and m’ have the same color;

M .
e (forth) for every a € Act: whenever m =" n, there exists n’ such that
M’
m’ 37 n’ and n <F n’;

/

M
e (back) for every a € Act: whenever m’ 3" n/, there exists n such that
m 3" nand nefn’

To characterize such ¥ in terms of a game, we enrich the game Ge. (M, M')
with a counter storing a natural number decremented along the play. The
new game GS“(M, M'’) is almost the same as Go (M, M’) except that an
additional countdown step count, in which the counter will be decremented,
is performed at the beginning of each round. In case the decrement is not
possible because the counter has value 0, Ive wins.

That is, we extend the configurations of Ge.(M, M) with counter values
ranging over w:

Confs =M x M’ x w x {base} U M x M’ x w x Act x {back, forth}
Confy =M x M' x w x {b&f} U M x M’ x w x {count}

and add a countdown step count when the counter is decremented:

1. In (m,m’, k, count), if k& = 0 then there are no outgoing edges (mean-
ing that Vdam looses) and otherwise game moves deterministically to
(m,m’, k — 1, base)

2. In (m,m’, k, base), if m and m’ have different colors then there are no
moves (so Jve looses immediately), otherwise the game moves deter-
ministically to (m, m’, b&f).

3. In (m, m’, b&f), Vdam chooses either:
/ a M
e (n,m’ k,a,forth) such that m = nor
M/
e (m,n’, k,a,back) such that m’" 3" n’.

4. In (n,m’,k,a,forth) or (m,n’ k, a, back), dve chooses (n,n’, k,count)

M .
such that m’ 3 n’ or m = n, respectively.

Since in each round the counter value decreases, there could be no infinite
plays and so the above description is already complete. As promised, it
captures depth-k bisimilarity:

Jve wins GS9(M, M), (m,m’, k,count) <= M,m<* M/ m’.  (2.3)

16



Proof. We proceed by induction on k < w. The case with k = 0 is immediate.
Assuming (2.3) is true for some k < w, we will prove it for k 4+ 1. Observe
that m =F*1 m’ iff both points satisfy (i) the base condition and (ii) the
back and forth conditions with respect to ©* meaning that for every -
successor of one of the points, there exists an —»-successor of the other point
such that the new points n and n’ are k-step bisimilar. On the other hand,
Jve wins G5 (M, M'), (m,m’, k + 1, count) iff (i) m and m’ have the same

color and (ii) for every Vdam’s choice of an Zs-successor of one point, Ive
can respond with an >-successor of the other point such that she wins from
(n,n’, k,base) where n and n" are the new points. The first condition (i) is
the same in both cases, whereas the second one (ii) is equivalent thanks to
the induction hypothesis. O

Often, we will assume that configurations consist of a position v from
some fixed set V called the arena and some extras such as information from
some finite set, (natural- or ordinal-valued) counters, or a register storing a
real value a € [0, 1]. Technically, one could always define such arena V' to be
just the set of all configurations. However, the distinction between configura-
tions and its underlying positions reflects different roles of the components of
a configuration: it emphasizes similarities between various games that we are
going to investigate and highlights finitary aspects of games with infinitely
many configurations. We will call games where the set of configurations is
equal to the arena simple.

For instance, the bisimulation game G (M, M’) can be naturally seen
as a simple game. On the contrary, we do not want to view the game
GS¥ (M, M) characterizing depth-k bisimilarity as a simple game. Instead,
we think of configurations of GS“(M, M’) such as (m,m’, k, base) as con-
sisting of a position (m,m’,base) and a counter value £k < w. The two
components are conceptually different and play different roles. This will be
illustrated in Examples 2.2.10 and 4.1.3 where we derive the respective games
Go(M, M) and GS¥ (M, M') from a more general theory.

2.2.1 Parity Winning Condition

Often, as with the bisimilarity game G=.(M, M’) where Jve wins all the
infinite plays, the winning condition of a game does not depend on finite
prefixes of infinite plays but only on its limit properties. Given a winning
condition Wing LI Winy, we say that the condition is prefiz-independent if for
every infinite play wp with a finite prefix 7w, mp € Wing iff p € Wins.

A prefix-independent winning condition of great significance in logic and
computer science is the parity condition. It is given by a rank function
rank : Conf — R that maps each configuration to an element of a fixed finite
linear order R = R3 U Ry divided between players Jve and Vdam. We say
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that player P owns rank r € R if r € Rp. In case of an infinite play, the
owner of the greatest rank r that appeared infinitely often looses.

The parity condition such that dve looses all infinite plays is called a
reachability condition and corresponds to R = R3. Symmetrically, if Jve
wins all infinite plays (which corresponds to R = Ry) we call it a safety
condition. The general parity condition can be thought of as a result of
nesting of these two simple ones. With a reachability condition Jve has to
win in finitely many steps, so in this sense every position is bad for her. With
a parity condition, a visit to a rank r € R3 is bad for her unless the play
visits a more important rank later.

We call a game prefix-independent, parity, safety, or reachability iff its
winning condition is of such type. We will often make a convenient assump-
tion that does not decrease generality: the lowest rank of a given game is
never the most important one appearing infinitely often in a play. We will
denote such lowest rank by 0 and since its ownership is irrelevant for deter-
mining who wins, we will leave it unspecified.

Let us recall a very useful fact: configurational determinacy (usually
called positional determinacy in the literature [25]) of parity games. A strat-
egy o is called configurational if in order to determine the next move ;41 it
only looks at the current configuration ~; instead of the entire play v;...v%.
That is, if o(7m) = v and 7’ ends with the same configuration as 7 then also
o(n') = ~. Parity games are configurationally determined [25]:

Proposition 2.2.1. Assume a game with a parity condition. If player P
wins the game then (s)he does so with a strategy that is configurational.

From now on, unless stated otherwise, in parity games we only consider
configurational strategies.

2.2.2 Partial Games and Gamemulations

In this subsection we introduce tools that will allow us to manipulate
games in a precise manner. Although they are implicit in the usual approach
to classical parity games and p-ML (as found e.g. in [37]), a precise analysis
now will pay off later when we apply it to more involved games.

Partial Games. Sometimes we will want to decompose games into smaller
fragments. In what follows we will be mostly interested in analyzing Jve’s
strategies, so for the sake of simpler notation we focus on her, although
analogous notions for Vdam could be defined symmetrically.

Given a game G and a subset § C Conf of its stopping configurations,
the partial game G|S is played the same as G, except that upon moving to a
configuration in S the play ends with a draw, meaning that no player looses
or wins (note that starting in S does not count as a move to S, so plays
starting there are not necessarily stopped). For a non-loosing strategy o for
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Jve in G|S,, the set of its exit configurations, denoted exit(o) C S, consists
of all the configurations § € S such that some o-play ends in §.

Exit-better & Exit-equivalent. We think of a non-loosing Jve’s strategy
o in G|S, v as a candidate for a winning strategy in G,~: Ive wins all o-plays
except for the ones that reach S, in which case (s)he may need to continue
with another strategy. In this light, o’ is better than o if exit(¢’) C exit(o),
for there are fewer possible scenarios where Jve is not guaranteed to win.
Since we want to compare different games, we will be interested in such
comparisons mediated by a relation between configurations.

Assume another G’ with configurations Conf’, a subset S’ C Conf’ and a
relation S C S x &'. To avoid overloaded notation, unless stated otherwise
we assume that 7m1[S] = S and m3[S] = &' so that the sets S and S’ are
encoded by S. Given non-loosing strategies o in G|S,v and ¢’ in G'|S',~/,
we call o’ exit-better with respect to S than o, and denote it o <g o', iff:

exit(o’) C Slexit(o)]

i.e. for every o’-play stopped at some 4’ there exists a o-play stopping in =
with vSv'.

We also define the relation <g between games: G,v <g G’,7 means that
for every non-loosing o in G|S, « there exists a non-loosing ¢’ in G’|S’, 4/ such
that o <g0’. The games G, and G',+' are exit-equivalent with respect to S,
denoted G,y x5 G, 7/, if G,y <5 G',+" and G',7' 951 G,~. The relation of
being exit-better composes, in the sense that G,v<15G’, v and G', 7' <5 G", "
implies G, <505 G”,~" (or, more succinctly, <g o <dgr C <gog/). The same is
true for exit-equivalence.

In case S = (), the game G| is the same as G, non-loosing strategies are
actually winning and thus G,y <y G’, 7 means that if Ive wins G, then she
also wins G’, /. We hence denote <p as < and by as .

The following proposition says that in the case of prefix-independent
games exit-equivalence is compositional.

Proposition 2.2.2. Assume two prefiz-independent games G,~vr and G',~}
with pairs of disjoint subsets S US C Conf and S, US' C Conf’ together
with relations Sy C Sy xS\ and S C S x S'. If:

G, V1 <s,us G 1

and for all (v,v') € Sy

ga’y qS g’?’Y’?
then also:

ga’YI <9 g/7’}/}-
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Proof. We need to translate non-loosing 3ve’s strategies in G|S, vy to G'|S’, ~}.
Assume a strategy o for G|S, 7. We construct o’ for G'|S, v} with exit(o”) C
Slexit(c)]. The key idea is to decompose o into smaller parts, translate these
parts to G’ and obtain ¢’ by putting these translated pieces together. Both
G|S,~r and G'|S’,~} decompose into two phases: before and after the first
move to Sy and S, respectively (if a play never enters configuration from
Sy or 8’ the first phase may continue forever without moving to the second
one). The new strategy o’ is as follows:

1. Since the first phase of G|S,~; ends with a move to Sy, it can be
identified with G|S4+ U S,v7. In this view, the strategy op being o
restricted to the first phase can be thought of as a non-loosing strategy
for G|S+ US, 7. The assumption G, vr<g, s G, implies existence of
a non-loosing strategy oy, for G'|S, U S’, v} with:

exit(a()) C (S U S)[exit(op)]-

Jve plays according to such o until a visit to S, LS. If this never
happens she wins. Otherwise, disjointness of domains and codomains
of S and S imply:

exit(o() NSy C Sy[exit(op)] and exit(a() NS’ C Slexit(ay)].

Thus, if the play reaches 4" € S" then 759’ for some ~ € Slexit(cp)] C
Slexit(o)] and we are done.

2. The only remaining case is when after a play 7’ the game G'|S’ moves
toy' € §',. Prefix-independence of G’ means that the history 7’ is irrel-
evant for winning the remaining game and it suffices if we provide Jve
with a non-loosing strategy o/ in G'|S’, " with exit(o,/) C Slexit(o)].
Since v € exit(o) N S’, we know that 7/ € S [exit(0g)]. This means
that 7S~ for some v € S reachable from 77 by a og-play 7 (which,
by definition of oy, is also a o-play). Hence, the strategy o, defined
for every play p as:

o (p) = o(mp)
is a non-loosing strategy for G|S, v (which follows from prefix-independence
of G) with exit(oy) C exit(c). Then, the assumption G,vy<gG’,~" allows
to translate o, to our desired o7, = 0./ in G'|S’,~". Since the bigger X
the bigger S[X]:

exit(a},) C Slexit(o,)] C Slexit(c)]

which completes the proof.
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Gamemulations & Bisimulations. The connection between games and
bisimilarity is twofold. We have already seen how bisimilarity can be cap-
tured in terms of a game, as expressed by (2.2). Let us now have a look at
a complementary perspective: invariance of games under bisimilarity.

Any game can be seen as a monomodal model M = (M, -M, THAA,TV/,M)
with the set of all configurations Conf = M as its points, the only accessibility
relation interpreted as Mov =— and ownership of configurations encoded
by two atomic propositions 73 and 7y. We will show how a bisimulation
between two games G,y and G’',+" allows for a translation of strategies in
one game to strategies in the other one. Under additional assumptions on
the bisimulation, the translation of a winning strategy yields a strategy that
is also winning.

For a more fine-grained analysis, we start with a notion weaker than
bisimilarity that is not necessarily symmetric and only provides a one-way
translation of strategies.

Definition 2.2.3. A a relation G C Conf x Conf’ between sets of configu-
rations of two (not necessarily distinct) games G and G’ is called a gamem-
ulation from G to G’ if (i) it preserves the winning condition, meaning that
for infinite plays m and 7/, #G7’ (pointwise) implies that 7 and 7’ have the
same winner; (ii) for every yG«/, the following three conditions are satisfied:

e (base) v and +/ have the same owner;

e (forth) whenever v € Confz and YMovd, there exists ¢’ € Conf’ such that
~v'Mové’ and §G¢';

e (back) whenever 7/ € Conf{, and 7/Mov¢’, there exists § € Conf such that
~yMové and 6G&'.

R is a gamemulation from G,~ to G',+/, denoted (G,v)G(G',~"), if it is a
gamemulation from G to G’ such that yG+'. In case G = G’ and G is an
order, we call it a gamemulation order.

The above definition is crafted specifically to enable translations of Jve’s
strategies.

Proposition 2.2.4. Assume games (G,v)G(G',~') linked by a gamemulation
G. For every Jve’s strategy o in G, she has a o’ in G',~" with the property
that:

» for every o' -play 7' (finite or infinite),

» there exists a o-play ™ with 7G7’.

In particular, for every S C G we have o <g o’ and since o is arbitrary it
follows that (G,v) <s (G',7).
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Proof. The strategy o’ is constructed by induction on the length of plays,
preserving the condition from the formulation of the proposition as an invari-
ant. Assume that after a play 7’ the game has arrived at a configuration +’.
By the induction hypothesis, there exists m such that #Gn’. In particular, 7
ends with 7 that has the same owner as 7/. There are two cases:

e If v and +' belong to Jve, she looks at o(7) = 4. The forth condition
implies existence of a legal move from 7/ to ¢ in G’ and so we put
o'(r') = §'. Since 6G¢’, the invariant is preserved, for the o-play md
corresponds to the o’-play 7/d’.

e Symmetrically, if Ydam owns both v and 7/ then the back condition
implies that for every move to ¢ in G’ there is a legal (and hence
extending 7 to a o-play 7d) move to § with 6G¢'.

It follows from the construction of ¢’ that it has the desired property with
respect to finite plays. The case with infinite ones follows from the observa-
tion that (i) an infinite play 7’ is consistent with ¢’ iff all its finite prefixes
7y, 7, ... are o’-plays and (ii) given the corresponding o-plays 71, 72, ... from
the invariant, m; is a prefix of m; whenever ¢ < j. O

Note that any relation G C Conf x Conf’ between configurations of games
G and G’ that preserves the winning condition is a bisimulation iff both G
and its inverse G~! are gamemulations. As a corollary we get that games
are invariant under bisimulations preserving the winning condition.

We call a subset S C Conf of configurations of a (possibly partial) game
G victory-dominating if the winner of any infinite play 7 visiting S infinitely
often depends only on the subsequence m NS consisting of all 7’s elements
from S. Given another G’ with &’ C Conf’ we call a relation S C S x &’
victory-dominating if S and S’ are victory-dominating and whenever plays
7 and 7’ visit configurations from S and &’ infinitely often: (7NS)S(7'NS’)
(pointwise) implies that 7 and " have the same winner. That is, if the i-th
configuration from S in 7 is linked by S to the i-th configuration from &’ in
7/, for all i < w, then 7 and 7’ have the same winner.

A typical example of this is with parity games. If r is the most important
rank in G and all the elements of S have rank 7 then § is victory-dominating.
Hence, given another G’ with analogous ' and &', if r and ' have the same
owner then every S C S x &' is victory-dominating. In case of partial games
it suffices that such r and ' are the most important among configurations
of G and G’ other than the stopping ones, because no stopping configuration
can appear in an infinite play. In the context of (partial) parity games we
will often use this observation without explicitly mentioning it.

We now introduce an important lemma that allows to deduce equivalence
of parity games from equivalence of its pieces.
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Lemma 2.2.5 (Decomposition Lemma). Consider parity games G and G’
with disjoint subsets Sy US C Conf and S, US" C Conf’ and relations
Sy C S xS and S C S x 8. Assume that Sy is victory-dominating
between G|S and G'|S’. If:

g7 Y <4s;us g,a 7,
for all (v,~") € S4 then also:
G,v<s G,

for all (v,+) € S4.

Remark 2.2.6. We will usually us an immediate symmetric corollary of the
above lemma where < replaces < in both expressions and refer to it as the
Decomposition Lemma.

Proof. As in the proof of Proposition 2.2.2, given a non-loosing o in G|S, v we
need to translate it to o’ in G'|S’, 4’ so that exit(o’) C S[exit(c)]. Again, we
decompose the game G|S into phases, look at the pieces of o in these phases
and translate each such piece to a corresponding phase of G'|S’. Then, the
translated pieces of strategies compose into our desired ¢’ in G'|S’. The
difference from the previous proof is that instead of splitting the game G|S
into two phases we split it into infinifely many ones, each consisting of plays
between consecutive visits to S;; similarly with G'|S” and S,

Since G is a parity game, we assume that ¢ is configurational. Thus,
whenever the game arrives at some § € S; the behavior of ¢ depends only
on ¢ and not the entire history of the play. It follows that o can be presented
as a set of strategies: for each § € S a strategy o5 in G|SUS, J telling Jve
how to play from ¢ until the next visit to Sy. Then, the moves dictated by
o are precisely the ones given by o5 whenever ¢ is the last seen configuration
from S;.

The assumption G, 0 <s, 1,5 G', 0’ enables a translation o5 — o5 for every
(0,0") € S4 such that og is non-loosing in G'|S" U S’ , 0" and exit(oy) C
(S U Sy)[exit(os)]. Hence, Ive may play in G'|S’ by using o5 whenever
the last seen configuration from S, was §’. Denote such strategy by o’. It
satisfies:

» For every o’-play 7’ there exists a o-play m with (1 NSy) Sy (7' NSY).
The above can be checked by induction on the number of visits to S’ and
easily implies that ¢’ is indeed a legal, winning strategy in G’'|S” with all the
required properties.

Instead of presenting the technical details of the above reasoning, which
are in similar spirit to the proofs of Propositions 2.2.2 and 2.2.4, we will use

the latter as a blackbox. Given the discussion above, we may view G|S,~ as
a sequence of alternating choices y1017y202...: starting with v; = ~, from ~;:
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1. Jve picks a positional o; in G|S4 U S,~; and then

2. Vdam chooses 7,41 € exit(0;); if ;41 € S the game stops there, other-
wise ;41 € Sy and it continues from ;1.

Denote such game by G |S. Formally, G has configurations:

Confs=S,US and  Confy= |J Ss
5€S+

and moves:
Mov = {(6,0) | 6 € Sy,0 € Ss} U{(0,6) | 6 € exit(c)}

where:
Ss = {0 | o is a non-loosing strategy in G|S;+ U S, d}.

Towards the winning condition note that every infinite (and hence not con-
taining elements of S) play 7 in G can be extended to (at least one) 7 in G
satisfying m NS4 = 7. Moreover, the winner of = depends only on 7. We
therefore define:

Wing = {7 | Ive wins some (equivalently: all) 7 in G with 7 NSy =7}

and VVin\v ~as its complement. The definition of G is tailored so that the games
G|S and G|S are equivalent:

~

G,7 >igs) 9, 7-

The game G’ is defined analogously. The assumptions of the lemma imply
that the relation:

SU{(0,0") | exit(c’) C (S U S)[exit(c)]}

is a gamemulation from Q\ to QA’. Since it includes S, Proposition 2.2.4 entails
the middle relation in:

G,y <ides) 6,7 95 G',7 s 97
and since 1d(S) o Sold(8') = S we get:
G,v<sG,

which proves the lemma. O
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2.2.3 Games for Fixpoints

Let us recall the game-theoretic characterization of fixpoints. Assume a
set X and a monotone operation f : P(X) — P(X) on its powerset P(X)
seen as a complete lattice ordered by set inclusion.

Definition 2.2.7. We define the least fizpoint game G, (f) and the greatest
fizpoint game G, (f). Both games are played in two-step rounds as follows:

1. from a position z € X, 3ve chooses Y € P(X) with z € f(Y),
2. Vdam chooses y € Y and the next round starts from y.

Formally, both games have configurations:
Conf3 =X and Confy=7P(X)
and moves:
Mov = {(z,Y) |z € f(Y)}U{(Y,z) |z € Y}.

The only difference between p and v is in the winning condition: in case of
an infinite play 3ve looses in G, (f) and wins in G, (f).

The games characterize fixpoints of f as follows.
Theorem 2.2.8. For every z € X:

1. Fve wins G, (f) from x iff x € LFP.f.

2. Jve wins G,(f) from x iff x € GFP.f.
Proof. We start with the following proposition:
Proposition 2.2.9. For every ordinal o and element x € X:

zEefy = Jpcady. € fY) and Y C f) (2.4)
r€fY =  Veudy. z€f(Y) and Y C f7 (2.5)

Proof. For the first equivalence (2.4), recall the definition:

= rud.

B<a

It z € f, then there exists § < a such that = € f(ff) and hence Y = fﬁ
witnesses that the claim is true. Conversely, if = ¢ [, then for every < «

and Y such that z € f(Y) we have Y ¢ fﬁ. This is because otherwise
monotonicity would imply =z € f(Y) C f(f;f) C fi which is impossible.
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Towards the second equivalence (2.5), recall that:

fo= ) £

B<a

When z € f& then for every 8 < a we have z € f( fyﬁ ) and hence YV = ff
witnesses the claim for 8. If z ¢ f2, then there exists 8 < a with = & f(f5)
and hence by monotonicity z € f(Y) implies Y € f{? . O

Let us prove Theorem 2.2.8. For the first item, take o big enough so that
fi= JOth=LFP.f. If & ¢ LFP.f = fl‘j‘“ then by (2.4) for every 8 < a+1
and a legal move Y for dve we have Y ¢ fﬁ. In particular, taking 8 = «
we get that every legal Y contains an element y ¢ [ = LFP.f. Thus, Vdam
can keep picking elements from outside of LFP.f and never get stuck. Since
G, (f) is a safety game such strategy guarantees him victory.

Conversely, whenever y € fﬁ then (2.4) implies existence of a set Y and
an ordinal 3 < 8 such that Y is a legal move from y and Y C f,f,. It
Jve chooses such Y, then every response z € Y chosen by Vdam will belong
to fﬁl. Hence, starting from x dve can keep picking sets Yy 2 Y7 D ..
with corresponding ordinals o« > By > 1 > ... such that ¥; C f,*. By
well-foundedness of Ord, this must end in finitely many steps and so Jve
wins.

For the second item of the theorem, take o for which f& = fo+! = GFP.f.
Jve can win from x € GFP.f if she plays maintaining as an invariant that all
her configurations that are visited belong to GFP.f. This is possible because
whenever y € GFP.f = fo*! then (2.5) implies existence of Y C f& with
y € f(Y). Such Y is a legal move for dve from y and all possible Vdam’s
responses belong to f = GFP.f.

For the last implication, assume that = ¢ f. Whenever y ¢ 15, (2.5)
implies existence of 3 < (3 such that for every Y that Jve may legally choose
in y, this Y must contain an element z ¢ ffl. Thus, starting from z Vdam
can pick elements yg,¥1... with corresponding ordinals o > fy > 1 > ...
such that y; ¢ ff ‘. Again, well-foundedness of Ord implies that such process
must terminate after finitely many rounds and so Vdam will win. O

Example 2.2.10. Let us demonstrate the somewhat abstract Theorem 2.2.8
in action by showing how the characterization (2.2) of bisimilarity < in terms
of the bisimilarity game G (M, M’) can be seen as its instance.

In order to apply the characterization, we need to view the notion of
bisimilarity between M and M’ as a fixpoint of some function. Consider
the following operation BIS : P(M x M’) — P(M x M') on binary relations
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between the models:
BIS(Z) = {(m,m) | Yreprop- m € T = m’ e 7™M A

/
vaeAct.\V/ a M = a M. nzZn A
m— n m'>S n

VacAct:V ,am .3 ,av .nZn'}
m'— n m— n

The three clauses in the above definition correspond to the base, forth and
back conditions (with respect to Z) of a bisimulation relation, respectively.
It follows that every relation Z between M and M’ is a bisimulation iff
Z C BIS(Z). Since the relation < of bisimilarity is the greatest bisimulation,
it is the greatest such relation and thus it equals to the greatest fixpoint of
BIS:

= = GFP.BIS.

According to Theorem 2.2.8, this means that Jve wins the game G, (BIS)
from (m,m’) iff m & m’. Hence, to obtain (2.2) it suffices to show that the
games G, (BIS) and G=(M, M) have the same winner:

G, (BIS), (m,m’) bt G (M, M), (m, m’, base) (2.6)
for all m € M and m’ € M’. Let us prove this equivalence.

Proof. Both games G, (BIS) and G (M, M’) can be thought of as moving
from one pair of points to another in rounds. Unravelling the definition of
G, (BIS) we get that from every (m, m’):

1. 3ve picks a relation Z C M x M’ such that (m,m’) € BIS(Z), and then
2. Vdam chooses (n,n") € Z from which the next round starts.
On the other hand, in G=(M, M') from (m, m’, base):
1. equivalence of atomic propositions is checked, then
2. Vdam chooses m = n or m’ 3 n’ and

3. Jve responds with m’ = n’ or m > n, respectively, so that the next
position is (n,n’, base).

Denote:

G=G,BIS) and G =Go(M,M).

We will translate between dve’s strategies in a round of either of the two
games. Roughly, the translated strategy will allow to end the round in the
same configurations as the original strategy, up to identifying every (n,n’)
in G with (n,n’, base) in G'.

Formally, we apply the Decomposition Lemma 2.2.5. To that end, we
view both G and G’ as parity games: we assign ranks r and ’, both belonging
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to Vdam, to all configurations. This way, Vdam looses all infinite plays and
hence G and G’ are safety games, as desired. Denote sets of configurations:

St =MxM and " =M x M’ x {base}
and define the relation:
Sy ={((m,m’), (m,m’ base))| me M,m' € M'}.

Substituting S = () we conclude from the lemma that to prove (2.6) it suffices
to show:

G, (m,m’) g, G',(m,m’, base) (2.7)

for all m € M and m’ € M’. That is, we need to translate strategies between
partial games G|S4, (m,m’) and G'|S),(m,m’, base) for every m € M and
m’ € M’. We assume that m and m’ satisfy the same atomic propositions, as
otherwise dve looses both games immediately and the equivalence becomes
trivial.

Assume an 3Jve’s strategy o’ in G'|S’,, (m,m’ base). Such ¢’ gives her
areply m" 3 n’ to every m 3 n (and symmetrically m 3 n for every
m’ 2 n’). This can be summarized as a pair of functions f, : Y, — Y/ and
fl:Y! =Y, for each a, where Y, and Y/ denote the -successors of m and
m’, respectively. Consider the union:

Z = J A fan) [ neYay U{(fa(n),n) I n €Y}

acAct

of the graphs of all f,’s and f!’s. It follows that (m,m’) € BIS(Z), meaning
that Z is a legal move in G,(BIS). Let o be the strategy that chooses this
Z. Since (n,n") € Z iff some o’-play leads to (n,n’, base) and exit(o) = Z:

exit(o) = Sy [exit(o”)]
as desired.

For the opposite translation, assume that Jve has a strategy o in G|S4
that legally picks a relation Z. Observe that whether (m,m’) belongs to
BIS(Z) only depends on the part ZN (Y xY’) of Z between children Y and
Y’ of m and m’, respectively. Hence:

(m,m’) € BIS(Z N (Y x Y)).

By definition of BIS, this means that for every —s-successor n of m or n’ of
m’ there is at least one —»-successor n’ or n of the other point, respectively,
with nZn’. This gives Jve a strategy o’, as she may respond with any such n’
or n to every n or n’, respectively. Similarly to the previous case exit(c) = Z
and so:

exit(o’) C S [exit(o)]

which completes the proof of (2.7) and therefore also (2.6). O
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2.3 Modal Logic

A logic that is of particular interest in this thesis is the modal logic ML.
Fix sets of atomic propositions Prop and actions Act. Sentences of modal
logic are given by the grammar:

eu=T|L|7|7|eVe|ene]|(@ye][ae

where 7 € Prop and a € Act. The two constructors (a) and [a] are called
modal operators. We call the set:

Lit = {7, -7 | 7 € Prop}

the literals over Prop. In the monomodal case, i.e. with |Act| = 1, we skip
the labels and write ¢ and O instead of (a) and [a].

We denote the set of all subformulae of a formula ¢ by SubFor(y), where
isomorphic subformulae are not identified. Hence, formally a subformula of ¢
is a node in its syntactic tree. We use this convention consistently for ML as
well as for all its extensions considered in the thesis. Although irrelevant now,
it will gain importance later and allow us to avoid unnecessarily convoluted
definitions. Nonetheless, we will often abuse terminology and use the term
subformula in the more usual sense: a formula whose syntactic tree is a
subtree of the syntactic tree of .

Modal logic is interpreted in points of Kripke models. We always assume
that the modal signature matches with the logic: it consists of unary and
binary relational symbols Prop and {2 | a € Act}. Given such a model M,
the semantics [¢] C M is defined inductively as follows:

[T]=M and [L]=0
[7]="M and [~1] =M - M
[p1V @2] = [er] U [2] [e1 A @2] = [pa] N 2]
[l ={meM [T - nelp]} and [la]p] ={meM][V . nelp]}
We say that M, m (or just m if M is clear from the context) satisfies ¢ if
m € [¢] and denote it by M, m | ¢. The language of a sentence ¢ is the
class of all pointed models that satisfy ¢. Given another M’, m’ we call the

models modally equivalent and denote it M, m =y M’ m’ if they satisfy
the same modal formulae.

&
o

1

[oB

Negation. Note that the negation — is only allowed on the atomic proposi-
tions 7 and not on arbitrary formulae. However, using de Morgan laws and
the dualities between modal operators:

—(a)-p = [alp and —[a]-p = (a)yp,

every such negation could be pushed to the atomic propositions. The as-
sumption that all formulae are already in such negation normal form will
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be convenient. Nevertheless, we will use connectives =, = and <= as
shorthands for their semantic equivalents.

Atomic Propositions vs. Colors. The set Prop of atomic propositions
can be infinite. In that case it is not possible to describe the color of a point
with a single formula. However, if the set Prop is finite then specifications in
terms of colors and atomic propositions are equivalent. A color ¢ € P(Prop)
can be described by a conjunction of all the literals consistent with it. Dually,
a literal 7 or =7 is equivalent to the disjunction of all colors consistent with
that literal. Therefore, in such finitary case we will sometimes consider an
equivalent syntax of ML with colors in place of literals.

Invariance under Bisimulation. A basic fact about modal logic is that
it is dnvariant under bisimulation, meaning that it cannot distinguish two
bisimilar points:

Mme M m = Mm=y M n

for every M, m and M’,m’. The above fact follows from its refined ver-
sion. Define the modal-propositional depth of a formula ¢ to be the maximal
nesting of modal operators and atomic propositions in ¢. For P C Prop
and k < w denote M, m E],f/’lf M m’ if M,m and M’ m’ satisfy the same
formulae of modal-propositional depth at most k and only using atomic
propositions from P (we skip the index P in the case P = Prop). Since
every formula uses a finite number of atomic propositions, checking modal
equivalence boils down to checking it with respect to every finite subset of
Prop:

M,m=fH M m’
<~
M,;m E],f/’lf M',m’  for every finite P C Prop
for every k < w. Analogously, the relation £ is defined the same as <
except that the base condition is only checked against propositions in P. An
easy induction on k shows that:

k,P
Mm bt Mom' = Mom=h M

for every finite P C Prop and k < w. This leads to a common proof tech-
nique: to show M,m =y M’ m’ it suffices to prove M, m El,f,’lf M m’
for every k < w and finite P C Prop, and the latter one is equivalent to
M, mebP M m'.

In particular, since € implies €7 for all P C Prop we get that <F
implies El,f/”_ and consequently < implies =y . In the special case when the
set Prop is finite, the relations €% and E’,‘f,”_ coincide.
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In general, the relation M, m <% M’ m’ can be equivalently defined
as Mo, m €F M{ m’ where My and A, are the respective reducts of M
and M’ (i.e. models for smaller vocabulary obtained by forgetting all the
interpretations of atomic propositions outside of P). Thus, it follows from
the game characterization (2.3) of ¥ that:

Jve wins G=U T (M, M), (m, 'k, count) <= M, m =" M/ m'. (2.8)

where G5 (M, M) is a modified version of the game (M, M’) in
which only the atomic propositions from P are checked in the base step.

Game Semantics for ML. Similarly to the notion of bisimilarity, the
semantics of modal formulae can be naturally captured in terms of a game.
Fix a model M. Given a modal formula ¢, the semantic game G(p) is
defined as follows. The set Conf = M x SubFor(¢p) of configurations consists
of points of M and subformulae of . The possible moves depend on the
topmost connective and reflect the inductive definition of the semantics. In
configurations:

e (m, T) or (m, L), Ive immediately wins or looses, respectively;
e (m,7) or (m,—7) 3ve wins iff m € 7™ or m ¢ 7™ respectively;

e (m, 11 Vabe) or (m, b1 Athy), Ive or Ydam, respectively, chooses i € {1,2}
and the game continues from (m,v;);

e (m, (a)th) or (m, [a]y), Ive or Vdam, respectively, chooses an ~»-successor
n of m and the game continues from (n, ).

Since at each step the formula component of a configurations is a strict
subformula of the previous one, the game must end in at most |SubFor(y)|
many such steps. In particular, there are no infinite plays, and so the de-
scription above is already complete. As mentioned, the game characterizes
the meaning of formulae.

Theorem 2.3.1 (ML Adequacy). For all m € M and ¢ € ML:
m € [¢] <= Fve wins G(p) from (m, ).

Proof. The above equivalence can be verified by a straightforward induction
on the formula, so we only consider the case of a formula of shape (a)y for
a demonstration. By definition, m € [(a)¢] iff there exists an n such that
m 2 nand n € [p]. On the other hand, Ive wins G((a)¢) from (m, (a)¢)
iff she can choose an —»-successor n of m such that she wins from (n, )
in G((a)¢). By induction hypothesis, we know that for every n € M, Jve
wins from (n,¢) in G(p) iff n € [p]. But the games G((a)p), (n,¢) and
G(¢), (n,p) are equivalent (since the only difference between them is the
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presence of configurations of shape (m,(a)¢) in the first game, but such
configurations are not reachable by any play). Thus, it follows that Jve wins
G((a)p) from (m, (a)p) iff m € [(a)y], as desired. O

Apart from modal logic, we will refer to first-order logic FO and assume
the reader to be familiar with its basics (|24] is a good reference). Occasion-
ally, we will also mention monadic second-order logic MSO, an extension of
FO with quantification over sets of elements (i.e. unary relations). Although
MSO has proven important in computer science, knowing it is not a prereq-
uisite for reading this thesis, as we will only mention it to sketch the context
of our results rather than to use it as a tool. In both cases of FO and MSO,
we assume that the syntax and semantics are defined in a standard way.
Given a formula ¢ with free variables 1, ..., , and a model M with points
mi,...,mg € M, we denote by ¢(my, ..., mg) the formula under interpretation
mapping each x; to m;. A formula with no free variables is called a sentence.

2.4 Fixpoint Extension of ML

We recall the well-known extension of modal logic with fixpoints and
the corresponding notions of games and automata (the lecture notes [37] are
a good introduction). Apart from setting notation and recalling classical
facts, we also include some of the proofs. This will not only make our
presentation more self-contained, but also describe the classical setting from
a perspective that will facilitate understanding of its extended versions later.
It will also make the comparison between the standard and the new setting
more transparent.

