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Circle Homeomorphisms / conjugation - a reminder

For those who have forgotten:

1) In the 1890's Poincaré proved that any orientation preserving
circle homeomorphism f: S! — S! defines a unique parameter
a € (0,1] called the rotation number, and should this number be
irrational, then the map f is semi-conjugate to a rotation by «.
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2) In the 1930's Denjoy proved that f is in fact ‘fully’ conjugate to
the rotation, provided that f’ is of bounded variation.
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Circle Homeomorphisms / conjugation - a reminder

For those who have forgotten:

1) In the 1890's Poincaré proved that any orientation preserving
circle homeomorphism f: S! — S! defines a unique parameter
a € (0,1] called the rotation number, and should this number be
irrational, then the map f is semi-conjugate to a rotation by «.

2) In the 1930's Denjoy proved that f is in fact ‘fully’ conjugate to
the rotation, provided that f’ is of bounded variation.

3) Moreover, he gave examples of C! diffeomorphisms that are not
conjugate to the rotation. Herman (in 1979) gave such
examples for any C1*9, where 6 € (0,1).
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Denjoy map

We will call any orientation preserving circle homeomorphism with

an irrational rotation number that is not conjugate to the rotation
a Denjoy map.

A set Q is called minimal (for the homeomorphism f) if it is
non-empty, compact, invariant and has no proper subset with these
properties.

In other words, € is non-empty, 7(Q2) = Q and each forward orbit
of a point x € Q is dense in Q.

Poincaré’s result gives that if S is minimal, then f is conjugate to
the rotation.
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Enter the sequence

Our intervals J, will have lengths satisfying:

) ZE,, <1, but in fact we will assume equal to 1.
neZ
In|l, — ¢
i) tim = lenl g,
n—=+oo In 6,,

for some ¢ € (0,1).

Model sequence

A model example of such a sequence is

o= cs(|n] +1)7°,  where ¢t = (|n| +1)71/°
nez
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Set Q) =S"\> .

neZ
Let h: QO — S! be the semi-conjugacy and remember that we
assume h(Jp) = 0.
For x,y not in the orbit (by rotation) of 0 h~! is well-defined and
we have:

TN R0 ED SR VAN S

n:nae(x,y) n:na€(x,y)

And if x (and/or y) are in the orbit of zero, then h=1(x) consists of
two points and we have to take the correct preimage (in such a way
that the arc between h=1(x) and h=1(y) is the shortest possible.
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Diophantine class

An irrational o has a Diophantine class v > 0, if

inf [goa — p| < —
I lga — p| < o
has infinitely many solution for u < v and at most finitely many for
u > v.

The golden ratio ¢ has class 1. (And the class cannot be lower).
The Liouville numbers have class +oo.
The set of points of class v has Hausdorff dimension %
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Continued fractions

Denote by [a1, a2, . . .] the standard continued fraction expansion of
«; and by g, the denominators of the convergents (finite fractions).
Recall that
qn+1 = anqn + Qn-1
and
1 1

S |nf a—pl < .
(an + 2) o ‘Qn P‘ andn

So we may think of a number with Diophantine class v as one
satisfying a sequence
dn+1 =~ qz
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The only theorem

Theorem (Kra—Schmelling)

Assume 0 € (0,1) and « has Diophantine class v. Then an
orientation preserving C1+° diffeomorphism of the circle with
rotation number o and the minimal set Q2 satisfies

(=%

dimgQ? >8  and dimy Q° >

)

X

and taking the model sequence gives equalities.
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Box dimension - upper bound for model case

. log N(r
We want to prove limsup gN(r) < § for a reasonably dense

r—+o0 — log(r)
sequence of r’s.
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Box dimension - upper bound for model case

. log N
We want to prove limsup L(r)

< § for a reasonably dense
r—+o0 — log(r)

sequence of r’s.
Fix n € N and consider J, = S* \ ( U Jk). This is a sum of

—n<k<n

2n + 1 disjoint intervals of total length (1 - Z gk) ~ pl-1/8
—n<k<n
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Box dimension - upper bound for model case

N(r)

: lo
We want to prove limsup 28T\

< § for a reasonably dense
r—+o0 — log(r)

sequence of r’s.

Fix n € N and consider J, = S* \ ( U Jk). This is a sum of
—n<k<n

2n + 1 disjoint intervals of total length (1 — Z Ek) ~ '/,

—n<k<n
This set may be covered almost trivially by intervals of average

length, i.e. n'=1/%/(2n +1). How many such intervals do we need?
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Box dimension - upper bound, cont.

We need 1 to cover every set of length shorter than the average (at
most 2n + 1 sets). And at most twice the total length for the
longer sets. This yields

N(n*=*%/(2n41)) < 6n + 3.
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Box dimension - upper bound, cont.

We need 1 to cover every set of length shorter than the average (at

most 2n + 1 sets). And at most twice the total length for the
longer sets. This yields

N(n*=*%/(2n41)) < 6n + 3.
Plugging this into the dimension formula gives

log N(r) < log(6n + 3)

—log(r) = —log (n'=1/9/(2n + 1)) ~
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Box dimension - lower bound for model case

Fix m,n € N and observe the set Z = S*\ ( U Jk). The set

—m<k<n
{lao :=m—-n—-1<I<m+n+1}

contains at least one point in each of the m + n—+ 1 intervals of Z.
This means that the length of any of those intervals is bounded
from below by c5(2n + 2m 4 3)~1/9 and the distance of any two
intervals is at least cs(max(n, m))~1/%.
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Box dimension - lower bound for model case

Fix m,n € N and observe the set Z = S*\ ( U Jk). The set

—m<k<n
{lao :=m—-n—-1<I<m+n+1}

contains at least one point in each of the m + n—+ 1 intervals of Z.
This means that the length of any of those intervals is bounded
from below by c5(2n + 2m 4 3)~1/9 and the distance of any two
intervals is at least cs(max(n, m))~1/%.

So to cover Q by intervals of length c5(2n 4 2m + 3)~'/9 we must
use at least m+ n+ 1 intervals. This proves the lower bound for
model case.

For the general case we need to additionally prove that the
assumptions on /¢, give that ¢, > n1/% forall 0 < 6 < 4.
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Dimension by recurrence

Here we will assume that (X, d) is a metric space and T: X — X a
Borel measurable map; i is a T—invariant, ergodic, probability,
Borel measure on X.

With the assumptions on the dynamical system as above, for any
B > 0 and for u — almost every x € X we have

liminf n'/Pd(T"(x),x) < g(x)'/?, where g(x) = limsup M.
g H(Bx(r)

n—o0

Note that g(x) may be equal to 0 or +00. The statement still
holds.
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