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Abstract

We present the border apolarity for cactus varieties to Veronese varieties. The
border apolarity technique was introduced in our earlier work for secant varieties
to any smooth toric projective varieties. These working notes are provided as a
temporary reference for other authors, while we are writting the details of the gen-
eralisation to any toric variety.
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1 Introduction

Let k be any algebraically closed base field. Fix a finite dimensional vector space V over k,
and pick a finite subscheme R C PV of length R. Assume in addition that R is in a linearly
nondegererate position, that is, its linear span (R) has maximal possible dimension:
min {r, dim SdV}. Let I(R) C S°V* be its homogeneous ideal, and let h : Z — N
be the Hilbert function of I, h(d) := dim(S*V*/I(R))q.

For every non-negative integer r we define an integer valued function A, : Z — N:

h,(i) = min(r, dim S*V*).
Then it is well known that the function h as above satisfies the following conditions:
(i

) h(1) = min{r,dim V} = h,.(1),

(i) A(d) < hy(d+ 1),

(iii) if A(d) = h(d+ 1), then h(e) = r for all e > d,
) h

(iv) h(d+1) < h(d)'D,
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(v) h(d) < h,(d) for all d.

Denote by SV the space of divided power polynomials of degree d in dim V-variables
and coefficients in k. Consider the Veronese embedding vy: PV — P(S4V). For W C SV
a linear subspace of dimension ¢ define The cactus rank of W to be the minimal number
r = cr(W) such that W C (vy(R)) for a subscheme R C PV of length r. The Grassmann
cactus variety is the following Zariski closure in the Grassmannian Gr(i, S4V):

Rri (0a(PV)) == J{W € Gr(, 54V | er(W) < r}.

The border cactus rank ber(W) of W is the minimal number r such that W € K, ; (vq(PV)).
In this note we present the proof of the following characterisations of the border cactus
rank.

Theorem 1.1 (Weak Apolarity for Border Cactus Decompositions, or weak ABCD).
Suppose W C SV If ber(W) < r then there exists a homogeneous ideal I C S*V* with
Hilbert function h satisfying Properties (i)-(v), such that I C Ann(W). Moreover if:

o char(k) #2,3 and r <8, or
o dimW =1 and r < 14 and either:

— char(k) =0 or
— char(k) # 2,3 and dim V' < 6,

then I can be chosen to have Hilbert function h,.

The above theorem is a consequence of stronger Theorem 1.3, which is an “if and
only if” statement. The argument is presented in Section 6. we phrase below. For this
purpose, we compare the multigraded Hilbert scheme Hilb(S*V*) and the usual Hilbert
scheme Hilb(PV).

Proposition 1.2. For each irreducible component H C Hilb(PV') there is a unique irre-
ducible component Hy C Hilb(S*V*) such that:

e a general ideal I € Hy is saturated,

o the natural map sat: Hilb(S*V*) — Hilb(PV') taking a homogeneous ideal I C S*V*
to the subscheme of projective space defined by I restricts to a birational morphism
of reduced subschemes (Hy), .4 — Hred-

The proof is in Section 5.

For each H as in the proposition, there is an integer valued function hy: Z — N
which is the Hilbert function of any I € Hy. Note that if H is a component of the
Hilbert scheme of points of length r, then hy, satisfies the properties (i)—(v).

Theorem 1.3 (Apolarity for Border Cactus Decompositions, or ABCD). Suppose W C
SV . Then ber(W) < r if and only if for some irreducible component H C Hilb,(PV) of
the Hilbert scheme of points of length r there exists a homogeneous ideal I C S*V* with
I € Hy and I C Ann(W). Moreover, if dimW = 1, then H might be chosen to be a
component containing Gorenstein schemes.

The proof is in Section 6.



2 Binomial coefficients as a polynomial

Let d,n be two integers with n > 0. We consider the usual binomial coefficients (Z) of
integer with the following standard convention:

(d)_ oy ifd>m,
n) )0 if d < n.

We also define a polynomial (") € Q[t] in the usual way:

(t+d) _t+d)t+d—1)---(t+d—n+1)
T n!

n

That is, if S = S*V* = k[zo, ..., r,] with the standard grading, then the value of the
Hilbert function of S(d) at 4 is (“"**"), while its Hilbert polynomial is (****).

