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and Sqz: fF(Y ) *{ }1Y,(Y ) is frivial, X and y are not of the same holrrotopy tyl)e.

Irurthel applications of the Steenrod sqtrares wjll be givcrr irr the nqxl
chapter and in Chap. 8.

It it obvioru that cohonrology opemticlr$ of the sarne type ca& be adderl
and that the sunr is again a e,ohomolog,1, operafion of t}e sarle rype. Ciyen
calronrologv oper:atiorx d of type (p,q; C,C) attd {f sf gpe (ri,r; C',Cl'), tlreir
corrrposite 0'0 {of natr.rral tran-sfornrations) is a cohornology op€ration of typ
(p3; (},C"j. In this way tl're Steenrod squales carr be aclded arrd nrultiplie6l,
nnd they genelate an algebla of cohorrrolo;5' ol1erafions c4lled the nodrdo 2
Steenrxl algehro-

Irr tlris algebra the foLlorving Atlert rclution.r:l ?rold:

s(t 's'/f = 
u.,Ar,rr(t,!;,r)sqitt 

t< t 0 <i <2i

n'lrere [i/2J denotes as usrral tlie largest integer 1i/2 ancl tlre hinomial cteffi-
cbnt $*11;1) is reelrrr:ed nrodtrlc 2. tlsing tirese relations, it is easily slrorvrr thrt
tlie algelrra of ctrhon:olo6y operations generated lty &f, c.'here i is a porver of 2,
contains all tIrc Steenrotl sqlurres. Tlris iniplies that the only spheres th:rt can
lre /I spaces hnve elimensiotr 2, . 1. for sonre p. By lsing <leeper pr.operties
of the algebra of cohonrology operaUons Acliurx2 has sholvu t.hat the only
spheres that qu be H spaces rrre the spheres So, .S1, .S3, and S?. Each clf these
is, in fac! 'arr II space, w'ith nrriltiplicztion defirrecl tr; l.re tlre rrrultiplicxtitxr of
the reals, oornlrlex ntunbers, qraternions, or C*yley nurnberx, respectiveh
of norrn l.

BrEn(:rttlis

A urss:rctroNs
I-,et C'lie a graded nrodrrle over I1, lt ftltrution (tncreashtg) of C is a ecqrlence {iici oI
grade<l nrlrnroclnles of C srrch that F"C C FsnlC for all s. lt js said ta be kruwlad lxlou
if for any i tlore is s(f) mch that Faa(i : (} and it is conrietgettt ubane if U F.C = C

I If {f?6C} is a filtration of a chain cornplex (i by sulxnmplt'xes, thrrc is arr incrersirrg
filtratiorr at II*{Q defirred by f"}f* ({) = im [It (4(.) + Itr (q], If the orign:rl filtration
on C is lnrrnded belorv or (:(Dve,rgort above, prore that tLe same is tme of the indrrced
filtration on Il*(Q"

An irrcreasilg filtration {F"C} of a chail txrntplcx C lry su}rcoln1:lexes is called 'a rhssec-
tl(il 1l ia is Lxlrnded helou', conve.rgent alxrve. arrl if

I{.ifs+1C,FsC) -- O g+s.+" I

r See J. adenr, The lteration of the Sreenrrd sqrnres in algebnic topology, Pnr:caliry4s uf t*e

ilalional Academg of Scletcc*, tAiA, vd. '.*, 
pp.7'Xl-72(i, 1952, cr H. Cartan, Snr I'iter.rtinr

dr* r,perations tb $teennxl, Convw:tt*nil l*{utlunultci lleh*ticl, vol. 24, 1rp. 4(}-58, 1S5.
z See J" F. Adams, On the non+xl.stexe of elemts of Hopf inrariant orre, Anrrnls rf hknhe'

rrurlft'^r, rol. 72" 14>. 20-il)4, lffil(|,
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Civ*t a <lisset{ion {}r"C} of a chain <-rrnrplex C, tho srxpence

. ' ' *+ IIq*;(I1+{;,F,{-i 5 Hs(F,f)J',t 1C) .r* IIqa(F,r-1C,Fo-.2e *> ...

is a shairr crrrnplex f, ctrlled the r:lutin ctsmpler asxtciate:d tn the disser:tirnt.