2.4.1 Fixpoint Modal Logic

Consider a modal formula ¢ using an atomic proposition 7 and a model
M with an interpretation for all the accessibility relations and propositions
except for 7. One can think of the semantics of ¢ as a map F' that takes
the missing interpretation of 7 and returns the interpretation of ¢, thus
transforming subsets of M into subsets of M. If it so happens that T appears
only positively in ¢ (i.e. it is never negated) then such a map is monotone,
meaning that the more points satisfy 7, the more points satisfy . Since the
powerset P (M) of M ordered by set inclusion is a complete lattice, by the
Knaster-Tarski Theorem 2.1.1 monotonicity of F' implies that it has both the
least and the greatest fixpoints LFP.F' = F))° and GFP.F' = F°. The modal
fixpoint logic, called p-calculus and abbreviated p-ML, is then obtained from
the ordinary modal logic by extending it with operators interpreted as such
fixpoints.

Note that in our example the atomic proposition 7 was treated as a vari-
able with interpretation ranging over subsets of the model. In order to make
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the distinction between such variables (thought of as intermediate objects)
and actual atomic propositions (that are a fixed component of the model un-
der consideration) we will distinguish variables and atomic propositions on a
syntactic level. Thus, from now on we assume an infinite set Var of variables
whose elements will be typically denoted «,y, z. The syntax of y-ML is then
given by the grammar:

eu=T|L|7|TleVe|eAe|(@e]|@le]|x|pze|vey

with 7 € Prop, a € Act and = € Var. In the last two clauses, the operators
@ and v are said to bind the variable x. We call an occurrence of x in ¢
bound if it has a superformula ¢ € SubFor(y) labelled with an operator
binding x. The subformula binding this occurrence is the least such . An
occurrence of x is free if it is not bound. One can always rename variables
that occur bound to fresh ones (e.g. rewrite z A px.x Ave.x to x Auy.yA\vz.z)
because such variable replacement, called alpha-conversion, does not change
the meaning of formulae nor any of its properties that we investigate. Thus,
for technical convenience unless stated otherwise we assume that occurrences
of x in ¢ are either all bound in precisely one place or all free. In particular,
no variable is both bound and free in one formula. A sentence is then a
formula with no free variables. In statements that apply both to least and
greatest fixpoints, we will sometimes use 7 to denote either p or v.

For the semantics of u-ML in a model M we assume a valuation val :
Var — P(M) that interprets all the variables. The semantics [¢]"®' € M of
a formula ¢ under val is then defined inductively:

[T]®' =M and [L]? =0
[7]? =M and [-7]?' =M - M
[e1V @] ™ =[] U [2] ™ and o1 A @] ™ =[] N [i02] ™
@)l ={meM |3 5 nele]™} and [ale]™ ={meM |V . nele]}
[2]" = val(z)

[pz.o] = F° and [vz.@]® = F°

o, o

where in the last clause F(H) = [¢] = H] We will skip the index val if it
is immaterial or clear from the context. The closure ordinal of v is the least
a € Ordy, such that for all models and valuations the induced map F reaches
its fixpoints in a-many steps, meaning that F = F7° and F} = F7°.

Example 2.4.1. Consider the monomodal fixpoint formula ¢ = pz.Ox.
Given a model M, its semantics [¢] equals to the least fixpoint of the map
F(H) = [0z]?#~H] = {m € M | Vm_sn. n € H}. This F is the operation
Fp, for the structure (M, =) and hence by (2.1) we get that ¢ is true at a
point iff no infinite path starts there.
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Negation Note that, similarly as with ML, the syntax of u-ML does not
include negation, but its sentences are semantically closed under negation in
the following sense. For every formula ¢ there is a dual formula ¢ such that:

[21% = M — []*

for every model M and valuations val and val such that \;:TI(:U) = M —val(x)
for all x € Var. If ¢ is a sentence, then both val and val are irrelevant and
so the semantics of ¢ is the complement of the semantics of . Such ¢ is
constructed by induction on the complexity of ¢ with all the boolean and
modal cases defined the same as for plain ML and:

UT.p = VX.Q, and vT.Q = pr.9

Correctness of such rewriting follows from the Knaster-Tarski characteriza-
tion of fixpoints from Theorem 2.1.1 and the de Morgan laws:

—\\/A:/\{—\alaeA} and —\/\A:\/{ﬂa\aeA}

which are satisfied by the powerset lattice P(M) with — interpreted as the
complement.

Example 2.4.2. Cousider the formula ¢ = px.0z from Example 2.4.1 which
defines well-foundedness. According to the definition, the dual formula ¢ is:

—~——

pr.Or = ve.0r = v2.0F = vr.Ox.

The reader may check that indeed vz.Ox is true at a point iff there is an
infinite path starting there.

Vectorial u-calculus. A syntactically richer version of the modal p-calculus
admits mutual fixpoint definitions of multiple properties, in formulae such
as:

pi(x, z2).(1, 92),

where variables 1 and z2 may occur both in ¢ and ys. Given a valuation
val as before, this formula is interpreted as the least fixpoint of the monotone
function (Hy, Hy) — ([p1]V@=Hil o ]vall#i=Hil) on the complete lattice
P(M) x P(M); the resulting pair of sets is then projected to the first compo-
nent as dictated by the subscript in ;. Tuples of any size are allowed. This
vectorial calculus is expressively equivalent to the scalar version described
before, thanks to the so-called Bekié¢ principle (|1, Bisection Lemmal) which
says that the equality:

ll<${>.<f1@n,xﬂ) __(uxyfﬂxlvux2iéﬁﬁvxﬁ)> (2.9)

x2 fa(zi,@2) ) \pae. fo(pxr. fi(xr, x2), x2)
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holds for every pair of monotone operations f; : A1 x Ay — A; on complete
lattices A1, Ao, and similarly for the greatest fixpoint operator v in place of

.

2.4.2 Simple Parity Games

The p-calculus has a straightforward inductively-defined semantics, but
it is often useful to consider an alternative (but equivalent) semantics based
on parity games. Among other advantages, the game semantics provides
more efficient algorithms for model checking of p-calculus formulas than an
inductive computation of fixpoints [11].

We have already seen in Subsection 2.2.3 how fixpoint games characterize
fixpoints of monotone operations. In this case the winning condition was as
simple as it can be: Jve looses all the infinite plays in the least fixpoint game
G,, and wins them in the greatest fixpoint game G,. In the context of p-ML
the fixpoint operators p and v can be nested. Because of this, in order to
capture the meaning of formulae with a game we need the parity winning
condition that reflects such nesting.

In the basic classical setting that we recall now, configurations of a game
do not possess any relevant internal structure and hence can be identified
with positions. Recall that such games are called simple.

Definition 2.4.3. Configurations of a simple parity game are identified with
positions from a fixed arena:

Conf=V =13uW
divided between the players. The legal moves are given by an edge relation:
Mov=FECV xV

and the winning condition by a rank function rank : V' — R that maps each
position to an element of a fixed finite linear order R = R3 Ll Ry divided
between Jve and Vdam.

2.4.3 Parity Automata

The notion of parity game gives rise to parity automata, a stepping stone
between logic and games. The connection is threefold.

First, every u-ML-formula ¢ defines an automaton A, that recognizes
the same language. In fact, A, arises from ¢ in a very direct way, as it
suffices to define an appropriate automaton structure on the set SubFor(y)
of subformulae of p. The construction is designed so that the semantic game
G(A,) extends the game semantics for plain ML with extra rules for the new
operators. Since the translation allows us to view a formula as an automaton
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rather than to construct an abstract device, it is often referred to as the game
semantics for pu-ML.

Second, automata can be seen as a relaxation of the notion of a formula
seen as a game-inducing object, where only the elements that are crucial
from that point of view are kept. It then turns out that such generalization,
although often convenient, does not increase the expressive power of the
model: for every abstract automaton A there is a formula ¢ 4 defining the
same language.

Third, an arbitrary game G = (V, E, rank) can be seen as a modal model.
Then, the logic (or equivalently: automata) can solve the game in the sense
that the set of wining positions of G is definable by a formula.

Since formulae can have free variables, for technical reasons we will also
consider automata with free variables. These variables resemble terminal
states in that they can be targets of transitions, but no transitions originate
in them, and whether they accept or not depends on an external valuation.
Moreover, we want our automata to be able to test whether a given atomic
proposition 7 is true or not. Thus, we also include 7 and —7, indicating such
test, as legal targets of transitions.

A parity automaton consists of:

a finite set of states Q = Q3 U Qv divided between two players;

an initial state qr € Q;

a transition function:

d:Q — P(QULitU Var) U (Act x Q)

where the first part is called e-fransitions and the second one modal
transitions;

e 3 function assigning ranks to states rank : Q — R.

The language of an automaton is a subclass of all pointed models, defined
in terms of parity games. Fix a model M. Given an automaton A =
(Q,qr,9,rank) and a valuation val : Var — P(M), we define the semantic
game G'?(A) to be the parity game (V, E, rank’) where positions are of the
form:

V =M x (Q U LitU Var)
and the edge relation E is defined as follows. In a position (m, q) for ¢ € Q:

e if §(¢) C QULitL Var, outgoing edges (called e-edges, or e-moves) are:

{((m,q), (m, 2)) | z € d(a)},
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e if 6(q) = (a,p), outgoing edges (modal edges, modal moves) are:
{((m,q), (n,p)) | m = n}.

There are no outgoing edges from positions (m,x),(m,7) nor (m,—-7) for
x € Var and 7 € Prop, which means that the owner of these positions looses
immediately.

For ¢ € @, the owner of the position (m,q) is the owner of the state g,
and rank’(m, q) = rank(q). For x € Var, the position (m, ) belongs to Vdam
if m € val(z) and to 3Jve otherwise. Similarly, (m,7) (or (m,—7)) belongs
to dve iff m ¢ 7™ (or m € ™, respectively). The rank’ of (m, ), (m,7)
and (m,—7) can be set arbitrarily, as it does not affect the outcome of the
game. The semantics [A]'?' C M of an automaton A is the set of all points
m € M for which the position (m, ¢r) in the game G*?'(A) is winning for Jve,
in which case we say that A accepts M, m. The language of A is the class
of all pointed models it accepts.

Remark 2.4.4. It should be emphasized that, unless stated otherwise, by
automata we always mean alternating ones. That is, in the semantic game
we allow both players to make decisions. Alternating automata can be con-
trasted with its subclasses of nondeterministic and deterministic ones, where
all the choices are made by Jve, or there are no nontrivial choices at all, re-
spectively. In some cases these models are equivalent, meaning that given
an alternating automaton one can compute a nondeterministic, or even de-
terministic automaton recognizing the same language. However, in general
the alternating model is strictly more expressive.

We now inspect the translations between automata and logic. Both are
classical and can be found e.g. in [37]. However, since the standard con-
structions and proofs form a basis for more complex generalizations later,
we recall them now, both to put the new results into context and to set
notation.

2.4.4 From Formulae to Automata

Every fixpoint formula ¢ € p-ML gives rise to a parity automaton A,
such that [¢]"a = [A,]"' for every model M and valuation val. Specifically,
given a formula ¢ (with some free variables), we define an automaton A, =
(Q, qr,9,rank) (over the same free variables) as follows:

e () is the set of all subformulae other than the literals and free variables

of ¢:
@ = SubFor(y) — (Lit Ll FreeVar(y))

Ownership of a state in () depends on the topmost connective, with Jve
owning V and (a) and Vdam owning A and [a]; ownership of fixpoint
subformulae can be set arbitrarily as it will not matter;
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® q; = ¢
e the transition function is defined by cases:
— (5(91 V 92) = (5(91 A 92) = {91,92}
— 6((a)0) = 6([a]0) = (a,0),
— d(nz.0) = {0} (for n = p or n=v),
( ) =

- T

[«

{0}, where nz.0 is the (unique) subformula of ¢ binding

8

e For the ranking function rank, take the lowest rank 0 (its ownership
does not matter) and assign it to all subformulae of ¢ except for imme-
diate subformulae of fixpoint operators (i.e. 6 for some nx.6). To those,
assign ranks in such a way that subformulae have strictly smaller ranks
than their superformulae, and for every subformula nz.0 the rank of 0
belongs to Ive if n = p and to Vdam if n = v.

We denote G¥?(p) = G3!(A,).

Remark 2.4.5. Recall that a subformula of ¢ is a node in its syntactic tree.
Hence, in the definition above clauses like §(6; V 02) = {01,602} should be
read as: the value of § on a node labelled by disjunction V equals the set of
immediate children of that node. The only possibly confusing case is the last
one for a bound variable x. It states that the target of a transition originating
in an occurrence of z (i.e. a node labelled with x) is the immediate subformula
of the formula binding that occurrence (i.e. the child of the closest ancestor
of this occurrence of x labelled with nz). Under our usual assumption all the
occurrences of each bound variable are bound in the same place. In that case
the definition is uniform for all occurrences of . This special uniform case
is already general in the sense that every formula can be alpha-converted
to equivalent one satisfying the assumption and alpha-conversion does not
change the induced automata (up to isomorphism). Nonetheless, it will be
convenient to occasionally consider automata arising from formulae with the
same variable bound in multiple places. Formulae with the same variable
occurring both free and bound will not be considered.

Remark 2.4.6. Every automaton A, when paired with a model M and
valuation val, induces the semantic game G'®'(A). The above translation
¢ — A, is crafted so that the compositional definition of semantic games
for purely modal formulae (i.e. with no fixpoint operators) defined in Subsec-
tion 2.3 is a special case of the one for u-ML. To that end, the game for ML
is extended with rules determining what happens in configurations having
x € Var or nz.0 on the formula coordinate. Since the new rules result in a
possibility of infinite plays, we need to determine who wins in such cases.
In every infinite play we look at the outermost operator n that was seen
infinitely often and classify the play as won by Jve iff n = v.
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Theorem 2.4.7 (u-ML Adequacy). For every model M and valuation val,
[l = [A].

Proof. Unfolding the definition of [.A,]"?" we prove that:
m € [¢]"? <= 3ve wins G (¢) from (m, ) (2.10)

for every m € M and valuation val. The proof proceeds by induction on
the complexity of . All the cases except for ¢ = px.y) and ¢ = vr.4) are
easy and the proof does not differ from the one for plain ML expressed by
Theorem 2.3.1. Let us focus on the only remaining case with ¢ = pux.1 (the
case with ¢ = vz.1) is symmetric). Since by definition [¢]"?' = LFP.F for
F(H) = []@=>H] Theorem 2.2.8 gives us:

m € [¢]*? <= m € LFP.F <= 3ve wins G,(F) from m.
Hence, in order to prove (2.10) it suffices if we show the exit-equivalence:

Gu(F),m 1 G2 (i), (m, )

for all m € M. We would like to decompose G, (F) and G*?!() into phases
ending in M and M x {¢}, respectively, and apply the Decomposition
Lemma 2.2.5 (with equivalence of such phases following from the induc-
tion hypothesis for +). To that end we view G,(F) as a reachability game.
Denote:

G = Gu(F) and G =G p).

Since ¢ = px.¢p, it follows that G’ moves deterministically from position
(m, ) to (m, 1) and therefore it suffices to prove:

G, m w1 G, (m, ). (2.11)
Towards the use of the lemma, define:
Sy =M and S =M x {¢}

and:
Se={(n,(n4) Ine M}CSs xS,

linking every n to (n,?). S; and S’ only contain configurations with the
highest ranks of G and G, respectively. Hence, substituting S = (), we get
(2.11) from the Decomposition Lemma 2.2.5 provided that we prove:

g, n g, g,7 (n7 w)

for all n € M. For that, we show that for every H C M the following are
equivalent:

1. Jve has a non-loosing strategy for G|Si, n with exit configurations H,
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2. neF(H),
3. Jve has a winning strategy for G*==Hl (1)), (n, ),

4. Jve has a non-loosing strategy for G'|S", , (n, 1) with exit configurations
included in H x {¢}.

This proves exit-equivalence: the implication (1) = (4) gives an immediate
translation of strategies o in G|S4,n to ¢’ in G'|S, (n, ) with exit(o’) C
exit(o) x{¢} = Si[exit(c)]. For the opposite direction, take o’ in G'|S’,, (n, ).
Consider H = m(exit(c’)) so that exit(c’) € H x {¢}. We get from
(4) => (1) a strategy o for G|S;,n with exit(c) = H = S} '[exit(c”)]. We
complete the proof of the Theorem 2.4.7 by proving the equivalence of all
four items (1), (2), (3) and (4).

For (1) <= (2) observe that in G|S;,n Jve picks a subset H C M such
that n € F(H), then Vdam chooses its element n" € H and the game stops.
Thus, strategies for Jve can be identified with such subsets of M (each such
H viewed as a strategy is non-loosing and has H itself as the set of its exit
configurations).

Since by definition F(H) = []**~#] (2) «—= (3) follows from the
induction hypothesis (2.10) applied to .

For (3) <= (4) note that the games G'|S’,, (n, ) and G*==>Hl (4 (n,v)
do not differ until a move to a position of shape (n,z). If it happens, G'|S’,
moves deterministically to (n’,+) € S, and stops with no winner whereas
Gvalle=Hl(4)) ends and Jve wins iff n’ € H. It follows that winning strategies
for dve in gva'[IHHJ(z/;), (n, 1) are the same as her non-loosing strategies in
G'|S’, (n,v) whose exit configurations are included in H x {¢}. O

2.4.5 From Automata to Formulae

Theorem 2.4.8. For every parity automaton A there exists a formula ¢4
of u-ML such that [A]"®" = [a]"® for every model M and valuation val.

Proof. Fix an automaton A = (Q, g7, 0, rank). For clarity of presentation we
only consider the case when A has no free variables, the general case requires
no new ideas. Without losing generality assume that the highest rank rpmayx
is not assigned to any state and every other rank is assigned to precisely one
state: unused ranks can be removed and every rank r assigned to multiple
states q1, ..., gx can be replaced with a linearly ordered sequence of its copies
r1 X ... 2 rg, one for each state, as this does not change the winner of any
play. Take variables Varg = {z, | ¢ € @} with distinct x4, € Varg for every
g € @ and denote:

Qr< ={qe Q| r <rank(q)} and Var,< = {z, | ¢ € Qr<}.

We construct, by induction on r € R, a formula v, over Varg with all free
variables in Var,< and all bound variables outside of Var,<. The goal of our
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construction is that for every point m € M:

G(A),(m,q) >S,.« g(wr,q)7 (m, wr,q) (2.12)

where:
Sr< ={((n,p), (n,2p)) [ p € Qr<}

with domain and codomain:
Si< =M X Q< and < =M x Var,<.

That is, 1y 4 is designed so that the games G(A), (m, ¢) and G(¢rq), (M, ¢y 4)
are the same until a move to a state p or a variable x,, respectively, such that
the rank of p is at least . Hence, (2.12) for the highest rank rmax implies the
theorem: since no state in A has rank rmayx, the relation S, < = 0 is empty
and (2.12) means that the games G(A), (m, qr) and G(¢¥rp.q;)s (M Ursar)
are equivalent.

Note that although formally v, ; may contain free variables, the partial
game GV (1, )|S! <, (M, ¢, 4) always stops when any such variable is reached.
Thus, we ignore the valuation val as irrelevant and write G(¢,.,). Moreover,
the reader should be warned that the constructed formulae do not have to
satisfy our usual assumption about bound variables: a variable x, can be
bound by multiple operators in 1, 4. One could avoid that as follows: when-
ever we build a formula 6 using already constructed 64, ..., ;, first replace all
the bound variables in each used copy of each 0y with fresh ones. Nonethe-
less, to avoid clumsy notation we refrain ourselves from doing that.

The Base Case. Consider the lowest rank 0. The set So< = M x Q) contains
all the positions of G(.A) except for the ones from M x (LitUVar). This means
that after the first move G(A)|Sp< either stops immediately or reaches such
a terminal position. Thus for the base case of (2.12) it is enough to put:

e if 6(q) = (a,p):

Yoo = (a)p if ¢ belongs to Jve
v [a]p  if ¢ belongs to Vdam

e if 6(¢) C QULitU Var:

Yo = \/ d(q) if q belongs to Jve
v Ad(q) if g belongs to Vdam.

The Inductive Step. For the inductive step, assume that for some rank r
and each ¢ € Q we have a formula 1, , satisfying (2.12). Denoting the next
rank by r + 1 we construct 1,41 4 so that:

G(A), (m,q) S, 11< g(wH—l,q% (m, wr—i-l,q) (2.13)
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for all m € M. Let p be the unique state in ) that has rank r. In the
inductive proof we use the decomposition:

Sp< =Sy U Srii< with Sy ={((n,p),(n,zp)) | n € M}.
To simplify notation denote:

S = Sr_t,_lg - S x 8/ where S = ST’-HS and Sl = 7In+1§.

The Case with ¢ = p. We start the construction with the case ¢ = p and
put:
wr-l-l,p = U:Ep'wr,l)

where 7 = p if r belongs to Jve and n = v if r belongs to Vdam. The
idea is that the formula .41, induces the same game as 1), , except that
upon a visit to any (n,x,) the play continues instead of stopping. Since by
the induction hypothesis the play leading from (m, ;) to (n,z,) in G(¢r ;)
corresponds to a play leading from (m,p) to (n,p) in G(A), we would like
the new game to continue from (n, 1, ,). The above definition does exactly
that: the fixpoint operator  bounding z, adds a deterministic transition
from (n,z,) to (n,%,,). The choice of p or v guarantees that in case of in-
finitely many such unfoldings the winner in G(¢,11p) is the same as in G(A).

Formally, we claim that:

g(A)v (m,p) Mg 9(1/17~+1,p)7 (m7 wﬁp) (2'14)

for all m € M. Since ¢41p = nxp.1yp, the game G(1,41,) moves determin-
istically from (m,¢,41,) to (m, 4, ) and hence (2.14) implies the induction
goal (2.13). Define sets of configurations:

Sy =M x{p}
St =M x{z}
Sl+ =M x {t¢rp}
and relations R C S x &, and S4 C S; x S:
R={((n,zp), (n,¢rp)) | n € M}
S+ ={((n,p), (n,¢rp)) | n € M}.
We then have:
g(A)> (m,p) [X]STS g(d)hp)y (m7 @Z)r,p)
>XRuUId(S) g(¢r+1,p)7 (mv wr,p)

for all m € M. The first equivalence is the induction hypothesis (2.12). The
second one is true because the partial games G(1,.,)|SS U S, (m, 1, p) and
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G(Yrq1,p)|S LS, (M, 9y.p) are isomorphic until a move to some (n, z,) € S
in which case the first one stops and the second one moves deterministically
to (n,v,,) € S and stops as well. We have S,< = S, US, S, o R= S and
Sold(S8") = S and therefore:

Sr<o (RUIA(S)) = (S, US) o (RUIA(S"))
= (S, o R)U (Sold(S"))
=S Uus.

This allows us to compose the equivalences into:

G(A), (m, p) s, us G(¥r+1p)s (M, Prp) (2.15)

for all m € M. Denoting G = G(A) and G’ = G(¢r11,p), we get that Sy and
S’ only contain configurations with the most important rank r in Conf — S
and 7’ in Conf’ — &', respectively. Moreover, by the choice of n € {u,v}, r
and 7’ have the same owner in both games. Hence, applying the Decompo-
sition Lemma 2.2.5 we get (2.14) from (2.15).

The Case with ¢ # p. It remains to construct formulae 1,41 4 for all other
states ¢ # p. In this case we take v, , and replace all the occurrences of the
free variable x, with 1,41, constructed in the previous case:

Yri1,q = UrglTp = PYri1p)-

Asin the previous case, we want to get a formula that induces the same game
as 1y 4 except that it does not stop at (n,z,). The above substitution reflects
this idea: in the new game every move to (n,x,) is replaced with a move to
(n,%¥r41,p). From there, the game is the same as G(¢r41p), (N, ¥r41,) and
its correctness is already covered in the previous case.

Let us make the above idea more formal. First observe that v, 1, may
contain different copies 01, ...,0; of 1,1, as subformulae. Therefore, we
denote subformulae of the k-th copy 8 with a superscript k, e.g. 0, = waer.

This way, we define relations S; € S; xS’ and R C S5 x &, almost the
same as in the previous case except that the relations involve all the copies
¢,{p, - M,p of 1., instead of just 1), ,. That is:

Sy =M x{p}
T =M x{z}
Sh=Mx{pf, | k<1}

and:

R={((n,zp), (n,¢r,)) | k <l,ne M}
S+ ={((n.p), (n,45,) | k <ln € M}
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Using the above relations we obtain the induction goal (2.13) from Propo-
sition 2.2.2 substituting G = G(A) and G' = G(¢r41,4). The proposition
assumes two premises:

G(A), (m, q) X5, us G(Vri1,q), (M, Yri1,q) (2.16)

and:

g(A)7 (m,p) Mg g(wr+1,q)a (ma ¢7lf,p> (2'17)

for all n € M and k < [. The first premise (2.16) follows from the composi-
tion:

g(A>v (mv Q) s, < g(¢?“#1)? (ma @Z}T‘,Q)

>rutd(s) 9(Wrt1,9)s (M, rta,q)-

as in the previous case. The first line is the induction hypothesis (2.12).
The second one follows from the definition of ¥,11,4 = ¥y glxp — Vri1p):
Yr41,4 1s the same as 1), 4 except that 1,41, replaces z,. Hence, the two
partial games are identical until a move to some (n, zp) in the first game and
a corresponding move to (n,waer) (for some k < [) in the second one. In
such case the first game stops whereas the second one moves deterministically
to (n, @Z’f,p) and stops there as well (the index k depends on which occurrence
of x,, was reached in the game on the left, but we do not care about it).
We get the second premise (2.17) from:

g(A)a (map) [><]S g(wTﬂLl,p)? (m7 wr,p)
>ig(s) G(Pre1,q)s (M, %lf,p)

because S o 1d(S8’) = S. The first line is (2.14). For the second one observe
that once the game moves to ﬂ)ﬁp for some particular k£ it cannot leave
SubFor(¢F, ;). A move leaving SubFor(¢}; ) would only be possible if
there was a variable free in 1,11, but bound in its proper superformula
(and hence also bound in t,414). However, if 5 is bound in %414 then
xs ¢ Var,11<, whereas it can be free in ¢4, only if x5 € Var,;1<. Thus,
the reachable parts of the two compared games are isomorphic. O

44



Chapter 3

Model Theory for ML

In this chapter we ask classical model-theoretic questions in the modal
context. While model theory for single modal formulae is arguably well-
understood, the theory for entire sets of formulae turns out to be surprisingly
underdeveloped. The work presented here aims at filling this gap. It splits
into two topics: bisimulational categoricity and ordinal models, addressed in
two respective sections. The question about bisimulational categoricity over
ordinal models, which lies in the intersection of the two topics, is addressed
in the second subsection.

Bisimulational categoricity. One of the central notions of classical model
theory is that of categoricity. A set of sentences is called categorical if it has
a unique model up to isomorphism. In the context of modal logic, bisimilar-
ity seems more appropriate than the isomorphism. One may therefore ask
about bisimulational categoricity: the property of having a unique model
up to bisimulation. Note that due to the obvious limitations imposed by the
Skolem-Léwenheim Theorem, the classical notion of categoricity of first-order
theories is only interesting when models of fixed cardinality are considered.
However, unlike with isomorphism, structures of different sizes may still be
bisimilar. Thus, there is no need to relativize bisimulational categoricity.

It turns out that the notion of bisimulational categoricity for theories
expressed in modal logic is indeed well-behaved and can be characterized
in terms of image-finiteness. In Theorem 3.1.4 we show that a modal the-
ory (i.e. a maximal consistent set of modal formulae) has a unique model
up to bisimulation iff it has an image-finite model, i.e. a model where ev-
ery point has finitely many —»-successors for each a € Act. While the
right-to-left implication is (an easy folklore strengthening of) the well-known
Hennessy-Milner Theorem [16], the left-to-right one requires adaptation of
some classical model-theoretic tools and a simple topological argument. As
such, our characterization can be thought of both as a completion of the
Hennessy-Milner Theorem and as a modal version of the Ryll-Nardzewski
Theorem (proven independently by Ryll-Nardzewski [27] Svenonius [31] and
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Engeler [14]) which says that a maximal consistent set of FO-sentences has
a unique countable model (i.e. all countable models of T are isomorphic) iff
it has a model M where for every d < w there could be only finitely many
d-tuples of elements of M satisfying pairwise different FO-formulae.

A natural direction for further studies is to investigate modal logic over
a fixed class C of models (i.e. replace “model” with “model from C” in all the
definitions). We study several such classes. First, consider two-way models
C— (also known as bidirectional models, e.g. in [2]). These are models with
two accessibility relations — and —~! such that one is the converse of the
other. Theorem 3.1.5 says that over C— categoricity is equivalent to having
a model with finite in- and out-degree. Another interesting case is the class
C_,+ of all transitive models: monomodal models where the only accessibility
relation is transitive. Here the situation is a bit more subtle. Theorem 3.1.6
states that under an additional assumption of finiteness of Prop an analogous
characterization is true: bisimulational categoricity is equivalent to having a
finite model.

Furthermore, Example 3.1.20 demonstrates that with C_,+ the additional
assumption is necessary. Example 3.1.21 goes even further: over the class
Cy of all universal models, i.e. ones with one arbitrary accessibility relation
and another one linking every two points, an analogous characterization is
false, even with no atomic propositions whatsoever. This also shows that
FO-definability of the class C under consideration, although often helpful, is
not always sufficient for a characterization similar to the ones we have. The
last characterization, Theorem 3.2.3 concerning ordinal models Co,q, demon-
strates that simplicity of the considered class is not necessary either. Since
the class Corg behaves differently from all the previous ones, we investigate
it separately in the second section.

Ordinal models. The second section of this chapter is devoted to the study
of ordinal models Co.q: monomodal models whose only accessibility relation
is a (descending and strict) linear well-founded order > on the universe.
We start with Theorem 3.2.3 which says that within such ordinal models
bisimulational categoricity is the same as having a finite model. The charac-
terization is similar to the previous ones but the proof, although not hard,
is different.

Further in the section we address another fundamental property: com-
pactness. If every finite fragment of a set ¢ of formulae is satisfiable in C,
does it have to be the case for the entire t? For FO-definable (or even FO-
axiomatizable) classes of models, such as all the mentioned classes other than
Cord, compactness of ML is a straightforward consequence of compactness of
FO. Cord, however, cannot be axiomatized in FO and in fact FO is not com-
pact over Corq. This makes the question about compactness of ML over Coqg
nontrivial. The Example 3.2.5 showing the lack of compactness with infinite
Prop is rather straightforward. The complementary Theorem 3.2.6, however,
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has a more involved proof. It says that, perhaps surprisingly, if Prop is finite
then ML is compact over Cory-

We conclude the chapter with Theorem 3.2.12 which expresses a short
model property: every set of modal formulae satisfiable in Co,q has an ordinal
model that is not too long. The ordinal bound on the length of such a model
depends on the number of colors and is shown to be strict in Example 3.2.11.

History and credits. The contribution of the first section, although phrased
in slightly different terms, was published in [22] which continued the line of
research initiated in the author’s master thesis [21|. The only significant
exception is Example 3.1.16 which is a counterexample to what was initially
conjectured. The results from the second section are, to the best of our
knowledge, all new.

3.1 Bisimulational Categoricity

3.1.1 Introduction

Let us start with recalling the tight connection between modal logic, first-
order logic and bisimulation, given by the famous van Benthem Theorem.
Although we will mostly only need the easier of its two implications, for the
sake of completeness we present the full theorem as an important element
of the wider picture. The characterization identifies ML as precisely the
fragment of FO that is invariant under bisimulation, exposing a deep link
between modal logic and bisimilarity.

Consider the standard translation, which is an embedding ST, (_) : ML —
FO that maps every modal sentence ¢ to an FO formula ST;(yp) with one
free variable x:

ST,(T)=T and ST,(Ll)=L1
(1) ) and ST,(—7) = —7(x)
STu(p V) =STu(p) VST4(¥) and STu(pAv) =STu(p) AST(¥)
(p) and ST.(lalg) =¥,

with x # y. The FO formula uses the same modal signature as the original
¢, i.e. the signature with a binary symbol = for each a € Act and a unary
7 for each 7 € Prop. The standard translation of (a)p reflects the semantics
of (a) as a restricted form of existential quantification: (a)e means “there
exists an —»>-child of the current point that satisfies ¢”. Symmetrically, [a] is
a restricted universal quantifier. The above translation is designed so that:

M,m = ¢ <= M satisfies ST, (¢)(m)

for every model M and point m € M. Of course, it follows from invari-
ance of ML under bisimulation that the image of ST,(_) is invariant under
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bisimulation as well. The famous van Benthem Theorem [33, Theorem 1.9]
says that also the converse holds: ML is precisely the bisimulation invariant
fragment of FO.

Theorem 3.1.1 (van Benthem). For every p(z) € FO, ¢ is invariant under
bisimulation <= it is equivalent to the standard translation of some modal
formula.

Here, invariance under bisimulation of an FO formula ¢(z) with one free
variable  means that M, m £ M’ m’ implies that ¢(m) in M iff p(m’) in
M.

Given how natural the notion of a bisimulation is and how closely it is
related to modal logic, it is also natural to ask when modal logic can describe
a (pointed) model uniquely. That is, given a set of modal sentences, when
does it happen that it has a unique model up to bisimulation? A reader
familiar with model theory of first-order logic may realize that this question
is analogous to the notion of categoricity, the property of having a unique
model up to isomorphism.

Invariance of modal logic under bisimulation means that if points m and
m’ are bisimilar then they are always modally equivalent (i.e. satisfy exactly
the same formulae, which we denote by m =y m’). Therefore, the quest for
characterizing bisimulational categoricity boils down to the question about
conditions under which the converse implication holds. As mentioned, in
1mage-finite models points that are logically indistinguishable have to be
bisimilar. The following example shows that without the assumption of
image-finiteness this does not have to be the case.

Example 3.1.2. The Hedgehogs: H, rooty and H', rootyy:

H

The two models are not bisimilar, as one of them is well-founded but the
other is not. However, it is easy to show that they cannot be distinguished
by ML formulae. In fact, even the full first-order logic cannot distinguish
the models, as can be shown using Ehrenfeucht-Fraissé games (these are
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a classical tool characterizing expressive power of FO similarly to depth-k
bisimilarity ¥ characterizing expressive power of ML, see [24] for a refer-
ence).

As it turns out, the above example is an illustration of a general phe-
nomenon, which is that among infinitely many behaviors one can always find
a limit one that: (i) can be either included or removed from the model but
(ii) our local logical means are too weak to tell the difference. This will be
the key intuition underlying our characterization of bisimulational categoric-
ity, which says that the requirement of image-finiteness is not only sufficient,
but also necessary.

In order to formulate the theorem, we first formally introduce the notion
of a type, i.e. a maximal consistent set of formulae, analogous to types in
first-order model theory (here by type we always mean a complete one).

Definition 3.1.3. Given a point m in a model M, its modal type or modal
theory, denoted tp™(m), is the set {¢ € ML | m € [¢]™} of all modal
formulae that it satisfies. The set of all modal types will be denoted T.
Sometimes we will be only interested in models from a fixed class C. In such
case T¢ will denote the set of all the types that are present in some model

from C.

We can now formulate our first characterization. By definition, every
type has a model. The following theorem tells when such a model is unique.

