MATHEMATICAL BIOSCIENCES http://www.mbejournal.org/ AND ENGINEERING Volume 1, Number 1, June 2004 pp. 1–15

CRITICAL-POINT ANALYSIS FOR THREE-VARIABLE CANCER ANGIOGENESIS MODELS

Urszula Foryś

Institute of Applied Mathematics, Informatics and Mechanics, Warsaw University Banacha 2, 02-097 Warsaw, Poland

Yuri Kheifetz

Institute for Medical BioMathematics 10 Hate’ena St., POB 282, Bene Ataroth, Israel

Yuri Kogan

Institute for Medical BioMathematics 10 Hate’ena St., POB 282, Bene Ataroth, Israel

Abstract. We perform critical-point analysis for three-variable systems that represent essential processes of the growth of the angiogenic tumor, namely, tumor growth, vascularization, and generation of angiogenic factor (protein) as a function of effective vessel density. Two models that describe tumor growth depending on vascular mass and regulation of new vessel formation through a key angiogenic factor are explored. The first model is formulated in terms of ODEs, while the second assumes delays in this regulation, thus leading to a system of DDEs. In both models, the only nontrivial critical point is always unstable, while one of the trivial critical points is always stable. The models predict unlimited growth, if the initial condition is close enough to the nontrivial critical point, and this growth may be characterized by oscillations in tumor and vascular mass. We suggest that angiogenesis per se does not suffice for explaining the observed stabilization of vascular tumor size.

1. Introduction. The crucial role of blood supply in the tumor development is presently well recognized (see, e.g., [11, 16, 27]). Most solid tumors start their growth in avascular form, where the cells obtain oxygen, nutrients, and growth factors by diffusion from the outer environment. Such a form has a size limitation, shown both experimentally (e.g., [29, 34]) and theoretically (e.g., [2, 1, 19, 12, 35]). To continue its growth, the tumor needs to initiate the process of angiogenesis– formation of new blood vessels inside the tissue. This newly created vascular network enables tumor expansion and growth by carrying all the needed nutrients into the tumor tissue. Angiogenesis normally occurs in healthy tissues, for example, in wound healing. It consists of several stages, from endothelial cells proliferation and migration to establishment of the full vascular network of mature vessels covered by the smooth muscle cells. This process is regulated by specific factors that are secreted by the cells in the tissue. The regulation of angiogenesis is complex and includes several feedback processes balancing each other at different stages. During

2000 Mathematics Subject Classification. MSC 2000: 34D05, 34K20, 34K60. Key words and phrases. angiogenesis, vascular network, mathematical model, critical point, asymptotic behavior, stability, instability, time delay.

1

2 U. FORYŚ, Y. KHEIFETZ, AND Y. KOGAN

tumor development, angiogenesis is initiated by factors secreted by tumor cells, because of nutrient deprivation [15, 30]. Ineffective angiogenesis can lead to insufficient blood supply and thus limit tumor growth and invasion. In recent decades, different models of tumor angiogenesis and tumor growth dependence on angiogenesis has been proposed. Those models concentrate on different key aspects of the angiogenic process. Some models focus on the formation of new vasculature in the presence of stimulating factors (e.g., [13]). Others define the whole process of tumor growth as depending on the vascular mass (e.g., [9, 31, 24]). More detailed models can describe some specific aspects of the interplay between tumor dependence on the vasculature and the regulation of angiogenesis by normal and cancerous cells.

In [3], a family of models of tumor angiogenesis was presented. These models are new in assuming that the effective vessel density (rather than vessel mass per se, and vessel maturation) may be significant in modulating vascular tumor dynamics. The work was aimed at explaining the experimentally observed oscillations in tumor growth ([4, 22]) and relating these oscillations to the intrinsic properties of the angiogenic process. It was shown that in all the proposed models, Hopf points exist whenever a delay is assumed in the regulation of tumor proliferation and vessels formation. The existence of Hopf points is associated with periodic behavior in the system–oscillations of tumor size and vessel volume. Time delays and their role in tumor growth and oscillations were also considered in connection with other processes, for example, proliferation and apoptosis of cells (cf. [7, 8, 10, 18, 20]).

In the present work, we further investigate the general behavior of two models considered in [3] with and without delay. These models assume that tumor dynamics are controlled by angiogenesis and, in particular, by the effective vessel density. This assumption will be examined by analyzing the models and comparing them to real-life dynamics. To this end, we examine stability and asymptotic behavior of solutions. This integrates with the previous work to yield effective characterization of those models. In the future, we will extend this investigation to more complicated models.

2. Model description. We present short description of the models under discussion. For a more detailed description see [3]. We consider a system including three time-dependent variables: tumor size, N(t); amount of regulating protein, P (t); and vessel volume V (t).