2 fi e is the chai, cornliex associatxl to a tlissection of ci, prov-e tlnt r/* ((*l) = rlo (().

* I'et {F-C) be a dirsetrtion of * fren chsin c-ornplex C lry tr* mbcomplexcs srch tirat
F"or(f I;,C is flee for *11 .s. If f ls the ctr*in <xrnrplex ss-sociatec{ tc the tlissectiorr, pn}ve
thar i-l and C havet isomotlhic lronrolory arcl colnrnologv {or all trc{licier:t nrtxlul6s,

[IIitrI:'I'Irc freencss lrllxrthe'ses ensttre that the trniversal-caeflicient theorerls Lolcl fcrr
both honcrlog-r' and cohomolrrgy. Then {F-C 6i C} is a clirsection of C 6 c wlrrse asso-
eiatcd cihain rnnrplex is i.sorrrnlpldc to e I c. DLral consiclaations apply to {Irom {ric,c)}
arrd Ilom {C,(J).1

A hkrck dir*ecliat of a clrain conrplex (,' is a <nllection of nrkomplexes {E;e}, callc<l
hlcr*s, v,*rcre cS vaies over the set of integers alrd for eaah q, i varies oveL a set lo, srrch
tlrat if f,C is tlre subcvmplx of C ge"ner:ated l:ty {Ef lq,:" arrd if I!;r = E;c n Ir"*1C, then

Iifi n Ek't C liq-l) i +k

Ev- { )
U F ^ t * C

rJ mf{iciently snr*l1

f l ;1 f , " 'E;a) ' : { ! , ' r ! '1 ,

4 It {E/c} is a }rlock dissectiorr of a clrain conrplex C provc that the corre4xxrdirrg
mlk:tion {.F"C} i.s a dissection of C ui}rose associatc.d c:}rail conplex C is tree wit}r
ger]cators fnr fo in trnst(>oue ctrrrespondence rvitl the rret,lo.

* llock tlissection cf a sirnplici;rl complex K is a <xilection of mhcornplcxe,s {K4},
rvlxre g varie.s over the set of irrtegex and for ea&r q, i ru.ries over sorrle ir{lexing set ,I(,
srrcli that if F,I( : Ui." &g and k1,t = f.-rH ft K/, ttlerl

K1 f. Kkq C Fo_aK

K y = l )

U f , K = I (

rr1x1,x4={or, ,ot!,

t If {Kjql is d block dissection of K, prove thst {CtKr//)} is a liock <llssection of ths
chain complex C{K) by fre.e sulxonrplexes. If e is the c*rain conrp}ex associated tn the
tlissection, prrrve that f and C(I{) bave isomoqrhic homology and crhomology rvith any
cor{ficient grrup.

Il uol,tot ocy [fA-]rtFoLDs
L hoznology ̂-nraniJbld is a locally ctrllpact rlausdors slrace x s"uch that for all r c ,{,
t/l,! X - r) = (l for q gn arrl cidrer t/A(X, X - r) = {.} or: II,(X, X * r) = Z Lfu.rther-
ntorc, if tlte Inwulonl,( of X is ilefined hr tre the srrhsct

X = { r € X l H , , ( X , X  r ) : 0 }

thenivealsoassur'e t l iattr- i  isan.nenrptyctrnnectedset, I f  I  :  a,xis saidtolp
toilhout lrcmrdctrg.

i * t <
r7 *rfficiently srnall
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I If -l ls a hr.rrrxrlogv- rr^nranifold and f is a hornologv rrr-manifol<l prnve that tr X l'is
a liorrrology (l * rr)-lranifold u,krsr lxrruxlag' rrluals i X )' U I X ]'.