Theorem 3.1.4. For every type t € T, the following are equivalent:
(1) t has a unique model up to <;
(2) every model of t is bisimilar to an image-finite model;
(3) t has a model which is image-finite.

Note that although the above theorem describes bisimulational categoric-
ity over the class of all models, this does not automatically yield an analogous
characterization for its arbitrary subclasses. For instance, if we consider the
class Cwr of all well-founded models then the Hedgehog H of Example 3.1.2
is a unique (up to bisimulation) model of its type, despite being inherently
image-infinite (the reasons for this are discussed in Subsection 3.1.3). Nev-
ertheless, we provide characterizations analogous to Theorem 3.1.4 for some
interesting classes of models.

A two-way model (also called bidirectional model e.g. in |2]) is a model
over signature consisting of two accessibility relations, denoted — and —~!,
such that one is the reverse of the other (meaning that m — n iff n =1 m).
We denote the class of all two-way models by C—. Then:

Theorem 3.1.5. For every type t € Tc_, the following are equivalent:
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(1) t has a two-way model which is, up to <, unique among all two-way
models;

(2) every two-way model of t is bisimilar to an image-finite two-way model;
(3) t has an image-finite two-way model.

Consider the class C_,+ of all transitive models, i.e. models with a single
accessibility relation —7 that is required to be transitive (in the context
of C_,+ we will use the equivalent expressions descendant and child inter-
changeably; similarly with ancestor and parent). Then:

Theorem 3.1.6. Assume that the set Prop of atomic propositions is finite.
For every type t € T_+, the following are equivalent:

(1) t has a transitive model which is, up to <, unique among all transitive
models;

(2) every transitive model of t is bisimilar to a finite transitive model;
(3) t has a finite transitive model.

Note that for transitive models image-finiteness is the same as finiteness,
assuming that all the points are accessible from the root. Thus, in light of
Proposition 3.1.17 which says that in C_,+ every finite model can be uniquely
described with a single modal sentence, the last theorem implies that when it
comes to defining transitive models up to bisimulation, the expressive power
of modal logic does not increase when we move from single formulae to entire
theories.

In contrast to the above theorems, in Subsection 3.1.3 we will show coun-
terexamples limiting possible extensions of our characterizations:

e Example 3.1.20 shows that, perhaps surprisingly, the assumption of
finiteness of Prop in Theorem 3.1.6 is necessary.

e Example 3.1.21 demonstrates that even with finite vocabulary, com-
pactness of the logic over the class C (or even FO-axiomatizability of
C, which is stronger than compactness) does not guarantee an analo-
gous characterization. We consider the class Cy of all universal models,
i.e. models with two relations — and —" with the second one being
always full (i.e. linking every two points). We then show a complete
theory whose model is unique but infinite (which means that every
point has infinitely many —"-successors).

Classes of models vs altered semantics. Considering various classes of

models and investigating model-theoretic questions related to ML over these
classes is a neat, uniform way of defining the subject of our study. However,
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an important motivation for such framework comes from a different point of
view, where a class C is thought of as encoding modal logic interpreted over
all models but with modal operators having altered semantics.

e Consider two-way modal logic, i.e. monomodal logic enriched with
backward modalities: O~ !¢ interpreted as “there exists a predecessor
satisfying ¢”. Analogously, we obtain the notion of a two-way bisimu-
lation by extending the standard Definition 2.1.4 with additional back-
ward back and forth conditions in which the term “predecessor” replaces
“successor”. Then, the notion of a two-way model allows us to capture
such two-way semantics without changing the definitions of modal logic
or bisimulation. This is because going backward along an edge — is
the same as going forward along the opposite edge —~!. Given a
monomodal model M, denote by M. the bimodal extension of M
with the same universe and interpretation of — and —~! interpreted
as the converse of —. It follows that m,n € M are (i) equivalent with
respect to the two-way ML and (ii) two-way bisimilar in M iff they are
(i) modally equivalent and (ii) bisimilar in M-, respectively. More-
over, M- is image-finite iff all the points in M have finite in- and
out-degree. Thus, Theorem 3.1.5 can be reformulated as: a complete
theory in two-way ML has a unique model up to two-way bisimulation
iff it has a model where every point has finite in- and out-degree.

e Similarly, one can consider transitive modal logic and transitive bisim-
ulations (also known as the EF-logic and EF-bisimulations, respec-
tively [4]) where “descendant” replaces “successor” in all the definitions.
Then, Theorem 3.1.6 says that a complete theory in the transitive
modal logic has a model unique up to transitive bisimulation iff it has
a finite model. To see that the alternative formulation is equivalent,
for each monomodal M take M_,+ whose accessibility relation is the
transitive closure of that from M. Then, equivalence with respect to
transitive ML and transitive bisimilarity in M are the same as ordinary
modal equivalence and bisimilarity in M_,+, respectively.

e In the case of Cy, one can equivalently consider modal logic enriched
with wuniversal modalities ((3)p interpreted as “there exists a point
satisfying ¢”) and global bisimulations (which are bisimulations Z C
M x M’ whose projections on both coordinates are equal to the full
universes m1(Z) = M and 72(Z) = M'). Then our Example 3.1.21 is
a model of such universal modal logic that is infinite yet unique up to
global bisimulation.

3.1.2 Proofs of the Characterizations

In all the three cases, the implication (2) = (3) is immediate, as by
definition every type has a model and modal logic is invariant under bisim-
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ulation.
The implication (3) = (1) follows from a generalization of the Hennessy-
Milner Theorem [16]:

Proposition 3.1.7 (4 la Hennessy-Milner). Assume an image-finite model
M. Then, for every M’ and every m € M,m’ €¢ M':

M,m=y M, m’ implies M,me M m'.

This is a well-known folklore strengthening of the classical Hennessy-
Milner Theorem, where both M and M’ are assumed to be image-finite.
Instead of proving it with bare hands, which is not difficult, let us introduce
a higher-level point of view that will be important later. Along the same lines
as in the classical model theory for first-order logic (as found e.g. in [24]),
our types can be equipped with a topology turning it into a Hausdorff space.

Definition 3.1.8. For every ¢ € ML, we take the set (p) = {t € T¢ | ¢ € t}
of all types containing it. Then, the set {(¢) | ¢ € ML} is a basis of clopen
sets generating a topology on T.

Alternatively, in the case when the signature is at most countable, one
could obtain the same topology by first fixing any enumeration of ML formu-
lae and then defining a metric d(t,t') = 1 for n being the number of the first
formula on which ¢t and ¢’ differ (and 0 if ¢ = ¢'). The underlying intuition is
that types which are similar, i.e. hard to distinguish, should be close to each
other.

Proposition 3.1.9. Analogously to the first-order case [24], we have that
for every class of models C:

e the space T¢ is Hausdorff;

e the logic ML is compact over C (i.e. if every finite fragment of a set of
formulae t is satisfiable in C, then so is the entire t) <= the space
Te 4s compact;

o given T C T¢, t € T¢ s isolated in T <= there exists a single ML
formula p €t s.t. ¢ ¢t for every other t' € T.

Proof. Observe that by identifying a type with its characteristic function we
can view the space T¢ as a subspace of 2ML. Since the later is Hausdorff, so
is T¢. Moreover, a subspace of a compact Hausdorff space is compact iff it
is closed, and it is easy to check that closedness of T is the same as logical
compactness of ML over C. The last item follows from the observation that
in any topological space, a point is isolated iff it is isolated by a basic open
set. O

Let us now prove Proposition 3.1.7:
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Proof. 1t suffices to show that the relation =y C M x M’ of modal equiva-
lence is itself a bisimulation. The base condition is immediate.

For the back and the forth conditions, let us take n =y n’, and any a €
Act. By our assumption, n can only have a finite number of ~»-children. In
particular, they have only a finite number of distinct modal types tq,...,t €
T. Since T is a Hausdorff space, we can find pairwise disjoint basic open
neighborhoods (¢1), ..., (¢k) of these types, which by definition means that
there are mutually exclusive formulae @1, ..., ¢ with ¢; € t; but ¢; ¢ t; for
all 7 # 7. Both n, and by equivalence also n’, satisfy:

EIGEAVARHE N @i {Blei =) | ¢ et}

ie{1,....k} ie{1,....k}

It follows that the types of »-children of n’ are exactly t1, ..., 5. But this
implies both the forth and the back conditions, as it means that for every
2-child of n (or n’, respectively) there exists an equivalent —-child of n’ (n,
respectively). O

Towards the last (and hardest to prove) implication (1) = (2), let us
establish a few facts about modal logic.

An important notion is that of modal saturation (also called m-saturation).
Our topology on types allows us to capture it in an elegant way.

Definition 3.1.10. We say that a point m in a model M is modally saturated
if for every a € Act, the set of types of its >-children {tp™(n) |m 3 n}isa
closed subset of T. We call M modally saturated if all its points are modally
saturated.

In more concrete terms (the way modal saturation is usually defined [2]):
if every finite fragment of ¢ is realized in some —>-child of m, then there exists
an m’s —»-child realizing the entire ¢.

Note that it is immediate that modal saturation generalizes the notion
of image-finiteness, as in a Hausdorff space finite sets are always closed.

The following classical fact says that for saturated models modal equiv-
alence is the same as bisimilarity.

Proposition 3.1.11. Given any two modally saturated models M, M':
M,m=y M, m’ implies M,me M m
for any m e M,m" e M.

Remark 3.1.12. A natural question in our context is whether the van Ben-
them theorem is true if we only take models from a fixed class C into account.
The standard translation ST, (_) produces a first-order formula that is equiv-
alent to the original one in every model and invariant under bisimulation.
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However, the more interesting direction is the opposite one, i.e. given an
FO formula invariant under bisimulation, to find an equivalent ML formula.
Here, an FO formula ¢(x) is invariant under bisimulation over the class C
if for every M and M’ both belonging to C: M,m < M’ m’ implies that
e(m) in M iff o(m’) in M’. Note that restricting the class C weakens the
condition, which possibly makes more formulae invariant under bisimulation.
Finding a modal equivalent of a formula ¢ that is bisimulation-invariant over
C is a nontrivial task and sometimes it is just not possible, as illustrated by
the class:
C=C_+NCxan

of models that are both transitive and finite. Finiteness of a model M implies
that a m € M is not well-founded (an infinite path starts there) iff m belongs
to a cycle m — ... = m. In turn, transitivity implies that this property is
equivalent to the existence of a self-loop m — m. The property can be
expressed with the FO-formula ¢(z) = x — = and since well-foundedness is
invariant under bisimulation, so is ¢ over C. However, no modal formula can
be equivalent to . To see this, consider a pair of models My, and M from
C for every k < w:

As usual with transitive models, for clarity we skip some arrows belonging
to the transitive closure of the depicted ones. No modal formula of modal-
propositional depth at most & can differentiate between Mj, and M. Since
only My, but not M, is well-founded, this implies that well-foundedness over
C cannot be captured with ML. The equivalence My, k El,f,”_ M., k follows
from the game characterization (2.8). In order to win the k-round game,
it suffices if dve preserves the following invariant: either positions in both
models are equal, or both are greater than the remaining number of rounds.

Still, the van Benthem characterization is true in many interesting classes
of models, such as all finite models, or all well-founded ones, but the proof
often requires new ideas (see [13] for a good summary). Here, let us only
state a much easier result, which essentially follows from the proof of the
classical version of the theorem (as found in [2]).
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Assume that a class C of models is axiomatized by a set A of FO-sentences
(meaning that C is the class of models satisfying A). Then, ML is precisely
the fragment of FO that is invariant under bisimulation over C:

Theorem 3.1.13 (Relativized van Benthem). Assume that C is aziomatiz-
able in FO. Then, for every o(x) € FO: ¢ is invariant under bisimulation
over C <= it is equivalent, in all models from C, to the standard translation
of a modal formula.

All the classes C—, C4 and Cy (and of course the class of all models) can
be described by FO sentences: V,,.ox — y <= y -1 Vo, & =T
yANy =t 2 = x - zand V.2 =7 y, respectively. Thus, the theorem
applies.

The following fact uses (the easier implication of, i.e. the correctness of
the standard translation) the above theorem:

Proposition 3.1.14. Assume an FO-axiomatizable class of models C. Then:

1. ML ower C is compact, meaning that if every finite fragment of a set
t C ML has a model in C then so does the entire t;

2. ML over C has the modally saturated model property, meaning that
every t C ML satisfiable in C has a modally saturated model in C

Proof. Let A be the set of FO formulae axiomatizing C.

For the first item, observe that ¢ is satisfiable in C iff A UST,[t] is satis-
fiable (in any model). Hence, compactness of ML over C follows from com-
pactness of FO.

For the second item, take an w-saturated model of AUST[t]. Since this
set of formulae is satisfiable, such a model must exist, and it is straightfor-
ward to check that w-saturated models are also modally saturated ([24] is a
good reference for the basics of FO model theory). t

Let us recall an elementary topological fact which, although simple, is
the heart of our characterizations. Since any infinite compact space contains
a non-isolated point and closed subspaces of a compact space are always
compact, it follows that:

Lemma 3.1.15. If Y is a closed infinite subset of a compact topological
space X, then it contains a point y € Y that is not isolated in Y.

We are ready to prove the only missing implication (1) = (2) in all the
three theorems: Theorem 3.1.4 about all models, Theorem 3.1.5 about two-
way models and Theorem 3.1.6 about the transitive ones. Let us start with
the class of all models.
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All Models

Take a model M, m that is not bisimilar to any image-finite model. We
will construct another model that is equivalent but non-bisimilar to it. We
may combine: (i) Proposition 3.1.14 to obtain an equivalent model which is
modally saturated, (ii) Proposition 2.1.8 to take its quotient by £ where (by
Proposition 3.1.11) no two points satisfy the same formulae and finally (iii)
Proposition 2.1.6 to take a submodel accessible from the root. If such model
is not bisimilar to M, m then we are done, so the remaining case is when
M, m has all the properties listed above.

Since by our assumption M, m is not image-finite, there must exist a
point n reachable from m by a finite path and having infinitely many -
children for some a € Act. The set T = {tp(n’) | n > n’} is an infinite
subset of the compact space T. Modal saturation of M means that T is
closed, and so by Lemma 3.1.15 it contains a non-isolated limit type ™
realized in some —»-child n™ of n. Now, in order to construct another model
for t we take N that is identical to M except that:

e (L)
i.e. we remove the arrow —» leading from n to nli™,

We prove by induction on k < w that any point n € M satisfies exactly
the same formulae of modal depth & in both M and N (and thus in particular
N,m [= t). The base case is obvious. For the induction step, the only
interesting case is for n, as prima facie it could satisfy fewer sentences of the
form <©p. However, since t1™ is not isolated in T, for any ¢ € '™ there must
be t' € T s.t. ¢ € t’. By definition of T' this means that there is a sibling n’
of ni™ such that M,n’ = ¢ . In particular, M,n’ = ¢. But modal depth
of ¢ is smaller than that of ¢, so we know by induction hypothesis that
N,n" = ¢ and hence N',n E Oop.

On the other hand, we will show that M, m % A, m, as Vdam has the
following winning strategy in the bisimulation game: (i) First follow the
path to the point n in M. If after that Jve responds with a point " € N
other than n, we know that M,n #u_ N, n’ (as no two different points are
equivalent in N') and so M,n ¢ AN n’, which means that Vdam can now
win the game. (ii) If Jve responded with the same point n € N, Vdam
moves to n'™ in M. Now 3Jve has to respond with some point n’ € A/ but
by definition of A/ she cannot choose n"™ and so again M, n™ %y N, n/,
meaning that Vdam can win the game from that point. This completes the
proof of Theorem 3.1.4.

Two-Way Models

In the case of all two-way models, we need a slight modification of the
previous construction due to the fact that in such models to remove an arrow
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m — n we also have to remove the opposite one n —~! m.

As in the previous case, we take a modally saturated model of ¢t € T¢_
where any two different points have different types and any point is accessible
by a finite path (possibly using both — and —~!) from the root. This is pos-
sible, because the class C— of two-way models is closed under both generated
submodels and quotients by bisimulations. Assume that some point n € M
has infinitely many —-children (the case with infinitely many — ~!-children
is entirely symmetric) and take the limit "™ of T = {tp(n’) | n — n'}
realized by some n'™.

We define an equivalent but not bisimilar model as follows. First take
the disjoint union N/ = Mj 4+ Mz + M3, where each M, is a copy of M. We
will denote the element of M; corresponding to " € M by nf. Let us also
pick any child n’ € M of n different than n'™. Then, our model A is just N’
without the arrow ng — ni™ and with two additional arrows ny — n) and
ng — nlzim:

—N=N —{(ng, n§™)} U{(n2, n), (n3, n5™)}

! modified accordingly.

and —~

A picture of M, m and N, my:

T T

The rest of the proof is analogous to the previous case. We first prove
by induction on k < w that for every m" € M, the models M, m" and N, m
satisfy the same ML-formulae of modal depth k. This boils down to checking
several straightforward cases (the one in which we use the fact that ), was
not isolated is that with na’s —-successors).

The winning strategy for Vdam witnessing M, m Zp N, my is as follows:
(i) First follow the path from my to ng in /. In order not to loose, Ive has
to respond in M with the only point that is equivalent to ny, namely n. (ii)
Then, Ydam moves to n'™ in M and Jve has to respond in N with a point
non-equivalent with it, thus loosing the game.
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Note that taking three copies of the original model rather than a single
one is necessary in the above construction. This is because accessibility
means two-way accessibility, i.e. with respect to both — and —~!. Thus,
after removing the arrow ng — ngm, ny does not have to be accessible from
mo. In fact, it could actually happen that M,m 2 A, ms. However, we
know that n} is accessible from m; and from there we can move backwards

to na.

Transitive Models

This is the most involved case. The key difficulty is that we cannot
simply remove any arrow, as its existence may be forced by transitivity and
presence of other arrows. Consider the following example.

Example 3.1.16. In the model below, the rightmost blue point has a copy
of w (with the reverse order as the accessibility relation) as its children. We
assume that the model is transitive and for clarity do not draw the arrows
implied by transitivity.

i

One can check that the type tim of the rightmost blue point is not iso-
lated among the types of its blue siblings. However, it is isolated from the
perspective of the yellow point, which in turn is isolated from the perspective
of the root. Basing on that observation it is not hard to show that any model
ML-equivalent to the one above must realize ¢, in a child of its root. In
particular, this demonstrates that not every non-isolated type can be omit-
ted. Nevertheless, we will show that if the set Prop of atomic propositions
is finite, then in the presence of a non-isolated type it is always possible to
find some (possibly different) type that can be omitted.

Let us start with the following simple fact:

Proposition 3.1.17. Assume finite Prop. In C_ +, finite models are defin-
able up to <, meaning that of M, m is a finite transitive model, then there is
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a modal formula 0 s.t. every transitive model of 0 is bisimilar to M, m. In
particular, types of finite transitive models are always isolated in Te_, .

Proof. Since M = mq,...,my is finite, it realizes only finitely many types
t1, ..., (w.lo.g. all distinct, as otherwise we may quotient the model). Since
Te | isa Hausdorff space, there are mutually exclusive sentences ¢; € t;
for every 4. First, define ¢; to be the formula that describes which atomic
propositions belong to ¢; and which other types it sees:

/\{T € Prop | T €t;} A /\{_\T € Prop | T ¢ t;}

A
o(\/{e; | mi = miH) A A\{Og; | mi =T m;}.

Then, we put:
b=vno( N\ e =)
Je{l,...k}

It is straightforward that 6; € ;. On the other hand, if A',n = 6;, then
already NV, n & M, m;. Indeed, w.l.o.g. we may assume that all the points of
such AV are reachable from n and then it is easy to check that: (i) the types of
all the points of A are precisely {t1, ..., tx}, (ii) the map f: N — M sending
a point with type t; to m; is a functional bisimulation. It then follows that
each type t; is isolated by its basic neighborhood (6;). O

As in both previous cases, let us take a model M, m that is infinite,
modally saturated, all the points are reachable from m and no two points
realize different types, but the model is not bisimilar to a finite one. Again,
this uses the fact that the class C_,+ under consideration is closed under
generated substructures and quotients by bisimulations. It follows that the
root has infinitely many descendants. We will need the following fact:

Lemma 3.1.18. There exists a point noe € M s.t. oo =T noo and its type
too is a non-isolated element of {tp™(n') | noe —T n'}.

Proof. We will inductively construct a sequence of (not necessarily distinct)
points, indexed by countable ordinals (ng)a<w, € M with the property
that for any o < B: (i) no, =T ng and (ii) tp™(ng) is not isolated in
{tpM(n) | no =T n'}.

For the induction base, we simply take the root ng = m.

For a + 1, we know by induction assumption that tp*!(n,) is non-
isolated in a subset of C_,+ and hence also non-isolated in C_+. Thus,
by Proposition 3.1.17 we know that the model generated by n, has to be
infinite (except for the base case @ = 0 where the fact that m has infinitely
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many descendants is just an assumption). Now we look at the infinite set
T, = {tp™(n)] no, =T n’} and pick some its limit: a non-isolated type
ta+1 € Te_, which, by modal saturation, is realized in some descendant
Nat1 of Ng.

For a limit ordinal «, we fix a subsequence («;);e,, C « of shape w which
is cofinal with « (such subsequence exists because « is countable). Take any
limit t,, of the set T, = {tp™(n,,) | i € w}. Since ¢, is not isolated and Tc .,
is Hausdorff, every ¢ € t, must belong to infinitely many types from T,,. It
follows that there are arbitrary big i s.t. ¢ € t,,, S0 every nq;, and hence by
cofinality also every ng, has a descendant satisfying ¢. Hence, by modal sat-
uration, each ng has a descendant realizing t,. Moreover, since in M no two
different points satisfy the same formulae, the point n,, realizing t, is unique.

Now we claim that n, = ng for some o # 3. Indeed, observe that if
n —* n’, then n’ cannot satisfy more formulae of the form ¢ than n. Since
there are only countably many formulae, for sufficiently large « all tp™ (ng)
may only differ on formulae equivalent to boolean combinations of Prop. But
P(Prop) is finite, so n, = ng for some o <  and thus we put no = n,. It
then follows from (i) that no, —T ny. Finally, (ii) implies that the type too
is not isolated in {tp™(n’) | noe —71 n’}, as desired. O

Let us illustrate Lemma 3.1.18 with an example.

Example 3.1.19. The rightmost blue point in Example 3.1.16 was non-
isolated but impossible to omit. However, the model was not modally satu-
rated, as opposed tho the following one (again, for readability we skip some
arrows and assume that the accessibility relation is the transitive closure of
the depicted one):

Although the type of the rightmost blue point must be realized in every
model equivalent to this one, such point has infinitely many (red) children,
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and among these children there exists a non-isolated point (with a loop) that
can be omitted.

Now, to finish the proof f Theorem 3.1.6 we define a new model N which
has the same universe and interpretation of atomic propositions as M and
accessibility relation obtained by removing all the arrows leading to ns:

(=W = (DM = {(n'.nx) | 0" € M}.

Observe that in M, whenever we have n —T n.,, then the set of de-
scendants of ny is a subset of the descendants of n and so the type t is
not isolated in {tp™(n’) | n =% n’}. This allows us, as in the two previous
cases, to prove by induction on modal depth that M,n =y N, n for every
n € M. On the other hand, ny, is reachable from the root in M but not in
N, which gives a winning strategy for Vdam in the bisimulation game. This
completes the proof of Theorem 3.1.6.

3.1.3 Limitations

We end with examples illustrating limitations of our method. First of
all, let us emphasize that our proofs rely on compactness of the logic under
consideration and it is not hard to come up with an example of a class C over
which ML is not compact where characterization analogous to ours fails. For
instance, consider the class Cywg of all well-founded models, i.e. monomodal
models with no infinite paths. ML is not compact over Cyyr and describes the
infinitely branching Hedgehog (Example 3.1.2) uniquely. This is because the
only limit type, i.e. the type of any of the (bisimilar and hence equivalent)
points from the limit spike, is not satisfiable in Cwr. In particular, this lim-
its model theory for logics stronger than ML, such as its fixpoint extension
p-ML, which can express well-foundedness.

Since non-compact logics seem out of our reach, a natural question is if
compactness is sufficient for an analogous characterization. Unfortunately,
this is not the case. The following example shows that even the stronger
assumption of first-order axiomatizability of the class C, which implies the
(relativized) van Benthem Theorem 3.1.13 and hence also compactness, is
not sufficient.

Recall that in the proof of Theorem 3.1.6 we used the assumption that
there are only finitely many atomic propositions. The reader could be
tempted to think that with more atomic propositions it is easier to find non-
isolated points, so the theorem should be true also without that assumption.
Surprisingly, however, the condition turns out to be necessary.
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Example 3.1.20. Assume Prop = { FU{ o | @ < w} and consider
the following model M, m:

where each point satisfies at most one atomic proposition: blue point with
number « satisfies o, the yellow one satisfies and both white
ones satisfy no atomic propositions whatsoever.

We claim that every other transitive model M’, m’ satisfying the same
modal formulae must be bisimilar to the one above. To prove this, it suf-
fices to come up with a winning strategy for Jve in the bisimilarity game
G (M, M'). This is easy and so we focus on the only interesting case when
in the first move Ydam chooses a point n that satisfies no atomic propositions.

First consider the case when n € M, i.e. n is the upper white point
from the picture. Since M, m, and by equivalence also M’ , m’, satisfy OOT,
000l and OO—7 for every 7 € Prop, it follows that m’ must have a grand-
child n’ that has no children and satisfies no atomic propositions. Hence,
such n’ is bisimilar to n. By transitivity, grandchildren of m’ are also its
children, so n’ is a legal answer.

Second, consider the case with n” € M’. Since both M, m and M’ m’
satisfy O <= <OT) and n’ does not satisty , it does not
satisfy ©T either, i.e. has no children. This means that n’ is bisimilar to the
upper white point in M, making it a winning answer and hence completing
the proof.

The above example exploits the fact that the set of atomic propositions
is infinite. A natural question is whether one can cook up a counterexample
with finitely many propositions. The following example shows that even if
the set Prop is empty, compactness is still not sufficient. Recall the class Cy
of universal models. It is definable by a single first-order sentence: V, ,2(3)y.
However, consider the following model M € Cy:

Example 3.1.21. M =w+1 = {0,1,....,w}; m = niff m =n+1or
m = n = w. We assume Prop = 0.

O@NOROROS O

Observe that M, m #Zy M,n for all m # n and so every point has in-
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finitely many pairwise non-equivalent children with respect to the universal
modality. However, it is not hard to show that any model A/, m in Cy equiv-
alent to M,w must be bisimilar to it. The problem is that although the
topological part of our reasoning still works and we may find a limit of the
types realized in M (in fact, in this situation there is precisely one such limit
type, the type of w) it is not possible to omit that limit type.

3.2 ML over Ordinal Models

In the previous section we have investigated bisimulational categoricity of
ML over various classes of models. In each characterization, we rely on a num-
ber of good properties of ML over the class implied by its FO-axiomatizability.
In particular, compactness and existence of saturated models are crucial,
even if in some cases deriving the characterization requires some effort and
Examples 3.1.20 and 3.1.21 demonstrate that sometimes these properties are
not sufficient at all.

In this section we take different approach. We investigate the class of
monomodal models where the accessibility relation is a well-founded linear
order. Since every well-founded linear order is isomorphic with an ordinal,
we investigate ordinal models. More specifically:

Definition 3.2.1. An ordinal model is a monomodal model M whose uni-
verse M with the only accessibility relation — are identical to some ordinal
with descending (strict) order:

(M, =) = (k,>)

for some x € Ord called the length of M (recall that we identify every ordinal
with the set of all smaller ordinals). We represent such M as a sequence of
colors:

(Ca)a</€ € (P(Prop))“

and use the same additive notation as with bare ordinals: M + N denotes
the concatenation of sequences M and A. The class of all ordinal models is
denoted Coqy-

Well-foundedness is a prototypical example of a property that is not FO-
axiomatizable. Therefore, we cannot derive any desirable properties of ML
from the corresponding ones for FO the way we did before. Nonetheless,
in Theorem 3.2.3 we give a characterization similar to the previous ones:
a theory has a unique ordinal model iff it has a finite one. Instead of us-
ing compactness of ML, the proof combines compactness of its propositional
fragment with a pumping argument. An arguably more interesting (and rela-
tively harder to prove) result is Theorem 3.2.6 characterizing compactness of
ML over Coq in terms of the number of atomic propositions: ML is compact
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over Corq iff |Prop| < w. Both results, apart from being interesting in their
own right, demonstrate how bisimulational categoricity can be independent
from compactness. On top of that, in Theorem 3.2.12 we show that ML over
Cord has a short model property in a suitable sense.

Bisimulation-invariant properties only depend on the descendants of the
root, i.e. strictly smaller points. In order to meaningfully compare models
that do not necessarily contain a greatest element, we introduce the following
notation. Given models € = (¢q)a<x and d = (da)a<:

ENMLE <~ E—FG,HEMLE-F@,)\

where e € P(Prop) is a fixed color. That is, we require ¢ and d to satisfy the
same modal formulae once they are both extended with a greatest element
e taken as a root. Since modal equivalence of ¢+ e, x and d + e, A does not
depend on the specific choice of e, we leave it unspecified. It follows that the
two conditions are equivalent:

® ¢~ d;
e for every k < w and finite P C Prop:

t+erehld4e N

In the light of (2.8), we usually think of the relation %% in terms of the
restricted k-step bisimilarity game géw’P(E—i— e,d+e), (k, A, k,count). Recall
that Q:W’P is the same game as G5 except that only propositions from P

are checked in the base stage. Let us use this equivalence to prove that ~p
is a congruence for concatenation:

Proposition 3.2.2. Assume two sequences ¢y, 1, ... and do,dy, ... of models,
both of length & € Ord, satisfying ¢, ~mL dy for every v < &. Then:

Cc= Z Cryy ~ML Z 87:8.
)

v€[0,) v€E[0,€

Proof. Fix finite P. For every k < w and a < [¢,|, the assumption ¢, ~mL d,
implies existence of 3 < |d,| such that ¢,,a 28 d., 8. Symmetrically, for
every B < |dy| and k < w there is o < |¢,| with the same property. Denote
the lengths of ¢ and d by x and X\. We show that ¢+ e,k €% d, \ for all
k < w by giving Jve a winning strategy from (s, A, k, count). The strategy
is easy: preserve the invariant that both points o and 8 come from ¢, and
87/ for the same v =+ and ¢, « ok.P 87, 5. O

3.2.1 Bisimulational Categoricity

Let us start with an analysis of bisimulational categoricity over Coq.

64



Theorem 3.2.3. For every type t € T¢, ,, the following are equivalent:
(1) t has a unique ordinal model up to <;
(2) every ordinal model of t is bisimilar to a finite ordinal model;
(3) t has a finite ordinal model.

Note that given pointed models ¢, x and d, A, a straightforward transfinite
induction on max(x, \) reveals that ¢, x and d, A are bisimilar iff their parts
(ca)aclor) and (dg)gelo,x) consisting of points below the root are identical.
Thus, if we require a model to be reachable from the root (i.e. require the
root to be the greatest element), which we can do without losing generality,
then we would get that ¢ has a unique ordinal model iff all its ordinal models
are finite iff it has a finite ordinal model. Let us prove the theorem.

Proof. As before, the implication (2) = (3) is obvious and (3) = (1)
follows from Proposition 3.1.7 so it remains to prove (1) = (2). Assume
that ¢ has a model ¢, x that is not bisimilar to a finite ordinal model, meaning
that k is infinite. It suffices to construct a model for ¢ not bisimilar to ¢, k.
This is an immediate corollary of the following proposition.

Proposition 3.2.4 (Upper Skolem-Léwenheim for Cog). Assume a modal
type t. If t is satisfiable in an ordinal model ¢,k with infinite x then it has
ordinal models d, A for arbitrarily big .

Proof. In the case of ML (or any bisimulation-invariant formalism) over a
class of models C, such result in the style of the upper Skolem-Léwenheim
Theorem is often immediate: if C is closed under (infinite) disjoint unions the
result is trivial; if C is FO-axiomatizable then by Theorem 3.1.13 it follows
from an analogous result for FO. The class Co,q is neither of the two cases,
however, so we need a separate proof. Assume ¢, s |= t as in the formulation.
Without loss of generality the root is the greatest element, i.e. ¢ = (¢a)a<-

Identifying every color ¢ € P(Prop) with its characteristic function x. :
Prop — {0,1} we may view the set of all colors as a compact topological
space {0,1}PP. Hence, there exists a color ¢y, € P(Prop) that is a limit
of the colors (¢q)a<w- Explicitly, this means that for every finite P C Prop
there are arbitrarily big o < w such that x,,, and x., are equal on P.

For every ordinal ¢ € Ord, consider the model:

(ctim)® = ClimClim. -

being (&, >) with every point colored by cjiy,. We claim that inserting £-many
copies of cjiy, between [0,w) and [w, k]:

(Ca)aciow) + (Cim)® + (Ca)aclws] = (d8)geioN = d
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results in a modally equivalent model:
¢, k=ML d, A (3.1)

regardless of the choice of £. The above A is the (unique) ordinal isomorphic
to the concatenation of orders w, £ and |w, k]. Thus, taking & of arbitrarily big
cardinality we get arbitrarily big A and infer Proposition 3.2.4 (and therefore
also Theorem 3.2.3) from (3.1).

The equivalence follows from (ca)acfo,x) ~ML (d3)se[o,n) because the col-
ors ¢, and d) are equal. Due to Proposition 3.2.2 it suffices to show:

(Ca)ae[o,w) ~ML (Coé)ae[O,w) + (Clim)é-

To that end, fix finite P C Prop and k < w. We prove:

(Ca)ae[o,w) +e ek (ca)ae[(],w) + (Clim)£ +e

by giving Jve a strategy winning from (w,w+¢&, k, count) in the corresponding
game.

For each o < w+¢&, denote by ¢, = m(c,) the image under the projection
7 : P(Prop) — P(P). The set P(P) of colors is finite. Let x9 < w be the
least number such that all the colors appearing finitely often in (c3)ac[,w)
appear below g and for i < w let ;41 be the least © < w such that all colors
appearing infinitely often in (cp)ac[o.] are present in (z;, x].

This leads to the following strategy for dve. She preserves the invariant
that if the current pair of points is (o, ) and there are k < w rounds left
before the end of the game, then either (i) a = 8 or (ii) the points satisfy
the same atomic propositions from P, and x; < a, 8. This is always possible
because by definition of cjim, its projection 7(cim) = cf,,, appears infinitely
often in (cg)ac[0w)- O

O]

3.2.2 Compactness

Let us now analyze compactness of ML over Co.q. It is easy to see that
if the set Prop is infinite then the logic is not compact.

Example 3.2.5. Assume Prop = {7; | i < w} and consider the set of modal
sentences:
t= {D(Ti — <>Ti+1) ‘ 1< OJ} U {<>’7'0}.

That is, for each ¢ we require that if a point «; satisfies 7; then some ;11 < @
satisfies 7,11, and some point satisfies the first 9. It follows that ¢ cannot
be satisfied in a well-founded model because it would imply existence of an
infinite descending chain ag > a7 > ... with each «; satisfying 7.
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On the other hand, any finite subset ty C t is satisfiable in Cgo,. Such
finite ty uses only finitely many propositions. Let | < w be the maximal
1 for which 7; appears in tg. Consider the finite ordinal model of shape
({l+1,...,0},>) with i = 7; iff | — ¢ = j. Such model, with [ 4+ 1 as a root,
satisfies tg. It follows that every finite fragment of ¢ has a model in Co.q but
the entire t does not.