The process is described by a system of ODEs (with or without delays), and the interdependence between variables is described using ”sigmoid-shaped” functions, assumed to be smooth. Such functions are used to represent, in a generic way, the response of biological systems to different stimuli. Their form reflects experimental observations that the system reactions change only within a certain range of stimuli values. Inside this range, the dependence is monotonic, but possibly with a nonconstant derivative. We do not propose any specific formulae for those functions; rather, we describe their crucial properties. We also use the variable for effective vessel density, which is calculated from tumor size and vessel volume: E = V/N (see [3, 5]).

The equations for the first model are

Ṅ = f_1(E)N, Ṗ = f_2(E)N − δP, V̇ = f_3(P )V. (1)

CRITICAL-POINT ANALYSIS FOR CANCER ANGIOGENESIS MODELS 3

In (1), tumor growth rate is described by f_1, which depends on vessel density, E. It is an increasing sigmoid function with f_1(0) = −a_1 < 0 (when the vessel density is insufficient, tumor cells die) and lim_{x→∞} f_1(x) = b_1 > 0 (maximal possible growth rate is limited by maximal proliferation rate of the cells). The rate of protein secretion by tumor cells in (1), which depends on vessel density is described by f_2. This function satisfies f_2(0) = a_2 > 0, lim_{x→∞} f_2(x) = 0, and decreases to zero convexly (the secretion is the response to nutrient deprivation that results from reduced vessel density). The growth rate of vasculature regulated by the protein amount is described by f_3. This function has properties similar to f_1: f_3(0) = −a_3 < 0 (so vessels regress if not stimulated) and lim_{x→∞} f_3(x) = b_3 > 0, and the function is increasing.

Another form of the same system is obtained by a substitution V → E: Ṅ = f_1(E)N, Ṗ = f_2(E)N − δP, Ė = ( f_3(P ) − f_1(E) ) E. (2)

The second model uses similar equations but assumes the existence of time delays in the growth rates’ dependence on E and P : Ṅ = f_1(E(t − τ_1))N, Ṗ = f_2(E)N − δP, Ė = ( f_3(P (t − τ_2)) − f_1(E(t − τ_1)) ) E. (3)

3. Three-variable model without delay. In this section, we study system (2). We focus on the analysis of (2), instead of (1) in original variables, for two main reasons. The first one is of biological nature. We focus on the importance of effective vessel density in the process of angiogenesis. Therefore, the properties of (2) are of our main interest. On the other hand, the system after substitution has better mathematical structure–it is naturally defined for every nonnegative values of variables N, P , E, while (1) is not defined for N = 0 because of the definition of E. Hence, we study the behavior of solutions to (2) and then interpret it in the original variables N, P , V .

Remark 1. Assume that f_i(x), i = 1, 2, 3 are of class C^1 for nonnegative x. Then for every nonnegative initial values N_0, P_0, E_0 ≥ 0 and every t ≥ 0, there exists a unique nonnegative solution to (2).

Proof. Local existence and uniqueness of solutions to (2) is obvious. We show that such a solution is nonnegative. For the first and the third equations of (2), nonnegativity is an easy consequence of the form of these equations. Hence, for the second equation, we have Ṗ ≥ −δP, which implies P (t) ≥ P_0e^{−δt} ≥ 0.

Global existence of solutions is also an easy consequence of the form of the right-hand side. Specifically, it is linearly bounded, which guarantees existence of solutions for every t ≥ 0.

3.1. Critical points. In this section, we study the existence and local stability of the critical points in system (2).

Obviously, there exists at least one critical point (0, 0, 0). Let (N̄, P̄ , Ē) be a nontrivial critical point. In this case, f_1(Ē) = 0. The definition of f_1 implies that

4 U. FORYŚ, Y. KHEIFETZ, AND Y. KOGAN

there is only one point Ē > 0. From the third equation, we obtain either Ē = 0 or f_3(P̄ ) = f_1(Ē) = 0. Hence, f_3(P̄ ) = 0. Because of the definition of f_3, the point P̄ > 0 is also unique. The second equation of system (2) implies N̄ =^{δP̄}_{f2 (Ē)} .

The analysis above shows that for every parameter value there exist two critical points–the trivial one and the nontrivial

(N̄, P̄ , Ē) = ( δP̄ f_2(Ē)

, P̄ , Ē ) with f_1(Ē) = f_3(P̄ ) = 0.

Looking for other (semi-trivial) critical points, we obtain the following result. If N = 0, then P = 0 and the third equation implies f_3(0) − f_1(E) = 0. Hence, f_1(E) = −a_3. This means that such a critical point exists only when f_1(0) < −a_3 (for f_1(0) = −a_3, the trivial and semi-trivial points coincide). Hence, for a_1 > a_3, we have the third critical point, (0, 0, Ẽ) with f_1(Ẽ) = −a_3. In this case Ẽ < Ē.

Corollary 3.1. The number of critical points for (2) depends on the magnitude of a_1 in the following way:

For a_1 > a_3, we have three critical points (0, 0, 0), (0, 0, Ẽ), and (N̄ , P̄ , Ē). For a_1 ≤ a_3, we have only two critical points (0, 0, 0), and (N̄, P̄ , Ē).

Now we study the stability of the critical points.