Lemma 2.1. The value of the polynomial (tfld) at to € 7 agrees with (to::d) iof and only
if to > —d.

Proof. If ty > n — d, then the two definition clearly agree. If —d <ty < n — d, then one
of (t+d),(t+d—1),...,(t+d—n+ 1) vanishes at to, hence again the two definitions
agree. Finally, if ty < —d, then the polynomial does not vanish (we have already seen all
the n roots), thus it is different than the integer binomial coefficeint. ]

Lemma 2.2. Let M be a finitely generated graded module over S and let D be an integer.
If the only summands in the terms of the minimal free resolution of M are of the form
S(d) for some d > —D — n, then the value of Hilbert polynomial of M at ty agrees with
the value of Hilbert function of M at ty for all to > D .

Proof. The value of Hilbert function of M is calculated by addding (with signs) the
Hilbert functions of S(d) appearing in the minimal free resolution, while its polynomial
is obtained in the same way from the Hilbert polynomials of S(d). Since the Hilbert
polynomial of S(d) is equal to (t+i+”), and tg > D > —d — n, the claim follows from
Lemma 2.1. O

Lemma 2.3. Suppose M is a D-reqular graded S module. Then the value of Hilbert
polynomial of M at ty agrees with the value of Hilbert function of M at ty for all tg > D.

Proof. By Eisenbud-Goto Theorem [BH93, Thm 4.3.1(a),(c)] M>p has a linear minimal
free resolution. By Hilbert Syzygy Theorem [Eise95, Thm 1.13| the length of the minimal
free resolution is at most n+1, and by its linearity satisifies the assumption of Lemma 2.2.
Therefore, the value of Hilbert polynomial of M at ¢y agrees with the value of Hilbert
function of M at ty for all ty > D, as claimed. O

Now we work with homogeneous ideals I C S as the graded modules over S. Let P(I)
be the Hilbert polynomial of S/I. Gotzmann regularity theorem [Gree98, Thm 3.11]:

PI)(t) = (t Zchl) + (t * 222_ 1) R (H @ ;f‘s B 1>), (2.4)

where a1 > as > --- > a, > 0. Moreover, if [ is saturated, then [ is s regular. Neverthe-
less, note that:



(a) All saturated homogeneous ideals with Hilbert polynomial P(I) are s-regular.

(b) Some saturated homogeneous ideals with Hilbert polynomial P(I) could be D-
regular for D < s.

(¢) Some non-saturated homogeneous ideals with Hilbert polynomial P(I) could be
D-regular only starting from some D > s.

Lemma 2.5. Suppose a homogeneous ideal I C S is D-reqular and s,as are defined as
above. Then the growth of I from Iy to 1441 is minimal possible for all d > max(D,s —
1 — ay), that is:

dim(S/1) 441 = (dim(S/1)g)" .

Proof. Write the Hilbert polynomial P(I) of S/ in the binomial presentation as in (2.4).
If d > s—1—as, then also d > i —1—a, for all i. Therefore P(I)(d) = (dtlzn) + (dtl“f;l) +
cee (d+§5_;5f;1)) by Lemma 2.1. Thus for all such d we have P(I)(d + 1) = P(I)(d)?.
On the other hand, if d > D, then we also have h(I)(d) = P(I)(d) by Lemma 2.2.
Since the ideal is generated in degrees at most D by Eisenbud-Goto Theorem [BH93,

Thm 4.3.1(a),(c)] the claim follows from Gotzmann persistence theorem. O

3 Saturation is an open property

For a homogeneous ideal I C S*V*, let:
Z(I) C P(V) be the scheme defined by 1,

Tz(1y C Op(vy be the ideal sheaf of Z(I),

I** be the saturation of I,

e 1 (I) be the Hilbert function of S*V*/I** so that

B (1)(d) = (n§d> — dimHO(IZ([)(d))u

P(I) be the Hilbert polynomial of S*V*/I, so that P(I)(d) = h**(I)(d) for large
values of d.

Lemma 3.1. A homogeneous ideal I C S°V* 1is saturated if and only if diml; =
dim H(Zz(1)(d)) for all integers d.