Infiniteness of Prop is crucial in the above example. In the case of FO,
this assumption can be easily dropped: even with Prop = ) (which means
that ordinal models Co,q = Ord are just ordinals) there exists a set of FO-
sentences whose every fragment is satisfiable in Ord but the entire set is not.
FO can express finiteness of the model by saying that there is exactly one
point with no predecessor. Then, a sequence of sentences 1, 9, ..., with
each ¢; stating that there are at least ¢ distinct elements, witnesses the lack
of compactness.

Somehow surprisingly, however, it turns out that in the case of ML if the
set Prop is finite then the logic is compact over Coq.

Theorem 3.2.6. Assume that |Prop| < w and take a set of modal sentences
t. If every finite fragment of t is satisfiable in Corq then so is the entire t.

Towards the proof, let us introduce some terminology. Consider the set:
twr = {Cp = (e ADOp) | ¢ € ML}

of modal sentences. The meaning of this is that whenever a point has a
descendant « satisfying ¢ then there is a least 8 < « satisfying it. Since
every subset of an ordinal model (in particular the set [¢] of points satisfying
©) has the least element, every point of a model in Co,q satisfies ty.

A proto-model is a monomodal model M which is almost an ordinal
model except that the assumption of well-foundedness is weakened and we
only require twr to be valid. That is, the accessibility relation of a proto-
model equals > for a linear order < on the universe and each point satisfies
twr. Since proto-models are closed under appending a single greatest ele-
ment, the notation ~py_ extends from models to proto-models in an obvious
way. We call a point m in a (proto-)model M modally definable if there is
a modal formula ¢ defining it in the sense that m is the unique point in M
satisfying ¢: [¢] = {m}. We call M definable if all its points are definable.
Let us prove the following lemma.

Lemma 3.2.7. Given a proto-model M, let M be its submodel with uni-
verse M consisting of modally definable points of M and the order and
colors inherited from M. We have:

M,m = M m
for every m € M. In particular, M% is a definable proto-model and
M ~op MY,
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Proof. The proof of the equivalence proceeds by induction on the complexity
of formulae. The only nontrivial case is to show that if M, m | O then
also M m = Op, as in M the point m can have fewer descendants
than in M. However, since M is a proto-model we have M,m | ¢y —>
O(@ A O-g) and thus also M, m = G(p A O—). It follows that there must
be n < m in M which is the least point of M satisfying ¢. This means that
n is definable by the sentence ¢ A O—¢ and so it belongs to M9, Since by
the induction hypothesis Mf n = o, we get M m = O, O

The next proposition is the key to Theorem 3.2.6.

Proposition 3.2.8. Assume that Prop < w. Then every definable proto-
model is an ordinal model (i.e. is well-founded).

Let us first show how the theorem follows from Lemma 3.2.7 and Propo-
sition 3.2.8.

Proof. Fix finite Prop and assume a set of modal sentences ¢t whose every
finite fragment is satisfiable in Co.q. Being a proto-model is axiomatizable
by a set of FO-sentences Tygriin C FO: the fact that < is a linear order can
be expressed by a sentence @y, and validity of tyg by the set of sentences
{V2.STz(p) | ¢ € twr}. Denote by T the standard translation ST;[t] C FO
of t. Since every finite fragment of ¢ is satisfiable in Coq, so is every finite
fragment of Tiwp1in UT. By compactness of FO, this gives us a model (in the
general sense, not necessarily belonging to Corg) M satisfying Tiwp4iin U T
with the variable = interpreted as some m € M. This means that M, m
is a proto-model satisfying ¢. Without losing generality we assume that m
is the greatest element of M (otherwise take the induced sub-proto-model
consisting of points smaller than m).

Let My be the sub-proto-model of M with m removed (i.e. My = M —
{m}). Using Lemma 3.2.7 we may take the definable sub-proto-model Mgef
of Mg so that My ~mL ML In particular, M’, m |= t where M’ is the
proto-model obtained from Mgef by appending back the point m as the
greatest element. By Proposition 3.2.8, Mgef is well-founded and hence so is
M. This means that M’, m is an ordinal model satisfying ¢, as desired. [

It remains to prove Proposition 3.2.8. We start by showing how any
formula ¢ satisfied by a point m in a proto-model M can be rewritten into
a linear ¢'. The resulting ¢’ wll be potentially stronger than the original ¢
but still satisfied by m. The purpose of this is to replace arbitrary modal
definitions with linear ones, although the translation is valid for arbitrary
formulae, not necessarily definitions. For convenience, we work with the
alternative syntax of ML with colors in place of of literals. Since the set Prop
is finite, such syntax is equivalent to the original one.
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We call a modal formula ¢ linear if there is a descending chain of sub-
formulae 1, ..., ¥; with ¢ = 11 and:

Wy =c; A 06; A Oiq for 1 <i<l,
Y =c; A Ob;

where, for each 7 <, ¢; is a color and 6; is an arbitrary formula. The key
property of such linear formula is that the set {12, ...,1;} of all immediate
subformulae of a & which are not subformulae of a O is linearly ordered by
the relation of being a subformula.

Satisfaction of linear formulae has a particularly simple description. Con-
sider a linear ¢ with subformulae 1, ..., ¢; witnessing its linearity. For every
m, M, m |= ¢ is equivalent to the existence of a map h: {1,...,{} — M such
that:

1. h(i) satisfies ¢; and 0O6; for each i <1,
2. h is strictly antitone meaning that ¢ < j implies k(i) > h(j) and
3. h(1) =m.

Let us make formulae linear.

Proposition 3.2.9. If a point m in a proto-model M satisfies a formula ¢
then there is a linear ¢ satisfied by m and stronger than ¢ (meaning that
every pointed proto-model satisfying ¢’ satisfies ).

Proof. Assume a pointed proto-model M, m and a formula ¢ true at m.

We first show how to remove all the disjunctions that do not appear in
the scope of at least one O operator. If no superformula of ¥V’ € SubFor(y)
begins with O then we obtain a stronger formula that is still satisfied in m by
appropriately choosing one of the disjuncts, 1 or )/, and putting it in place
of v V¢, The intuition is that if the only modal operators above ¢ V¢’ are
<&’s but not O’s then it suffices to have one witness n for ¢ V1)’ in the model;
and if n satisfies ¢ V 1)’ then it satisfies at least one of the disjuncts.

Formally, consider the semantic game corresponding to the evaluation
of ¢ from m. By the Adequacy Theorem 2.3.1 for ML, Jve has a winning
strategy o in that game. Since no O appears in the (unique) path from ¢
to 1 V ¢/, whenever a o-play 7 reaches a position of shape (n,% V ¢') then
all the Vdam’s choices in m are propositional and thus they are all encoded
in the subformula 1 V ¢ itself. Consequently, there is at most one o-play =
ending in 1 V ¢)'. The strategy wins by picking either v or ¢/’ after that .
Hence, if we remove the other disjunct the same o will witnesses that Jve
wins the semantic game for the resulting formula. We call such removal of
not-boxed disjunctions dedisjunctification.
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Consider two rewriting rules:

oxAox = OKxAX)
Ox A Oy — SIXAX)VO(XACX) VOO AX).

Both rules produce semantically equivalent formulae. The first one is valid
over arbitrary models. The second one exploits linearity of the accessibility
relation <: if m has descendants n satisfying v and n’ satisfying v’ then these
descendants are either equal or ordered and the three disjuncts correspond
to the three possible cases n =n’, n’ <nand n<n’.

Using the two above rules and dedisjunctification we turn ¢ into the
desired linear form. Starting from k& = 1, after the k-th step we want to have
W1, .o Y with o = 1 and ¥; = ¢; A 00; A Ohiqq for all 1 <4 < k. That
is, ¢ is almost linear except that the last ¢, can be arbitrary. Initially, the
condition is trivial with k¥ =1 and just one ¥; = ¢.

Assume that after the k-th step we have the mentioned 1, ..., 9. It
suffices to rewrite the deepest ¢y into ¢ A OO, A g1 with arbitrary ¢g,q.
By dedisjunctification, we may remove all the disjunctions from v so that
it becomes a conjunction xi A ... A xq of colors and formulae beginning with
& and O. Without loss of generality, at least one conjunct begins with a
O (otherwise we can add OT which is equivalent to T) and precisely one
color (conjunction of at least two different colors is inconsistent and if there
are no colors then we could take a disjunction of all the colors and apply
dedisjunctification to pick precisely one of them). Hence, we get a formula of
the form cx AOXTA... AOXZAOKT A... AOXS . Using the first rule we replace
all OXT A ... A Ox5, with a single O(xT A ... Ax5,) = 06k41. If no conjunct
begins with & the entire procedure terminates and if there is exactly one
Oxf we are done with the k + 1-st step putting Yr41 = X?- Otherwise,
for every pair of conjuncts beginning with <& we (i) use the second rule to
replace it with a disjunction O&; V O& V O&s of three formulae beginning
with & and immediately (ii) dedisjunctify to get just one &1, O&s or O&s.

It remains to prove that the rewriting terminates. The second rewriting
rule can increase the nesting of the & operators. However, since every its
application is followed by dedisjunctification, the overall number of & op-
erators in the formula never increases and after the k + 1-st step the last
formula g1 has strictly less ¢’s than v after k-th step. Thus, the pro-
cedure terminates after at most || steps, bringing ¢ into the desired linear
form. O

We finish the proof of Proposition 3.2.8 and hence also Theorem 3.2.6.

Proof. Assume a definable proto-model M over Prop. Each point m in M
comes with a modal formula ¢ defining it. Thanks to Proposition 3.2.9 we
assume that all these definitions are linear.
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Assume towards contradiction that M is not well-founded: there exists
an infinite descending chain my > mg > ... in M. For each m; with a
linear definition ¢ presented as 1, ..., ¥y let w; = ¢1...c; € (P(Prop))* be the
congecutive colors from the sequence. This way, we get an infinite sequence
of finite words wy, wa, ... over I' = P(Prop). Consider the binary subsequence
relation =g on I'* defined as di...d,, = €1...e, iff there is a subset i1 <
. < 1y, of positions 1,...,n such that d;...dy,, = e;,...€;,,. By the famous
result known as Higman’s Lemma [17, Theorem 4.3|, I'* equipped with <
is a well-quasi-order meaning that every infinite sequence vi,vo,... in I'*
contains a pair v = v; and v' = v; such that that v <¢ ¢ and i < j. In
particular, our sequence wi,ws, ... contains such a pair. This means that
there are points m > m’ in the sequence with linear definitions ¢ and ¢’
whose corresponding words w and w’ satisfy w <¢ w’. Let h: {1,....,1} = M
and b’ : {1,...,I'"} — M be the antitone maps witnessing that the two points
satisfy ¢ and ¢’. By w =s w’, there exists a subsequence i; < ... < 4; of
1,...,l' such that ¢; = c;-j for all j <. Consider the map h": {1,...l} - M
given by:
h"(7) = min(h(j), h'(i;))
for every j. By monotonicity of min, such A" is strictly antitone. For all
Jj < I, h(j) and A'(i;), and therefore also h”(j), have the same color c¢;.
Moreover, the meaning of any formula beginning with a O is a downward
closed subset of M, so h(j) = 060; and h”(j) < h(j) imply A" (j) E 06;. It
follows that the map h” is a witness for A”(1) = ¢. However:

R"(1) < KW(iy) <A (1)=m' <m

contradicting the assumption that m is the unique point satisfying . O

3.2.3 Short Model Property

In the remaining part of this section we investigate what we call a short
model property: if a modal theory ¢ has an ordinal model then it has one that
is not very long. Since well-foundedness is preserved under taking submodels,
the definable submodel of any given model from Cg,q belongs to Corg as well.
Given any ordinal model we can always take away the root, pick a definable
submodel of the remaining part and plug the root back. Hence, Lemma 3.2.7
implies that any ¢ satisfiable in Cq.q is satisfied in a model where every
point is definable, with a possible exception for the root. Since the size of
a definable model is not greater than the number of formulae we get the
following proposition, complementary to Proposition 3.2.4, as a corollary.

Proposition 3.2.10 (Lower Skolem-Lowenheim for Corg). Assume a modal
theory t satisfiable in Corq. The theory has an ordinal model of cardinality
not greater than max(w, |Prop|).
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Ordinal models come equipped with ordinal-valued length, a more fine-
grained measure than the cardinal-valued size. With infinite Prop, the above
proposition is already optimal for such length: for arbitrary ordinal x € Ord
there is an ordinal model of length x + 1 over |Prop| = |k| with no shorter
modally equivalent ordinal model. Take the set Prop = {7, | @« < k} and an
ordinal model ¢, x of shape x+1 where a point « satisfies 73 iff @ = 3. It is
easy to see that any model modally equivalent to ¢, x has it as a submodel.

With finite Prop more can be said. For a more precise analysis, for
the rest of this section we will refer to the number of colors instead of the
number of propositions. With k atomic propositions there are 2¥ colors, but
it is insightful to look at models with [ colors for [ that is not necessarily
a power of 2. The following example gives a lower bound on the length of
models.

Example 3.2.11. For every 1 < k < w consider colors ¢y, cs.... We induc-
tively define sequences wog, w1, ...:

Wy = €
Wit1 = (Wi + cpg1)”.

For each k < w, wy uses colors ci,...,c;, has length w* and there is no
sequence d shorter than that with wy, ~mL d. The last property follows from
the invariant that every point « in each sequence wy is modally definable.
Such invariant implies the property because in any d ~mL wy the points 8
and ' satisfying the respective definitions ¢ and ¢’ of a and o' from wy
must have the same order as o and /.

An arguably more interesting part is the following upper bound matching
the above lower one.

Theorem 3.2.12 (Short Model Property). Assume a modal theory t over
k < w colors satisfiable in Corq. The theory has an ordinal model of length
at most wF + 1.

Proof. It suffices to show that for every ¢ over k colors there is d of length
at most w* with ¢ ~y d. We prove that by induction. The base step with
k = 0 is trivial, as the only sequence over the empty set of colors is the
empty one €. Assume the claim is true for k£ and take a model € = (cq)a<x
over k + 1 colors. For every ¢ < w inductively define:

g = 0
aj+1 = (if it exists) the least v such that all the colors appear in (o, .

Let z denote either w if there are infinitely many «;’s or ¢ + 1 if «; is the
greatest one. Put:

U[O’ai) = (Ca)a</4 =7.

1<z
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We claim that:
z~mL 7. (3.2)

This is nontrivial only with z = w as otherwise ¢ = @. If 2 = w we prove
the equivalence by showing that d + e €™ d + e for all n < w. To that end,
we give Jve a winning strategy in the game GS“ (¢, @) from (k, ', n, count).
The strategy is easy: preserve the invariant that if the current points are
(o, @) and there are [ rounds left then either o« = o/ or the points have the
same color and o; < a, .

Denote I; = (o, a;41) if i+1 < zand I; = (a4, k] if i+1 = z. Each ¢ =
(ca)acr; contains at most k colors. Thus, by the induction hypothesis there
exists d; of length x; < w¥ such that & ~mL d;. Applying Proposition 3.2.2
we get:

@ = Z(Co‘i + 51') ~ML Z(Cai + di) =d
1<z 1<z
which, together with (3.2), leads to:

C ~ML d.

Since the length of d is:

Z(l + ki) < Z(l +wh) = Zwk < Wkt

1<z 1<z 1<z

this completes the proof. O
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Chapter 4

Countdown p-calculus

The modal p-calculus has a number of desirable properties such as simple
syntax and a tight (and effective) connection with simple parity games and
automata, which make it a convenient formalism to study. At the same
time, the logic is rather expressive: it can define all bisimulation-invariant
properties definable in monadic second-order logic (MSO) |20, Theorem 11|,
such as “there is an infinite path of a-labeled edges”. However, there are some
properties of interest which are not definable even in MSO. Notable examples
include (un)boundedness properties such as “for every number n, there is a
path with at least n consecutive a-labeled edges”. An extension of MSO
called MSO+U, aimed at defining such properties, has been considered [8].
However, the satisfiability problem of MSO+U turned out to be undecidable
even for word models [6, Theorem 1.1]. Since the modal p-calculus is a
fragment of MSO, it is worthwhile to extend it with a mechanism for defining
(un)boundedness properties, in the hope of retaining decidability.

Countdown p-calculus. In this chapter we investigate such an extension:
the countdown p-calculus p=~°°-ML. In addition to p-calculus operators, it
features countdown operators u® and v® parametrized by ordinal numbers
a. Instead of least and greatest fixpoints, they define ordinal approxima-
tions of those fixpoints. Intuitively, while the meaning of classical p-calculus
formulae px.p(x) and vz.@(x) is defined by infinite unfolding of the formula
¢ until a fixpoint is reached, for u®z.¢(x) and v*z.p(x) the unfolding stops
after a steps (which makes a difference if « is smaller than the closure ordi-
nal of ). The classical fixpoint operators are kept but renamed to p® and
v, to make clear the lack of any restrictions on the unfolding process.

Countdown Games. An inductive definition of the semantics of count-
down formulae is just as straightforward as in the classical case. With some
more effort games are adapted to such countdown setting as well. We present
countdown games which are similar to simple parity games known from the
classical setting, but are additionally equipped with counters that are decre-
mented and reset by the two players according to specific rules. We first
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describe games corresponding to fixpoint approximations F}' and F with
a smaller than co. The new games for Fj and F} extend the ones for the
fixpoints F° and F)° with a single counter. We illustrate the modification
with the full bisimilarity € and its depth-k variant . The same way as
the game characterizing < is derived as an instance of a fixpoint game, in
Example 4.1.3 we derive the game for £ as an instance of our fixpoint-
approximation game.

The general countdown games are introduced as a nested version of these
for fixpoint approximations Fy* and [}, similarly to simple parity games

v
being a nested version of games for the fixpoints F)° and F7°.

Countdown Automata. Countdown games give raise to the notion of
countdown automata. Countdown automata extend the usual parity au-
tomata with counters: the semantic games they induce are countdown games
rather simple parity ones. The correspondence between countdown formulae
and such countdown automata and games is as tight as for the classical u-
calculus. Effective language-preserving translations from logic to automata
and back are described in the respective Subsections 4.4.1 and 4.4.2.

Vectorial vs Scalar Calculus. The threefold correspondence between
logic, games and automata lifts to the countdown setting. However, compli-
cations arise: the distinction between wvectorial and scalar formulae, which
in the classical case disappears to a large extent due to the Beki¢ princi-
ple (2.9), now becomes pronounced. While it is relatively easy to come up
with a counterexample to a countdown version of the Beki¢ principle, this
does not exclude possibility of another completely different translation. In
Theorem 4.6.2 we show that vectorial countdown calculus is indeed more
expressive than its scalar fragment.

Stacked Counters. We further introduce automata with stacked counters.
With countdown automata, all the modifications to the counter values are
inherently entangled with the visited ranks. Automata with stacked counters
are an alternative automata model where the counters can be manipulated
according to explicit instructions given by the transition function. Unlike
with countdown automata, such instructions are independent from the ranks.
To maintain the hierarchical character of the countdown, we choose a syntax
that guarantees it by design: a stack of counters. Such alternative model, as
well as effective language-preserving translations, are given in Section 4.7.

Countdown Complexity. We analyze complexity of definable languages.
Given a language L definable in p<°°-ML, one can ask about the minimal
nesting of the countdown operators required in a formula to define L. An-
other number related to L is the least stack height necessary for an automa-
ton with stacked countdown to recognize L. We also introduce a syntactic
parameter for countdown automata called countdown depth. Countdown
depth leads to yet another measure of complexity: the least countdown
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depth necessary to recognize the language. Theorem 4.7.8 says that the
three measures all coincide. The resulting parameter of L is called its count-
down complexity. This stratifies languages into a countdown hierarchy of
classes with greater and greater complexity. In Theorem 4.8.1 we show that
under mild assumptions such hierarchy is strict.

Decidability Issues. Over finite models, the countdown operators do not
introduce any new expressive power to u-ML. This makes the (finite) model
checking problem for ©<°°-ML decidable but also less interesting. An ar-
guably more interesting question here is that of satisfiability. We formulate
Conjecture 4.9.2 according to which the satisfiability problem is decidable
for the full logic ©<°°-ML. Unfortunately, the lack of positional determinacy
in countdown games prevents us from using proof techniques known from
parity automata (where one can transform an alternating automaton into
a nondeterministic one that guesses the positional strategy). Still, we use
automata to solve the logic in a special case: Biichi automata and infinite
words. These are countdown automata with only two ranks 77 > r3. The-
orem 4.9.5 says that satisfiability of Biichi automata over infinite words is
decidable.

The full Conjecture 4.9.2 remains open. Nevertheless, the existence of an
automata model equivalent to logic is encouraging. Apart from allowing us
to solve some fragments of the logic, it implies that 4 <°°-ML does not share
some of the troublesome properties of MSO + U that result in undecidability.
In particular, it can be used to show that all languages definable in p-ML
have bounded topological complezity (i.e. at most X3, see [30] for an introduc-
tion to topological complexity in computer science). Since MSO + U defines
a Yl-complete language for every n < w [18, Theorem 5.1], by [30, Theo-
rem 7], it follows that some MSO + U-definable languages are not expressible
in p=°-ML (whether p<°°-ML-definability implies MSO + U-definability re-
mains an open question). Since by [10, Theorem 1.3] every logic closed under
boolean combinations, projections and defining the language from Exam-
ple 4.2.5 contains MSO + U, this means that our calculus is not closed under
projections and as a consequence does not have an equivalent nondeterminis-
tic automata model. This is an arguably good news, as in light of [5, Theorem
1.4], giving up closure under projections is the only way to go if one wants to
design a decidable extension of MSO closed under boolean operations. De-
cidability of the weak variant WMSO + U of MSO + U over infinite words [3]
and infinite (ranked) trees [7| shows that such extensions are possible. In
fact, both results are obtained by establishing a correspondence with equiv-
alent automata models, namely deterministic max-automata |3, Theorem 1|
and nested limsup automata |7, Theorem 2|. Since the existence of accepting
runs for such automata can be expressed in p<*°-ML, we get that p<°°-ML
contains WMSO + U on infinite words and trees. The opposite inclusion is
false (due to topological reasons), at least for the trees. The relation between
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u<*°-ML and the w-B-, w-S- and w-BS-automata of [9] remains unclear, as
these models do not admit determinization. Also, the relation between our
logic and regular cost functions (see e.g. [12]) is less immediate than it could
seem aft first glance and requires further research.

History and Credits. The key mechanism of countdown games is im-
plicit in [15], where the authors investigate a nonstandard semantics for the
scalar fragment of the p-calculus equivalent to replacing every p and v by
our countdown operators u® and v®, respectively. However, the authors
did not abstract from formulae in their definition of games, nor consider
the full vectorial calculus that corresponds to automata. Countdown logic,
automata and games in its mature form were introduced in [23]| and the ma-
terial presented in this chapter is an extended version of it. There are two
notable exceptions: Section 4.7 and Subsection 4.9.1 present an entirely new
material.

4.1 Games for Fixpoint Approximations

We have seen in Subsection 2.2.3 how the least fixpoint LFP.f and the
greatest fixpoint GFP.f of a given monotone operation f : P(X) — P(X)
can be characterized with games G, (f) and G, (f), respectively. According to
the Knaster-Tarski Theorem 2.1.1, these fixpoints are computed as limits f;°
and f2° of (transfinite) sequences (fﬁ)aeord and (f%)qcord of their respective
approximations. We start this chapter showing how the Definition 2.2.7
of fixpoint games can be modified to characterize these approximations of
fixpoints. The idea is that G,(f),z is a reachability game and so Jve is
supposed to show that x belongs to f;° in finitely many steps. In case of f}
Jve’s job should be even harder, as she is supposed to show that x is already
included in the a-th approximation fg* C f7° of the fixpoint. To capture
this intuition we enrich the game with a counter storing an ordinal value.
At the beginning of each round Jve will decrement the counter and in case it
reaches 0 she will loose. Symmetrically, to characterize f& we enrich G, (f)
with a counter decremented by Vdam.

Definition 4.1.1. Fix a monotone f : P(X) — P(X). The games G;°(f)
and G5°°(f) are played in three-step rounds.

1. the owner of the counter, which is Jve in case of y and Vdam in case
of v, chooses a new counter value 8 < « smaller than the current value
« (in particular, if o = 0 the player is stuck and looses);

2. from the current position x 3ve chooses Y € P(X) such that z € f(Y);

3. Ydam chooses y € Y and the next round starts from y with counter
value .
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Formally:
Conf = X x Ord x {cdn,psn} UP(X) x Ord

and:

Mov ={((z, a, cdn), (x, B,psn)) | B < a} U

{((.T,Oé, pSh), (Ya O[)) | T c f(Y)} U
{((Y, ), (z,a,cdn)) | z € Y}.

Configurations in X x Ord x {psn} always belong to ve, these in P(X) x Ord
always belong to Vdam and the ones from X x Ord x {cdn} belong to Jve
in case of p and to Vdam in case of v. Since at each round the counter
decreases, by well-foundedness of Ord there are no infinite plays and so the
winning condition is insubstantial. We will write gfj and G5 to denote games
with a default initial counter value o € Ord.

The game is designed so that it captures the approximations of fixpoints
in analogy to Theorem 2.2.8.

Theorem 4.1.2. For every x € X and o € Ord:
1. Jve wins G3°(f) from (z,a,cdn) iff v € f7.
2. Fve wins G°(f) from (z,a,cdn) iff x € f2.

Proof. The proof proceeds by immediate transfinite induction on «. Assume
that the claim is true for all 8 < «. For both n = u and n = v, it follows
from the respective items of Proposition 2.2.9 that Jve has a strategy for
the round starting at (z,«,cdn) only leading to winning configurations iff
T € fp. O

We have illustrated the game characterization of fixpoints from Theo-
rem 2.2.8 with Example 2.2.10. Using the theorem we have derived adequacy
(2.2) of the bisimulation game G (M, M’) from the fact that bisimilarity <
is the greatest fixpoint of the operation BIS : P(M x M') — P(M x M"). Let
us now demonstrate how an analogous characterization for depth-k bisimi-
larity <* follows from Theorem 4.1.2.

Example 4.1.3. We show that adequacy (2.3) of the game G5 (M, M) for

depth-k bisimilarity * follows from Theorem 4.1.2. To that end, observe
that for all k < w the relation «**1 is precisely BIS(=*). Since < is the full

relation it follows that:
=F— BISK

for all k < w. Hence, the theorem implies that Jve wins G;°°(BIS) from
(m,m’, k,cdn) iff m €% m’. Therefore, to prove (2.3) it suffices to show:

Gs°(BIS), ((m,m'), k,cdn) 1 GS*¥(M, M), (m,m’, k, count) (4.1)

forallme M,m" € M’ and k < w.
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Proof. To prove the equivalence, first we relax the definition of GS“ so that in
the countdown step count instead of a deterministic decrement of the counter
(leading from k to k — 1 or to Jve’s victory in case of value 0) we ask Vdam
to choose its new smaller value. Since bigger values are always better for
Vdam, such modification does not change the winner of the game. Moreover,
after such a relaxation there is nothing special about finite numbers and we
may generalize GS“ by allowing the counter to take arbitrary ordinal values.

Denote such generalized game by GS°°. Because the counter value never
increases, if GS°° starts with finite one it is equivalent to the original game
GSY initialized in the same configuration. Hence, for (4.1) it suffices if we
prove:

G,((m,m"),a,cdn) > G, (m,m’, a, count) (4.2)
for all m € M,m’ € M’ and o € Ord where:
G = G;°(BIS) and G =Gs®(M, M.

Towards the use of the Decomposition Lemma 2.2.5 we view both G and G’
as parity games in a similar fashion as in Example 2.2.10: we assign the same
rank belonging to Vdam to all the configurations. Note that in this case the
assignment of ranks is purely technical and does not matter for the games as
neither game allows for infinite plays. It reflects, however, that Vdam wants
to end the game within as few rounds as possible. Consider configurations
S+ C Conf and Sﬁr C Conf’ from which each round starts i.e.:

Sy = (M x M")x Ord x {cdn} and " = M x M’ x Ord x {count}.

With such rank functions we apply the Decomposition Lemma 2.2.5 (substi-
tuting S = 0) and deduce (4.2) from:

G, ((m,m’),a,cdn) g, G, (m,m’, a, count)

where S; C S x & is the relation that links configurations ((m, m’), a, cdn)
and (m, m’, a, count) that have the same points and counter value:

S, ={(((n,n"),a,cdn), (n,n",;a,count)) | n € M,n" € M’ a € Ord}.

Since both games start with Vdam choosing a new counter value 8 < o and
the stage changes to psn and base, respectively, it suffices if we prove:

G, ((m,m’), B, psn) s, G’ (m,m’, 3, base).
This follows from composing:

g7 ((m7 m/)> 67 psn) [><155 GV(BIS)7 (m7 ml)
g Ge, (M, m’, base)
gy G’ (m,m’, 3, base)
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where:

Sg = {(((n,n"), B,cdn), (n,n")) | n € M,n" € M'},
R={((n,n"), (n,n",base)) | n € M,n" € M},
Sy = {((n,n’, base), (n,n’, B, count) | n € M,n" € M'}.

The first equivalence follows from the observation that the counter will not
be modified before G stops; similarly with the third equivalence and G’. The
middle one is (2.7). The composition:

SgoRo Sy ={(v,7") € S; | the counters have value 3}

is precisely Sy restricted to configurations with counter value 8. Since all
the configurations accessible in G and G’ before stopping have unchanged
counter value equal to 8, this completes the proof. ]

Note that although we mostly focus on finite-depth bisimilarity, depth-a
bisimilarity for arbitrary (finite or infinite) ordinal « could be defined as:

=%= BIS).

Then, the above proof shows that such a relation is characterized with

G (M, M)
Jve wins GS¥(M, M"), (m,m’, o, count) <= M, m «* M’ m'.
for all @ € Ord.

Interestingly enough, history comes full circle here. Initially, € was con-
sidered as a candidate for the notion capturing behavioral equivalence [28].
When < was introduced it replaced the more complicated <F. Now, we re-
turn from the smooth theory of fixpoints and related games back to their
approximations in the hope of broadening our understanding.

4.2 Countdown Logic

We now introduce the countdown p-calculus p=°°-ML. We begin with
the scalar version.

4.2.1 The Scalar Fragment

As before, fix an infinite set Var of variables and a set Act of actions.
The syntax of (scalar) countdown p-calculus is defined as follows:

pu=T|L|7|=mleVeloene]|@e|[le| x| puse|viz.e (4.3)
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with 7 € Prop, a € Act, x € Var and o € Ordy; the presence of ordinal
numbers « is the only syntactic difference with the standard u-ML.
The semantics of countdown formulae is defined inductively the same
way as for the standard u-ML with the only difference that p® and v® are
interpreted as F) and F' instead of F° and FJ°:
[[Tﬂva' =M and [[J_]]"a' =0
[7]?' =M and [-r]?' =M - M
[e1V 2] =[] U [02] ' and [r A pa] ™ = []" N [02]
[(@e]™ ={meM|3 . nele]?} and [[ae]*'={meM |V . nelp]}
[z]"®" = val(z)

[1oz.]® = F7  and [vez.p] = F2

o, o

where in the last clause F(H) = []"2!l*=H1,

This contains the classical p-calculus, with p* and v*° being just the
ordinary p and v fixpoint operators. However, u<°°-ML is capable of cap-
turing boundedness and unboundedness properties which are not expressible
in the classical setting:

Example 4.2.1. For |Act| = 1, consider the formula y®z.0x and compare
it to the fixpoint formula pz.0Ox from Example 2.4.1. The semantics of both
formulae in a model M are obtained by iterating the same map:

HE {me M| VYmon. ne H).

The only difference is that in the case of u the map is iterated until reaching
a fixpoint F;°, whereas with p* the process stops after w steps with F}/.
For o < w the set F? consists of the points from which there is no path
longer than a. Hence, [u“z.0z] = F}? is the set of all points for which there
exists a finite bound on the lengths of paths starting there. Example 2.1.2
illustrates that.

4.2.2 The Vectorial Calculus

The (full) countdown p-calculus is defined as for its scalar fragment,
except that fixpoint operators act on tuples (vectors) of formulae rather
than on single formulae.

Definition 4.2.2. The syntax of countdown u-calculus is given as follows:
pu=T|L|7|-mlevelerel(ae]|ble|z|uTe|vTe

where 7 € Prop, a € Act, z € Var and a € Ordy, as in the scalar fragment and
additionally 1 < i < d < w with T = (z1,...,24) € Var? and @ = (g1, ..., pq)
being d-tuples of variables and formulae, respectively.
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Definition 4.2.3. The meaning [¢]"®' C M of a formula ¢ in a model M
under valuation val is defined by induction the same way as for the scalar
formulae except for the operators p$* and v{*, in which case:

(1075 = mi(F2) and R = mi(F)
where the monotone map F : (P(M))? — (P(M))? is given as:

Hy [[Splﬂval/
Flol=| :
Hy Leal""

for val' = val[z1 — Hy,...,zq — Hy] and m; : (P(M))? — P(M) is the i-th
projection.

Note that operators u*> and v*° are equivalent to g and v from the
classical p-calculus. Furthermore, for every ordinal «, the formula M?HE@
is equivalent to:

”(bi[aﬁl = USTAD, L T P T }
and similarly for v*1. As a result, without loss of generality we may assume
that in countdown operators pu® and v® only limit ordinals « are used.

The countdown p-calculus is semantically closed under negation in the
same way as the classical calculus: for every formula ¢ one can construct @

dual to ¢, meaning that:

[21% = M — []*

for every model M and valuations val and val such that \gl(x) = M —val(x)
for all x € Var. The standard inductive definition is then extended with
straightforward:

peT.P =v7.¢  and VAT.P = piT.Q.

Example 4.2.4. Consider the formula p*z.0z from Example 4.2.1 defining
boundedness. It follows that its dual y“z.0x = v¥x.Ox is true at a point if
there are arbitrarily long paths starting there. Since the formula pz.0Oz from
Example 2.4.1 describes well-foundedness, the conjunction v¥z.Cx A px.Ox
is true at a point iff there are arbitrarily long paths starting there but no
infinite one. Although such a formula is satisfiable, for example in The
Hedgehog from Example 3.1.2, it follows by the Konig’s Lemma that every
its model must be infinite. This demonstrates that, unlike u-ML, p<*°-ML
does not have the finite model property.

In Section 4.6 we will compare the expressive power of the vectorial and
scalar countdown p-calculus in detail. For now, let us show that the Bekié¢
principle (2.9) fails for countdown operators:
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Example 4.2.5. An infinite word W € T'“ over the alphabet I' = {a, b}
can be seen as a model for Act = I with w as the set of points and with
transition relations defined by:

n>m < m=n+1and W, = a.

For every regular language K C I'" and x € Var, it is straightforward to
define a fixpoint formula (in the classical p-calculus, so without countdown
operators) (K)x that holds in a point n, for a valuation val, if and only if
there exists a word w € K and a path in W labelled with w that starts in n
and ends in a point that belongs to val(z). Then, the formula:

o = v (w1, 22).((I")z2, (3)22)

is true in a word W iff it contains arbitrarily long blocks of consecutive a’s.
To see this, observe that at the i-th step of approximation: (i) the second
component (z2) contains a point n iff the next ¢ transitions are all labelled
with a, and (ii) the first component (x1) contains a point n iff the second
component contains at least one point after n.