Lemma 3.1. The nontrivial critical point (N̄ , P̄ , Ē) is always unstable. Stability of the trivial critical point depends on the existence of a semi-trivial point, i.e., the magnitude of a_1. If a_1 < a_3, then the trivial point is stable; if a_1 > a_3, then it is unstable and the semi-trivial point that appears is stable.

Proof. The Jacobi matrix for (2) has the following form:

MJ(N, P, E) = f_1(E) 0 f^′_1(E)N f_2(E) −δ f^′_2(E)N 0 f^′_3(P )E f_3(P ) − f_1(E) − f^′_1(E)E . Hence, we have the following:

• MJ(0, 0, 0) =

−a_1 0 0 a_2 −δ 0 0 0 a_1 − a_3

, and therefore, the trivial critical

point is a saddle for a_1 > a_3, or it is a stable node for a_1 < a_3. There is a saddle-node bifurcation when (0, 0, Ẽ) appears.

• MJ(0, 0, Ẽ) =

−a_3 0 0 f_2(Ẽ) −δ 0 0 f^′_3(0)Ẽ −f^′_1(Ẽ)Ẽ

, which shows that (0, 0, Ẽ)

is a stable node when it exists.

• MJ(N̄, P̄ , Ē) =

0 0 f^′_1(Ē)N̄ f_2(Ē) −δ f^′_2(Ē)N̄ 0 f^′_3(P̄ )Ē −f^′_1(Ē)Ē

. In this case, the charac-

teristic polynomial is equal to W (λ) = −P (λ), where

P (λ) = λ^3 + (δ + A)λ^2 + (δA + BD)λ − ABC

and A = f^′_1(Ē)Ē, B = f^′_3(P̄ )N̄, C = f_2(Ē), D = −f^′_2(Ē)Ē. It is obvious that there exists at least one positive characteristic value λ_0 > 0. Hence, the nontrivial critical point is unstable independent of the parameters.

CRITICAL-POINT ANALYSIS FOR CANCER ANGIOGENESIS MODELS 5

Now, we study the behavior of solutions near (N̄, P̄ , Ē) in more details. Inequality P^′(λ) > 0 for λ > 0 guarantees the uniqueness of the positive zero of the polynomial P (λ). Hence, if other zeros of P (λ) are real, then they are negative. We show that if they are complex, then their real part is negative. Assume λ_1 = α + iβ and λ_2 = λ̄_1 are complex conjugate characteristic values. Then

P (λ) = (λ − λ_0)(λ − λ_1)(λ − λ_2) =

= λ^3 − (2α − λ_0)λ^2 + (α^2 + β^2 + 2αλ_0)λ − (α^2 + β^2)λ_0. Therefore, −2α − λ_0 = δ + A > 0 and then α < 0.

Finally, the nontrivial critical point is either a saddle or unstable spiral. The direction of instability is described by the characteristic vector for λ_0; in the plane perpendicular to this characteristic vector, we have a stable focus. This characteristic vector is calculated to be equal to f^′_1(Ē)f^′_3(P̄ )ĒN̄ λ_0(f^′_1(Ē)Ē + λ_0)

λ_0f^′_3(P̄ )Ē . 3.2. The model in original variables. Coming back to the original variables N, P , V and the system described by (1) with E =^V_N , we see that (1) is not properly defined for N = 0. On the other hand, the whole right-hand side can be defined also for N = 0, taking f_i(E)N | |_{N=0} = 0 for i = 1, 2.

Hence, we reformulate the model in the following way: Ṅ = g_1(N, V ), Ṗ = g_2(N, V ) − δP, V̇ = f_3(P )V, (4) where g_i(N, V ) = { f_i(^V_N )N for N ≠ 0, 0 for N = 0, for i = 1, 2.

It is easy to see that both functions g_i are continuous for nonnegative N, V. Therefore, the right-hand side of (4) is properly defined and continuous for every nonnegative value of N, P , V . Moreover, the right-hand side of (4) is locally a Lipschitz function. It is obvious for N ≠ 0 because in this case the right-hand side is of class C^1. Hence, it is enough to check this property at the neighborhood of points (0, V̂ ), for arbitrary V̂ ≥ 0. It is also enough to check this property for g_i(N, V ), i = 1, 2, separately.

We have

|g_i(N, V ) − g_i(0, V̂ )| = | | | |f^i ( V N ) N | | | | ≤ sup{|f^i(x)| : x ∈ [0, +∞)}|N| ≤

≤ A_i||(N, V ) − (0, V̂ )||, A_i = sup{|f_i(x)| : x ∈ [0, +∞)}, i = 1, 2. This implies that there exists a unique solution to (4) for every nonnegative initial condition. This also implies that (0, 0, 0) is the critical point for our system. Moreover, this is the only trivial critical point. In fact, g_1(N, V ) = 0 ⇔ N = 0 or f_1

(_V N ) = 0 for N ≠ 0. Hence N = 0 or^V_N = Ē (with f_1(Ē) = 0). If N = 0, then g_2(N, V ) = 0, and this yields P = 0. From the third equation of (4) we obtain V = 0.