2 Prove tlut if a polyhcchnrr is a hotrologv rr-nr&nifdd ils Inrrrrr)ary is a sub;xiyhulron.

:f lf I( is a sirrrplicial dril,t)l(:x triarrgulating a hornology rr-rnarritiid X, pror.e th,at K is
an *dirre$iorul pseudornarrifold and R triariglrlates *. (A pai'hedral homclogy *-mani_
fold is said ta ln orie*tabk or ,lonorlentalle, accuriling to whetlrtrr any triarrgulation crf
it i,s oriental.)le or nouorientalrlc as a 1:serldorrranifolcl,)

4 f.,et (K,A) lrc a simplicial pail triangulatirlg a polyheclra.l lrorrology n-rnanifold (X,$
antl let L l.tc tlre sul.rcomplex of tl-re b*ryccntric s.rbdir.ision K' consisting of all sirnplems
disjoirt from K'. If rc is a ry-sirrrptex of K - K, Itd E"-{s) bei tho srrl:cornplex of i gcrr-
e;rated by tlre star of thc barycc.nter b(*). Prove that (fiia-,t(s\\ s 1 x -i is a Lrlock dis;u:-
|ron of L and that il fl i.s the clairr conrplex a\sociated to this trlock tliqsection, then l,'
has horrology a.ld cohomology isonrtplric to that of X * *. (Ilirt: let st .$ .- .s< * B(sl),
rvhere .B(.t<) is a snkamplcx of K. 'fhen En-c(sc! = q.9 r [F{ro)]'and E,*,(rq) = IB(se)f.
Also rTote t.ltat lt-! is r stmng dofolnration retract of iK] * lKt.]

,t l*fsc,ltt't:. cluulitg llrcornt, I-€t (K,I$ be a simpltcinl lrair triangulating a cornpact
hrnlok4X, ,hun*ifold (X,"XJ and ansunre that a € II{AX) is an nrientation sf K. For each
q-sinrplex r< of I{ - K lct z(fi) C II,,(& ( - st rq) lr thc in:age of 4 rutd ac$.rnre an
orientati,on ao o( sa clrosen on<:o rrrd for all. 'Ihen :(sa) : or $ f(o{), u,itcrc <o() e
H, q*l(B(.eo). I)efine a'{ac) C H". ctli*- a(so),&*o(.sa) to cur:reqrond t<; Zlatt} unde..r thc
isonrorphisnrs

II"-q^1{R(s\) = Hn q t(tt a1s11 = il,t..n{E:n'q($1),tr:,-nl.*})

[.,et <;t Ilom (CIKK ), GJ - C,*o E; C lrc the honromorphisrn defined hy

q{r) = ) /(oa) € l(o.r) rr ( lloru (ClKIi), C)

Prove that g is an isornorphism and that it comnutes up to sign with the reslxctive co-
boundary and l.roundary operutrrrs. Dedrnw isorrrorllhisrns

lI,t(XX; (l = H,, u(X - t; {) arrd llq{x,.t; (J) = l/, t{X -- ,[; C)

(l r'soplrn'r'ns oF 'rr{I1','foRsroN p$obucl A.\D rixr
In this group of exc'rcises all urodules rvill [:e over a princ'ipd ic]eal doniain Il.

E Prove tlurt tle tnrsion procluc"t is assrriatil'e.

2 IfA, l], ancl C are nxrdules, tlrove thst

A 6 r ( l r + ( r ( + ) A * ( 8 f t { J

is s;,,rnnretric il A, B, and C,

tD Civeu a nlodt"rle A a*d a short exact !4xlt(rncg of rncxlubs

pro!? there Ls ,.n drxactseqrr"r,""o- 

B' --> B+ B" *> ('