However, the following scalar formula constructed by analogy to the Beki¢
principle:

=¥z (T (vWre.(a)xe)

is equivalent to (I'*)(v“x2.(a)xs), and the formula under (I'*) holds in a
point iff all the future transitions from that point are labelled with a. Thus,
1 holds (in any point) iff the word W is of the form I'*a®, and so 1 is not
equivalent to .

Let us emphasize that the above counterexample to a principle analogous
to the Bekié¢ rule relies on the fact that the index w in the operator v* is an
ordinal, not co. The operators u® and v® with o = co are ordinary fixpoint
operators and so the principle (2.9) allows us to rewrite every countdown
formula to a form where the only non-scalar operators are u® and v® with
o # 00.

A number of good properties of y-ML comes from the tight connection
between logic, games and automata. As it turns out, such a threefold corre-
spondence can be lifted to the countdown setting if we appropriately modify
the definition of a parity game and then consider countdown automata arising
from such countdown games.

4.3 Countdown Games

To match with the classical u-ML we needed a parity winning condition:
the logic involving nesting of fixpoint operators corresponds to the parity
condition thought of as a nested safety/reachability condition. The count-
down calculus p<°°-ML allows for nesting of countdown operators u® and
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v®. Since the semantics of each such n® is captured by respective game g,]<°°
featuring a single counter, this naturally leads to the notion of countdown
games extending simple parity games with multiple counters. The counters
are organized in a hierarchical manner reflecting the hierarchical character
of nesting.

Intuitively, the counters say how many more times various ranks can be
visited, in similar manner to the signatures introduced by Walukiewicz [38,
Section 3]. A player responsible for decrementing a counter may lose the
game if the value of that counter is zero, just as a player responsible for
finding the next position in a game may lose if there is no position to go to.

Definition 4.3.1. Syntactically, a countdown game is given as a tuple
(V, E,rank, ctrr) such that (V, E,rank) is a simple parity game and ctry :
D — Ord is a map from a subset D C R of ranks to ordinals. We call ctry
the initial counter assignment and the set D nonstandard ranks of the game.
The idea is that nonstandard ranks have associated counters and at positions
with such ranks countdown will occur.

Explicitly, a countdown game assumes:

e aset V = V53U VW of positions,
e an edge relation £ CV x V, and

e 3 rank function rank : V. — R for a fixed finite linear order R =
R3URy.

In addition, we fix:
e a subset D C R of nonstandard ranks and
e an initial counter assignment ctry : D — Ord.

Unlike with simple parity games, configurations of a countdown game
are not identified with its mere positions. Each configuration consists of a
position v € V| a counter assignment ctr : D — Ord, and a bit of information
from the set {cdn,psn}: !

Conf = V x Ord® x {cdn, psn}.

The last component encodes one of the two possible kinds of configurations,
called countdown and positional configurations. Positional configurations
(v, ctr, psn) are owned by the owner of v, and countdown ones (v, ctr, cdn) by
the owner of its rank rank(v). The possible moves Mov C Conf x Conf are
given as follows:

LA reader concerned about set-theoretic issues can modify the above definition by
replacing arbitrary counter assignments Ord” with only those that have all values bounded
by the initial ones {ctr € Ord® | ctr < ctrr} so that Conf is a proper set. Since only the
latter assignments are reachable, the two definitions are equivalent.
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e From a countdown configuration (v, ctr,cdn), the owner of r = rank(v)
chooses a counter assignment ctr’ such that:

— ctr'(r') = ctry(r’) for ' < 7,
— ctr’(r) < ctr(r) (if r is nonstandard),

— ctr'(r') = ctr(r’) for v’ > r,

and the game proceeds from the positional configuration (v, ctr’, psn).

In words: counters for ranks lower than r are reset, the counter for r (if
any) is decremented, and counters for higher ranks are left unchanged.
Note that if r is standard then there is no real choice here: ctr’ is
determined by ctr. And if r is nonstandard then the move amounts to
choosing an ordinal a < ctr(r).

e From a positional configuration (v, ctr, psn), the owner of v chooses an
edge (v,w) € E and the game proceeds from the countdown configu-
ration (w, ctr,cdn).

In any configuration, if the player responsible for making the next move is
stuck, (s)he looses immediately. Otherwise, in an infinite play, the winner is
determined by the parity condition: the owner of the greatest rank appearing
infinitely often looses.

The default initial counter assignment is ctry and the default initial mode
is the countdown one, meaning that G,v stands for G, (v,ctry,cdn). We
denote D3 = DN 'R3 and Dy = DN Ry. In the context of arbitrary parity
games we denote the lowest irrelevant rank with 0. In the particular case of
countdown games, we will always assume that this rank is standard, so that
the counter update corresponding to 0 is trivial (i.e. no counter changes).

Both countdown games and games for fixpoint approximations involve
the positional and countdown modes, marked with psn and cdn, respectively.
This is not a coincidence: as we mentioned, countdown games generalize the
games for fixpoint approximations the same way as simple parity games
generalize games for fixpoints. Let us inspect this connection in a bit more
detail.

Example 4.3.2. Fix a monotone operation f : P(X) — P(X). We show
how the game G(f) for the a-th approximation of the least fixpoint (as
given in Definition 4.1.1) arises from G,,(f) (the case with G7(f) and the a-th
approximation of the greatest fixpoint is analogous). Recall that according
to Definition 2.2.7 the game G, (f) is played in rounds consisting of two
alternating steps:

1. from xz € X, Jve comes up with Y C X such that z € f(V);

2. Vdam chooses y € Y and the next round starts from there.
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We want to view G,(f) as a simple parity game G = (V, E,rank). The
positions V' are just the configurations of G, (f) and edges E C V x V are
its legal moves. Since G,(f) is a reachability game, it could seem natural
to assign one rank r belonging to Jve to all the positions. However, we
only assign r to the positions in X and leave the remaining positions from
P(X) with an irrelevant standard rank 0 < r. This does not change the
winner of any play, but reflects the fact that we want to count the number
of rounds, not moves. With G defined this way, we obtain Gy (f) by turing
r into a nonstandard rank with initial counter value a. The resulting game
G = (V, E,rank,ctry) is played in rounds consisting of three alternating
steps:

1. from configuration consisting of a position z € X and a counter value
B, dve decrements the counter by picking some 3’ < f3;

2. next, Jve comes up with Y C X such that x € f(Y);
3. Vdam chooses y € Y and the next round starts from (y, 5').

In the above description we skip the trivial counter updates corresponding
to rank 0. It follows that the games G’ and G{(f) are isomorphic (up to
skipping the trivial counter updates).

The case with v in place of p is the same except that the rank r belongs
to Vdam and thus if we turn it into a nonstandard one it is him who con-
trols the counter. In Example 4.1.3 we showed how the game GS*° (M, M)
characterizing depth-« bisimilarity £*C M x M’ is the same as G&(BIS) for
the operation BIS : P(M x M') — P(M x M'). In light of the above dis-
cussion, this allows us to see G5 (M, M’) as a countdown game. However,
an explicit description similar to the one above can be easily given. Take
G (M, M') and view it as a simple parity game with the round-beginning
positions M x M’ x {base} having the most important rank r belonging to
Vdam and all the other positions having an irrelevant lower rank 0. If we
now turn that r into a nonstandard rank, we obtain G (BIS) (again, up to
skipping the trivial counter updates).

Every play of the game alternates between positional and countdown
configurations, and in each move only one component of the configuration is
modified. Therefore, although a play is formally a sequence of configurations,
it can be more succinctly represented as an alternating sequence of positions
and counter assignments:

T = ctryvictrovactrgvs - - - (4.4)

Note that the only way the counters may interfere with a play is when a
counter has value 0 and so its owner cannot decrement it. It is therefore bene-
ficial for a player to have greater ordinals at his/her counters. More precisely,

86



given a countdown game, define a partial order <petter On its configurations:
(v,ctr,psn) <petter (v,ctr’,psn) and (v,ctr,cdn) <petter (v,ctr’,cdn) if and
only if ctr(r) < ctr/(r) for all » € D3 and ctr(r) > ctr'(r) for all r € Dy.
It easily follows from the definition that if 7 <petter 7' and Ive has a move
from 7 to a configuration §, then she has a move from +/ to a ¢’ such that
0 <petter 0. Symmetrically, if Vdam has a move from +' to ¢’ then he has a
move from 7 to some § with 0 <petter '- That iS: <petter i @ gamemulation
order. As a result, if Ive has a winning strategy from v and v <petter 7' then
she has a winning strategy from +/.

Another easy observation is that if the countdown starts from limit ordi-
nals, one may always choose values greater by a finite k than the ones given
by some fixed strategy. More specifically, for a number k£ < w we define a
relation above; of being k-above between counter assignments. For every
ctr and ctr’, above i (ctr, ctr’) iff:

e ctr’(r) = min(ctr(r) + k, ctry(r)) for r € D3, and
e ctr’(r) = ctr(r) for r € Dy.

The relation above ;. extends to configurations in a natural way: above, (v, ')
iff the only difference between « and ' is in their respective counter assign-
ments ctr and ctr’ with abovej(ctr, ctr’). It follows from the definition that
if all initial counter values are limit ordinals then such above, is a gamem-
ulation.

As all parity games, countdown games are configurationally determined.
The following example demonstrates that, unlike simple parity games, count-
down games are not positionally determined, in the sense that the players
may need to look at the counter values in order to choose a winning move.

Example 4.3.3. Consider the Hedgehog from Example 3.1.2:
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and view it as the arena (V, E) of a countdown game with all the positions
V' = V3 belonging to Jve. Assign the same rank r belonging to Vdam to
all the positions and make r nonstandard with initial counter value w. It
follows that the game alternates between two stages: Vdam decrementing the
counter and Jve picking a move in the arena. Since at the beginning Vdam
needs to pick k < w, dve can always win by choosing a path longer than k
so that the counter will hit 0 before the game reaches a dead-end position.
However, there is no uniform choice of a one path that would allow her to
win against all k.

Even though not positional, countdown games possess a much weaker
(vet still useful) property: players can win with strategies that do not depend
on the counters in finite stages of the game. Consider a countdown game
(V, E,rank, ctry). For a countdown play:

T = ctrivy...Up—1CtrU,, or T = ctrjvy...ctrpvpctryq

denote by pos(7) the sequence of consecutive positions v;...v,. Recall that
a phase of a game is a set of plays convex with respect to the prefix order.
Given a phase B and a strategy o for player P, we say that a partial function
f:V* = V guides o in B if for every o-plays m, 7v € B such that v € V is
a position chosen by P, the value f(pos(m)) is defined and equals v. We say
that o is counter-independent in B or B-counter-independent iff it is guided
in B by some partial function called the B-guide of o and denoted o®. We
call B proper if membership in B does not depend on the counter values,
meaning that for plays 7,7 of the same length, pos(w) = pos(n’) implies
TeB < n €B.

Proposition 4.3.4. Take a countdown game G = (V, E,rank,ctrr) and a
proper phase B of G. Assume that the set pos[B] = {pos(w) | m € B} is
finite. If Jve wins from configuration vy, then she wins with a strategy that
is counter-independent in B.

Proof. The assumption on pos|[B] implies that there exists a finite bound
Imax on the length of plays in B. Consider a winning strategy o for Ive. We
show by induction on 0 <[ < [y that:

For every o-play 7 of length |7| = lmax — [, there exists a winning strategy
or for G, 7 that is counter-independent in the subphase B, of B and equal
to o on plays without a prefix from B;.

Once we prove the claim for | = lnax, We obtain a strategy o. counter-
independent in B, = B, as desired.

The base case is [ = 0 where there is nothing to prove, as |7| = lmax
implies that either By = {w} if 7 € B or B, = () otherwise. In both cases o
is trivially guided in B, by a partial function undefined on every argument.
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For the inductive step, assume that the claim is true for [ and for every
o-play 7 with || = Imax — [ denote the By-guide of o, by 5. Given a
o-play 7 with |7| = lmax — [ — 1, there are three cases to consider:

e After 7 it is dve who makes a move. Since 7 is a o-play, o provides
a move z = o(m). Since 7z is also a o-play and |7z| = lmax — I,
by induction hypothesis there exists a winning strategy o, that is
counter-independent in B;,. Jve can therefore win with the following
strategy:

() or.(p) if wz is a prefix of p,
g =
P a(p) otherwise.

Unless m, 72 € B and z € V, the strategy o is guided by oBr = ¢Br=

in B;. Otherwise it is guided by:

o5 () = z if v = pos(m),
oB=(7) otherwise.

e After m Ydam chooses a position v from a set W C V. For every such v,
v is a o-play, |7v| = lmax — [ and hence induction hypothesis provides
Oy guided by 0B in By,. We combine strategies for all the possible
choices from W:

om(p) if mv is a prefix of p,
ox(p) = .
a(p) otherwise.

Such o is guided in B, by:

B — {O'B’”’ (v) v has pos(mv) as a prefix,
o~ (v) =

undefined otherwise.

e After 7 Vdam updates the current counters ctr to ctr’. The only in-
teresting case is when the current rank r is nonstandard and so ctr’ is
given by a choice of an ordinal o < ctr(r) (the case with standard r is
similar to the first one). Denote such ctr’ by ctr, and wctr, by 74. For
every a < ctr(r) the play 7, is consistent with o and |ms| = lmax — (,
so induction hypothesis gives us oy, guided by oB7 in By, .

Observe that for plays 7., g leading to configurations 7, and ~g, re-
spectively, we have v3 <petter 7o Whenever a < 3. It follows that if

after m Vdam chooses «, Ive may as well continue as if he picked 3.
Denote such strategy by o(g/q)-

Importantly, if o < 8 and oPms guides o, in By, then it also guides
0(/a) In Br,. This is because whenever o(g/q)-plays ma{ and ma&v
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belong to By, and v is chosen by Jve, there exists 738" <better Tal
such that mg¢" and 7g¢'v are o -plays. Since 75" Spetter Tad implies
pos(ma&) = pos(mgg’), by properness of B both mg&’ and mg&’v belong
to By,. Hence, oPms (pos(ma&)) = P (pos(mg’)) = v, as desired.

There are two cases to consider, depending on whether ctr(r) is a limit
ordinal or not. If it is a successor ordinal then there is a maximal «
that can be chosen by Vdam. In that case, dve uses the strategy:

() ola/p)(p) if g is a prefix of p,
ox(p) =
P a(p) otherwise,

guided in B, by 0P = gBra,

On the other hand, if ctr(r) is a limit ordinal then there is no maximal
o that Vdam can choose, and for each of his choices Jve might have
used a different o,,. However, by assumption the set of positions that
appear in B is finite. As a consequence, there are only finitely many
possible partial functions guiding o, in By, and we may find o5~ such
that o, is guided in By, by oB for arbitrarily big a < ctr(r). Define:

() Ol /a)(p) if mq is a prefix of p,
or(p) =
P a(p) otherwise,

where o/ > o is the least number greater than a with ¢%me = ¢B7. By
design, o is guided by o5 in B;.

O]

Positionality (and the lack thereof) is one of the aspects in which parity
and countdown games differ. However, both types of games share the prop-
erty that the players may use strategies that avoid unnecessary repetitions
of positions. A bad loop for player P in a countdown play 7 is a suffix v;...v;
of the underlying positions pos(7) such that v; = v;, the rank of v; belongs
to P and no v, with ¢ < k < j has a more important rank.

Proposition 4.3.5. Consider a countdown game G = (V, E,rank,ctry). If
player P wins, then (s)he wins with a strategy o that avoids bad loops, mean-
ing that no o-play contains a loop bad for P.

Proof. The reasoning behind the above fact is essentially the same as for
plain parity games. In a countdown game, if a play moves from a position
v to itself via a path without visiting ranks higher than rank(v), then all
the counters for lower ranks are reset and those for higher ranks remain
unchanged. It follows that the resulting configuration is at least as good
for the opponent P’ of the owner P of rank(v) as the one at the previous
visit to v. Hence, P’ can repeat the strategy from that moment, and either

90



eventually the game stops looping on v via lower ranks or P looses. This
means that in order to win, P must have a strategy that avoids such loops,
and therefore (s)he may use that strategy immediately. O

4.4 Countdown Automata

As mentioned, countdown games are designed in a way that allows to
lift the classical correspondence between logic, games and automata to the
countdown setting. As with simple parity games and pu-ML, the bridge be-
tween countdown games and p<°°-ML is given by countdown automata. Such
an automaton is almost the same as an ordinary parity automaton, except
that the semantic game defining the language of a given automaton is a
countdown game rather than a parity game. On the syntactic level, a count-
down game is just a parity game extended with a set D C R of nonstandard
ranks and an initial counter assignment ctr; : D — Ord. By analogy, we
obtain a countdown automaton by extending a parity automaton with these
two missing components.

Definition 4.4.1. A countdown automaton A is a tuple (Q, qr, J, rank, ctry)
such that (Q, gz, d, rank) is a parity automaton and ctr; : D — Ord is an ini-
tial counter assignment for a subset D C R of nonstandard ranks. Explicitly,
A consists of:

e 3 finite set of states QQ = Q3 U Qv divided between two players;
e an initial state q; € Q;

a transition function:

d:Q — P(QULitU Var) U (Act x Q)

a rank function rank : Q — R;

a set D C R of nonstandard ranks and an assignment of initial counter
values ctry : D — Ord, as in a countdown game.

Analogously to parity automata, the language of a countdown automaton
is given by a semantic game.

Definition 4.4.2. Fix an automaton A = (Q, gz, 9, rank, ctry), a model M
and a valuation val : Var — P(M). The semantic game G (A) is the
countdown game given as the extension of the semantic game induced by
the parity automaton (Q,qr,d,rank) with D C R and ctr; : D — Ord.
Explicitly, G*(A) = (V, E, rank’, ctr;) where positions are of the form:

V =M x (QULitL Var)
and the edge relation E is defined as with parity automata in Subsec-

tion 2.4.3. That is, in a position (m,q) for ¢ € Q:
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e if §(¢) C Q L LitU Var, outgoing edges are:
{((m,q),(m, 2)) | z € 6(q)},
e if 6(q) = (a, p), outgoing edges are:

{((m,q),(n,p)) | m = n}.

There are no outgoing edges from positions (m,z), (m,7) nor (m,—7) for
x € Var and 7 € Prop.

For ¢ € @, the owner of the position (m,q) is the owner of the state ¢,
and rank’(m, q) = rank(q). For x € Var, the position (m,x) belongs to Vdam
if m € val(z) and to Jve otherwise. Similarly, (m,7) (or (m,—7)) belongs to
Jve iff m ¢ 7™ (or m € 7M, respectively). The rank’ of (m,z), (m,7) and
(m,—7) can be set to an arbitrary standard rank so that it does not affect
the outcome of the game.

The set D C R of nonstandard ranks and the initial counter assignment
ctry are taken from the automaton.

The semantics [A]'® € M of an automaton A is the set of all points
m € M for which the configuration ((m, qz),ctrr,cdn) in the game G¥2(A) is
winning for Jve, in which case we say that A accepts M, m. The language
of A is the class of all pointed models it accepts.

We will now explain the translations between logic and automata in turn.

4.4.1 From Formulae to Automata: Game Semantics

As with p-ML, every countdown formula ¢ € p<*°-ML can be viewed as
a countdown automaton A, such that [¢]@ = [A,]*? for every model M
and valuation val. The construction is very close to the one for plain p-ML,
with two key differences.

First, Example 4.2.5 demonstrates that an equality analogous to the
Beki¢ principle (2.9) is not valid for countdown operators u® and v%, and
Theorem 4.6.2 shows that in fact there is no other way around, as vectorial
formulae have more expressive power. This requires an adaptation of the
game to the more general vectorial setting. Instead of having a variable x and
a formula 6 such that 7.0 binds x, we now have tuples = (01, ...,0;) and
Z = (21, ...,74) such that n°7.0 binds Z. Then, instead of the deterministic
move from x to 6 as in the classical case, the vectorial semantic game moves
from x; to the formula #; with a matching coordinate 1 < i < d.

Second, pu<*°-ML features countdown operators, which define languages
beyond the regular ones. Since our design goal was to lift the correspondence
between logic and games to the richer countdown setting, we now want to
define a countdown, rather than a simple parity game, in hope it will capture
the semantics of ©<°°-ML. In order to turn a simple parity game into a
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countdown one, it suffices to determine a subset D C R of nonstandard
ranks together with an assignment ctry : D — Ord of initial counter values.
To this end, we define the irrelevant lowest rank 0 to be standard and for all
the other ranks, i.e. ranks r of immediate subformulae 64, ..., 84 of a fixpoint
formula 7{%.0, we look at the index & € Ordoo. If @ = 00, then ¢ is a usual
fixpoint operator and hence we leave its rank standard. Otherwise, we put
r € D with ctry(r) = a.

Applying the above modifications, we obtain the following definition of
a countdown automaton A, = (Q, qr,d, rank, ctry) corresponding to a given
formula ¢:

e the set ) of states and its ownership is the same as in the simple parity

case:
() = SubFor(y) — (Lit Ll FreeVar(yp))

Jve owns formulae with V and (a) as the topmost connective and Vdam
these with A and [a]; ownership of fixpoint subformulae and countdown
subformulae is irrelevant;

® 47 = ¢
e the transition function is defined by cases:

— (5(91 V 92) = (5(91 A 92) = {91,92}
— 6((a)0) = 6([a)0) = (a,0),
— 8(nfw.0) = {6} (for n = p or n=v),

6(z) = {0;}, where n(21,...,24).(01, ..., 04) is the (unique) sub-
formula of ¢ binding « with x = «;.

e Lor the ranking function, assume that the lowest rank in R is standard
and call it 0 (ownership of this rank does not matter). Then let rank
assign 0 to all subformulae of ¢ except for immediate subformulae of
fixpoint operators. To those, assign ranks in such a way that subformu-
lae have strictly smaller ranks than their superformulae, and for every
subformula n{'z.¢:

— all formulae in the tuple ¥ have the same rank r,
— 1 belongs to Jve if n = p and to Vdam if n = v, and

— if @ = oo then r is standard, otherwise it is nonstandard and
ctrr(r) = a.

We put G**(¢) = G¥(A,).
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Theorem 4.4.3 (Countdown Adequacy). For every model M and valuation
val, [[QD]]VE‘I — [[A@]]vall

Proof. Unfolding the definition of [A,]*? from Definition 4.4.2 we prove
that:

m € [¢]"? <= 3ve wins G (y) from ((m, p), ctry, cdn) (4.5)

for every m € M and valuation val. As with the Adequacy Theorem 2.4.7 for
the classical p-calculus, the proof proceeds by induction on the complexity
of the formula ¢. The only new cases are ¢ = pu@Z.1) and ¢ = vz for
T = (x1,...,2q), P = (¢1,...,q) and « € Ords,. Since the cases with p and
v are symmetric we only consider the first one. Moreover, we focus on the
case with « € Ord as in the remaining one o = 0o the proof only simplifies.
By definition of the semantics, [u8z.¢]"? = m;(F) for:

F(Hy,....Hg) = ([a]"", ..., [va]"™)

where val’ = val[zy — Hy,...,x4 — Hy]. The proof of (4.5) is similar to the
analogous equivalence (2.10) for plain u-ML. The first difference is that we
deal with a countdown, rather than a fixpoint operator. For that reason,
we apply Theorem 4.1.2 in place of Theorem 2.2.8. The second difference
is the presence of vectorial formulae. Because of this, we use the natural
isomorphism:
L P(M)? = P(M x d)

which maps every tuple of sets (Hy, ..., Hy) € P(H)? to the set {(n,1) Ine€
H;} € P(M x {1,...,d}). Such ¢ allows us to view F' as an operation F' =
toFouton P(M x {1,...,d}). Then:

m € [[go]]"a' < m e m(Fy)
= (m,i) € FY
<= dve wins gjw(ﬁ) from ((m, 1), o, cdn).

The first equivalence is the definition of the meaning of y4®. The second one
follows from equality L(F,f ) = ﬁf proven by straightforward induction on
B € Ord. The third one follows from Theorem 4.1.2. Hence, in order to
prove (4.5) it suffices to show:

G, ((m,7),a,cdn) < G, ((m, ), ctr, cdn)

where: R
G=Gi*(F) ad  G'=0"(p),
Since the game on the right begins with a vacuous counter update (as ¢ has

an irrelevant rank) followed by a deterministic e-transition to 1;, the crux
of the proof is to show:

G, ((m,i),a,cdn) > G, ((m,;),ctrr, cdn). (4.6)

94



We will use the Decomposition Lemma 2.2.5 with S = ) and sets of stopping
configurations:

Sy = (Mx{1,..,d})xOrdx{cdn} and S, = (Mx{¢1,...,10a})xO0rd? x{cdn}.

Sy and S, are precisely the sets of configurations with the most important
ranks r and 7’ of G and G, respectively. Consider the relation S; C S; xS/,
defined as:

((nvj)767Cdn) S+ ((n/ﬂ/{j/),Ctr,cdn)
s
n=n',j=j and ctr(+') = 3

for all ((n,j),B,cdn) € S¢ and ((n',%;r),ctr,cdn) € S’.. With the above
definitions we get (4.6) from the lemma once we prove:

g7 ((naj)76>Cdn) Mg, g,a ((na 17/)])7 ctr, Cdn) (47)

for all n € M, 8 € Ord, j < d and ctr such that ctr(r’) = 3. Observe that
both games start with 3ve, the owner of r and 7/, choosing some x < 3.
This k becomes the new value of the only counter and in G and the value of
the counter for 7’ in G’ (and all the remaining counters get reset, as 1’ is the
most important). Therefore, it suffices to prove:

ga ((naj)7 R, psn) Mg, g/? ((mwj)a Ctr][T, = &]7 psn)

er all kK < B. To that end take arbitrary Hi,..., H; C M and denote by
H = 1(H) the result of applying the isomorphism ¢ to the tuple H. We
complete the proof by showing that the following are equivalent:

1. Jve has a non-loosing strategy o for G|S4, ((n, j), k, psn) with exit con-
figurations exit(o) C Sy equal:

H x {r} x {cdn},

2. (n,4) € F(H),
3. nem;(F(H)),

4. Fve has a winning strategy for gva"(wj), (n,v;) where val’ = val[z1 —
Hl, ey g > Hd],

5. 3ve has a non-loosing strategy o’ for G'|S’,, ((n,v;), ctr[r’ — k], psn)
with exit configurations exit(c’) C S’ included in:

{((n',4),ctr,cdn) | k < d,n’ € Hy,ctr(r') = k}.
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Equivalence (1) <= (2) follows from the definition of G; (2) < (3)
from the definition of ¢ and F and (3) <= (4) from the definition
of F' and the induction hypothesis (4.5) applied to ;. The last equiv-
alence (4) <= (5) holds because the two games G*¥'(¢;), (n,4;) and
Gg'|S%, ((n,v;), ctrr[r’ — K], psn) are isomorphic until a move to position
(n’,xy) for some k < d and n’ € M (in particular, in G'|S. the value
ctr(r’) = Kk cannot be changed because ' cannot be visited before the game
stops). If the games ever reach such (n', zy), in G¥ (1;) Ive wins iff n’ € Hj,
whereas G’ moves deterministically to (n’, 1) and stops there. This estab-
lishes equivalence between winning strategies in (3) and non-loosing strate-
gies with appropriate exit-configurations in (4). O

Example 4.4.4. For Act = {a}, consider the formula ¢ = p“z.0z from
Example 4.2.1. The automaton A, has three states: QQ = {¢, Oz, z}, with
 the initial state, and the transition function comprises two deterministic
e-transitions and one modal transition:

0(p) =4Oz}, d(0z) = (a,x), d(x) = {Ox}.

The state Oz is owned by Vdam; ownership of the other two states does
not matter. The automaton uses two ranks, 0 < 1, where 0 is standard
and 1 is nonstandard, assigned to states by: rank(¢) = rank(z) = 0 and
rank(Ox) = 1. Rank 1 is owned by 3Jve; ownership of rank 0 does not
matter. (Note how the state Oz is owned by Vdam, but its rank is owned
by Jve). The initial counter value is ctrr(1) = w.

Now consider any model M. Since Act has only one element, M is
simply a directed graph (M, —). The semantic game G(yp) on M (p has no
free variables, so neither has A, and we need not consider valuations val)
has positions of the form (m,q) where m € M and ¢ € @, with ownership
and rank inherited from q. Edges are of the form:

o ((m, ), (m, 02)) and ((m,), (m, 0z)) - the c-edges,
e ((m,0Oz), (n,z)) such that m — n is an edge in M — the modal edges.

Configurations of the game arise from positions together with counter as-
signments; there is only one nonstandard rank, so a counter assignment is
simply an ordinal.

For a point m € M, the default initial configuration of the game is
the countdown configuration ((m,y),w,cdn). A play that begins in this
configuration proceeds as follows:

1. The first two moves are deterministic: first to the positional configu-
ration ((m,¢),w,cdn) (since the rank 0 of ¢ is standard and smaller
than 1); and then to the countdown configuration ((m, Ox),w, cdn).
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2. Jve, as the owner of the rank 1 of Oz, makes the next move: she chooses
a number k£ < w, and the games moves to the positional configuration
((m,Ox), k, psn).

3. Vdam owns the position, so he makes the next move: he chooses a
point n € M such that m — n, and the game moves to the countdown
configuration ((n,x), k, cdn).

4. The rank 0 of = is standard and smaller than 1, so in the next move
the counter does not change and the game moves to ((n,z),k, psn).
The next move is also deterministic, to the countdown configuration
((n,0x), k,cdn). The game then goes back to step 2. above, with k in
place of w.

From this it is clear that Ive wins from ((m, ), w, cdn) if and only if there is a
finite bound on the lengths of paths starting in m, as stated in Example 4.2.1.

4.4.2 From Automata to Formulae

We provide a theorem that directly generalizes Theorem 2.4.8 to the
countdown setting.

Theorem 4.4.5. For every countdown automaton A there erists a formula
oA of u<®-ML such that [A] = [p4]"? for every model M and valuation
val.

Proof. Syntactically, the proof is very similar to the classical one. Fix a
countdown automaton A = (Q, gy, d, rank,ctrr). As with parity automata,
we only consider the case when A has no free variables, the highest rank rmay
is not assigned to any state and every other rank is assigned to at least one
state. Note that, unlike in the classical setting, we cannot assume that each
rank is assigned to at most one state, though. For convenience, we assume
that all the initial counter values are nonzero (otherwise the owner P of the
corresponding rank r looses immediately upon entering a state with rank r,
so we may turn all the states with that rank into dead-end states owned by
P and having the standard rank 0). Taking variables Varg = {z4 | ¢ € Q}
with distinct 4 for every ¢ € @ denote:

Qr< ={qe Q| r <rank(q)} and Var,< = {z, | ¢ € Q,<}.

Proceeding by induction on r, for each state ¢ we construct a formula v, 4
over Varg with all free variables in Var,< and all bound variables outside of
Var,<. We simplify notation: for avery free variable xz, in 1, , we identify
all the occurrences of z, as subformulae of 1, ,. For syntactic simplicity,
we assume that all the constructed formulae, when seen as automata, have
the same ranks R’, nonstandard ranks D’ and initial counter assignment
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ctrl € Ord™" (the rank function rank; 4 : SubFor(¢,4) — R’ may depend on
r and ¢ and need not be surjective).
The goal of our construction is to have:

G(A), ((m, q), ctrr, cdn) >s,. G(¥r,q), (M, ¢rq), ctry, cdn), (4.8)

for every m € M where S,< is the relation:

Sr< ={(((n,p), ctr,cdn), ((n,azp),ctr’,cdn)) |p € Qr<}

with domain and codomain:
Sy< = M xQ,<x0rd? x{cdn} and ! = MxVar,<x0rd” x{cdn}.

The above definitions are analogous to the ones for the classical case (2.12),
with sets S,< and S,< extended to countdown configurations (and not just
mere positions) and the relation S,< adapted accordingly. Note that al-
though we will refer to the counter values at some point in the proof, the
relation S,< in the induction hypothesis ignores them.

The Base Case. The base case »r = 0 is no different from the classical
variant:

e if 6(q) = (a,p):

Wo.q = (a)p if ¢ belongs to Jve
v [a]lp  if ¢ belongs to Vdam

e if 6(¢) C QU LitU Var:

Yo = \/ d(q) if q belongs to Jve
v A d(q) if g belongs to Vdam.

The game G(A)|So< is the same as in the classical case, except that be-
fore stopping or ending it goes through a counter update. Such update is
irrelevant, though, because we only care about the position in which the
game stops and since the initial counter value is nonzero it can always be
decremented.

The Inductive Step. For the inductive step, assume (4.8) for rank r, which
gives us 1), 4 for each ¢ € @ and denote the next rank by » + 1. We want to
construct 1,41 4 satisfying:

G(A), ((m,q), ctry,cdn) >, ., G(¥ri1,9), (M, Pri1,q), ctry,cdn)  (4.9)

for all m € M. Let p1,...,pq be the states in ) that have rank r. We will
use the decomposition:

Sr§ =5 U Sr+1§ (4.10)
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where S, = S,< — Sy+1< can be described explicitly as:

((n,s),ctr,cdn) S, ((n',0),ctr’, cdn)
<~

n=n" and there is i < d such that s = p; and 0 = z,,.
We introduce the same notation as in the classical case:

S=541<C8xS  where S=38+i1< and &' = v,"+1§'

The Case with ¢ € {p1,...,pqs}. We start the construction with the case
q = p; for some ¢ < d. Taking formulae ¥, = (Vrp,, ..., Yrp,) constructed
in the previous case and the corresponding variables 7, = (z,,, ..., zp,) put:

Uri1p = 105 Tp-Yrp

where n = p if r belongs to Jve and n = v if r belongs to Vdam with
a = ctry(r) if r is nonstandard and o = oo otherwise. That is, we generalize
the classical scalar construction to tuples % and T, and add two indices:
1 denoting the coordinate of p; among p1,..,pq and a denoting the initial
value of a counter corresponding to r (or oo if r is standard). The idea
is similar to the classical case except that now at each visit to the rank r,
which corresponds to unravelling of the countdown operator, its owner has
to decrement the counter, starting from «. Formally, we denote the rank of
all ¥y pyy ..y Urp, by 7 and prove:

G(A), ((m, i), ctr,cdn) 05 G(¥rr1,), (M, 1hrp), ctr’, cdn)) (4.11)

for all m € M and ctr,ctr’ with ctr(r) = ctr/(+’). This suffices to prove our
induction goal (4.9), as the game G(Yri1p,), (M, ¥ri1,p,), ctry, cdn) starts
with a pair of deterministic moves (a vacuous counter update and an e-
move) leading to ((m, v, p,), ctr, cdn) and equality ctrz(r) = ctr/ (1) follows
directly from the definitions. Consider sets of configurations:

Sy =M x {pj|j<d} xOrd? x {cdn}
T =M x{xp, | j<d} x Ord”’ x {cdn}
Sho=M x {thp, | j < d} x Ord®" x {cdn}.
We will use relations S, C S C S; x 8} and R C S9 x 5/ defined

for every v = ((n,pj),ctr,cdn) € Sy, 7° = ((no,:z:pjo),ctro,cdn) and 7 =
((n/7wr,pj/)7 Ctr/,Cdn) S Sg_ as follows:

7877 < n=n"and j=j,

o

YRy <= n°=n' and j° =7,

vS+y <= n=n,j=j and ctr(r) = ctr'(+').
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That is, R links configurations with equal points and the variable x), match-
ing the formula v;. ,.; similarly with S except that it requires the state p; to
match with the formula ¢, ;,,. Only S looks at the counters: is strengthens
S, with an additional requirement that the counter values for » and 7’ are
equal.