6 U. FORYŚ, Y. KHEIFETZ, AND Y. KOGAN

For N ≠ 0, we have V = ĒN, and therefore, g_1(N, ĒN) = δP and f_3(P )ĒN = 0. Hence, f_3(P ) = 0, and this implies P = P̄ , N = N̄ =^{δP̄}_{f2 (Ē)} , and V = V̄ = ĒN̄.

We interpret the trivial critical points of (2) in the original variables. Both of them form the same trivial solution (0, 0, 0) to (4). The difference lies in the way the vessel volume depends on the tumor size when tumor size tends to 0. The trivial point (0, 0, 0) means that the ratio^V_N → 0 as V, N → 0, while the semitrivial one implies^V_N → Ẽ as V, N → 0. Hence, vessel volume depends either more than linearly (V ≈ N^{1+γ} , γ > 0, for the trivial case) or linearly (V ≈ ĒN, for the nontrivial one) on the tumor size.

We can conclude the analysis above with the following statement:

Corollary 3.2. The trivial solution (0, 0, 0) to (4) is stable independent of the parameters. The nontrivial solution (N̄, P̄ , V̄ ) is unstable independent of the parameters.

For the trivial solution (0, 0, 0), we obtain the following estimation. Assuming P → 0 and E → 0 from the first and third equations of (1), we get Ṅ N V V̇ = f_1(E) f_3(P ) for every positive N, V . For P and E near 0, the following inequalities hold: a_1 − ϵ

a_3 < f_1(E) f_3(P ) < a_1 a_3 − ϵ . Hence, a_1 − ϵ

a_3 V̇ V > Ṅ N > a_1 a_3 − ϵ V̇ V because of the negativity of V̇ . Integrating the inequalities above with respect to t and changing variables in every integral, we obtain a_1 − ϵ a_3 ln V (t) V_0

> ln

N(t) N_0 > a_1 a_3 − ϵ ln V (t) V_0 and finally c_1V^{a1 −ϵa}3 > N > c_2V^{a1a}3^{−ϵ} for every ϵ > 0 and some constants c_1, c_2 > 0. This shows that E → 0 with the rate V^{1− a1a}3 in the case a_3 > a_1.

4. Examples of the asymptotic behavior of (2). In this section, we present some examples of the behavior of solutions to (2) for some particular functions f_i, i = 1, 2, 3, and discuss the dependence on these particular forms. For simulations, we use the Michaelis-Menten-type functions as well as the exponential type proposed in [3]. In both cases, we obtained similar results. In Figures 1–5 the graphs correspond to the functions

f_1(E) = d_1E^2 E^2 + 1

− a_1, f_2(E) = a_2 E + 1

, f_3(P ) = d_3P^2 P^2 + 1

− a_3

with d_i = b_i +a_i, i = 1, 3. These are the simplest functions of the Michaelis-Menten type that fulfill the assumptions. For all figures, we have δ = a_2 = 1 and different values of d_i and a_i, i = 1, 3.

CRITICAL-POINT ANALYSIS FOR CANCER ANGIOGENESIS MODELS 7

Figure 1. For this graph, we used d_1 = 2, a_1 = 1, d_3 = 1, and a_3 = 0.5. The semi-trivial critical point exists because a_1 > a_3, and it has the coordinates (0, 0,^{1√}_3 ). The nontrivial one is (2, 1, 1). The initial-condition coordinates in this graph are (2, 1, 0.9), (1, 1, 1), (1, 1, 0.1), (1, 0.1, 0.1) and (1, 0.1, 1). All these points belong to the basin of attraction of the semi-trivial critical point.

Figure 2. For this graph, we used d_1 = 1, a_1 = 0.5, d_3 = 2, and a_3 = 1. The semi-trivial critical point does not exist, because a_3 > a_1. The nontrivial one has the same coordinates as in Fig. 1. The initial-condition coordinates are also the same. All these points belong to the basin of attraction of the trivial critical point.

The asymptotic behavior of the system observed in simulations depends on the initial conditions and model parameters in the following way: if the initial condition belongs to the basin of attraction of the trivial or semi-trivial (if it exists) critical point, then the solutionobviously tends to this point (see Figures 1 and 2). Otherwise, N(t) → +∞. In such a case, we observe three types of the behavior:

• N, P → ∞, E stabilizes at some level (Fig. 3), • N, E → ∞, P stabilizes at some level (Fig. 4), • all variables N, P, E → ∞ (Fig. 5).

8 U. FORYŚ, Y. KHEIFETZ, AND Y. KOGAN

The question arises about the connection between the asymptotic behavior and the coefficients of the model in general and the type of functions f_i in the particular case used in our simulations.

Figure 3. The parameters of the model are the same as in Figure 1. We have b_1 > b_3. The initial-condition coordinates are (20, 20, 11), (10, 5, 30), (0.1, 10, 20). The upper-left graph corresponds to t = 5–we see three different orbits. The upper-right graph corresponds to t = 15–now the orbits join and appears as one orbit. The lower-left graph shows the stabilization of E, and the lower-right graph describes the linear asymptotic dependence between N and P .