() + Ilorr (A,B') *, IIom (A,I)) -> Il,om (A,R"\ --+

fixt (/,8') ..+ Ext (A,Bi *r Hxr (A,8") --+ 0

4 Giverr a short cxact sequencc of mccltrles

A " * ,  A ' +  A + A "  o A

and giverr s m(xltrle B, prove there is an {xact s€{lrrcnLc

fl(Snorsf's

g + ilonr (A",8) + l{ont {A..8) -r lloar (,4',}4-t

Flxt (A""l]) - ' Iixt (Al) a I'ilt (A'.8) + 0

It (: = {(i} and C* * f1.J} are grarled nrtxlultrs, there is a graded rnodtile

Ilonr {Cl,C*} : (I.lonr'r (C,Ci')1, lr'htre llonr'r {C:C+) : X i,.t.,t llonr (C1;,CI) ftlrrus an

e.lenrent oI l{orrq (C,C.,) i$ an indexed fnrlily {tp;: Ci --+ ("\r r}J. Similarly, therc is

5 g'ad(xl rn<.xlule Iixt (C,C*) * {Ext'r (O,(:E)}, rvtrere }lxt.r ((),()*) = Xi,u*., llxt (C;,G).

g ll C is a cbitin L.ornlirrx arrd Ct is a cochain corrlplex, provc tirat llolr (Cl,C*) i^s a

coehain conrPlex, r'vith

(3'g);,; = I'i-r.j" ?li {- (*l)i6i-1 " g'i.j-r q'= {(pi.i} f [Iornv{C,C*)

and tlrat Ext (ClC*) is a ctxhain complex with

(,V)i; - Ext(3i,lXrt.r-r,i) + (*l)i Il* (1,&;1)({,;;-1) * = {*r.,} f flxtt (C,C*)

$ lf C is a c'haiir conrplcx and C* is a cwllrain tx)nrplex such that Ext (QC's) is

s(y'cli(:, pmvfi tirat there is a split short exact sequerca

0+ Extq- l  ( I l * ( f r ,Ht(( :* ) ) - -+ I {e{ I Iom(C,C*))- -n 11. 'p1o(I /* ( ( lg*{C*} l+O

7 It C antl (," are c*ra.iu c<rrrrplexes arld Cd' is a crxhairr cornple\ prr*'e that the expo-

n€s'rtisl corrcs?ondence is an isornorphisn

IIom (Q Iloni {(l,C*)) = IIo*r iC @ (], C+)

fr f *t (X"4) and ( Y,11) be topolngical Pairs such that {x y t}, A x Y } is an excisive

,/ .nt1rt" in X x Y. For :uiy nodule (.J prove tliat there is a split short e.xact srqtre'rlcY)

| 0 -+ Irxtq I (I/+,H*) * g.i("X,A) x {)'J); (-) --+ Ilorrr.i {Ii* ,II*} --+ (l
I

I  rvlrre I I* -- l la(X,A; I{) and II+ = H*(r ' ,8;G).
t

i ll carzconr

, A tarol"gi"al s1x.ce X is said to hare utagorq ( n, &noted rr"s cst X { n, if X is the
i uni.em cf n closed sets, cac'h del:crrrrrable to a point ir:r X.

j, t If X is a cnnnected pcl/rerlnn of climen.siol n, pmv€ tlrat. cat .f, { n + l.

| 2 tt X is ar1' space, provc that cat (Svt) < 2.

r {l lf cnt X ( ,4 ptove tlrat all n-fold cup products of positivedimensiorul colnnrolog}

, 
tl*st'*s of X ranisb.

[  4  l ] n v e t ] r a t c a l P ' * n  l  l s l r d c a t ( f r n r  X  . . .  X P " , , )  =  n t * . ' ,  *  n r . 1 ,  l .
I
l-li rrorrlorrlcy oF FtBt.;R BriliDr.r:s

il I trt p: E - B bc a filpr-brurrlle pair', rvith totril ;xrir (E,E) and lilrr pair (l?,f:'), such

I that Hcg,F) = 0. Prove rlut II+(er.) = 0.

l; Z t p: F', -* t) is a fiher-lrundle pair ove.r a path-cunnecte<I trase spar:e iJ, prnvc that a
,{ hr:rn<rmorphism 0: I{*{I:,Fi It) --+ }l*(Ed; .R) is a co}ronrologv extension of thc fillerif

J *rtd only if for strnre ir ( B tlu cornposite

I
! H "(4fi n) 3 ilq,$,i,; R) ---' r/"(E'1,/ir,; n)
I :

I 
b an isc:r:rorpbisnr.