We will use the Decomposition Lemma 2.2.5 substituting G = G(.A) and
G" = G(¥r41p;)- The sets Sy and S only contain configurations with the
most important rank r in Conf —& and 7’ in Conf’ — &', respectively. Hence,
the lemma implies (4.11) once we prove:

Q(A),7 s us g(wr—o—l,pi),’/ (4.12)

for all (v,7') € Si. Fix such a pair with v = ((n,p;),ctr,cdn) and ~' =
((n,%rp,), ctr’,cdn) such that ctr(r) = ctr'(r’). We first prove a weaker claim
with the special case ctr = ctr; and ctr’ = ctr} and S in place of S,

G(A), ((n,py) ctrr, cdn) bdg- g G(Wra1p,)s (0, Wr ), ctrp, cdn). - (4.13)
For that compose:

Q(A), ((n,pj), ctry, Cdn) [X]STS g(wr,pj)a (<n71/]7‘7pj)7 Ctr,]v Cdn)

>XRLId(S) g(¢7‘+1,pj )’ ((n’ 1!}7",}7]‘)7 Ctrllv Cdn)

The first equivalence is the induction hypothesis (4.8) applied to 9,.,,. The
second one is true for the same reasons as in the analogous proof for p-ML.
The partial games:

g(¢r,pj)|5?|— us’, ((n, wr,pj)v ctry, cdn)

and:
g(¢7“+17pj)|$fi- U S,a ((n’ ¢T7pj )7 Ctr,b Cdn)

are isomorphic until they move to some ((n’,zp,),ctr’,cdn) in which case
the first game stops and the second one fires a vacuous counter update,
moves deterministically to ((n’,¢,p, ), ctr’,cdn) and stops as well. Triviality
of the update follows from the observation that none of the formulae we
construct is equal to a variable (assuming the convention that \/{6} =60V 6
and symmetrically for A), so no variable is an immediate subformula of a
countdown operator and hence all variables have rank 0. Since:

Sr<o(RUIA(S)) = (S, US) o (RUIA(S))
= (S, o R)U (Sold(S"))
—S;US

the two equivalences compose into (4.13). To get (4.12) we need to strengthen
(4.13) in two ways:
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(i) replace ctry and ctr} with any pair of counter assignments ctr and ctr’
using the assumption ctr(r) = ctr'(r’) and

(ii) replace ST with Sy, i.e. impose an additional requirement that if the
games stop in some (((n’,px),ctr” cdn), ((n', 9y p, ), ctr” cdn)) € ST
then actually ctr’(r) = ctr’”’(r').

For the first item (i) observe that both games start with the owner of r and
r’ (which is the same player) choosing 5 < ctry(r) = ctr’,(r') and resetting
counters for all the less important ranks. These ranks include the only ones
that can be reached before the games stop: ranks smaller than r in G(.A) and
ranks of strict subformulae of 9,11, in G(r41,,). Since after this initial
decrement counters for all the reachable ranks have initial values, it follows
that instead of ctr; and ctr} we could take any ctr and ctr’ provided that 0 <
ctr(r) iff 0 < ctr’(r’) (which follows from ctry(r) = ctr’,(r')). Moreover, after
this first countdown step the counters for r and 7’ will never be decremented
again before the games stop. Since the equality ctry(r) = ctr’(r’) implies
that the owner of r and ' can choose the same value at the beginning of
both games, this gives us the second item (ii).

The Case with ¢ ¢ {p1,...,pa}. We are left with the construction of 1,11 4
for ¢ ¢ {p1,...,pq}. Put:

Vri1,g = VYrglTps = Yritprs s Tpy = Uripgl-

That is, we take v, ; and replace every x,, with the respective 1,1 ,, which
we have just constructed.

Let 01,...0; be all the subformulae of 1,14 which are copies of one of
Yrg1prs - Vrs1py- We denote the subformula of 6 that is a copy of ¥ €
SubFor(¢r4+1,) by Y*. Once the game reaches a particular 1/’5,191»7 the only
reachable formulae are subformulae of 6. This is because a move leaving
SubFor () would require existence of a variable x4 free in  (meaning that
xs € Vary41<) and bound in 9,4 (so zs ¢ Var,<) which is a contradiction.
Thanks to this, we may assume that all the formulae {¢f, | i < d,k <1}
have the same rank independent of k and denote it by r’.

We use sets of configurations and relations almost the same as in the
previous case except that we deal with several copies of every i, :

Sy =M x {pj|j<d} x Ord? x {cdn}
© =M x {x,, | j <d} x Ord®’ x {cdn}
Sy =M x{yk, | j<dk<i}x0rd” x {cdn}
and 5S4 € S C Sy xS and RC S x 5,
'yS_;'y/ < n=n"and j =7,
YRy <= n°=n' and j° =7,
vS1y <= n=n' j=j and ctr(r) = ctr'(+')
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for every v = ((n,pj),ctr,cdn) € Sy, 7v° = ((n° 2p,,), ctr®,cdn) and o' =
((n’,wﬁpj,),ctr’,cdn) €8

Using these relations we get the induction goal (4.9) from Proposition 2.2.2
instantiating G = G(A) and G’ = G(¢r41,4). The proposition assumes two

premises:

g(A)a ((mv q)7 ctry, Cdn) D<]S+IJS g(d}r-i-l,q), ((m7 ¢r+1,q), Ctr/I, Cdn) (414)

and:

g(A)v'Y g g(l/}r-i-l,q)a')/ (4'15)
for all (v,7') € S4+. The first premise (4.14) follows from:

g<A)7 ((m7 Q)7 ctry, Cdn) NS;I_’S g(¢r+1,q)7 ((m7 wr-‘rl,q)a Ctrlla Cdn) (416)

in a similar way as (4.12) follows from (4.13) but the argument is even
simpler: none of the two above partial games decrements counter for r and
r’, respectively, before it stops. This is because all the positions with rank
r and 7’ belong to St and S, respectively. Equivalence (4.16) follows from

composing:

g(-A)7 ((m7 q)a Ctr[v Cdn) NSTS g<w7‘,q)7 ((ma wT,q)v Ctl'/[, Cdn)
™MRLId(S") G(r1,9), (M, ry14), ctry, cdn).

The first line is the induction hypothesis (4.8) applied to v, 4. The second
one follows from the definition of 1,41 4 which implies that the partial games
G(Yrq)|ST LS, (M, ¢y q) and G(1hy41,9)|S) US’, (M, Pr41,4) are identical un-
til they move to some (n,x,,) and (n,¢f+1’pi) wa,m replaces x,,, where
the irrelevant index k depends on the particular occurrence of z,). If this
happens, the first game stops, whereas the second one runs a counter update
(which is trivial since zp, has standard rank) and moves deterministically to
(n, zpﬂLm) where it stops. We have:

Sp< o (RUIA(S')) = S, U S

as in the previous case which allows us to compose the two lines into (4.16).
Towards the second premise (4.15), take (v,7") € S4 withy = ((n,pj), ctr, cdn)
and v = ((n, w,’?’pj),ctr’, cdn) such that ctr(r) = ctr'(r'). We compose:

g(A)) ((n)pj)) Ctr) Cdn) g g(¢?“+l,pj)7 ((n7 wr,pj)a Ctr,7 Cdn)
>ig(s) G(Prt1,q)s ((m%lf,pj)’ ctr’, cdn).
The first line is (4.11). The second line follows from our previous analysis:
it is not possible to leave SubFor(6) from 1/)7’f7pj and thus the reachable part

of the game on the right is isomorphic with the game on the left. This
completes the proof of Theorem 4.4.5. 0
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4.5 Facts about the Logic

To demonstrate usefulness of the correspondence between formulae and
automata, but also for technical use in further proofs, we shall now establish
some facts about the logic (and automata).

4.5.1 Guarded Formulae and Automata

We start showing that without loss of generality formulae are guarded.

Definition 4.5.1. We say that an automaton A is guarded if it does not
contain a loop without modal transitions (i.e. a sequence of states ¢qi...q
with ¢i+1 € d(¢;) for all i <l and g1 € 6(q)). A formula ¢ is guarded if it is
guarded when seen as an automaton A,.

It is relatively easy to see that an automaton can be turned into an
equivalent guarded one.

Proposition 4.5.2. Every countdown automaton can be transformed into
an equivalent guarded one.

Proof. Recall that a loop in a countdown play is called bad for player P if
it leads from position v to itself, P owns the rank of » and no position in
the loop has a rank greater than r. The maximal length of a sequence of
consecutive e-moves not containing a bad loop in the semantic game G(A) is
bounded by some k < w depending on the automaton. Take a new automa-
ton A’ that simulates the original A and additionally stores in its memory
the sequence of all states visited since the last modal move. In case A’ de-
tects a loop bad for P, it stops and P looses immediately. Since the bound
k depends only on A and not on the model, A’ is well defined as it only
needs to remember a sequence of states of length at most k. By Proposi-
tion 4.3.5, without loosing generality we may require players to use strategies
that avoid loops bad for them, so A" accepts the same language as A. Since
A’ is guarded by design, this completes the proof. O

Let us have a look at how the maximal number k of e-transitions without
a bad loop depends on A. In a sequence of e-transitions without a bad loop,
no state ¢ with the most important rank r can repeat. Hence, there could be
at most |rank ™! (r)| < |Q| visits to r in the sequence. The places where the
sequence passes through r decompose it into subsequences that visit fewer
ranks. Using these observations one can show by induction on d that if w
is such a sequence visiting d ranks then |w| < (|@Q| + 1)%. Since the total
number |R| of ranks of A is fixed, we get the upper bound:

k< (1Q+ 1™
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as d < |R/|. If the ranks are assigned injectively to states, the above reasoning
shows k < 2IRI,

On the other hand, we give an exponential lower bound on k, even in
the case when the automaton is injectively ranked. For simplicity assume
that there is an e-transition between every two states, that the ranks are
given as a finite subset {0,...,n} C w with the usual ordering and that
each rank ¢ is assigned to a unique state g;. Recursively define wg = ¢ and
Wi+1 = wigi+1w;. The sequence w, has length 2™ — 1 yet it contains no bad
loops and so it witnesses:

2Rl —1 < k.

Let us now have a look at a particular case of automata: logical formulae.

Proposition 4.5.3. Every countdown formula can be transformed into an
equivalent guarded one.

Proof. Every formula can be seen as an automaton, massaged via Propo-
sition 4.5.2 to obtain a guarded one and translated to a new, equivalent
formula. Inspecting the translation from Subsection 4.4.2 one could check
that it preserves guardedness and so the new formula is guarded, therefore
proving Proposition 4.5.3. Instead of doing that, let us give a more direct
translation that exploits the game semantics for the logic but avoids abstract
automata.

Given a formula ¢ we modify it inductively (proceeding from leaves to the
root of the syntactic tree). Replace every subformula 6 = (21, ..., zpn). (Y1, .
with:

0" = i1 (i 3)ig<n-($ig)ig<n
where 1); ; is obtained from 1); by replacing
(i) every guarded x,, with x,,; and

(ii) every other z,, with T /L (respectively) if j = n and n = v/u, or with
Tm,j+1 otherwise.

This way, the number of visits to immediate subformulae of the n® operator
without any modal move is counted in the index j. If the index j reaches n
and the play moves to some variable x,, 5, then by the pigeonhole principle
some of the formulae v; ; visited without a modal move nor a visit to a su-
performula of # must have the same index ¢. This in turn corresponds to a
repeated visit to some 1); in the semantic game for the original formula, with-
out modal moves nor visits to a superformula of #, which implies existence
of a loop bad for Ive/Vdam when 1 = v/, respectively. O

Note that in the case of scalar formulae, the above construction yields a
guarded formula that is also scalar and linear in the size of the original one:
we just replace every unguarded occurrence of a variable bound by pu® (or
v®) by L (or T, respectively).
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4.5.2 Pre-modal Phase

The Example 4.3.3 shows that countdown games heavily depend on the
counters: the players may need to look at the counter values not only to
update them but also to choose moves in the arena. Proposition 4.3.4 gives
a very restricted form of counter-independence. Although the guaranteed
property of strategies is slightly abstract, in the context of games induced
by automata (and in particular, formulae) it can be turned into a more
human-friendly form.

For an automaton A with states @, a valuation val and a point my in a
model M, the pre-modal phase of the game G¥?'(A), (mr, qr) consists of all
pre-modal plays, i.e. plays with no modal move. All the positions accessible
in that phase are of the form (my,q) for ¢ € Q and if A is guarded, then no
pre-modal play is longer than |@Q|. Hence, it follows from Proposition 4.3.4
that:

Proposition 4.5.4. In cvery game G'(A), (my,qr) for a guarded automa-
ton A, the winning player has a pre-modally counter-independent (i.e. counter-
independent in the pre-modal phase) winning strategy.

Since all the positions appearing in the pre-modal phase only have the
initial point on the first coordinate, we can identify pre-modal plays © and
7' starting in (m,q) and (m’,q) for different m # m’ if 7 equals 7’ after
swapping m and m’. Likewise, we simplify the pre-modal guide:

ol ({m} x @< 5 {m} x Q
guiding pre-modal o-plays to:
ol Q¢ 5 @

by skipping the redundant first coordinate. Note that the assumption that
ol guides some winning strategy from point m may imply some conditions
on the atomic propositions satisfied by that point.

The next two propositions are a bit technical but will be useful in Sec-
tions 4.6 and 4.8. We first prove that strategies with equal pre-modal guides
can be synchronized so that they agree on all the pre-modal moves (and not
only the positional ones).

Proposition 4.5.5. Consider two points mg, my in a model M, a valuation
val and a guarded automaton A. Assume that Jve wins the game G'*'(A)
from mqg and my with pre-modally counter-independent strategies og and o1,
respectively, both guided by the same pre-modal guide o!. Then there are

winning strategies o, o guided by o such that:

e o(, and o} behave the same in the pre-modal phase, up to swapping the
points mg and m1, and
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e for every (m;, ctr) reachable by a o}-play, there are (mg, ctrg) and (my, ctry)
such that each (mj,ctr;) is reachable by a o;-play and ctr; <petter Ctr.

A symmetric statement works for ¥dam.

Proof. By symmetry, we only focus on the case for dve. Starting in mqg or
m1, she can maintain the invariant that for the play = so far, there are mg and
71 consistent with oy and o7 respectively, such that (i) all the three plays are
(point-wise) equal on her choices of positions and on all Ydam’s choices, and
(ii) her choices of counter values in 7 are the maximum of the corresponding
choices from 7wy and ;. This way either she wins in the pre-modal phase or
the play reaches a modal move with counter values at least as good for her
as after some og- and oi-plays, respectively. She may then continue from m;
with the winning strategy o;. O

Under some monotonicity conditions, strategies with the same pre-modal
guide can be combined into a third one.

Proposition 4.5.6. Consider three points mi, mo, ms in a model M s.t. for
every a € Act, the sets 55,535,553 of their a-successors are monotone, i.e.
S7 C S5 C 53; a valuation val that does not distinguish m; (i.e. m; €
val(z) <= mj eval(z) for all x € Var); and a guarded automaton A. If a
player P wins the semantic game G'(A) from my and m3 using strategies
01,03 quided by the same pre-modal guide ol , then P also wins from mqy with
a strateqy oo quided by o'

Proof. By Proposition 4.5.5, we may assume that o1 behaves the same as
o3 in the pre-modal phase. Initially P may apply the same strategy from
mo, as the point in the model does not matter, or does not change, in the
pre-modal phase. Consider any play consistent with this strategy. If P does
not win already in the pre-modal phase, the play reaches a modal move, i.e.
a configuration (mg,q) with ¢ € @ such that d(q) = (a,p). If the state ¢ is
owned by P then P may continue with o1, and if ¢ is owned by P’s opponent
then P may continue with os3. O

4.6 Vectorial vs. Scalar Calculus

In this section we investigate the relation between scalar and vectorial
formulae. We have already seen with Example 4.2.5 that unlike with stan-
dard fixpoints, the Beki¢ principle is not valid in the countdown setting.
Interestingly, scalar formulae correspond to automata with a simple syntac-
tic restriction.

Proposition 4.6.1. Scalar countdown formulae and automata where every
two states have different ranks have equal expressive power.
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Proof. Inspecting the translations between formulae and automata from Sub-
sections 4.4.1 and 4.4.2, it is evident that injectively ranked automata are
translated to scalar formulae, and that, although in our translation the choice
of the ranks function is not deterministic, every scalar formula can be trans-
lated to an injectively ranked automaton. O

Since the Beki¢ principle fails, a natural question is whether there is an-
other way of transforming vectorial formulae to scalar form (or, equivalently,
arbitrary countdown automata to injectively ranked ones). We shall give
a negative answer in Theorem 4.6.2. However, before we proceed, let us
analyze the following example, which shows that scalar formulae are more
expressive than they may seem, covering in particular the property from
Example 4.2.5.

4.6.1 Languages of Unbounded Infixes

Fix a regular language of finite words L C T™. Let U(L) C T'“ be the
language of all infinite words that contain arbitrarily long infixes from L.
For instance, the language from Example 4.2.5 is U(a*). We shall now show
that U(L) can be defined in the countdown p-calculus, first by a vectorial
formula, then by a scalar one.

Consider a finite deterministic automaton A = (Q,d, qs, F') that recog-
nizes L. Let 67 : 't x Q@ — @ be the unique inductive extension of the
transition function ¢ : I' X Q — @ to nonempty words. Define:

Kpg={wel™ |6 (w,p)=q}

the (regular) language of nonempty words leading from p to ¢ in A, and
let K) p denote the union (J,cp Kpq. By the pigeonhole principle we have
UL) = UyeqUq(L), where Uy(L) € I'* consists of words such that for
every n < w, w has an infix w, = vjuj.. upvp € L s.t. (i) v; € Ky, 4, (ii)
U, ., Uy € Kgq, and (iii) vp € Ky p. Then U (L) can be defined by a
vectorial formula:

Uy(L) = [V (21, 22). (T Ky g) 2, (Kg )2 A (Kgp) T)]

where (K)1) is the formula as explained in Example 4.2.5. Indeed, the cor-
responding semantic game on a word w proceeds as follows:

1. Ydam chooses a number n < w as the value of his only counter,
2. dve skips a prefix vovy € I K, 4 of w,
3. Vdam decrements his counter;

4. Jve keeps moving through uq,us,... € K4 so that after each step,
some state in F' is reachable from ¢ by some prefix of the remaining
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word. After each such choice of u; Ydam has to decrement his counter,
and so dve wins iff she can make at least n — 1 such steps.

The two different stages in which Vdam’s counter is decremented reflect the
two-phase dynamics of the game: first Vdam challenges dve with a number,
and then Jve shows that she can provide an infix long enough.

It is more tricky to define the language U, (L) with a scalar formula, but it
turns out to be possible. To this end, observe that without loss of generality
we may restrict attention to words w such that:

1. the infixes w, € L start arbitrarily far in w;

2. each wy, can be decomposed as viu;...upvp € L s.t. (i) vy € Ky, 4, (ii)
UL, ..., Uy € Ky g, (iii) vp € Ky, and additionally (iv) all u; begin with
the same letter a € T’

3. there are at least two distinct letters a,b € I' that appear infinitely
often in w;

4. the first letter of w is b.

Indeed, for (1) note that otherwise w,, start in the same position k for all n
large enough. But then even the stronger property “There exists a position
k such that the run of A from k visits ¢ and F infinitely often” holds, and
this is easily definable by a fixpoint formula.

Item (2) follows from the pigeonhole principle and the observation that
IN Wy 1| = VUL Uy x|r|VF ab least n u;’s begin with the same letter.

For (3) observe that otherwise w has a suffix a¥ for some a € T, in
which case membership in U, (L) is definable by a fixpoint formula. This is
because an ultimately periodic word is bisimilar to a finite model, and so
every monotone map reaches its fixpoints in finitely many steps, meaning
that the countdown operator v* is equivalent to v>°.

Finally, for (4) note that the language U, (L) is closed under adding and
removing finite prefixes, and so if a formula ¢ defines U, (L) N bI'“, then the
formula (I'™) ((b) T A ) defines U, (L).

With this in mind, define:

p =1 w((b) T AT Ky, q)((A) TAZ)) V (Kqg)((Q) T Az) A Q)T A (Kgp) T).

Note how (b) T Az and (a) T Az replace x; and x5 from the vectorial formula.
Consider the corresponding semantic game on a word w. Consider config-
urations of the game with the main disjunction as the formula component.
Every infinite play of the game must visit such configurations infinitely often.
In such a configuration, if the next letter in the model is either a or b then
Jve must choose the right or left disjunct, respectively. In particular, once
the game reaches a configuration where (a)T holds, it must also hold every
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Figure 4.1: The model M. Blue arrows represent edges labeled both with a
and b, and pink arrows are edges labeled only with b.

time the variable z is unraveled in the future. As a result, Jdve wins from
a configuration where (a)T holds against Ydam’s counter n < w iff there is
Ui...u,+1VF starting in the current position such that wuq,...,un41 € Kyyq,
each u; starts with a, and vp € K, p. Moreover, dve wins from a position
where (b) T holds, against Vdam’s n+1 < w, iff there is v; € I'" K, 4 starting
in the current position such that the next position after vy satisfies (a) T and
Jve wins from there against n. Putting this together, we get that dve wins
from a position satisfying (b) T against n iff there is vru;...up,vp = w, as in
condition (2) above. Since the game starts with Vdam choosing an arbitrary
n < w, it follows that indeed ¢ defines Uy(L).

4.6.2 Greater Expressive Power of the Vectorial Calculus

We now show an example of a property that is definable in the vectorial
countdown calculus but not in the scalar one.

Fixing Act = {a,b}, consider a model M = (M,i>,—b>) with points
M = {m;,n; | i <w}, and with exactly the edges: m; 2 mj, n; 2 m; and
n; LA m; for all 7 > j; and m; LA m; for all 7 and j. Note that the relation

2, is a subset of >. The model is shown in Fig. 4.1.

Counsider the vectorial sentence vy (z1,x2).((b)z2, (a)xz). This describes
the property there are arbitrarily long paths with labels in ba*, and so it is true
in all points m; and false in all points n;. The following result immediately
implies that this property cannot be defined in the scalar countdown calculus:

Theorem 4.6.2. For every scalar sentence @, there exists 1 < w such that:

m; € [¢] <= n; € [¢].
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Proof. Observe that since scalar sentences are closed under negation, it is
enough to prove that for every scalar ¢ there is a kK, < w such that for all
1> Kt

m; € [¢] = n; € [¢] (%)

Moreover, since every scalar formula can be transformed into an equivalent
guarded formula that is also scalar, it suffices to prove (x) for guarded for-
mulae. For the rest of the proof, we fix a scalar sentence ¢ and denote
G = G(p) = (V, E,rank,ctr;). Thanks to Proposition 4.6.1 we assume ¢
when seen as an automaton is injectively ranked and Proposition 4.5.3 al-
lows us to assume that ¢ is guarded. Let us start with an easy fact.

Proposition 4.6.3. There exists some N < w such that for all N <i < j:
m; € [¢] <= m; € [¢]

and if dve wins the corresponding evaluation games then she does so with pre-
modally counter-independent strategies om, and om; with the same pre-modal
guide ol that does not depend on i, j.

Proof. Note that the relations — and ® are monotone, i.e. the bigger i,
the more a- and b-successors m; has. On the other hand, there are only
finitely many possible pre-modal guides, so by the pigeonhole principle if
JFve wins from m; for arbitrarily big i, some pre-modal guide o/ is used for
arbitrarily big 4. Thus, by Proposition 4.5.6 she can use o’ to win for all i
big enough. O

Towards (%), assume that m; € [¢] for all ¢ big enough (otherwise, by
Proposition 4.6.3, ¢ is false in m; for all ¢ big enough, which trivially implies
(%)) and denote by N the least number for which Proposition 4.6.3 holds. We
show that without losing generality the strategies have some nice properties:

Proposition 4.6.4. The family {om, | i < w} of strategies can be massaged
so that for every i > N, if a om,;-play visits a modal position for the first
time and it has the shape (m;, (a)1), then om, chooses a point m; for some
j<N.

Proof. By Proposition 4.6.3, o, and om, have the same pre-modal guide
ol. Therefore, by Proposition 4.5.5, there is a strategy o, winning from m;
guided by the same of and only reaching pre-modal configurations at least
as good for 3ve as the ones reachable by om,. Then, whenever (m;, (a)y) is
reached in a pre-modal oy, -play, by the monotonicity of 2 and the assump-
tion that N < 4, dve may just continue with ony, . Moreover, since o, is a
legitimate strategy, it must pick a point m; for some j < IV, as desired. [J
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Denote by B the phase of the game G(¢) that consists of plays of the
shape m = {p such that the play ¢ is pre-modal and leads to (b) and p

(starting with an Jve’s choice of a ®_successor of the initial point m;) does
not visit (i) a formula beginning with [a], [b] or (b), nor (ii) a formula with a
rank that was visited in the pre-modal phase (that is, in ) with a possible
exception for its last configuration:

B-l¢ ¢ is pre-modal and leads to (b); p is nonempty and has no
N proper prefix visiting [a], [b], (b) nor a rank visited in £

where by a visit to a modal operator © we mean a visit to a formula Q)
beginning with it. Note that the only modal moves that start and end in
B are those corresponding to (a). The next step is the following further
enhancement of the strategies:

Proposition 4.6.5. The family {om, | ¢ < w} of strategies can be massaged
s0 that there exists a finite bound kmax < w such that no om,-play m € B
contains more than kmax modal moves.

Before proving the above proposition, let us demonstrate how it implies
(%). Put:
Kp = kmax + N +1

where kmax is the bound from Proposition 4.6.5. We show that n; € [¢] for
every i > Ky. To this end, consider the strategy o; with above,i(om,,0;),
i.e. the strategy 1-above o, which exists by Proposition 2.2.4. In the pre-
modal phase of the evaluation game from (n;,¢), use o; (recall that we
identify pre-modal plays starting in different (m;, ) and (n;, ) if they are
equal up to swapping positions (m;,0) and (n;,0) for all §). Since m; and
n; have the same >-successors, if a play visits (a) or [a], ve may continue
with o; and win. The same is true for [b], as every 2 successor of n; is also

b
a —-successor of m;.
The only interesting case is when a play reaches (b) and o; chooses mj/

which cannot be chosen from 4, i.e. j' > (if j/ < i then mjy isa ® successor
of n;, so Ive may use o;). In this case, Ive may choose m; where j = kmax+ N
and play maintaining the invariant that for the current play =, as long as it
belongs to B, there is a o;-play «’ in B such that:

1. all subformulae and ordinals are the same in 7 and 7/,
2. for the last points m; and m; of 7 and 7', respectively, we have:
E+N<j<j and j<i
where k is the bound on the number of modal moves that can be made

in a o;-play extending 7’ without leaving B.
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It is straightforward to maintain the invariant on e-transitions and when
counter values are updated. If 7 ends with a visit to (a) (so Ive has to pick
an -successor of m;) and o;(7’) dictates the choice of mj» for some j” < w
then either:

e j > j” hence m;j = mj» and Jve wins using 7p — o;(7'p), or
e j < j”, which combined with item (2) of the invariant gives:
k+N<j<j"

Since 7" extended with the choice of m;» ends with a modal move, we
are left with at most £ — 1 possible modal moves in B, so the choice of
m;_1 preserves the invariant, as k—1+N < j—1 < j” and j—1 < j < i.

Since ¢ is guarded, the maximal number of consecutive e-transitions in a
play is bounded by |SubFor(y)| (which corresponds to 2 - [SubFor(y)| moves,
including the countdown and the positional ones). Since the number of
modal moves before the end of B is bounded by kmax, after at most:

2 - kmax - |SubFor(p)| < w

moves either the game ends in B or eventually visits (i) [a], [b] or (b) or (ii)
a rank seen in the pre-modal phase. If the game ends in B then thanks to
item (1) of the invariant Jve wins (as the strategy o; is winning).

In the other case with (i) or (ii), the invariant implies that for the current
play 7 there is a oy-play 7’ satisfying (1) and (2).

When (i) the play visits [a], [b] or (b), Ive may continue as with oy, i.e.
using o) defined as:

ol(mp) = ox(x'p)

for all p. Tf 7 leads to [a] then o/ is legal due to monotonicity of 2 and
inequality j < j’ guaranteed by item (2) of the invariant. Similarly, since m;

and mj have the same —b>—successors7 ol is legal also if the play leads to (b)
or [b]. Since ol-plays differ from o;-plays only by a finite prefix 7, Ive wins.

The remaining case (ii) is when the game moves to a subformula v such
that rank(y)) = r was visited in the pre-modal phase. Since ¢ is scalar
(and so by Proposition 4.6.1 injectively ranked when seen as an automaton),
this implies that actually the same formula 1 must have been visited in the
pre-modal phase.

Denote by m, and Wi/) the pre-modal prefixes of m and 7/, respectively,
ending just after the counter update corresponding to the first visit in ¢ (in
particular, my, and m;, end with a positional configuration). By item (1) of the
invariant, the plays 7 and 7’ (7, and ﬂ'ib) lead to the same counter assignment
ctr (ctry, respectively). Since 771’1} is a o;-play leading to ((m;, 1)), ctry, psn)
and by definition o; is a strategy l-above onm,, there exists a om,-play Ty
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leading to ((mg, ), ctry,, psn) with aboveH(ctrl, ctry). Clearly, 3ve can win
from ((m;, 1), ctry,, psn) by just continuing the om,-play, i.e. using o defined
as:

o(p) = om, (7 p)
for all p. We claim that also:

Jve wins from ((mj, ), ctr,;, psn) (4.17)

for every N < j < 4. Indeed, she can use the same o:

1. In the pre-modal phase o is legal, as both games start with the same
subformula .

2. We justify that o is valid also when after a pre-modal play p the game
reaches a formula € that begins with a modal operator. Observe that
since p is pre-modal it does not change the point, meaning that it leads
from (mj, ) to (m;,8) and from (m;, 1)) to (m;,8). Consider cases:

e If 0 begins with (b) or [b] then the possible moves from the position
(mj,0) are the same as from (m;, ). This is because the points m;

and m; have the same ®_successors. Therefore, Ive can continue
from (mj, 8) as if she started from (m;, §).

e Similarly, j < i implies that every “>-successor of m; is an 3
successor of m;. Hence, if 6 begins with [a] then o, can be used
. . . a
to win against every Vdam’s choice of an —-successor of m;.

e The remaining case is when 6 begins with (a). By Proposi-
tion 4.6.4, if in the first modal step of a om,-play dve has to
provide an —>-successor my, of m;, then Om,; chooses some my with
k < N. By definition of o (as 7 is pre-modal) the same is true
for o. It follows from N < j that the choice given by o is legal
from mj.

This proves (4.17).

Note that since by definition the end of 7 (and 7’) is the first time when
the game revisits some rank seen in the pre-modal phase, we have:

ctry (r') = ctr(r) (4.18)

for every nonstandard rank r’ > r where r is the rank of v. If there was
" > r with ctry(r") # ctr(r’) this would mean that the the counter for 7’ was
either decremented or reset between my and m. A reset is only possible upon
a visit to an even more important " > r’ and a decrement upon a visit to
r.

Consider two cases. First, if = 1’ and the corresponding counter gets

decremented then there must be a visit to ¢ between m; and 7. This is
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because ¢ is scalar and thus injectively ranked, so the only possibility to
visit r is by visiting ¢. However, since ¢ is guarded it is not possible to visit
1 twice in the pre-modal phase. And since the end of 7 is the first time
when 7 is visited in the post-modal phase, the post-modal part of the play
between 7, and 7 does not visit r either.

In the remaining case a rank strictly greater than r must have been visited
between m, and 7. Since no subformula of ¢ has a rank greater than r this
requires a visit to some formula that is not a subformula of ¥. But the only
way to leave SubFor(1)) is to unravel a variable bound in some superformula
0 of . This, however, could not happen. Since @ was visited in the pre-
modal phase, so was every its superformula, including 6. The rest of the
argument is the same as in the previous case: guardedness of ¢ implies that
0 could not have been revisited in the pre-modal phase. And if § was visited
in some strict post-modal prefix of 7 this would contradict the assumption
that the end of m is the first time when a rank seen in the pre-modal phase
is revisited: rank(f) would be revisited earlier. This completes the proof of
(4.18).

To finish the proof of (x) we need to show how Jve can win once 7 has
been played and the game reached a countdown configuration ((mj, ), ctr, cdn).
By item (2) of the invariant, N < j < i. We show how Jve can guarantee
that for every result ctr’ of the upcoming counter update from ctr:

ctr,, <better ctr’ (4.19)
which implies:

((mja %Z)), Ctl’;, psn) <better ((mja d))a Ctl’/, psn)'

so that she can win after the update thanks to (4.17).

Note that in the update from ctr to ctr’ counters for all the ranks r’ < r
are reset to their initial values (as they were reset when moving to ctry) and
counters for all 7/ > r are not changed (and by (4.18) their values will be
equal to the ones in ctry). That is:

ctr'(r') = ctry (1)

for all 7’ # r, i.e. the only possible difference between ctr’ and ctry, is in the
value for . On the other hand recall that by definition above(ctr,, ctry)
and so in particular:

Ctr; <better Ctry.

Counsider cases:

e If r is standard it has no corresponding counter and so the update
deterministically leads to ctr’ with:

ctry, <better Ctry = ctr’

which implies (4.19).
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e If r is nonstandard and belongs to Vdam, he has to pick ctr’(r) < ctr(r)
and all the other counters in ctr’ will be the same as in ctry. Since by
(4.18) ctr(r) = ctry(r) it follows that:

Ctl’; Sbetter Ctrd) Sbetter Ctl’/
and hence (4.19)) for every possible ctr'.
yp

e If r is nonstandard and belongs to dve, we need to provide her with a
valid choice of ctr’. Define:

ctry(r’) i >,
ctr'(r’) = ctr,(r) i =,
ctry(r’) i <.

Such ctr’ is a legal update from ctr, because:
ctr(r) = ctry(r) = ctr,(r) + 1.

The first equality is (4.18). The second follows from above,(ctr,,, ctry)
and the observation that ctry(r) # ctrr(r) because ctry, is the counter
assignment immediately after an update corresponding to v (which
has rank 7). It follows from the definition that:

Ctr; ﬁbetter Ctr/.
That is, we get (4.19).

This completes the proof of () from Proposition 4.6.5.

It remains to prove Proposition 4.6.5, i.e. to refine strategies o, to obtain
a finite bound kmax < w on the number of modal moves in a play in the
phase B. We will show a stronger fact: no play m € B visits the same
formula of shape (a)y twice. Then, Proposition 4.6.5 follows with the bound
kmax = |SubFor(p)| because a visit to any of the other modal operators ([a],
(b) or [b]) ends B.

Before we go into the somewhat technical details, let us sketch the core
idea, of the proof which splits into two steps. First, we show that if instead
of updating the counters during B the players postpone the updates and
only decrement the counters once, upon leaving B, this does not change the
winner of the game. Second, we use this equivalence to massage om, so that
instead of performing a sequence:

(mj, (a)y) = (mjr, ) = ... — (my,(a)y) = (mp, o) € vt

of modal moves corresponding to (a)i, Ive immediately goes to the last
point (mj, (a)1)) — (my, ). This is possible thanks to transitivity and well-
foundedness of > and avoids repetitions of (a).
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To prove the claim, it is enough if for every minimal (and therefore
necessarily ending with a first modal move, corresponding to (b)) m; € B we
refine o, to a strategy o, so that:

1. ox, does not allow to visit any (a)y twice in any play p € B, and

2. the behavior on all other plays is not changed, meaning that o, (p) =
om,(p) for every p without 7 as a prefix.