Proof. Since H*(Zzp)(d)) = (I**)4 and I C I**" we have
I =T < VI, = H(Zz1(d)) < VedimI; = dim H*(Zz(d)).
0

Lemma 3.2. Let P be an integer valued polynomial. Then there exists a finite number
D such that for all homogeneous ideals I C S*V* with P(I) = P the ideal I is saturated
if and only if dim I; = dim H°(Zz(1)(d)) for all integers 0 < d < D.
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Proof. 1f there is no homogeneous ideal with Hilbert polynomial P, then there is nothing
to prove. Otherwise, let D be the Gotzmann’s regularity of P, so that all saturated
homogeneous ideals with Hilbert polynomial P are D-regular [BH93, Thm 4.3.2]. If I is
saturated, then the claim follows from Lemma 3.1.

Conversely, suppose dimI; = dim H(Zy(;)(d)) for all integers 0 < d < D. Then
(I=*%)y = I, for all d < D. Since I*** is D-regular, By [BH93, Thm 4.3.1(a), (c)| the
minimal generators of I3 only appear in degrees at most D. In particular, I has no
minimal generators in degree D. Also, by Lemma 2.5, the saturated ideal I*® has a
minimal growth for all d > D. Thus, by induction starting from d = D, and Macaulay
growth theorem we show that dim I; = dim(7**), for all d > D:

dim(S*V* /T 41 < dim (S*V*/1),,, < (dim(S*V*/1))"?
— (dim(S°V*/T*),)"" = dim(S*V* /™) ;.

This concludes the proof by Lemma 3.1. O

Fix h: Z — N, an integer valued function and a vector space V. Consider the multi-
graded Hilbert scheme Hilb, S*V* of homogeneous ideals in S*V* with Hilbert function
h. The main result of this section is:

Proposition 3.3. The subset of Hilby, S*V* consisting of saturated ideals is Zariski open.

Proof. We fix an irreducible component H C (Hilb, S*V*)_, (in particular, H is reduced
and connected). It is enough to prove that the set of saturated ideals in H is Zariski open
in H. If there is no saturated ideal in H, then the set is empty, in particular open. Thus
suppose Iy € H is a saturated ideal, and let P be the Hilbert polynomial of Z(I,). Note
that P is the Hilbert polynomial of every ideal in H, as all ideals have the same Hilbert
function and the Hilbert polynomial is determined by the Hilbert function.

Let J C Og ® S*V* be the universal (homogeneous) ideal sheaf arising from the
definition of the multigraded Hilbert scheme. That is, for each I € H, if m; C Oy is the
maximal ideal of I, then the ideal I C S*V* is equal to

j@(’)H OH/m[ C OH/m[ ® S°V*=8°V*,

Then J defines a subscheme R C H x PV, which is flat over H by [Hart77, Thm I11.9.9).
Denote by Zr C Ouxpy = Ou ® Opy the ideal sheaf of R. For each I € H we can recover
It from Zy:

(I**)a = H(Zr(d) @0y (On/mr))

for any integer d. But the dimension of the right hand side is upper semicontinuous in /
by [Hart77, Thm II1.12.8]. That is, for each integer d, the subset W; C H defined as:

Wy = {I € H|dim(S*V*/I**"); < h(d)}

is Zariski closed.

To complete the proof we use Lemma 3.2, by which the set of saturated ideals in H
is the complement of the union of W, for all finitely many values of d. In particular, this
set is open. ]



4 Generic Hilbert functions

Consider the ordinary Hilbert scheme Hilb(PV'). For each irreducible component H C
Hilb(PV') define a function hy: Z — N by

hg(d) = max { (‘H ”> —dimI(R)4 | R € ’H} .

n
We call hy the generic Hilbert function of H.
Lemma 4.1. The subset of H defined as:

U" :={R € H | Vaez dim (S°V*/I(R)), = hu(d)}
18 Zariski open and dense.

Proof. If dimH = 0, then the claim is clear.

Otherwise, we mimic the proof of Proposition 3.3. Denote by R C H x PV the
universal subscheme, and by Zr C Oy xpy = Ox @ Opy the ideal sheaf of R. Note Zy is
flat over H, so also the twist Zr(d) is flat for all integers d. For R € H, let mr C Oy be
the maximal ideal sheaf of R.