I it I*t 7t E *> 8 be a fibo:r-burxlle pail or.er a pal-il-corurecte<i ba*e q:ace'. I{ for some
b ( B the lxir (fi,fb) is a rveak retract of (E,E), prore tlrrrc oxists a cohonrolqry exten-

: sim of tlre filxrr.

I
!

. l

t ;

s

i
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f 1 Plovt' that a g-splrcre brurdle { rvit}r l-use spacc B is olit:ntable over R if flrxt cgily if

l-!t 
r ,"rery rrap <r: sr + B the l:turdle **($ Ls orierrtalit: over Ii.

| 5 Pr< .e tirat a g-sPhcrc brrndle { is orierrtrrl*e over Z if arrd or{y i{ tht:re is rrn elcmc'.lt

i t: e hp+r(Es,tg Za) rvhose image in flt'r(Ebtg; 22) is the. uniqrrc orierltation cJa^ss gf {

I over 22. (IIi,ttt: S'Iro*' ilrat tircre is such an elen:(rrt [7 iI rind only il fcu ct'cry clr.,sed prtl

I a' irr the lrasc s1are, ft{or] + i.s tlrc idenii$. niap of flqr r{f,,rrr,Ii.nr; Z1), and tiris, irl trurr, i.i
\ cqrrivalcnt to tlre cprrtlitit'rn that h[o:]t is t]re itlentitl nrap r:f l/or r(8a11,ii"11; Z),)

{i lrt { l.re a g-ryhere bundie q.ith lrase spxrcc B rnd with orit',ntatir:n gjlass
') (.t.Q H'+l{Iibha; t{) and lct {ls € lIq+a{b3;fi) be t}re crrresponding c}xu'actelistic class.

, Provo that Ot({}g) - t/, r: (.i1.

7 Provc that tlre clraracteristic cla-ss (Ja of.ur evel-dirnerriorrai sphere bundle {oricrite.d
ovttr ZbAs order 2.

t t,et € l;e a qrhere lrtutrlle orientcxl erver lt, s'ith ba^{€ sp:r<:e Il. Il'f lus a sertbn i1 f,,
O (that is, if the ma1: ps: iir --+ B has n left invcrse), pn)vr that ils c'haracteristic cll*s

Os * 0. fllitrt: Any t\l'rt sectiorls B *t La are hornotopic in .lir. Sir:ce fa is tfta nlal:1ring
cylind€',r al pa liu + li, t.hcre is trtr inclusiorr map Ii: 13 C E, which is a scctiorr. 

't-I"".r' 
iI

a st:ctlon in fa if and orrly if l! is homotopic to a nrap B --+ Eu, irr ri'hicb casc the crrmlx$ite

Ilq+ttoti.si Ii]. li IIq+t(F*Rl e+'> IIs+1(Ilin)

is trivial, l,ccnuse t/* 
-r 

F ft*.]

$ rroPF Ar-clrl!fiAs

I Provc that tlre terrsor prndtrct of <nnrrecterl llopf algebras is a urnnected llapf a]gelrra.

2 lf ll is lr carrnecterl llopf algelrra r.f finitc t),F€ over a iield Ii, prtrve that
lJ* * Ilonr {Il;ft) is a ctxrtec{ecl Ho;:f algetrra ove,r ll $,lrrse prrxh.ct and coprrrcllc{ are
dtal rtxpectir.etry, kr the eopto<luct arrd proclrrt of B.

:| l-et R be a conucrted llopf algebra over a field of c.haracteristit:7t.50 and arsunre
that .6 tlas an as$ociative ard commui:rtive product and is gcrerat*id as an algebra by a
singleo'le.rnentrof pnsitive &egree.Provcthat if dcgrisoctrlandp'-*2,thenB*l:|r'l,
andif degtis even or p = 2, then eitler Il * .$6"gdr) or I):. T4"*,,11(r), w.lrere /r - pl
forsome f t )  1. .