If we do that for every minimal 7; € B, we may combine all such refined
strategies into one:

) ox,(p) if 77 is the minimal prefix of p from B,
g =
Bl om;(p) p has no prefix in B;

that avoids repetitions of each (a)vy in every m € B.

Towards such a refinement of on,, fix a minimal 7; € B leading to a
winning countdown configuration v = ((m,,6,),ctr,,cdn). Denote v, =
(m;,0,) € V and:

B° ={p | mp € B}.

To get our desired oy, it suffices to construct a winning strategy for G,~
that avoids repetitions of each (a)y in every m € B° and behaves as o, on
plays without 77 as a prefix.

Note that membership in B° only depends on the underlying positions.
Let V° C V be the set of all the positions of shape (m,§) with & either (i)
beginning with [a], [b] or (b) or (ii) having a rank that was visited in a proper
prefix of ;. If v, € V°, then B° = {e} and there is nothing to prove so let
us focus on the other case v, ¢ V°. Then:

m € B° <= no proper prefix of 7 visits V°

for all plays 7 in G, 7.

We want to consider partial functions f : V* — V that are candidates
for a B°-guide of some winning strategy ¢ in G,~. In order to guide o in B°,
f needs to satisfy some basic conditions, e.g. if it allows to traverse vertices
T =v1..05 € (V= V°)* and vi belongs to Jve then f dictates a legal move
vkt1 =_f(v). To capture such conditions formally, consider the simple parity
game G = (V, E,rank) obtained from G by making all the ranks standard.
To avoid confusion, we will call simple parity plays v € V* in G paths and
reserve the term plags for G.

Note that since G is obtained from G by forgetting the counters, if a play
m € B° visits positions pos(m) = v then v is a path in G, v. not visiting V°,
with a possible exception for the last position. We also have the opposite.
That is, for every v € V*:

Tis a path in G|V°, v, <= T € pos[B°]. (4.20)
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For the missing left to right implication consider a path ¥ in §yV°, v,. We
need to extend T to a play in G, 7, i.e. provide consistent choices of counter
values for both players. It suffices if whenever the owner of rank r has to
pick value «, (s)he chooses the number of the remaining visits to 7 in v (so
that (s)he is not stuck before traversing v). Such number is not greater than
|| and hence finite. Therefore, to show that the above strategy is legal it is
enough to prove that the value before the first update (i.e. in ctr,) is a limit
one. Since T € (V — V°)*(V° + ¢), no position in ¥ other than the last one
(for which we do not need to update the counter to prove the claim) has a
rank that was visited in 77. It follows that all the counters to be updated
have initial, and hence limit values in ctr,.

Since every modal move over ® Jeaves B°, it follows that all the positions
visited in m € B° are of the form (my,v) for k < z (because = only leads
to points with a strictly smaller index and 77 leads to (m,,6,)) and no such
position repeats in B° (by guardedness of ¢ and acyclicity of ). It follows
that the set pos[B°] is finite:

|pos[B°]| < w (4.21)

and in particular plays in B° have length bounded by a finite constant.
Combining (4.20) and (4.21) we get:

The set of paths in Q~\V°, v, is finite. (4.22)

We call a partial function f : V* — V., thought of as a candidate for a
B°-guide of a winning strategy for G,~, a proto-strategy if f is a non-loosing
strategy in G|V°, v,. Every f that is a B°-guide for some winning o in G,~
is a proto-strategy. Observe that for every f-path v € (V — V°)* starting
from v, there exists a o-play 7y ending in positional mode with pos(nz) = .
To construct such 7y it suffices for Vdam to (i) follow ¥ in positional mode
(since f guides o, the choices o dictates to dve will stay in ¥ as well) and
(ii) whenever he needs to decrement a counter for r, pick the number of
remaining visits to r in T (as in the proof of (4.20)). It follows that for every
f-path v from v, to some v controlled by 3ve, f(v) = o(my) is defined and
dictates a legal move. This proves that f is a proto-strategy, because by
(4.22) there are no infinite paths in G|V°, v, and so trivially Ive wins in all
infinite f-paths.

We prove that for every proto-strategy f the following are equivalent:
1. dve has a winning strategy o for G,~ guided by f in B°.

2. Jve wins in the following game:

(i) Ydam picks an f-path Tv starting at v, and ending in v € V°;
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(ii) Jve and Vdam play a usual countdown game from ~ but on arena
restricted to T (i.e. we only update the counters and deterministically
follow v);

(iii) Jdve wins iff the resulting configuration (v, ctr,cdn) is winning for
dvein G.

3. Jdve wins in the following game:
(i) Ydam picks an f-path v starting at v, and ending in v € V°;

(ii) the owner of each r € Dy (starting from more important ranks)
picks a final counter value ctr(r) < ctr,(r), for all other r € D — Dy we
put ctr(r) = ctry(r) if r was reset in v and ctr(r) = ctr,(r) otherwise;

(iii) Jve wins iff the configuration (v, ctr,cdn) is winning for Jve in G.

The set Dy C D of nonstandard ranks in (3) contains rank r iff r appears
in ¥ and no higher rank appears after the last occurrence of r. These are
the ranks for which there is a point in T when the corresponding counter is
decremented and not reset to the initial value any more in v. Since we are
dealing with a game corresponding to a scalar formula ¢, Dy only depends
on the last formula in ¥: nonstandard r belongs to Dy iff it is a rank of some
0 which is (i) a subformula of 6, and (ii) a superformula of the last formula
in .

The implication (1) = (2) is straightforward. Once Vdam picked v,
Jve simply uses o until T is traversed. This way, dve preserves the invariant
that the play belongs to B° (because v € (V — V°)*) and is consistent with
o (because o is guided by f in B° and hence 3ve’s positional moves dictated
by f are consistent with o). Since o is winning, it only leads to winning
configurations and therefore Jve wins (2).

To prove (2) = (1), assume that for every f-path v € (V — V°)*V°
starting at v, Jdve has a strategy oz, winning in the second stage of (2) after
Vdam picked vv in the first stage. Our goal is to provide her with o for (1).
When during B° she has to pick an edge, she uses:

a(p) = f(pos(p))

so that o is guided by f. For choosing ordinals, observe that thanks to (4.22)
for every countdown play p guided by f there are only finitely many f-paths
extending pos(p). Hence, for every play p ending in 3ve’s choice of a counter
for rank 7, she takes the ordinal:

o(p) = max{og,(p)(r) | v € (V — V°)*V° is an f-path extending pos(p)}

which is legal, since the longer p is, the fewer paths extend pos(p). This way,
she either wins before 3° ends, or leave it in a winning configuration, and in
the later case she may continue with any winning strategy.
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It remains to prove that (2) <= (3). Note that in (2), once the path Tv
is chosen, the only nontrivial choice of a value for r is upon the first visit
to r such that no greater rank will be visited further in v. If a greater rank
will be visited somewhere further in v, the counter for r» will be reset and
thus it suffices for its owner to choose the number k < w of visits to r before
the closest reset. Since v € (V — V°)* r was not present in the pre-modal
phase and the corresponding counter must have an initial (and hence limit)
value in ctr, so this is legal. Among positions in ¥ where r will not be reset
any more, the only nontrivial choice is in the first one: in order to end the
game with ctr(r) = « it suffices to choose a + k where k is the number of
remaining visits to r before the end of v. This is legal for the same reasons
as in the previous case.

It follows that these nontrivial choices in (2) are precisely the choices for
Dz and the order of the choices is precisely the (decreasing) order on Dy.
This establishes an equivalence between (2) and (3), therefore completing
the proof of equivalence of games (1), (2) and (3).

Let o be a winning strategy for G,v. To complete the proof of Propo-
sition 4.6.5 it suffices to upgrade such o so that no formula component of
shape (a)f repeats in B°. Thanks to (4.21) we may apply Proposition 4.3.4
and assume that o is guided by 08" in B°. As discussed, such o5 is a legal
proto-strategy.

Enumerate all the subformulae (a)i)1, ..., (a)1, of ¢ of shape (a)d. We
construct, by induction on ¢ < n, a sequence fy,..., fn : V¥ — V of proto-
strategies such that:

1 fo=0",

2. whenever ¢ < j and ¥ € V* is an f;-path, there exists an f;-path
w € V* ending with the same position,

3. fi avoids repetitions of {(a)v1, ..., (a)¥;}.

Assume we already have f; and want to construct f;41. For every f;-path
v € V* ending in a visit in (a)t;+1 consider the set:

v={w e V" | wis a f;-path, has v as a prefix and ends with (a)t; 11}

and fix some ¥ maximal in Hy (Hw is nonempty as it contains v and must
contain a maximal path because the length of paths is bounded).

Our new strategy fi+1 acts like f; until the first visit in (a)t;+1 and
then, instead of making multiple “>-moves for (a)¥it1, immediately jumps
to a last choice, i.e. a choice from a maximal v extending the current path
v:

fi(?)
fi(v - )

. if w does not visit (a)y;11,
fir1(w) :{ P @i
if w

= -u and v ends with the first visit in (a)t);y;.
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Such fi11 is a legal proto-strategy. Indeed, the new moves are allowed thanks
to transitivity of = and f;11 is winning in G, v,, because positions accessible
via f;4+1 are a subset of the ones accessible by f; (and by (4.22) there are
no infinite paths to worry about). This also implies the second property,
whereas the third one follows from the fact that each ¥ is maximal in Hz
(which means that no f;-path properly extending  visits (a)tit1).

Since by scalarity of ¢ the set Dy in the third variant of the game (3)
depends only on the last formula in ¥ and Jve wins (3) with f = fy, thanks
to the second property she also wins (3) with f = f,. By equivalence of
(3) and (1), this means that some strategy o, winning G, is guided by f,
in B°. Moreover, the third property implies that o, avoids repetitions of
all (a)iq, ..., (@)1, in B°, thus proving Proposition 4.6.5 and completing the
proof of Theorem 4.6.2. O

4.7 Automata with Stacked Counters

A countdown automaton stores a tuple of ordinals a4, ..., ag (correspond-
ing to nonstandard ranks r; < ... < rg) modified along the play. The mod-
ifications are restricted in two ways. First, the memory structure is hierar-
chical, meaning that the modifications must respect the order in the tuple.
For example, decrementing a3 requires o1 and g to be reset. Second, the
counters are inherently entangled with ranks: «jg is decremented iff the play
visits rank 3.

In this section we show that the second restriction can be dropped. That
is, we introduce an equivalent model of automata where the counters are
hierarchical but independent from the ranks. Such automata modify its
counters C1, ..., Cy using explicit operations incorporated into the transition
function (e.g. “decrement C;”, “reset C;”).

To make the counters hierarchical one could impose a syntactic require-
ment on the automaton: whenever C; is modified, all C; with j < 7 are reset.
Instead of doing that, we choose a slightly different structure which is hier-
archical by design: a stack. The stack stores ordinals f;...5; with 5; on top.
Only the topmost §; can be decremented. Apart from that, the automaton
can pop the topmost counter (which results in the stack f;...5;_1) or push
an ordinal B,y (obtaining (31...5;8;+1). The intuition is that a configuration
of a countdown automaton with ordinals «...a4 is represented as a stack
ag...ap (i.e. with values for greater ranks being closer to the bottom of the
stack). To avoid different players manipulating the same counter, we will as-
sume that each f; on the stack comes with an owner P; € {3,V} controlling
it. Thus, formally the stack content will be of shape (P, 81)...(P, B1).

Definition 4.7.1. An automaton with a stack of counters A consists of:

e 3 finite set of states Q = Q3 U Qv divided between two players;
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e an initial state q; € Q;
e a transition function:
d:Q — P(QULitUVar) L (Act x Q) U (Ops x Q)
where the set:
Ops = {push(P,a) | P € {3,V},a € Ord} U {pop, dec}
is called stack operations;

e a ranks function rank : Q — R.

That is, A is a parity automaton (as defined in Subsection 2.4.3) except that
it can additionally perform stack-transitions, i.e. transitions labelled with
stack operations.

The semantics of an automaton with a stack of counters A is defined by
a parity game similarly to parity automata. The only difference is that now
configurations of the game contain a stack of ordinal counters updated along
the play.

Definition 4.7.2. Fix amodel M. A configuration of an automaton consists
of a point m € M, a state ¢ €  and a stack content ¥ = (P1, a1)...(P, aq)
where | < w, a; € Ord and P; € {3,V} is the owner of the i-th counter. The
operations op € Ops have the following meaning:

e push(P, ) puts (P, «) at the top of the stack;
e pop removes the topmost counter from the stack;

e dec, which is the only nondeterministic operation, means that we look
at the topmost counter (P, «), player P picks some 8 < « and the
new stack is the old one with the topmost counter (P, «) replaced with

(P,5)

If at any moment one of the players has to decrement 0, he or she looses
immediately. It will be less important what happens when we try to pop or
decrement an empty stack: assume by convention that in such a situation
nothing happens. Formally:

Conf = M x QU x({3,V} x Ord)*.

There are no moves from configurations of shape v = (m, z, Y) with z being
a literal or a variable. From (m,q, T) with ¥ = (P, aq)...(F, a):

e if §(¢) C Q LU Lit U Var, outgoing moves lead to:

{(m,2,7) | 2z €d(a)},
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e if 6(q) = (a,p), outgoing moves lead to:
{(n,p,T) | m % n}.
e if 5(¢) = (op, p) define the set H of possible new contents of the stack:
— if op = push(P, «a):
H = {(Pl, 041)...(Pl, Oél)(P, Oé)}
— if op = pop:
H=A{(P,a1)...(P-1,4-1)}
(or H={e}if T =¢)
— if op = dec, then:
H={(Pr,1)..(P—1,cu—1)(P, B) | B<u}
and the outgoing moves lead to:

{(m,p,X) | Y" € H}.

The ownership of positions is the same as with simple parity automata except
for configurations of shape (m,q,Y) with d(¢) = (p,op) which belong to
player P, from the top of the stack T (or any player if the stack is empty).
The rank function rank : Conf — R is inherited from the states of A. The
default initial configuration contains the initial state ¢; and an empty stack.

The following example demonstrates that arbitrary automata with stacked
counters have expressive power strictly greater than countdown automata
from Section 4.4. This is because the stack structure can be exploited in
order to define context-free languages.

Example 4.7.3. Consider the following automaton:

dec

The only state g3 controlled by Vdam is depicted with a square and all the
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other states are controlled by dve and depicted with circles; gg is initial.
There is only one rank, belonging to Jve, and the value a € Ord is irrele-
vant. For clarity of presentation we allow for multiple transitions other than
g-ones to originate in the same state (e.g. in ¢ Jve can choose either an

2 or & transition). Such a more liberal syntax is equivalent to our more
rigorous one: to fit to the original syntax it suffices to introduce additional
states (e.g. ¢} and ¢? such that in ¢ first Jve chooses an e-move to one of
them and then from ¢ fires an ~»-transition).

We view A as a device accepting finite words over the alphabet I' = {a, b}.
A word aj...a; € I'* of length [ is encoded as a model with edges labelled
with I'. The encoding is the same as in Example 4.2.5 except that the words
are finite so in place of w we take {0, ...,l} to be the universe.

We claim that for every word w € I'*:

A accepts w < w = a"b" for some n < w.

The corresponding semantic game can be divided into 5 stages:
1. The stack is initialized with (V, a) and the automaton moves to g;.

2. As long as there are no b’s, the automaton stays in ¢; and for each a
one counter (3, ) is pushed to the stack.

3. Upon reaching the first b the state changes to g2 and each b pops one
counter from the stack (if at this stage a is visited, Jve gets stuck).

4. At some point dve decides to move from ¢o to g3. Note that she looses
immediately in ¢5 and if the current position is not the last position !
of the word w = aj...a; then Vdam can move from g3 to ¢4 and win.
Therefore, without loosing generality we may assume that she decides
for this e-move only at the end of the word.

5. The state g3 is reached at the end of the word and Vdam has no choice
but to loop indefinitely decrementing the topmost counter on the stack
(meaning that he wins if the topmost counter belongs to Ive or the
stack is empty).

The only way Jve can win the game is by forcing Ydam to decrement his
counter indefinitely until he gets stuck. For that, she needs to reach (5) with
Vdam’s counter on the top of the stack. Since the only time when his counter
is pushed to the stack is at the beginning of the game, it follows that Jve
wins iff w is of shape a"™b"” for some n < w.

On the other hand, the language of A cannot be recognized by a count-
down automaton. Since countdown automata are equivalent to 4 <°°-ML and
in finite models all fixpoints are reached after finitely many steps, it follows
that countdown automata only define regular languages of finite words, i.e.
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languages definable in u-ML. The language £(A) = {a"b"™ | n < w} is a pro-
totypical example of a language that is not regular (as can be shown using
standard techniques) and hence cannot be defined in p<*°-ML.

The above example exploits the fact that the stack can have unbounded
height. However, if we require that every automaton has a finite bound k
on the maximal height of its stack, then the resulting model turns out to
be equivalent to countdown automata. From now on we tacitly assume that
every automaton with stacked counters comes with a bound k on the height
of its stack and never pops or decrements an empty stack. In Subsection 4.7
we will see that such k is a good measure of expressive power. Before that,
let us prove that countdown automata and automata with stacked counters
are indeed equivalent.

Theorem 4.7.4. Countdown automata and automata with stacked counters
define the same languages.

Proof. The direction from countdown automata to automata with stacked
counters is rather straightforward and so we only give a sketch. Observe that
using a stack we may represent the configuration of any given countdown
automaton A. The counter values:

ctr : D — Ord
for D = {r; < ... < rq} are represented as a stack:
T = (Py,ctr(rg))...(Pi,ctr(ry))

where P; is the owner of ;. In A, whenever the counter for rank r; is
decremented, counters for all the less important ranks are reset. Thus, we
may pop (Pj_1,ctr(ri—1))...(P1,ctr(r1)) from the stack, ask the owner P;
of r; to decrement the counter representing ctr(r;), and then push initial
values (P;_1,ctry(r;—1)...(Py1,ctrr(r1)) to the stack. Such simulation requires
a stack of height equal to the number of nonstandard ranks |D| of the original
automaton.

For the more demanding direction, take an automaton A = (Q, gz, 6, rank)
with stacked counters and stack bounded by k. For simplicity, assume that
there is only one ordinal x; that can be pushed to the stack (the general case
is not harder and we will comment on that at the end of the proof). Given a
stack content T = (P, aq)...(FP, ) of A, we call the sequence of ownerships
P,...P, the shape of Y. Let us start with the following lemma.
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Lemma 4.7.5. The automaton A can be always modified so that:
1. A remembers the current shape of the stack in its state.

2. Denote the states in which the stack has height i by Q' and their ranks
rank[Q?] by R'. For all i < j:

R > RI

where by X >Y we mean that x >y forallz € X andy €Y.
In words: the higher the stack, the lower the rank.

Proof. The first item (1) is immediate. The shape of the stack is a finite
information that can be easily updated. We assume an additional property
(which will be lost in further modifications of the automaton): if ¢ is a target

of a dec-transition p des q then no other transition has ¢ as its target and ¢
has the irrelevant lowest rank 0. This can be easily obtained by adding more

states: replace every p deg q with p deg p’ < ¢ with p being a fresh state of
rank 0.

Assuming the above we massage the automaton so that it satisfies the
second item (2). We do so by defining a new rank function rank’ : Q — R’.
Take k£ + 1 copies:

R =R°U..URF

of the original set R of ranks, one for each stack height. The ownerghip in
R’ is inherited from R. The new order <’ is the same as < inside each copy
and orders the copies descendingly:

RO > ... >Rk

A naive solution would be to assign the i-th copy ¢ of r to ¢ iff rank(q) = r
and ¢ € Q°. In plays ™ where the height of the stack is eventually constant,
this modified rank function would then give the same winner as the original
rank. This is because all but finitely many states in such 7 belong to the
same Q' and hence from some point in 7 the new rank would be equal r* iff
the original equals 7.

However, an issue could arise if the height of the stack changes infinitely
often in m. Whenever ¢ < j, the copies 7’6 and 7] of ranks ro < rq have
swapped order ri >’ 7“6. This could change the winner of the play, e.g. if rg
is only visited with a stack of height ¢ and r; only with height j and these
are the only ranks seen infinitely often in 7. To address that, we assume that
for each 0 < i <[ the automaton stores in its state the rank since(i) € R:

the greatest value of rank visited after the last

since(q, ) = time when the stack had height i.
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We want the new automaton A’ to be the same as A except that upon each
P Rop q of the stack from height ¢ + 1 to 7, the new automaton additionally
passes through the i-th copy (since(p,i))’ € R’ of since(p,4). Formally, the
new rank function rank’ : Q — R/ is given as:

ri otherwise with rank(¢) =

rank!(q) = {(since(p,i))i if ¢ is a target of some p % ¢,

for every ¢ € @;. The resulting automaton A’ has both the desired properties
(1) and (2) so it remains to prove that it is equivalent to the original A. Fix a
model M and a valuation val. The arenas of the semantic games G¥?'(A) and
Gv3l(A’) are identical, so we only need to check that the winner of any infinite
play 7 is the same with rank and rank’. Let r and 7’ be the most important
ranks appearing infinitely often in rank[r] and rank’[r], respectively. We
claim that r’ is the i-th copy of r:

=7 (4.23)

which implies equivalence of the two games because 7 has the same owner
as r.

Let ¢ be the smallest stack height present infinitely often in 7. The case
when the height of the stack is eventually constant is already discussed: if
this happens then after some finite prefix of = rank’ always returns the i-th
copy of the rank returned by rank. Otherwise, m can be decomposed into:

T = MM T3...

such that (i) mo contains all the configurations with rank greater than r and
stack smaller than 4 and (ii) for every 0 < n < w, the fragment 7, visits r
and ends with a pop from height i+1 to 4. It follows that the most important
rank in 7, denoted 7, = max(rank|m,]), equals r for all n. It suffices to prove
that r/, = max(rank’[7,,]) equals 7. Observe that at the beginning of 7, the
stack has height 7, so since(p,i) < r for all p in 7,. Any ¢ in 7, is a target
of some p 2op q iff it is preceded by p also belonging to m,. It follows that no
state ¢ visited in 7, could have rank’(q) > 7%, as this would require either a
stack smaller than i or rank(q) > r , both of which contradict (i). Hence, it
suffices to show that r does appear in rank’[m,].

By (ii), some state s in m, has rank(s) = r. By definition of 0, 0 < r
and hence s is not a target of a pop-transition. Therefore, if s is visited with
stack of height i then rank/(s) = r* and we are done. Otherwise, s is visited
with stack of height j > . Let ], be the prefix of 7, ending with the first
pop of the stack from height i + 1 to 4 after a visit to s. The fragment 7/,
ends with a transition p 2op q for some p and ¢. It follows that the value
since(p, 1) equals r and consequently rank’(¢q) = r. O
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With the above lemma, we prove Theorem 4.7.4. We assume that the
automaton with stacked counters A = (Q, qr, d, rank) has properties:

1. A remembers the shape of the stack in its state.
2. Whenever p € Q" — Q9% and ¢ € Q7 — QP with i < j:
rank(p) > rank(q)

and:
rank(q) =0

whenever ¢ € QOPs, where QOP* = {q | §(¢q) € Ops x Q} is the set of
all the states that are sources of stack-transitions.

That is: sources of stack-transitions have rank 0; and for all the other
states the higher the stack the lower the rank.

/

. op op .
3. A never fires two stack-operations p — ¢ — s in a row.

The first property (1) is (1) from Lemma 4.7.5. The second (2) and third
(3) can be easily obtained from (2) in the lemma by adding more states to
A, without breaking (1): replace every p 25 ¢ with p =% p/ 5 ¢ for a fresh
P/, assign rank(p) to p’ and 0 to p.

We define a countdown automaton A’ = (Q,d’, g7, rank’, ctry) equivalent
to A. The new ¢’ is obtained from § by replacing all the stack-transitions
with ordinary e-transitions. The codomain R’ of rank’ : Q — R’ extends R:

R =RUD

by nonstandard: o
D={ty,ty | 1 <i<k}

with each th put between R*~! and R*:
RY S/t th) >R S LS (R k) ST RP
(the order between t4 and #!, does not matter). The new rank function is:

tlB if p deg q for some ¢, with stack of shape P;...P;
rank’(p) = rank(p) if p =® q for some ¢ and op # dec;

rank(q) otherwise

for every p. That is, for every stack-transition p =® q we replace the irrel-
evant rank(p) = 0 with (i) appropriate t% if op = dec or (ii) rank of the
target rank(q) if op # dec. On all the states which are not sources of stack-
transitions, rank’ and rank are the same. The initial ctr; : D — Ord is the
constant function equal kj.
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The semantic games G = G*?'(A) and G’ = G¥?!(A’) for a fixed model M
and valuation val are almost the same. For a stack content Y = (P1, aq)...(P}, oy),
define a counter assignment ctry : D — Ord:

ctrp(r) = 4% if r =t with i <1
k7 otherwise.

It follows that:
ctry(r) # k1 = 1€ {tp, ...,tlpl} (4.24)

for every r € D. Consider the relation ~ between all the configurations of G
and countdown configurations of G’

(m,p, T) ~ (m, p, ctry, cdn)

for every point m, stack content T and state p and consistent with the shape

of T. We claim that ~ is a bisimulation between G and G’ up to identifying

moves 9 — 71 in G with pairs of moves 7, — 77 — 9{ in G’. That is,
2

whenever vy ~ 7(:
e (forth) for every move vy — = in G then there are v, — v, — 7 in G’
with 1 ~ 71, :
e (back) for every 7, — 71 — 7} in G’ then there is vy — 71 in G with
M~ 2
In both cases, only one move in G’ is nondeterministic and the same player
makes the nontrivial choice in G and G’. Moreover, ~ preserves victory in a

sense that will be explained later.
Towards the back and forth conditions, take configurations:

Yo = (m7p>T) ~ (mvpa CtrT>Cdn) = /7(/)

as above. Since the stack has height [, the next visited state after p must

have stack height at least [ — 1. Tt follows that if p € QOP then rank’(p) €

R U{th JURIT (or rank'(p) € R if | = 0) and otherwise rank’(p) € R'.

In the presence of (4.24) this means that in the upcoming counter update

v, — 74 in G’ the only counter value that can change is the one for tlpl, and
2

it only changes if rank’(p) >t} .

o If §(p) ¢ QOPs is not a source of a stack-transition then rank’(p) =
rank(p) € R!. Hence, the update v, — v, does not change the counters
at all: deterministically ¥4 = (m,p, ctrTZ7 psn). By definition of §, the
owner of p has a move fron vy to v) = (n,q,ctry,cdn) in G’ iff (s)he

2
has a move from 7 to v1 = (n, ¢, T) in G. Clearly, 1 ~ 7}.
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e On the other hand, if §(p) = (op, ¢) then the choice of ctr1 in ) — 4
2

may be nontrivial. Consider cases:

— If op = push(P, k1) then rank/(p) = rank(q) € R'*! is standard
and by (4.24) smaller than all r for which ctry(r) # k7. Thus,
deterministically:

ctr% = ctry = ctry

where Y = (P, 1)...(P, o) (P, Kp).
— If op = pop then rank( ) = rank(p) € R"! is also standard and

smaller than all 75Z % with @ < [ but greater than tl (whose value
is therefore reset). Tt follows that determlmstlcally

ctr1 = ctrT[tpl — K] = ctrys
2

where Y/ = (Pl,()él) (.Pl 1,00 — 1).
— If op = dec then rank/(p) = t}, , is nonstandard. Thus, the player
P, has to decrement ctrT(thl) = q by choosing 8 < oy, as in G.

In either case, P, can choose ctri in G’ iff (s)he can choose Y’ in G’
2

such that ctri = ctrys.. Such choice of ctrys in (m, p, ctrys, psn) = 7/
2 3

is followed by a deterministic e-move leading to 74 = (m, g, ctrys, cdn).
Again, denoting y1 = (m, ¢, T') we have y1 ~ ~].

This completes the proof of the back and forth conditions. Let us show that

~ is victory-preserving in a suitable sense. Take infinite plays m = ygy172..-

in G and 7' = 7471717172 in G’ with ; ~ ~] for all integer i. We claim
2 2

that the most important ranks r and " appearing infinitely often in rank|r]
and rank’['], respectively, are the same. Every countdown configuration in
a countdown game has the same rank as the next positional configuration.
Hence, to determine 7’ it suffices to look at the configurations 74, ~4... with
integer indices in ©'. We only have rank(q) # rank/(q) if ¢ € Q°P° so it
suffices to prove that the visits to QP can be ignored while determining
r and /. This is clearly true for 7, because ¢ € Q°P® implies rank(g) = 0.
Assume ¢ 33 p for some p. If op # dec then rank’(q) = rank(p) = rank/(p).
Since every visit to ¢ is followed by a visit to p, we may ignore visits to ¢
while computing 7’. Otherwise op = dec and rank’(q) is nonstandard. As
such, it cannot be seen infinitely often without infinitely many visits to a
more important rank, meaning that rank’(q) <’ r’. It follows that visits to
QO can be indeed ignored when it comes to computing r’ and so r = 7.
The above observations about ~ can be used to translate strategies be-
tween G and G'. To be fully formal, we may apply the Decomposition
Lemma 2.2.5 with S} equal to ~ and S = (). The above discussion can
be summarized as exit-equivalence G|S4, vy g, G'|S’,+ for all v ~ 4/ and
victory-dominance of ~ between G|S; and G'|S, . O
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Remark 4.7.6. The above proof assumes that the countdown always starts
from a fixed Ky, but this assumption can be easily dropped. With several
possible initial values k1, ..., Ky, it suffices for A to remember, for each counter
(P, o;) on the stack, the initial £; with which it was pushed. Then, in place
of the nonstandard ranks t% and t@ the constructed countdown automaton
A’ has t’jm, .“’t%yﬁn and t@,mv ...,t@’ﬁn. Upon each dec-transition of A, the
new A’ visits appropriate t’];mj (instead of tégi).

4.7.1 Stack Bound = Nesting = Countdown Depth

The maximal height k of the stack reflects how many ordinals need to
be remembered at once. The same automaton with stack of height one can
keep either (3, ) or (V,a) in its memory. Hence, it can describe boolean
combinations of boundedness and unboundedness conditions such as:

“There are arbitrarily long »-paths and no arbitrarily long 3>—paths.”

It can be easily shown that any countdown formula describing such property
needs to have at least two countdown operators: v* and p*. The operators
need not be nested, though, as witnessed by the formula:

(x.a)x) A (p?y.[bly)

expressing the property. Nesting of the countdown operators (being the
maximal length k& of a chain of its distinct subformulae 61, ..., 0%, each be-
ginning with a countdown operator) is a more fine-grained parameter than
their overall number. For instance, the above formula has nesting 1 despite
using two countdown operators. It is the nesting of the operators, not their
number, that corresponds to the number of ordinals remembered at once.

Similarly, a naive approach to the complexity of countdown automata
would be to restrict the number of non-standard ranks. However, this does
not faithfully capture the intuition that at most & numbers need to be re-
membered at once. Every automaton recognizing the discussed language has
at least one nonstandard rank for each player. The corresponding counters,
thought, need not be used simultaneously. To capture that, we introduce
the following parameter.

Definition 4.7.7. Consider a countdown A automaton with nonstandard
ranks D. The countdown depth of A is the least k < w for which D can
be divided into disjoint sets D, ..., Dy such that whenever a path 7 in the
automaton visits two different ranks 7,7’ € D; from the same set, then
between these visits 7 passes through a (possibly standard) rank r” greater
than both r and r/.

The definition implies that at most one rank in each D; has a counter with
non-initial value. Consequently, at most k counters in total have non-initial
values.
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The next theorem says that the three measures of complexity coincide.
Countdown formulae with nesting of the countdown operators at most k,
countdown automata of countdown depth k£ and automata with stacked coun-
ters with stack height k are equivalent.

Theorem 4.7.8. For every k < w and language L of modal models, it is
equivalent for L to be recognized by:

1. a countdown sentence with nesting of the countdown operators k;
2. a countdown automaton of countdown depth k;
3. an automaton with stacked counters with stack height bounded by k.

Proof. In the proof we provide translations between automata of both types
and logic. In each case, the translation maps a language-defining object (a
sentence or an automaton) with respective parameter k to one with param-
eter at most k.

1) = @
Take a sentence ¢ € p<°°-ML with nesting of the countdown operators equal
k. We claim that ¢ seen as an automaton A, has countdown depth k. To
show that, we need to decompose nonstandard ranks D of A, into disjoint
D1, ..., Dy satisfying the definition. Let Y C SubFor(y) be all the subformulae
of ¢ that begin with a countdown or fixpoint operator and X C Y be the
ones that begin with a countdown (but not fixpoint) operator. Assume that
the rank function rank : SubFor(¢) — R assigns different nonstandard ranks
whenever possible: 1 and 1)’ have the same nonstandard rank only if they
are both immediate subformulae of the same # € X. This allows to identify
nonstandard ranks with elements of X (each £ € X corresponds to the
rank of its immediate subformulae). Hence, it suffices to decompose X into
disjoint X7, ..., X such that for every distinct &, & belonging to the same
X; any path between its respective immediate subformulae 1 and v’ passes
through a rank greater than both rank(¢)) and rank(¢)’).

Denote the subformula order on SubFor(y) by <, i.e. ¢ < ¢/ iff ¢ €
SubFor(¢’). This < is a linear order on superformulae of any given formula.
We claim that in A, for every path 7 leading from ¢ to ¢’ either:

(i) ¥/ <4 or
(ii) there is # € Y and its immediate subformula y < 6 such that ¢ < 6,
)’ < x and 7 passes through Y.

We prove the above by induction on the length of 7. For |r| = 1 the claim
is obvious with 1 = v’. Assume it is true for paths of length n and consider
7 of length n + 1. Decompose m = mpt)” with m of length n leading from
Y to . If ¢ < ¢/ then the claim follows immediately from the induction
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hypothesis applied to mp. Otherwise, ¢’ must be a variable y € BoundVar(y)
bound in some its superformula ' € Y having ¢” < 6’ as an immediate
subformula.

Note that if 9 and ¢’ are <-comparable then we are done. On the one
hand, 8 < v implies ¢ < 6’ < 1) so 7 satisfies the first item (i) of the
claim. On the other hand, ¢ < 6’ implies that both v and ¢” are proper
subformulae of ¢’ € Y and 7 ends in ¢”. Thus, 7 satisfies the second item
(ii) witnessed by 6" in place of  and " in place of x.

Applying the induction hypothesis to my we get two cases.

(a) If y < 1, then ¢ and #" are both superformulae of y. Hence, they are
=-comparable and we are done.

(b) Otherwise assume 6 € Y with an immediate subformula x such that
P < 60, y < x and my passes through x. Since both 6 and 6" are
superformulae of y, they are <-comparable. If # < 6’ then we get <-
comparability of 1 and €’: ¢ < 6 < ¢’. In the remaining case 6/ < 6
implies ¥” < ¢ < 0. This means that 7 satisfies the second item (ii)
of the claim, witnessed by the same 6 and y.