Lemma 4.1. If b_1 > b_3, then E(t) is bounded.

Proof. Let Ĕ be such that f_1(Ĕ) = b_3. We show that if E_0 ≤ Ĕ, then E(t) ≤ Ĕ for every t > 0. If not, then there exists t̆ such that E(t̆) = Ĕ and Ė(t̆) ≥ 0. On the other hand, the model implies Ė(t̆) < ( b_3 − f_1(Ĕ) ) Ĕ = 0, which contradicts the

definition of t̆.

Now, we show that if E_0 > Ĕ, then E(t) < E_0. Because Ė_0 < (b_3 − f_1(E_0)) E_0 < 0, the function E(t) decreases at the beginning. But the same inequality is true for every point t such that E(t) > Ĕ. Hence, E(t) decreases until the inequality E(t) > Ĕ holds. Therefore, either E(t) > Ĕ for every t > 0 and then E(t) is

CRITICAL-POINT ANALYSIS FOR CANCER ANGIOGENESIS MODELS 9

Figure 4. The parameters of the model are d_1 = 1, a_1 = 0.5, d_3 = 4, and a_3 = 1. We have b_3 > 2b_1. The initial-condition coordinate are the same as in Figure 3. The times for the corresponding graphs are also the same. As noted previously, we see three different orbits in the upper-left graph, while in the upper-right graph the orbits join and appeares as one orbit. The lower-left graph shows the stabilization of P and the lower-right graph describes the linear asymptotic dependence between E and N.

decreasing, the inequality E(t) < E_0 holds, and E(t) has a limit, obviously; or there exists t̆ such that E(t̆) = Ĕ, which means the previous estimation holds.

Remark 2. If P → ∞, then E → Ĕ.

Proof. If P → ∞, then f_3(P ) → b_3. Hence, for every small ϵ > 0 there exists t̄ such that for t > t̄ we have

(b_3 − ϵ − f_1(E)) E < Ė < (b_3 − f_1(E)) E.

Let Ĕ_ϵ be such that f_1(Ĕ_ϵ) = b_3 − ϵ. Hence, if E < Ĕ_ϵ, then E is increasing and for sufficiently large t we have E > Ĕ − ϵ. On the other hand, if E > Ĕ, then E is decreasing, so for sufficiently large t we have E < Ĕ + ϵ. Therefore, E → Ĕ.

10 U. FORYŚ, Y. KHEIFETZ, AND Y. KOGAN

Figure 5. The parameters of the model are d_1 = 1, a_1 = 0.5, d_3 = 1.6, and a_3 = 1. We have b_1 < b_3 < 2b_1. The initialcondition coordinates are the same as in Figure 3. The times for the corresponding graphs are t = 5 for the upper graph and t = 50 for the lower ones. As noted previously, we see three different orbits in the upper graph. In the lower-left graph, the second and third orbits join, while in the lower-right graph, the first and second orbits do not join. However, for all orbits, we observe an increase in all variables.

Remark 3. If E → Ĕ, then N, P → +∞ and^P_N → c, where c is some constant.

Proof. For E → Ĕ, the asymptotic behavior of N is described by Ṅ ≈ b_3N. Hence, N(t) ≈ C_N e^{b3t} for t → ∞. Now, we can estimate the growth of P as Ṗ ≈ f_2(Ĕ)C_N eb3t − δP. Therefore, P ≈ C_P eb3t asymptotically. Hence,^P_N ≈^CP_{CN} as t → ∞.

Finally, we see that the behavior described in Lemma 4.1 and Remarks 2 and 3 does not depend on the particular choice of the functions f_i. In two other cases, this does not hold true. Precisely, if E → ∞, then f_2(E) → 0. Assuming that N → ∞, we get f_2(E)N undetermine. The asymptotic growth of N is obviously exponential. For E → ∞, we have f_1(E) → b_1 and N ≈ C_N e^{b1t} for t → ∞.

CRITICAL-POINT ANALYSIS FOR CANCER ANGIOGENESIS MODELS 11

Remark 4. If b_3 > b_1 and E, P → ∞, then E → ∞ exponentially with the exponent equal to b_3 − b_1.

Proof. It is obvious because of the asymptotic growth of E described by Ė ≈ (b_3 − b_1)E.

Consider the function f_2(E) =^{a2}_{E+1} . Assuming that E ≈ C_E e^{(b3 −b1)t} we obtain f_2(E) ≈^{a2}

C_E e^{(b}3^{−b)1)t} +1 and

Ṗ ≈ a^2C^N e^{b1t} C_E e^{(b3 −b1)t} + 1

− δP. (5)

Hence, to obtain P → ∞, it is necessary that b_1 > b_3 − b_1, i.e., 2b_1 > b_3. If the inverse inequality holds (i.e., 2b_1 < b_3,) then formula (5) implies P → 0, contrary to the assumption. Stabilization of P at some level P̆ is possible when P̆ is such that b_3 > b = f_3(P̆ ) > b_1 and then E ≈ C_E e^{(b−b1)t}. Moreover, f_2(E)N ≈^{a2CN eb1 t}_{CE e(b−b1 )t +1} , and to obtain stabilization, one needs b_3 > b = 2b_1.