4 l,et B he a ff)nn€cted ll.opf algelrra cf fi:rite ttrpa ovr:r a field af finite clrarricteristic
p *0 ud assrltrte thst R ltas an a^ssoriative and <nynlrutative prndrrct. lf the ptlt l.rcwcr
r:f evelT elrmcnt of positive degree cf B is 0, prove that JJ is tlre tensor prrxluet ef cxte-
rior algebras (with generators of ffJd degre* if p l2) anrJ tnrncated polyrxrnrial algeluas
of height p (rvitb generak:r of even degrce if p,A 9).

li rrrn B(xrxs?ErN lroMol\toaplil$h{

I Sirolv that thc Bockstein hornomr:rphism in honokrg,'{or cxrhc;:nologv} nntitrrmrrutrs
rvitlr the borrndary hourr:nrorplrisnr (or colnundary lxrnrrrrrrorphist.n) nf a pail.

For any [)rilne p let po b thc Bocksttin ]rornorro4rhisrrr irr citlpr ;orrxiogT- cn
colnmolog,'for tlrc slrort eriact sc.qne*cr. of aLt{ian gror:ps

A - T r - * + Z p " - . Z o - Q

L;ct Be}re tire lJccksteirr lrornonrorphisrl for thc shrxt t'xact sequer](.c

D q 2 !t+ '/,*t 
Zp -.> Q

; ,,,11txe lr,(r,) = pn awl prr is rednrlio.n nrurlrlo P"

f(? -"""'' 
tlrat /e,' = (P,'k " 8,"

/{ :r *'-"" that P,, ' hn - Q.

il .l i Prove tltat f,p(ttv o) = fi,,(u)v r + {-l)dt'Hr uv'$,,{tl'

ll ir l,rgve that Snzrr L = f,ro 542. fq i ) 0. [Ifint, Shorv tirat t]rerc exist fiurctorial
-l,.ulorno.phisms 

I l););re, vvitlr I); of tlcgle I frorn ihe intagral singular chairr con4rlcx A(X)

b, A{X} @ A({, nrch that I)6 is a c'hain map conrt-'rtrtir}g \{'ith allgnrenfatiorr and

?D2t-1 + I\ i . .$l  * [)21 - ' l 'D2; i>0
?D4 * D2;r * l)s;-1 I'l'I)?i*r i >' 0

w'lre're ?!o1 @ o2) = ( - I)o.* "r cJeu "z 6, $1 6t'f ,

ll Let { t*: a r1-splrere Lundle artd let U.d,!o*1(nJ,67*2} ln': ils rrrriqrrt: orir:nhrtion

oret' 22. Prora that { i.s oricrrtalic ovel Z il. :urd oriy it /i2(U() = 0.

lI srrrfr:r,-u'r]''{NEl crrAnA(:TrnISTIc cjlrsslls

Let { |lc a gxphere llrnclle, sith basr'spat* B, and la ti 6: Ilv*r(li6,lar 7.a) lr its oricl'

$rion cla-ss t>ves !4. I'ire i0r Sti4Vl.Whitntv chctoctefisric closs roi(tJ € Hi(B;hI for

; ) 0 is defined i;y

of (u*({)) = s.r{ti)

I Let f B' *, B lrc rorrtiuuous, Prove that f* (ro;(€)) = 
"ti(f* E).

2 If { is a prlxluc't truntlle, prove that rrr{{) * 0 for i } 0'

:l Prove the follora'ing:

(a) *,u(fl is the rrrrit c'Iasc of ll{t\ll;7.2}.
(lfi {12{u,2;($) - ro2111{$ + r()r{€) v rr;zi{{) for i } 0-
(d If € is a rlspite're liundlc, then rt1($ : 0 for i 2 q + l, a*d tri,*1(S is tirc

c'tutracte,r'istic class of { ovcr 7y.

