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Setup

General setup

1
a e —
1"‘32Jr T

a3+ :

@ We can think of an x as x = (a1, a2,...), a; € N - its continued
fraction representation.

e We will be interested in x € [0, 1] such that a; < n for each i, where
n € N fixed.

@ Set of such x we will denote as J,,.
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Setup

Gauss map

1 1 1
G(X):;—nifXE <I7—|—]_7n:|

1
n—+ x

gn(x) =

@ The collection G := {g,}72; forms conformal IFS and is called Gauss
system.

o Let g, =g, 08w, 0 0 &, forevery w € J,~; N".
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Setup

Gauss map

G“lo g, l101) = 1d|j01)

@ Our J, can be described as J, = ) U  &(0,1))
k=1we{1,...,n}*

@ Let us denote by h, Hausdorff measure of J,
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Hausdorff dimension and measure

t-dimensional (outer) Hausdorff measure

He(A) := lim /nf{z diam*(Uy) : | ) Un D A, diam(U,) < 6,n > 1}

n=1

v

Hausdorff dimension

h(A) = inf{t > 0: Hy(A) = t}

A\
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Theorem [D. Hensley]

lim n(1— h,) = i

n—o0 2

| 21
A

Theorem [M. Urbanski, A. Zdunik]

1im Hp,(Jn) =1 = H(J)

where J is the set of all irrational numbers in the interval [0, 1]
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Hausdorff density theorems

Let X be a metric space, with h(X) = h, such that Hx(X) < +00. Then
for Hy -a.e. xe X

0 h( ) = o
m — . F.F = F,diam(F) <
rI| su {dia h(F) x € F, , diam(F) r}

Theorem
Let X be a metric space if 0 < Hu(X) < 400, then for Hi-a.e. x € X

T
I
~n

N,

. diam"(F) = .
== —_— =) <
Hp(X) rll_% mf{ HI(F) x € F,F = F,diam(F) < r}

where H} is normed h-dimensional Hausdorff measure.
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Corollary

If X is a subset of an interval A C R and 0 < Hp(X) < +o0, then for
H}-a.e. x € X we have that

. diam"(F)
Hh(X)—'!I_r:TOInf{W .XGF,FCR
—closed interval, diam(F) < r}

where H}, is normed h-dimensional Hausdorff measure.
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Main lemma of the proof

Let m, be normalised h,-dimensional measure: m, := Hln.

rh"
o N
i, 0l { (0, 1])} 21

@ Proof: Fix N > 2 so large that hy > 3/4 and let n > N. For every
r €(0,1/2) let s, > 1 be unique integer s.t.
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ma([0, ]) < Zmng,[o 1])) <Z\|g,|r ma([0,1])

Jj=sr =5
< Zj*2hn < / x 2 gy = (2h, — 1)*1(5r _ 1)1—2h,,
j:5r s—1
Therefore:
mn([0, 1]) _
S < @ 1) (s = )T (s 1)
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2 )hn

sr—1

ss+1

= 2hn=1) s = 1) (5

) = (2h,—1) (s, — 1) (14

< (2hy — 1) 7Y (s, — 1) (1 + 4r)Pe

If 0 < r < 25 then m,([0, r]) = 0, hence we assume that r > =<
Then s, < n + 1 and for n large enough

mn([0, 1)

rhn

< (2hy — 1)7H (L + 4r)nez < (2hy — 1)7Y(1 + 4r)(n3) =2

< (2h, — 1) tnt=Im(1 + 4r)

which implies
l LA O
nsoon 50" P U ma([0,1]) [ =
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Let us consider case where Fy : [by, bx—1] — [0,1] is a linear function
such that Fy(bx) =1 and Fi(bk—1) = 1, where (bx)%2, C (0,1]N is a
sequence such that by = 1, b, 0 as n goes to infinity.

o We define fi := F, ', so fx : [0,1] — [bk, bx—1] and fi(0) = bx_1 and
(1) = by.

o We analogously define J, as Julia set created by iterating first n

functions f,,.
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Because this IFS fulfills OSC, the h, - Hausdorff dimension is the
solution to following implicit equation:

n

Z(bk — bk_l)h" =1

k=1

It is easy to see that h, — 1 as n goes to infinity.

We are interested if
th(Jn) —-1=1= Hl(J)

for a given sequence (by)?2,
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Similarity dimension estimate

Let by = ,,% a > 0. Then there exists 0 < h; < 1, h, — o0, as n goes to
infinity and
1—h,<1-h}

Moreover
(0]

2 a1 pF) —
nlrgon (1 h") a-+1

Similarity measure continuity

lim Hp, (Jp) =1

n—o00

forbk:kla,oz>0.
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Main lemma of the proof

yhn
mn([0, 1)

lim |nf{

r—)O

1> 1

Proof. Fix N > 2, s.t. hy > - 1 and n > N. For every r € (0,1/2)
let k € N be such that

bk+1 < r < b
Then:

o0

Jj=k

<> llgfllzma(o, 1])
Jj=k
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Mg

= j=k
< i o 1 dx < al (k — 1)t (@+Dhn
- x(at)hy = = (a + 1)h, — 1
k=1
Thus: ,
a''n 1—(a+1)h,
m([0.r]) _ @yt - DT
rho = (k1) -
Oéh"

b1\ 1-h
n k n <
(()é+1)h -1 bk+]_ ) -
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< afn (k+1
“(a+1h,—1 k-1

)ahn(k . 1)1—hn

S L PR
(a+1)h, — 1 k—1
= (ax +61y)h/n1n —t 3 1)ahn(k -y
mn(LOI], 1) < e +?)h/n1,, (4, E 1)ahnk17hn
“ +(:f)hh —10+% - )< ()
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Now, using estimate for 1 — h,, we get:

i 2 By 1—h*
14 =)o pl=h;
( -I-k_l) n

2 2c

k—1
2

e sy

Oéh”

~(a+1h,—1
hn

(1+

for sufficiently large n we have n®(1 — h%) < 2%, which ends the

a+1"’
proof.
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Following problem

@ b = e~k

_ 1
In(k—+e)
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The End
Thank you for your attention!
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