The semicontinuity theorem [Hart77, Thm I11.12.8] implies that

dim H° (Zr(d) ®o,, (Ox/mp)) = dim I(R),

is upper semicontinuous in R. Therefore, for each integer d, the subset W; C H defined
as:
Wy ={R € H|dim(S*V*/I(R))q < hy(d)}

is Zariski closed. Moreover, W, # H by the definition of hy.

Finally, by Lemma 2.5 there is an integer D, such that the union of Wy is equal to
Uf:o Wp, thus it is also Zariski closed and not equal to H, since dim H > 0. By definition,
Uz/™ is the complement of the union of all W, thus it is open and dense, as claimed. [

Lemma 4.2. Suppose i1: R — PV is an embedding of a finite scheme of length r. Then
there is an embedding is: R — PV such that dim(V*/I(i2(R))1) = min {r,dim V'}.

Proof. First there is always a concisely independent embedding i3: R — P"~! with
I(i3(R)); = 0 |[BBKT15, pp 702-703|. This is obtained by the embedding R = Spec A
into PA, or equivalently, by the trivial line bundle O, which is very ample. If dim V' > r,
then iy is a composition of i3 with a linear embedding P"~! C PV.

Suppose dim V' < r. Let £, (i2(R)) C P"! be the second cactus variety of R, that is
the finite union of the (projective) Zariski tangent spaces of R at each point and the secant
lines connecting the any two points of support of R. Note that dim K, (i3(R)) < dim PV
indeed, since 7; is an embedding of R into PV, each tangent space must be at most dim PV
dimensional. Also each secant line is one dimensional, and there are any secant lines only
if there are at least two distinct points of support, which is possible only if dim PV > 1.

Pick a linear projection P"~! --» PV. By standard arguments, such as in [Hart77,
Prop. IV.3.4], if the center of the projection does not intersect Ks (i3(R)), then the com-
position of i3 and the projection is still an embedding. Moreover, in such a case the linear
span of this new embedding is PV. Clearly, by the dimension count, we can pick the
linear projection satisfying the above property. O



Lemma 4.3. Suppose i1 and 1o are two embeddings of the same finite scheme R — PV.
Then i1(R) and is(R) are in the same component of the Hilbert scheme Hilb,.(PV'), where
r = length R

Proof. Pick a basis {ay,...,a,} of V* = H°(Opy(1)). Pulling the basis back to R using
i1 and iy, we obtain two collections, {ifa,...,i{a,} and {ijap, ..., i5a,}, of sections
of the trivial line bundle O ~ #;Opy (1) ~=~ i3Opy(1). Consider the P!-parametrised
family of maps R — PV determined by

{s-ijag+t-i5ap,...,s 1ja, +t-ija,},

where s,t are coordinated on P!. Generically, this is an embedding, and thus we obtain
a flat family of subschemes of PV paramerised by an open dense subset of P!. This
family demonstrates that i; and 75 are in the same component of the Hilbert scheme, as
claimed. O]

Proposition 4.4. Suppose H C Hilb.(PV) is an irreducible component of the Hilbert
scheme of finite subschemes of length r. Then hy satisifies the properties (i)—(v) of
page 1.

Proof. Ttems (ii), (iii), (iv), (v) follow from Lemma 4.1, since hy is a Hilbert function of
a saturated ideal of a finite scheme of length 7.

To see that (i) holds, take a general element R € H. By the generality, H is the
unique component of Hilb,.(PV) containing R. By Lemma 4.2, we can reembed R into
PV in a linearly nondegererate way. By Lemma 4.3 both embeddings are in the same
component, that is H. It follows that hy (1) > min {r,dim V'}, then by (v) we must have
the equality. O]

FEzample 4.5. If H C Hilb,.(PV) is the smoothable component, then hy = h,..

Proof. Since the base field k is algebraically closed, it is infinite, hence for each d there is
an embedding of a collection of r distinct points R, such that vy(R) is in linearly general
position. ]

Ezxample 4.6. If r < 8 and char(k) # 2,3, then hy = h, for any component H C
Hilb,.(PV)

Proof. By [CEVV09], either H is the smoothable component, or it is the (1,4, 3) compo-
nent. In the first case, the claim follows from Example 4.5.