Another example. In the case analyzed above, if f_2(E) = a_2e^{−E} , then f_2(E)N ≈ a_2C_N e^{b1t}e^{−CE e(b−b1 )t} , so this expression is a double exponential. Hence, stabilization is possible for every b_3 > b > b_1. This shows that the results depend on the particular choice of f_2.

Summarizing, in the case of f_2(E) =^{a2}_{E+1} , we observe the following three type of asymptotic behavior of large tumors:

• If b_1 > b_3, then we expect the unlimited growth of N, P and the stabilization of E.

• If b_1 < b_3 < 2b_1, then we expect the unlimited growth of every variable N, P , E.

• If b_3 > 2b_1, then we expect the unlimited growth of N, E and the stabilization of P .

5. The model with time delays. In this section we focus on the model with delay (3). To solve equations (3), we define nonnegative continuous initial function (N(s), P (s), E(s)) on the interval [−τ, 0] where τ = max{τ_i, i = 1, 2}, (see, e.g., [25]). The basic properties (such as existence, uniqueness, and nonnegativity) of (3) for such an initial function are the same as for (2) with nonnegative initial data.

We are mainly interested in stability properties and their dependence on the delays.

Lemma 5.1. Stability and instability of the trivial and nontrivial critical points do not depend on the magnitude of both delays. Stability of the semi-trivial point depends on the magnitude of τ_1.

Proof. The form of the right-hand side of (3) implies that stability properties of the trivial solution (0, 0, 0) do not change–expanding f_1(E(t − τ_1)) and f_3(P (t − τ_2)) at E = 0 and P = 0 (see e.g., [25]), we obtain the same free terms as for the case without delay; namely, f_1(0) = −a_1 and f_3(0) = −a_3. These free terms form the linear part of the right-hand side for the trivial solution. Hence, the trivial solution is stable or unstable (depending on the parameters) independent of the delay.

12 U. FORYŚ, Y. KHEIFETZ, AND Y. KOGAN

To calculate the characteristic equation (see, e.g., [25]), we use three matrices: M = f_1(E) 0 0 f_2(E) −δ f^′(E)N 0 0 f_3(P ) − f_1(E) , which is connected with the terms without delay;

M_1 =

0 0 f^′_1(E)N 0 0 0 0 0 −f^′_1(E)E , which is connected with the terms with τ_1; and

M_2 =

0 0 0 0 0 0 0 f^′_3(P )E 0 , which is connected with the term with τ_2. Using M, M_1, M_2, we form the following characteristic equation:

det(M + M_1e^{−λτ1} + M_2e^{−λτ2} − λI) = 0,

where I is the identity matrix.

For the semi-trivial solution, we obtain that the matrix M +M_1e^{−λτ1} +M_2e^{−λτ2} − λ I is a triangular one. Hence, its determinant is equal to the product of the terms on the main diagonal; that is, −(a_3 + λ)(δ + λ)(f^′_1(Ẽ)Ẽe^{−λτ1} + λ) = 0. This yields that the semi-trivial solution is stable for f^′_1(Ẽ)Ẽτ_1 <^π_2 and unstable for greater τ_1. Stability does not depend on the magnitude of τ_2. For a detailed derivation, see [17].

The nontrivial solution (N̄, P̄ , Ē) is unstable independent of the magnitude of both delays–the characteristic equation always has a real positive zero. This equation reads as

λ^3 + λ^2(δ + c_1e^{−λτ1} ) + λ(c_1δe^{−λτ1} + c_2e^{−λτ2} ) = c_3e^{−λ(τ1+τ2)}.

Looking for the real solutions to the equation above, we see that the right-hand side is positive a decreasing function of λ ∈ R^+, while the left-hand side is equal to 0 for λ = 0 and tends to +∞ as λ → +∞. This implies the existence of a real positive solution.

It should be noted that if the critical point is unstable in the case without delay, then it is also unstable for every discrete non-zero delays (it can be shown using, for example, Mikhailov criterion; for details, see [17, 23, 28]).

In [3], it is shown that the Hopf bifurcation in the nontrivial critical point appears in the model with nonzero delays (3), while for the model without delay (2), it is not possible.

6. Discussion. We analyzed the stability properties of the simplest models of vascular tumor dynamics introduced in [3]–the difference between them being the assumption of delay in the changes in cells growth rate. We have shown the existence and uniqueness of a positive solution for any positive initial conditions in both models. In both models, there exist two or three critical points, depending on the parameters. There is always the trivial point (0,0,0) and the nontrivial point; the semi-trivial point can appear, depending on parameter values. The nontrivial

CRITICAL-POINT ANALYSIS FOR CANCER ANGIOGENESIS MODELS 13

critical point is always unstable. For the model without delay (2), if the semi-trivial critical point exists then, it is always stable; otherwise, the trivial critical point is stable.