This completes the proof of the claim about paths in A, so let us use it.
If £,¢ € X are =-incomparable then any two their respective immediate
subformulae ¢ and ¢’ are <-incomparable as well. Hence, the claim implies
that every path 7 from v to ¥’ must pass through an immediate subformula x
of some 6 € Y with ¢ < 6 and ¢’ < . Since £ is the immediate superformula
of 1, every proper superformula of ¢ is (not necessarily proper) superformula
of £. In particular, v < 6 implies £ < 0. Symmetrically, we get & < 6. By
=<-incomparability of £ and £ the inequalities are strict: &,& < 6. This
means that rank(x), through which = passes, is greater than both rank(1))
and rank(¢’). It follows that in order to prove that A, has countdown depth
k it suffices to decompose X into disjoint X7, ..., X such that no X; contains
a pair of <-comparable formulae. Define:

X; = {¢ € X | nesting of countdown operators in ¢ equals i}

for every 1 < i < k. This exhausts the entire X: each 1) € X begins with a
countdown operators (so the nesting is at least one) and ¢ (and hence also
its subformulae) have nesting at most k. Clearly no two formulae in X; can
be <-comparable, so this proves (1) = (2).

2) = (1)

Given a countdown automaton A of countdown depth k, we construct an
equivalent formula of 4 <°°-ML with nesting of the countdown operators at
most k. The translation A — @4 presented in Subsection 4.4.2 is not suffi-
cient: the output formula ¢ 4 is equivalent to A but can have nesting greater
than the countdown depth of A. We illustrate this issue with the following
toy example.
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Example 4.7.9. Consider the following automaton .A:

with two states 0 and 1, and 0 being the initial one. The automaton only has
e-transitions. Both states are equal to their ranks R = D = {0 < 1}, which
are nonstandard with some fixed initial counter value @ € Ord. Although the
language of the automaton is empty and can be described with the trivial
formula L, the translation from Subsection 4.4.2 gives a formula @ 4:

oA = pxo.u 1.0 0.2

The nesting of the u® operators in ¢ 4 equals 3 and is therefore greater than
the countdown depth of A (which is 2).

The reason why the formula ¢ 4 has nesting greater than the countdown
depth of A is the use of substitutions. We now introduce a refined version
A = ¢y of the translation A — ¢4 that avoids that issue. Assume the
same setting and notation as in the proof of Theorem 4.4.5. Additionally,
assume that A has countdown depth k& witnessed by the decomposition D =
D1 U ... U Dy, of its nonstandard ranks. The original construction proceeds
by induction on the ranks of A: for each r € R and ¢ € @Q we have an
appropriate formula 1, 4 so that at the end v, 4, = ¥.4 is equivalent to A.
Let us construct an enhanced ;. , as follows.

e The base case is not changed:

w[’),q = 1/}07(1
for all ¢ € Q.

e In the inductive step for rank r + 1 denote the states with rank r by
Q. For q € Qy, instead of:

o

¢r+1,q =Ty (xp)peQr-(wr,p)peQr
we take:
w;‘—‘,—l?q = ”7((; (xp)peQr,q'(w;‘,p)peQr,q

where Qr, € @, is the least set such that (i) ¢ € Q4 and (ii) for every
P, € Qp, ifp € Qrg and zy € FreeVar(l/J{n,p) then p’ € Q,4. The
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intuition is that we only take the coordinates which are reachable from
the initial g. For ¢ ¢ Q,, instead of:

Vri1,g = VrglTpr = Vritprs oo Tpg = Yrt,p,]

we take:

’ / /
wr—i—l,q = ,u;o (Y, Tsy s s x5l>‘<wr,q7 wr—&-l,sl) e w7,"+1,sd>

where x4, ...,x5, C Tgq,,..., Ty, are those variables x,, which actually
appear in ;. . meaning that x, € FreeVar(y; ), and y is a fresh
variable not used anywhere else.

We put ¢y =1y, _ .., analogously to the original construction.

Let us prove that the enhanced construction does the job: it produces a
formula equivalent to the automaton but with low nesting of the countdown
operators. Denote:

Y = {414 | rank(q) = 7}.
It is an invariant of the refined construction that for every r € R and ¢ € @,

the formula £ = w,’zq has the following properties.

1. For every 6 < & with either 6 =4/, , or § = zy € FreeVar(§) there is

.q
a path ¢ = ¢/ in A not visiting ranks greater than:

max{rank(q), rank(q'), 7 — 1}.

2. For every 6 < £ with 6 =1/, e
r<r
and the inequality is strict whenever £ € Y.

3. The formulae v, and 1 4 are equivalent.

In the above, all the equalities between formulae are understood up to iso-
morphism.

The invariant is clearly true for the base case r = 0 so consider the
inductive step for r + 1.

The Case with ¢ € Q.. Let us first inspect the situation when ¢ € @, and
thus:

§ = ¢;+1,q = 77:; ($p>p€Qr,q'(w;’,p)per‘,q'
Consider 6 < € and hence 6 < QM,p for some p € Q4.

Towards (1) for £ assume that either 6 = v, , or 6 = x4 € FreeVar(§).
By definition of Q4 there are 1y, , ..., , with p1 = ¢,pp = p and z,,,, €
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FreeVar(1;. ,.) for each i < k. Hence, (1) applied to each ¢y, gives us paths
in A:
The— The—
p1 S pa S = Dk—1 = Pk,

each without ranks greater than max{rank(p;),rank(piy1),r — 1} = r. If
0 = 1., then the composition 71...m,_1 leading from ¢ to ¢’ witnesses (1) for

¢ and 0. Otherwise 6 < ¢, and again by (1) we get a path p LN ¢ without
ranks greater than max{rank(p), rank(q’), r—1} = max{r, rank(¢’)}. Together
the paths compose into 71...m,_17 from ¢ to ¢/, therefore witnessing (1) for
& and 6.

For (2) assume § = v y. Since £ € Y we need to prove ' < r + 1.
If 0 = 4, then 7 = r'. Otherwise § < ¢/, , and 7' < r by the induction
hypothesis.

For (3) observe that 1y, , = 15 (2p)peq, (V. ,)peq, (i-e. the same as
¢;~+1,q except that with full @, and not @, 4) is equivalent to ¢4 4 thanks
to (3) applied to all 4y ,. Whenever 1)y, is reachable from the root in ¢}/, ,,
then p € Qrq. It follows that the reachable parts of ¢, ; , and ¢, , are
isomorphic and so the formulae are equivalent.

The Case with ¢ ¢ Q,. Let us have a look at the other case ¢ ¢ @, which
implies:

/ / / /
g = ¢r+1,q = M;O<y7 Tsyyeeey $Sl>-<¢r,q7 errl,slv ey ¢r+1,sd>

with zs,,...,25, = Var. N FreeVar(¢; ). Assume 6 < . Similarly to the
previous case, either 6 < 1. or § < ¢;+1,p for some x;, € Var,NFreeVar (i, ).

To prove (1) for { assume ¢ = ¢y, , or § = x4 € FreeVar({). We need
a path from ¢ to ¢’ without ranks greater than max{rank(q), rank(¢’),r}.
If o < w;,q then either § = 1, and we are done with the trivial path
m=qor ¢ <, and the induction hypothesis for 1 , gives us the desired

q = ¢'. The remaining case is when 6 < V.41, for z, € Var, NFreeVar(y; ).

Since z, is free in ;. ., (1) gives us ¢ % p with ranks not greater than
max{rank(q), rank(p),r — 1}. If & = ., , and consequently ¢' = p we

are done. Otherwise 6 < 1, , and again by (1) we get p LN q with
ranks at most max{rank(p),rank(q’),r}. Since rank(p) = r it follows that

the composition ¢ — p m ¢ has ranks at most max{rank(q), rank(¢'),r}, as
desired.

For (2) assume that 0 = ¢, ,. Since { ¢ Y, we only need v’ < r + 1.
Either 6 < ¢, or 6 < 9y, If 0 = oy or 0 = 1, , we are done.
Otherwise 6 is a proper subformula 6 < ¢/, or 6 < ¢, , and we get the
claim from the induction hypothesis or the previous case (i.e. with ¢ € @Q,),
respectively.

Towards (3) consider ¥, 1 . = Vrg[Tp, = Uyyq s Tpy = Upig ] By
the induction hypothesis, v’ 41,4 and ¢ry1,4 are equivalent. The equivalence
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of 1y , and £ follows by a straightforward analysis of the induced semantic
games (a formalist reader could invoke Proposition 2.2.2). This completes

the proof of the invariant (1), (2) and (3).

To complete the proof of the implication (2) == (1) we show that
¢’y has nesting of the countdown operators at most k. Assume towards
contradiction that there are:

01 -<92 < -~-'<9k+1 jgpl

with each 6; beginning with a countdown operator. Every subformula 6; of
¢4 beginning with a countdown operator must be isomorphic to ¢;. ., , € Y
with nonstandard r; = rank(g;). Thus, for every i < k (2) implies 7; < 7j41.
By the pigeonhole principle some r; < r; belong to the same D,,. By (1),
there is a path in A from ¢; to ¢; not visiting ranks greater than r; and 7y,
which is a contradiction.

(2) = (3)
In the proof of Theorem 4.7.4 we translated a countdown automaton A with
nonstandard ranks D = {rq,...,7} to an automaton with stacked counters
A’ storing the counter values ctr(ry),...,ctr(r;) of any counter assignment
ctr : D — Ord on its stack. The height of the stack of A’ was therefore
bounded by |D|. However, instead of keeping all the counter values on the
stack it suffices if A’ only stores the counters with non-initial values. If
A has countdown depth k, then in any its accessible configuration at most
k counters have non-initial values. As a consequence, such more succinct
representation of the counter assignments of A requires a stack of height at
most k.

(3) = ()
This case is even easier than the previous one. The translation from automa-
ton A with stacked counters to countdown automaton A’ given in the proof of
Theorem 4.7.4 does not require any modification: if A has a stack bounded by
k then the constructed A" has countdown depth at most k. This is witnessed
by the decomposition of the nonstandard ranks D = {4, ¢! | 1 < i < k} of
A’ into disjoint Dy, ..., D}, with:
D; = {t5,ty}

for all 1 < i < k. Any nonstandard rank t}g in A’ can only be visited if
the current state of the automaton remembers a stack shape of height ¢ with
P on top. Thus, every path between t% and t@ must pass through an e-
transition p 5 q in A’ corresponding to a pop-transition p mop q in A poping
the stack from height ¢ to ¢ — 1. The state ¢ is not a source of a stack-
transition in A (for it is a target of such a transition and A does not fire two
stack-transitions in a row) and so r = rank’(q) = rank(g). Since ¢ € Q"™!,

the rank r € R*~! is greater than both t’j and t@. This completes the proof
of Theorem 4.7.8. 0
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4.8 Strictness of the Countdown Complexity Hier-
archy

The three formalisms: countdown logic, countdown automata and au-
tomata with stacked counters, are equivalent. In the previous section we
introduced a measure of complexity for each: nesting of the countdown op-
erators, countdown depth and maximal height of the stack, respectively.
Theorem 4.7.8 establishes equivalence of the measures: restricting any of the
formalisms by only considering its instances of complexity k results in the
same expressive power as the restriction of any other with the same k. This
induces a natural stratification of languages into classes. Given a language
L we define its countdown complexity to be the least k < w such that L is
defined by a p<*°-ML sentence with nesting of the countdown operators k
(or oo if no sentence defines L).

Such countdown complexity is an arguably robust measure. So far we
have not shown, however, that it is substantial in the sense that the hierarchy
of languages with greater and greater complexity does not collapse. We now
prove that under mild assumptions the hierarchy is strict. For the rest of
this section assume that the only ordinal appearing in formulae is w (we will
discuss how this assumption can be weakened in Remark 4.8.4 at the end of
the section).

The existence of languages not definable in y<°°-ML is immediate: if we
restrict our attention to finite models, ©<°°-ML and p-ML have the same
expressive power and clearly not all languages of finite models are definable
in the later. The following theorem expresses the non-trivial content of the
mentioned strictness.

Theorem 4.8.1. For every k < w, there are languages of countdown com-
plexity k.

Proof. For all k, we provide examples of languages definable with countdown
nesting k + 1 but not k. In order to prove strictness, it suffices to prove it
on a restricted class of models. From now on, focus on the monomodal case
with no colors (i.e. |Act|] = 1 and Prop = )). In this setting models consist
of universe with a single binary relation. We will show that the hierarchy is
strict already on the class of transitive, linear, well-founded models. Up to
isomorphism, these are just ordinals and hence we confine our attention to
ordinal models, as defined in Definition 3.2.1 (with the special case Prop = 0)).

Since k is an induced submodel of k' whenever k < k/, we can con-
sider a single ordinal model with s big enough. For our purposes, the first
uncountable ordinal wy is sufficient.

We call a subset S C w; stable on an interval I C wq if either SN =1
or SNI = (. Sis stable above « if it is stable on the interval [o,w1). A
stabilization point of a valuation val : Var — P(wq) is the least o < wq such
that interpretations of all the variables are stable above a.
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Observe that the set [w*,w;) C [0,w;) can be defined by the following
sentence with countdown nesting k:

[wWF, w1) = [z v2ap O (N g )] (4.25)

Indeed, the semantic game can be decomposed into two alternating steps:
(i) Vdam chooses a tuple of finite ordinals (a,...,a) € w* and (i) Ive
responds with a successor in the model. Since at each step Vdam has to pick
a lexicographically smaller tuple (and he starts by picking any tuple) it is
easy to see that he wins iff the initial point is at least w*. We will show that
for all £ > 0, countdown nesting k is necessary to define this language. The
proof relies on the following lemma.

Lemma 4.8.2. For every k < w and a formula ¢ with countdown nesting
k, there erists an ordinal o, < WFL such that ¢ stabilizes oy, above the
valuation, meaning that for every valuation val stabilizing at 3, [¢]¥® is
stable above 3 + av,.

From this the theorem follows immediately, as the sentence ¢ has no free
variables and thus it stabilizes at a, < wk*! regardless of the valuation.
Hence, let us prove the lemma.

Proof. We start with the following proposition.

Proposition 4.8.3. For every countdown formula o there is a finite constant
t, < w such that for every valuation val stable above K, in the part [k,w1) of
the model above K, ¢ changes its truth value at most t, times.

Proof. Since without loss of generality the formula is guarded (see Proposi-
tion 4.5.3), by Proposition 4.5.4 we may assume that in the semantic game
Jve always uses a pre-modally counter-independent strategy. But the num-
ber z of possible pre-modal components for such strategies is finite, so if
¢ changed its value more than ¢, = 2z + 1 times above x, there would be
k < a < ¢ < B such that dve wins from « and 8 with the same pre-modal
component, but loses from ( in between, which is impossible by Proposi-
tion 4.5.6. O

We prove Lemma 4.8.2 by induction on the complexity of the formula ¢.
The base case is immediate, as for every « € Var it suffices to take o, = 0. For
propositional connectives and modal operators we take oy vy, = Qi agy =
max(auy, , Ay ) and oy = apy = oy + 1. The remaining non-trivial cases
are countdown and fixpoint operators.

e Assume ¢ = 1¥Z.Y) with T = (z1,...,24) and ¢ = (1, s ¢a). Let
® = {01,...,6;} be the set of all maximal subformulae of 1) not using
any variable from T. For each 6, pick a fresh variable yg and put:

P = 501 — o, -0 — yo,]
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i.e. starting from the root 1;, we replace every subformula ¢ that
has no variables from Z with a fresh variable yp.2 Observe that 1; =
Tb}[ygl — 91...y9l — 91], SO:

Tl‘ff-@ = (ﬁfT-W) (o, — 01...y0, — 6;].

Note that if ¢ has countdown nesting at most k then each 1/1} and each 6
has countdown nesting less than k. Thus, by the induction hypothesis
there exist e < wk and ap < WF s.t. w; and 6 stabilize Q! and ay

above the valuation, respectively. Denote oy = max{awfl, e a%}.

For m < w, consider the m-th unfolding given by w;o = x; and w;m“ =
Yilz1 = Y™ xq = "] 1t follows by a straightforward induction on
m that each w}m is stable gy X m above the valuation. Moreover, for
any valuation val we have:

[570] = Up o D™ and ] = ([T

SO n‘;’TW is stable Qg X W above the valuation. Finally, we obtain that

0= (UZJEW) [61 — yo,...00 — yp,] is stable a,, above valuation with:
ap = max{ag,, ..., ag,} + oz X w.

k+1 k+1

Since o Xw < w and for each 6, ag < wF it follows that ap, <w

e Assume ¢ = 7.9 with T = (z1,...,24) and ¥ = (1, ...,14). Note
that we give a proof for the general, vectorial case. Although n* is
a fixpoint operator and so it could be replaced with scalar ones using
the Beki¢ principle (2.9), such rewriting could increase the nesting of
the countdown operators.

The countdown nesting of each 1); is not greater than that of ¢. For
each j <d, let tyeogy < W be the constant from Proposition 4.8.3 and
.

Qy; < wkt1 the constant that exists by the inductive hypothesis. Put

o = maxj<a(ay, ), tmax = maxjgd(tn;%@). We define:

Qp = Qg X tmax X d.

k+1

Clearly a, < wk+1, as ay <w and tmax < w. It therefore suffices to

show that [¢]"?' stabilizes above av, above val. Define the valuation:

_ —val __ —val
val, = vallzy = T . xg = 0T ]

2Recall that we do not identify isomorphic subformulae, and so there are no substitu-
tions inside the 0’s. In particular, the order of substitutions does not matter.
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and let x be the stabilization point of val. It suffices to prove that val,
is stable above k 4+ aw,. For y not in Z, val(y) and thus also val,(y) is
already stable above x. For j < d, val,(x;) changes value above & at
most tmax times. Together this means that val, changes its value at
most tmax X d times above k.

On the other hand, if val, does not change its value for at least o
steps, it remains stable forever, i.e. if for some Kk < a < w; we have
that val, is stable on the interval [a, v + a5, then it is stable on the
entire [a,wy) (i.e. stable above «). Once we prove this, correctness of
ay, follows: after at most tmax X d blocks, each of length at most g
the valuation val, stabilizes.

Assume that valy, is stable on [a, o + ag]. We prove:

val,, is stable on [a, 8) = val,, is stable on |[a, f] (4.26)
for all g > a+ag. Given the above, we get by induction on § > a+toy
that val, is stable on [a, 3).

Since ay; < g, the semantics [;]v2% is stable oy over val,. Since
modal formulae do not look backwards, we can strengthen this:

valy, is stable on [, 3] = [1;]"*' is stable on [o + oz, Bl

for every 8 > «a + az. Moreover, since all T are guarded in 1; and
for y ¢ T the valuation val,(y) is stable already above k < «, we can
further strengthen the implication by weakening the premise:

val, is stable on [a, B) = [1;]"*' is stable on [o + o, B.
for every > a + oy For each j < d we have:
valy(z;) = [[n?of.m]va'

= [z ]
= [y,

The first equality is the definition of val,. The second one follows from
the observation that the valuation for T is irrelevant for the semantics
of 1n;°Z.1p. The third one is due to n° being a fixpoint operator.

Combining the equality and the last implication we get:
valy(z;) is stable on [, 8) = valy(z;) is stable on [o + oy, B].

for all 3 > a+ag;. Since [, B) and [oz+o%, ] overlap, stability on both
implies stability on their union [a, 5]. Because x; above is arbitrary
and val,(y) is already stable above a for y ¢ T we obtain (4.26).
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This finishes the proof of Lemma 4.8.2 and Theorem 4.8.1. O
O

Remark 4.8.4. Above we assumed that the only ordinal appearing in for-
mulae is w. However, the proof works under a weaker assumption: there is a
maximal ordinal « used in formulae and this « is additively indecomposable
(meaning that if 8,3 < « then § + 8’ < «). Every cardinal number is
additively indecomposable. Another example could be w* for natural k.

4.9 Decidability Issues

In this section we discuss decidability issues in the countdown p-calculus.
Note that in a finite model every monotone map reaches its fixpoints in
finitely many steps. Hence, if we replace every n¢ in ¢ with °° and denote
the resulting formula by ¢, then in every finite model [¢] = [¢*]. Tt
immediately follows that:

Proposition 4.9.1. The model checking problem for the pu<~°°-ML, i.e. the
problem: “Given ¢ € p~°-ML and a point m in a (finite) model M, does
m = @ ?” is decidable.

Note that as a corollary we get that deciding the winner of a given (finite)
countdown game G is also decidable, as the set of positions where Jve wins
can be easily defined in p<°°-ML.

A more interesting problem is satisfiability: “Given ¢ € p<~°-ML, is
there a model M and a point m such that m = ¢7”. Satisfiability is closely
related to walidity, the question whether a given formula is satisfied in all
models. A formula is satisfiable iff its negation is not valid. We conjecture
that satisfiability (and therefore also validity) is decidable for the full logic.

Conjecture 4.9.2. The satisfiability problem for ~°°-ML is decidable.

Conjecture 4.9.2 seems challenging. For now, we present some of its
special cases.

Proposition 4.9.3. A formula ¢ € p=~°°-ML has positive countdown if it
does not use v* with a # 0o. The satisfiability problem is decidable for such
formulae.

Proof. Observe that for ¢ with positive countdown, in every model we have
[#] € [¢*]. Hence, if ¢ is satisfiable, then so is ¢t. But since u-ML has a
finite model property, this means that ¢ has a finite model, where ¢t and
¢ are equivalent. Thus, ¢ is satisfiable iff ¢t is, and the problem reduces to
u-ML satisfiability. O
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The negation of a formula with positive countdown has negative count-
down, i.e. « = oo for every u®. Thus, dualizing the above we get that the
validity problem is decidable for such formulae.

The finite model property of positive formulae makes the satisfiability
problem easier to solve but also less interesting. On the contrary, Exam-
ple 4.2.4 demonstrates that formulae using v* with a # oo lack the finite
model property. The next subsection is devoted to solving a fragment of the
logic that allows for some negative countdown: the Biichi fragment.

4.9.1 Biichi Countdown Automata over Infinite Words

In the classical setting (as found in [25]), a simple parity game or au-
tomaton is called Biichi if it has only two ranks 73 < 77, the most important
7 belonging to Ydam and the other 73 belonging to Ive. We extend that
definition directly to the countdown setting. We call a countdown game or
a countdown automaton Biichi if they have only two such ranks r3 < 7.

We solve the satisfiability problem for Biichi countdown automata over
infinite words (seen as monomodal models the same way as in Example 4.2.5).
The case when ry is standard is already covered by Proposition 4.9.3. We
therefore only consider the case when " is nonstandard. Moreover, for
simplicity we assume that the initial counter value for 7V equals w. On the
other hand, the next remark says that in the case of infinite words it does
not matter if 7 is standard or not. Hence, for the sake of simpler notation
we assume that 73 is standard.

Remark 4.9.4. If the models under consideration are finitely branching, so
are the arenas of the corresponding semantic games. In such case it does not
matter whether r7 is standard or not so we assume it is standard.

To see that standardness of 77 does not matter we show that if Jve
has a winning strategy o with standard r” then she may use this o to win
in the harder case with nonstandard 3. Without loosing generality, o is
configurational (i.e. dictates the same move after plays leading to the same
configuration). This implies that in any o-reachable configuration v there is
a finite bound k, < w on the lengths of o-plays from ~ that only contain =
but not V. Otherwise, the tree of all such plays would be an infinite but
finitely branching tree and so by Koénig’s Lemma it would contain an infinite
o-play containing only 72, which contradicts that ¢ is winning from .

Using these bounds k., dve may win in the harder case with nonstandard
r3: she makes the same positional moves as originally and whenever in a
configuration + she needs to pick a value for the counter corresponding to r>
she chooses k.

Satisfiability of Biichi automata over infinite words is the most technically
involved special case for which we managed to prove Conjecture 4.9.2.
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Theorem 4.9.5. The satisfiability problem for countdown Biichi automata
over infinite words is decidable.

Proof. In [8] the author introduce a fragment of the MSO + U logic called S-
formulae. This is the least subset of MSO + U containing all MSO formulae
and closed under V, A, 3,V and U. The satisfiability problem for S-formulae
over infinite words is decidable [9]. Therefore, Theorem 4.9.5 follows from
the following proposition.

Proposition 4.9.6. Fvery language of infinite words recognized by a Biichi
countdown automaton A is recognized by an S-formula computable from A.

We will first show some useful properties of the Biichi countdown games.
We start with a limited form of positionality. Since there is only one non-
standard rank, we simplify the notation and identify the counter assignment
ctr : {r"} — Ord with the only value ctr(r¥). For every ordinal a, denote
the set of all the winning configurations with counter value at most a by
Conf,. The next proposition says that positional strategies are sufficient
against finite counter values.

Proposition 4.9.7. Assume a Biichi countdown game. For every a < w
there is a positional strateqy o for Jve winning from every configuration in

Conf,,.

Proof. Fix a < w and let ¢ be a configurational strategy winning from every
winning configuration. We construct a positional o, winning from every
configuration in Conf,. For every position v appearing in some configuration
in Conf, consider all the counter values § such that (v,f,psn) € Conf,.
No such S is greater than « and so for each v there must be the greatest
By < a. Then, 04(v) = o(v, By, psn), i.e. in v Ive assumes the worst possible
scenario. Such o, is well-defined and always dictates legal moves, because all
the configurations reachable from Conf, by a o,-play belong to Conf,. This
is because 7 is the most important rank and so the counter never increases
and in particular never gets bigger than a. Hence, no finite o,-play is lost
by Jve.

It remains to prove that she also wins every infinite o,-play 7. By well-
foundedness of w and since the counter never increases, after some finite
prefix mg of m the counter does not change at all. This implies that after
that prefix the worst possible values 3, , Bu,, ... for the consecutive remaining
positions v, vy, ... of m can only get bigger but not smaller. But these values
are never greater than «, so from some moment they are constant. However,
this implies that from some moment 7 is actually consistent with o. Since
the later is winning, the parity condition is satisfied and so dve wins 7. [

Given a Biichi countdown game, Proposition 4.9.7 gives dve an infinite
sequence of positional strategies winning against greater and greater finite
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counter values. Although the sequence is infinite and so cannot be directly
encoded as a finite labelling of the input, we use it to construct a finitary
witness for dve’s victory.

Definition 4.9.8. Assume a semantic game induced by a Biichi countdown
automaton over input word w € 3. A wictory witnessing quadruple consists
of a pair of positional strategies o,, and o, a sequence Iy < I} < ... = [ of
indices in w and a subset W C V of positions such that:

1. If v € W then either: v € Vi and all its successor positions E(v) are
in W; or v € V5, 0(v) is defined and belongs to W.

2. For every maximal o,-play starting from a position in W with index
l;: before reaching index [;;1 the play either reaches Vdam’s deadlock
or visits ¥ more than i times.

Such quadruples witnesses that Jve wins from W against all finite counter
values.

Proposition 4.9.9. Let 0,,,000,1,W be a victory witnessing quadruple in
G(A) for w. For every v € W and counter value a < w, Jve wins from
(v, a, cdn).

Proof. Let i be the least number such that the index of v is not greater
than /;. Jve wins as follows. First, until reaching the index j = max(k, «),
play according to 0. The first item (1) guarantees that this way Jve does
not loose and all the visited positions belong to W. Then, upon reaching
index j, switch to o,. Thanks to the second item (2), the rest of the play
is guaranteed either to pass through 7V more than j > « times or to reach
Vdam’s deadlock. In either case, dve wins. O

The key fact is that the existence of an appropriate quadruple is not only
sufficient but also necessary for Jve to win from a given v against all a < w.
There exists a universal witness for all such positions.

Proposition 4.9.10. Assume a game G(A) for w as before. There exists a
victory witnessing quadruple oy, 0so, [, W such that v € W iff Jve wins from
(v, a, cdn) for every a < w.

Proof. Given W from which Jve wins against all finite counter values, we
construct appropriate o,,, 0o, and . Let S = (04)a<w be the infinite sequence
of better and better positional strategies given by Proposition 4.9.7, with o,
winning against counter value « (and thus also against all the smaller counter
values) whenever possible. Observe that if we take any infinite subsequence
S’ of S then it also does the job: for every counter value « it contains a
strategy og with 8 > a.

A positional strategy for Jve is a partial map o : V3 — V U {undefined}
from positions controlled by dve to positions, subject to some conditions.
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If the arena is finitely-branching we can always take a subsequence S’ of S
convergent to a limit strateqy 0. In abstract terms, this means that we view
the set of all strategies as a topological space (with the standard, product
topology on functions) and derive its compactness from finite branching of
the arena. Explicitly, convergence means that for every finite V5 C V, all but
finitely many strategies in the sequence agree with oo, on V. Be warned that
although the limit strategy is well-defined, it does not have to be winning:
infinite plays may be lost. Nonetheless, the set W together with o, satisfy
the first condition (1) from the definition.

The other strategy o, and sequence [ are defined inductively. In the i-th
step we want to have bounds [y < ... < I; and the part of o, on positions
before I; (i.e. positions belonging to [0,1;) x @ C V') so that (2) is true for all
j < i. We start with g = 0 and o,, undefined everywhere. Assume bounds
lp < ... < l; and the part of g, on positions before ;. We define [;;1 and the
behavior of o, on [l;,l;4+1). Consider all o;-plays starting in a position in W
with index [;. Every such play m is won if the counter starts with value at
most 7. This means that m ends with either i + 1-st visit to »¥ or Vdam’s
deadlock. Moreover, there must be a uniform bound [ < w on the length
of all such plays. Without such a bound, by the pigeonhole principle there
would be a single position v in which arbitrarily long such plays originate.
This would imply that the tree of all g;-plays starting at v is infinite and
finitely branching (the latter follows from finite branching of the arena) and
so by K6nig’s Lemma contains an infinite o;-play starting at v. This is not
possible because Jve looses all such plays and the strategy o; wins against
counter value i. Hence, putting ;41 = l; + [ and defining o, on [l;,l;1+1) to
be equal to o;, we get our goal. O

The phase of a Biichi countdown game before the first visit to 77 is
a simple reachability game: the counter has value w and Jve wins iff she
manages to arrive at a position of rank r¥ from which she wins against all
finite counter values. It follows from Propositions 4.9.9 and 4.9.10 that she
wins from v; (against the initial counter value w) iff there exist o7, 0w, 000, |
and W such that (i) oy, 00,1, W is a victory witnessing quadruple and (ii)
o1 is a positional strategy in the simple reachability game obtained from the
original G(A) by replacing W N rank™! (") and (V — W) Nrank ™! (r") with
positions where Jve immediately wins and looses, respectively.

Positional strategies o7, 0y, 0o, sets of positions W and indices I can be
encoded in a straightforward way as subsets of the universe (the number of
sets required to encode each object may be greater than one but depends only
on A and is fixed). Moreover the second condition (2) from the definition of a
victory witnessing quadruple is equivalent to saying that: for every sequence
m, 1, ... of o,-plays, with each m; starting from W with index [;, maximal
within interval [l;,[;+1) and not ending in Vdam’s deadlock, the numbers of
visits to 77 in each m; are unbounded. Such sequence 7T can be encoded as a
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single positional strategy for Vdam. Hence, the fact that Fve wins the game
can be described by an S-formula of shape:

3x,...3x,, Yy, Yy, Uz

with ¢ being a plain MSO formula (with no U). This completes the proof of
Proposition 4.9.6 and therefore also Theorem 4.9.5. O
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Chapter 5

Conclusions

We investigated logics invariant under bisimulation.

Bisimulation-invariant Mlodel Theory. We looked at the classical model-
theoretic questions for theories expressed in modal logic. We characterized
bisimulational categoricity of modal theories over various classes of models.
All the obtained characterizations are simple and essentially equate bisimula-
tional categoricity with existence of an image-finite model for the theory. The
proofs, however, require different arguments and the presented counterexam-
ples show that the results cannot be easily generalized to a metatheorem.
This suggests several directions for further research.

1. Find a list of reasonable conditions and prove a metatheorem captur-
ing bisimulational categoricity over classes of models satisfying these
conditions. A good starting point could be to look at classes that
are FO-axiomatizable. Although our counterexamples show that this
condition is not sufficient, it helps a lot because it guarantees the exis-
tence of models that realize limit behaviors. The key difficulty is then
to construct models omitting such a limit behavior.

2. Find characterizations for chosen classes of interest. This is especially
challenging for classes that are not FO-axiomatizable and consequently
ML need not be compact, which in turn makes the very existence of
limit behaviors nontrivial. Nonetheless, the example of ordinal models
Cordq shows that in some cases difficulties can be overcome.

3. Investigate bisimulational categoricity for bisimulation-invariant logics
other than ML, for instance u-ML. Since such logics are rarely com-
pact even over arbitrary models, this leads to difficulties similar to the
ones mentioned in the previous item. Again, this is challenging but
not completely hopeless. For instance, one can use a game-theoretic
analysis to show that over Co.q logics ML and u-ML are equivalent.
Hence, over this class bisimulational categoricity for u-ML is the same
as for the already tamed ML.

The above questions concern bisimulational categoricity, the topic we inves-
tigated the most in the model-theoretic part of this dissertation. However,
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bisimulation-invariant model theory is not limited to bisimulational cate-
goricity. Results such as compactness of ML (with finite signature) over Coq
show that there are many other areas awaiting exploration.

Countdown p-calculus. We introduced and investigated the countdown
p-calculus p<*°-ML. We extended the classical (effective) correspondence
between logic games and automata by introducing countdown games and
automata together with appropriate translations. The connection helped us
to establish several facts. Some of these generalize the classical results. For
example, formulae of ©<*°-ML can be always rewritten to a guarded form,
and greater nesting of the countdown operators leads to a greater expressive
power.

On the other hand, some things differ from the classical case. The vec-
torial variant of the calculus is more expressive than its scalar fragment.
Moreover, our new games are not positional (or even memory-finite) and
since the definable languages are provably not closed under projections no
simple nondeterministic automata can match the logic. Because of this, we
cannot simply use standard techniques and the conjecture:

Conjecture 4.9.2. The satisfiability problem for uy<°°-ML is decidable.

is left open. Nevertheless, our automata model allows us to prove the con-
jecture for some special cases. The most advanced one is the satisfiability of
the Biichi fragment over infinite words.

Apart from decidability, the relations between p<°°-ML and different
logics deserve a deeper study. An interesting (although not included in this
dissertation nor published) result identifies the fragment of p-ML without
nesting of the countdown operators with a certain multi-valued modal fix-
point logic. The natural comparison with other (un)boundedness-related
logics: (fragments of ) MSO + U, WMSO + U and cost logics, is less straight-
forward than it could seem and requires further study.

Another question is whether our results generalize to structures of differ-
ent type than a Kripke model: ordered trees, weighted graphs etc. Here the
answer is simple and positive: under mild assumptions the results generalize.
This can be formally expressed using category-theoretic notion of a coalge-
bra, which offers a uniform point of view on such structures of various types.
The classical logic and automata have been successfully lifted to the coalge-
braic setting (see e.g. [36]). Interestingly, this extension of type turns out to
be orthogonal to our lifting of the classical constructions to the countdown
setting. The combination of these two extensions into coalgebraic countdown
logic and automata does not require any new ideas. In particular, nearly the
entire Chapter 4 could be rewritten into the coalgebraic framework.

Finally, due to the abstract nature of the countdown operators they are
well-defined in every complete lattice. Since complete lattices and fixpoints
are ubiquitous in logic and computer science, this opens a wide range of new,
possibly fruitful directions for research.
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