In the latter case, we must have dim V' > 5, r = 8, and the natural embedding of any
(1,4, 3)-scheme into a P* shows hy(2) > 8. We conclude applying Items (i), (ii), and (v)
of Proposition 4.4. O]

Example 4.7. Suppose char(k) # 2,3. If dimV > 7 and H C Hilb;4(PV) is the closure
of the (1661)-component in the Gorenstein locus (that is, the component that contains
all finite Gorenstein schemes of length 14 with the local Hilbert function (1661)), then
hy = h,.



Proof. If dim V' = 7, then H contains Proj S®V*/(1"°™), where I"™ is the homogenisation
of the ideal I C Kk[zy, ..., z¢) obtained as [ = Ann(z3+- - - + 23 +x129). "™ is saturated,
and it is straightforward to verify (for instance on a computer algebra system), that
dim(I"om)y = 14, giving that hy(2) > 28 — 14 = 14.

If dim V' > 7 we can also use the same embedding into some linearly embedded P¢ C
PV, to show that hy(2) > 14 in general. Then Items (i), (ii), and (v) of Proposition 4.4
guarantee that hy = h,. O]

5 The ideal to scheme and linear span morphisms

The natural morphism sat: Hilb(S*V*) — Hilb(PV) is defined by sending a homogeneous
ideal I to Proj(S*V*/I). Strictly speaking, the universal ideal Z C Opjip(gev+) ® S*V*
defines a subscheme R C Hilb(S*V*) x PV, which is flat over Hilb(S*V*) by [Hart77,
Prop. I11.9.9] or [FGIT05, Lem. 5.5] or [Vakil7, Exercise 24.7.A(b)] (one needs to argue
for each Hilbert function separatedly).

Conversely, if H C Hilb(PV) is any irreducible component, and UJ/" C H is the
open dense subset of 7 as in Proposition 4.4, then we obtain an inverse map Uj™" —
Hilby,, (S*V*). For the purpose of this note, it is enough to construct the map from
reduced part of UJ/", and we will restrict to this case:

Lemma 5.1. Let H be the reduced subscheme of an irreducible component of Hilb(PV'),
U™ be its open subset of subschemes with ideal generic Hilbert function, R C U <PV be
the universal subscheme, and Ir C Oygenypy be the ideal sheaf of R. Denote by 7: U™ x
PV — U™ the projection. Then the sheaf of homogeneous ideals @;-,m. (Zr(d)) is
flat and determines @ map ideal: U5 — Hilby, (S*V™), such that sat oideal = idygen.
Moreover, ideal is an open immersion to the reduced subscheme of Hilby,, (S*V™).

Proof. For every d and for each point R € Uj;" the dimension of the fibre 7, (Zg(d)),
(as a k(R)-vector space) is constant (independent of R) and equal to hy(d). Thus
by Nakayama’s Lemmathe sheaf 7, (Zg(d)) is locally free, hence flat. Therefore also
D;-, 7« (Zr(d)) is flat, and the universal property of Hilb,, gives us the desired map
ideal: U7/ — Hilby,, (S*V*).

On points, the map ideal takes a subscheme R to its (saturated) homogeneous ideal
I(R) C S*V*® k(R), then the map sat takes I(R) to the scheme in PV defined by I(R),
that is R. That is, the composition sat oideal is the identity on points. Therefore, it is
the identity, since UJ/" is integral [Hart77, Lem. 1.4.1].

Finally, ideal is an open immersion by Proposition 4.4 and the fact that every sub-
scheme of projective space is uniquely determined its saturated ideal. O

Thus for each Hilbert polynomial P we have a bunch of distinguished components of
Hilb(S*V™*).

Definition 5.2. Fix an integer valued polynomial P.

e Suppose H C Hilbp(PV') is an irreducible component. Define the component of
Hilb(S*V*) corresponding to H to be Hy, := ideal(UJ™).

ref



e Define the components of Hilb(S*V*) distiguished for P to be the set
{(Hy | H C Hilbp(PV)}.

Proposition 5.3. The saturation map restricted to the union of distinguished components
15 a birational map:

sat: | J{Hy | 1 C Hilbp(PV)} — Hilbp(PV), 4.
Proof. Clear from the definition of Hy, and Lemma 5.1. [

Proof of Proposition 1.2. The distinguished component Hj, defined above satisfies the
property of the first item in the proposition by the construction of the map ideal and
Lemma 5.1. The second item holds by Proposition 5.3.