We have also shown that the existence of the semi-trivial critical point and its bifurcation from the trivial point are the result of substitution E =^V_N . System (2) can be reformulated in the original variables (4), having only one trivial critical point. This point is always stable. The trivial and semi-trivial critical points for (2) both correspond to this trivial critical point for (4)–the difference being in the rate of convergence to zero for V and N.

For the system without delay (2), the nontrivial point is either a saddle or unstable spiral, so the solution starting around it will grow to infinity, possibly in the asymptotic direction; see section 3.

For the system with delay (3), the trivial and the nontrivial critical points have the same stability properties as in the model without delay. The semi-trivial point (if it exists) will be stable for τ_1 small enough. In this system, the Hopf bifurcation is possible for the nontrivial critical point. However, this point will always be unstable. Typically, the stable Hopf bifurcation appears when the periodic orbit bifurcates from the stable critical point. This is not the case, but stability of the Hopf bifurcation is not excluded. We suspect that the solution around the nontrivial critical point will grow to infinity, possibly oscillating in the plane orthogonal to the direction of growth.

Both systems predict stability of the trivial or the semi-trivial critical point. This means that starting close enough to this point, the solution will converge to it. For solutions starting close enough to the nontrivial critical point, the models suggest unlimited growth (for both cell number and vessel volume nearly proportionally), possibly characterized by oscillations in the delayed model. This corresponds to the behavior of experimentally observed growing vascular tumors that show oscillations both in tumor and vascular mass during their growth [22].

The characteristics of the critical points in the discussed models rule out the possibility of tumor-load stabilization, which is sometimes observed experimentally [14, 32, 33]. Admittedly, cancer growth law is still a controversial phenomenon [6, 21, 26]. Nevertheless, it can be suggested by this work that angiogenesis per se is not sufficient for describing asymptotic tumor growth. Some additional processes (such as vessel maturation and regression) should be introduced to improve this description. Another limitation of these models is that they do not describe the initiation of tumor growth and the onset on angiogenesis, since for small tumors with small vessel volume, the solution will tend to zero. This results from our model assumptions that neglect both the ability of small tumors to survive and grow in the absence of blood vessels; and the migration of endothelial cells, which is important at the onset of the angiogenic process. Such a neglection is justified, since the models aim to describe the angiogenic phase, in which both tumor size and vascular mass are relatively large.

We believe that a more comprehensive description can be obtained by including models that represent additional regulation pathways for angiogenesis. At present, we are extending our model to include more biological processes involved in angiogenesis as well as tumor growth at the early stages.

Acknowledgements. The work was supported by the Sixth European Commission Program (no. MRTN-CT-2004-503661) on ”Modeling, Mathematical Methods

14 U. FORYŚ, Y. KHEIFETZ, AND Y. KOGAN

and Computer Simulation of Tumour Growth and Therapy,” and by the Chai Foundation. We wish to acknowledge Z. Agur for a useful discussion.

REFERENCES

[1] J. A. Adam, Mathematical models of prevascular spheroid development and catastrophe-theoretic description of rapid metastatic growth/tumor remission. Invasion Metastasis 16(4-5) (1996), 247-267.

[2] J. Adam and S. Maggelakis, Diffusion regulated growth characteristics of a spherical prevascular carcinoma. Bull Math Biol. 52 (1990), 549-589.

[3] Z. Agur, L. Arakelyan, P. Daugulis and Y. Ginosar, Hopf point analysis for angiogenesis models. Discrete and Continuous Dynamical Systems–Series B 4(1) (2004), 29-38.

[4] L. Arakelyan, Y. Merbl and Z. Agur, Vessel maturation effect on tumor growth: validation of a computer model in implanted human ovarian carcinoma spheroids. European J. of Cancer, in press.

[5] L. Arakelyan, V. Vainstein and Z. Agur, A computer algorithm describing the process of vessel formation and maturation, and its use for predicting the effects of antiangiogenic and anti-maturation therapy on vascular tumor growth. Angiogenesis 5(3)(2002), 203-214.

[6] Z. Bajzer, Gompertzian growth as a self-similar and allometric process. Growth Dev.

Aging 63(1-2) (1999), 3-11.

[7] M. Bodnar and U. Foryś, Time delays in proliferation process for solid avascular tumor. Math. Comput. Modelling 37 (2003), 1201-1209.

[8] M. Bodnar and U. Foryś, Time delays in regulatory apoptosis for solid avascular tumor. Math. Comput. Modelling 37 (2003), 1211-1220.

[9] C. J. Breward, H. M. Byrne and C. E. Lewis, A multiphase model describing vascular tumor growth. Bull. Math. Biol. 65(4) (2003), 609-640.

[10] H.M. Byrne, The effect of time delays on the dynamics of avascular tumor growth.

Math. Biosci. 144 (1997), 83-117.