{4 { is oriental;le <;vtr Z $ and rxrly if rr1i{) * !)-

lf { is a g-sphere hrn<Ilc over rl and { is a q'-sp!rcre bundle over B', tlreil u'oss lnwh'd
6 ; f  i sa( r t+ - r l ' l "  l ) -sp l re r t l iu r r t l les i th  l : yq '= ! i ,g . r4 f i4 ,Egx1 ' - -F4XE1 'u t1yE1 '
ard lt*r - 1ts X ltg"

4 W 14 e ltq"{far,t's;Zz} arrd til E ll't+t(l:'a',f;a';'L2) are reslttcrive orientation clarses'

pove that

I 12 x ti a € IIa+d +2{F,x(,F:*r;'Ie)

ls tlte odellation class of { Y {'.

ii Prt>vc thst r{r/.{{ X €J = Iiri.r rut(t) X ru(t').

lf { and {, arn splrere l:}lurcllers $,it]r t]re s&rne l;ase rpace f, their \Iililneq stun

{ e,i {, ir t}re sp}rere bnndle oner B induetxl fl.om { y f' by the diagonal :|nap I} + B x B.

O trlTritnt,rl thnlitq lheorenr. Prrrve tlrat

rcff O S) : ,,.8*,r-"{€).. rrdf)

I t(N.toto<;v ryr{tr L(x)At, (:o})t'r{crF:Nts
If o: As --J X ls a singular g-sigrlrlex of X, rvitli r; ) I, lt:t <,:" bc dte psth in X olrt.{irrcd

ly composhg the linear path in Aq from t)ii to D1 $.ith o. Gir.en a locrrl systrnr l' of
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I[ trtodules on X' dcfine A,?{ ;lJ to be t}re ll rnodr*e of {initdy noryztrc,farrrral srrnis n q"l
in rvhich o v'arje:s *'er thc set cf singr.rlar q-sirrrplexes of I a.d ,*., E l{o{o$) is pejl
except for a finite sct of o. For r; ) 0 defire a lnmr:rrmrptrism d: alx;l-) -'a*_rix,r\ uy

it(aa) -- 
o.in 

(* f)i.lo,') ; t{r"r"){a}6{or

I Prove tlut A(X;[ * (Ao.(X;l), ?] is a c]rain crrr.irple,.,rvhich is frctr (or torsion free)
if l' is a local s1"ste'm of fre,e (or tosio' frr,'tJ lt n'rrures" and if r i r, *,orv thaj
A{A; f lA) is a subcr:nrplex of A(X;l).
'flw hontoklgy ,r/^ (f-,A) uith locvl utefJtcie.nts l', derntecl W ttn(X,A; f), is tlefinctl
to lp the lqadr:d hornolop' tnodulc of A()f,A; D = A(f if)lA{A; l'lA;.
? F'r a fixr:d ring it let til:e the catcgory r,r,hose oLrjects arr topologir:al pain (Xl),
trrgether witlr local systems L'o{.Ii mndtles nn ,f,, aud rvlnse morpiris*i *r,- (x,A) a,,,t
I' to (r,B) and I" are continuous naps f (r,a) - ()',8), togtxhei yrith indexe4 fenriliex
of homomorpi.iisnes {/,: f{r} + f(flr})}".r. pxrve t}rat IIo{tA; I') is a covariart ftmctor
frorn r:l to tlrc category of gradtxl ll modrrles,

:f Er,rtt:tt',t:ss. fliven ,,1 c B c x and l toral rystem I' cf It merdtrles o* x, pn:r,c tlral
Ihere is art cxtut seqrrcrr:e

..  '  -> I I IB,A; I* lB) *+ II , lX,A1l)___+ I(X,B; IJ + f lu_1(ts,A; l . l /3) + ..  .
.& Lircision. Lrt X; and Xs 1;e -nrbse,ts of a space X such lhat .{1 U Xz : int Xr U it* Xz,
For arg' local y*sterrr: t' of ]i n:odules on x prove tllat thr: 