The uniqueness follows from Proposition 3.3: suppose H' is another component of the
multigraded Hilbert scheme satisfying the two itemised properties. Let U’ C H' be the
open subset of saturated ideals. Note that U’ is not empty by the first item. Then, the
birationality from the second item implies that the general element of H is in sat(H’).
Thus the map ideal maps such general element to H and thus H = Hy as claimed. [

The linear span map is defined componentwise as:
ling: H --» Gr(hy(d), S?V)
R+— (v4(R)) .
Proposition 5.4. The rational map ling: H --+ Gr(hy(d), S?V) is resolved by the pre-
composition with the map sat restricted to Hy.

Proof. The map sends a general R to I(R)(d)*. Thus it agrees generically with the map
I — I(d)*, which is a regular map Hy — Gr(hy(d), S?V). Thus this map is indeed a
resolution of ling by Proposition 5.3. [

6 Cactus variety

(check assumptions of the integers )

The Grassmann-relative linear span of a component H C Hilb.(PV), denoted by
R (vg(PV), H), is defined similarly as in [BJ17, §5.6-5.7]. Explicitly, denote by S —
Gr(hy(d), S?V) the universal subbundle, and by Gr(i,S) the Grassmann bundle of i-
dimensional subspaces of fibres of S. Then define G := lin}; Gr(i,S), which is a vector
bundle over an open dense subset of H. Finally, define |, ; (v4(PV'),H) to be the closure
of the image of G under the projection G — Gr(i, S?V), which is induced from the
projection Gr(i,S) — Gr(i, S?V).

The Grassmann cactus variety is the union of &, ; (v4(PV'), H) over all components H
of Hilb,(PV).

Proposition 6.1. |, ; (v4(PV),H) is equal to the image of
G := (lingosat)*Gr(i,S)

under the projection G — Gr(i, STV induced from the projection Gr(i,S) — Gr(i, S¢V).
In particular, no closure is needed in this definition.



Proof. By Proposition 5.4, the map ling osat) is regular, and its image in the Grassman-
nian Gr(hy(d), S4V) is equal to the closure of the image of ling. Thus the closures of the
image of the two projections G — Gr(i, S?V) and G — Gr(i, S?V) are equal.

Moreover G — Gr(i,S%) is a map of projective varieties, thus projective, hence
proper, and the image is closed. O

Proof of Theorem 1.3. Let W C SV

First suppose ber(W) < r, that is, W is in K, ; (v4(PV'),H) for some irreducible
component H C Hilb,(PV). If dim W = 1, then H can be chosen to contain Gorenstein
schemes by [BB14, Prop. 2.2(ii)] (over k = C) or [BJ17, Cor. 6.20] (over any k). By
Proposition 6.1 there exists an ideal I € Hy, such that W C I3. Then I C Ann(W)
by standard apolarity arguments, concluding the proof of the first implication of the
theorem, and also the “moreover” statement.

Now suppose there exists an irreducible component H C Hilb.(PV), and an ideal
I € Hy such that I C Ann(W). In particular, W C I} and W is in the cactus variety as
claimed by Proposition 6.1. [

Proof of Theorem 1.1. Suppose W C SV has border cactus rank at most 7. Then by
Theorem 1.3 there exists an ideal I € Hy, for some irreducible component H C Hilb,(PV),
such that I C Ann(WW). By the construction of Hy (Lemma 5.1) the Hilbert function of
I is equal to hy, which satisfies properties of (i)—(v) of page 1 by Proposition 4.4.

The cases of rank 8 follows from Example 4.6. To see the case of dimW = 1, by
Theorem 1.3, H above contains Gorenstein schemes. By [CIN15, Thm A, if char(k) # 2,3
and dimV < 6, then H is the component of smoothable schemes, hence hy = h, by
Example 4.5. If char(k) = 0 and dim V' > 7, then [CJN15, Thm B| implies that there
are two possible components #H: the smoothable component (for which we again use
Example 4.5) and the (1661) component (for which we use Example 4.7). O
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