[11] P. Carmeliet and R. K. Jain, Angiogenesis in cancer and other diseases. Nature 407 (2000), 249-257.

[12] J. J. Casciari, S. V. Sotirchos and R. M. Sutherland, Mathematical modelling of microenvironment and growth in EMT6/Ro multicellular tumor spheroids. Cell Prolif. 25(1) (1992), 1-22.

[13] M. A. Chaplain, S. M. Giles, B. D. Sleeman and R. J. Jarvis, A mathematical analysis of a model for tumor Angiogenesis. J. Math. Biol. 33(7) (1995), 744-770.

[14] S. Charabi, J. Thomsen, M. Tos, B. Charabi, M. Mantoni and S. E. Borgesen, Acoustic neuroma/vestibular schwannoma growth: past, present and future. Acta Otolaryngol 118(3) (1998), 327-332.

[15] Y. Dor, R. Porat and E. Keshet, Vascular endothelial growth factor and vascular adjustment to perturbations in oxygen homeostasis. Am. J. Physiol. Cell Physiol. 280(6) (2001), C1367-C1374.

[16] J. Folkman, Angiogenesis in cancer, vascular, rheumatoid and other disease. Nat.

Med. 1(1) (1995), 27-31.

[17] U. Foryś, Biological delay systems and the Mikhailov criterion of stability. J. Biol.

Sys. 12(1) (2004), 1-16.

[18] U. Foryś and M. Kolev, Time delays in proliferation and apoptosis for solid avascular tumor. Mathematical Modelling of Population Dynamics, edited by R. Rudnicki, Banach Center Publications 63, 187-196, 2004.

[19] U. Foryś and A. Mokwa-Borkowska, Solid tumor growth. Analysis of necrotic core formation. To appear in Math. Comput. Modelling.

[20] U. Foryś and M. J. Piotrowska, Time delays in solid avascular tumor growth. In Proc.

10th Nat. Conf. Math. App. Biol. Med., AGH University of Science and Technology, Cracow, 43-48, 2004.

[21] R. A. Gatenby and B. R. Frieden, Information dynamics in carcinogenesis and tumor growth. Mutat. Res. 568(2) (2004), 259-273.

[22] A. Gilead and M. Neeman, Dynamic remodelling of the vascular bed precedes tumor growth: MLS ovarian carcinoma spheroids implanted in nude mice. Neoplasia 1 (1999), 226-230.

CRITICAL-POINT ANALYSIS FOR CANCER ANGIOGENESIS MODELS 15

[23] H. Górecki and A. Korytowski, Advances in Optimalization and Stability of Dynamical Systems. AGH University of Science and Technology, Cracow, 1993.

[24] P. Hahnfeldt, D. Panigrahy, J. Folkman and L. Hlatky, Tumor development under angiogenic signaling: a dynamical theory of tumor growth, treatment response, and postvascular dormancy. Cancer Res. 59(19) (1999), 4770-4775.

[25] J. Hale, Theory of Functional Differential Equations. Springer, New York, 1997. [26] D. Hart, E. Shochat and Z. Agur, The growth law of primary breast cancer as inferred from mammography screening trials data. Br. J. Cancer 78(3), (1998), 382-387.

[27] R. S. Kerbel, Tumour angiogenesis: past, present and the near future. Carcinogenesis 21.3 (2000), 505-515.

[28] Y. Kuang, Delay Differential Equations with Applications in Polulation Dynamics. Academic Press, Boston, 1993.

[29] W. Mueller-Klieser, Multicellular spheroids. A review on cellular aggregates in cancer research. J. Cancer Res. Clin. Oncol. 113(2) (1987), 101-22.

[30] A. Namiki, E. Brogi, M. Kearney, E. A. Kim, T. Wu, T. Couffinhal, L. Varticovski and J.

M. Isner, Hypoxia induces vascular endothelial growth factor in cultured human endothelial cells. J. Biol. Chem. 270(52) (1995), 31189-31195.

[31] A. d’Onofrio and A. Gandolfi, Tumour eradication by antiangiogenic therapy: analysis and extensions of the model by Hahnfeldt et al. (1999). Math. Biosci., 191(2) (2004), 159-184.

[32] J. A. Spratt, D. Von Fournier, J. S. Spratt and E. E. Weber, Mammographic assesment of human breast cancer growth and Duration. Cancer 71(6) (1993), 2020-2026.

[33] J. S. Spratt, J. S. Meyer and J. A. Spratt, Rates of growth of human neoplasms: Part II. J. Surg. Oncol. 61(1) (1996), 68-83.

[34] R. M. Sutherland and R. E. Durand, Growth and cellular characteristics of multicell spheroids. Recent Results Cancer Res. 95 (1984), 24-49.

[35] J. P. Ward and J. R. King, Mathematical modelling of avascular-tumor growth. IMA Math. Med. Biol. 14(1) (1997), 39-69.

E-mail address: urszula@mimuw.edu.pl E-mail address: yurih@imbm.org E-mail address: yuri@imbm.org