"*"iri,oo 
nrap f1 fror'r

(x',xr n ls) and l'lxt to {xl ti x?, xr) and I'f (rr u x2) ir,crucas an isornor;*isrn

hs: II*(X1,Xt A Xz; f lX1) =I{(Xr U X2, X2; I'f (X, U Xr;)
5 'rr'vo nvphisms f and g in f fnrm (X,A) arrd r to (l',8) and f, *re s:rid to bc
I$nwtoltic in € if there is a lromotopy I:'; (X,A) X I + (y,B) from / to g and an inrlexe.d
fanrily of lromomorphisnrs {F1o,1: Ilr) + p({r,t)}},r,,t.x*r nrc}, U-i F1,,111 * fo and
IL,rt = 8'. frsr'e that hornotopy is an equivalence relation in ilre set of nio4:i,L.r.. frtrm
(xgl) :ind r to (y-B) a'd l.' a*d th*t |le crmprsites of h'motopic nroiplrisnrs :*e
honmtqric (sc tlrat tlre homotopy cate4ory of e can ln cle{inea}.
4i llonotnpg. If / anrJ g are morphis'rs fiorn (xd) arr<i I' io (y-B) antr f, a*d / is
lromcrtopic to g il i:r, prove thatf* : g*; Iln(X*.l; e -_+ i/*(1.,.6; I-].
z lf l'and Il' ale local systems of It modrrles on x, there is a lrr"al sysreft [' g I', orr
X rvith (f A l Jir) = f(r) & f"ir) arLd (f @ f,](r,;) = Il<r) g f,(a,). I; case l., is rhe
srltstant lo{.al sylitelr equal tti {-', then prove that

A(x,A; f E G) = A(x.A; 0 I (;
Daduce a rrrriversal*ctrcl{icient ftrnnula for homolog;- rr it} trxa,l coelficients.
1l If I'and I" are local systrns of ri nro<Iules on x and )", respectively, let I' x l- -
p* {1.) @ p' * tI' ) lx dre l.cal syste,:n .or X y }', r,r"he.re 4 1I) aixl Il t, (f ) are in<}rrrd
fronr I' arrd I*', respectivcly, by t}lc projectjonc tr:.{ 1 y_+ X a"nd'p': X X },-_a }'.
Prt.rve t}at thcre is a .atural clrain equivalence of A{x; l) I a(y;f) wit}r A{x x y; I. x I),
l)erhrce a Kiirrneth lornrtila fnr furmology rr.ith lassl coe{licients.

rl corlcMor-ocy wllrr LocAL coErrlclrtrvrs
If I is a local systern of /l rT odules on x, de{ine do(x;I) to he the rrr6c.hrle of functi.reu E
assigning to cvery sirrgrrlar g-sir'plcx o r:f x an eleruerrt (t{o} 6 qrr(ra)). I)efine a h'r*o-
morphisrn 6; A{X;l) --; tre+r(X;l) try

2

--'|FF-

: f

[rEnclsIs

(SE)(o) = 
,,. ,I0,, {- 

l)ic{d,) + tlo:" -l}(dotor))

I Pr-ove that A*{X;l) = [Ao(X;1],6] is a urchairr conrplex and tirat if A C X, the
r.e;triction map A* {X;l') -.o A*(A, I'lA) is an epimoryhislr.

Tbe coltotn*logy ol' {X,A) wlth ltr,ul <2rclfu:itlcts X-tlenoted l;y I{$(X,zt; l-), ts
rlefi*ed to be the graded cnlrcrx;log,'rnslule of

At '( l" ,Ar l ' )  = ker [ [a(X;l ' )  + A*(A; l ' lA] l

2 Far a fixed rirrg It let i'l be the cafc'gory wlose otriccls are topological pain (X.A),

tt4$I*r tvith local sys{ems I of .li nrodules on X, and w'}rose rnorplrisrns frrrn {X/) and
f to ()',$) and I" are cuntirlrous rnaps f {X,A} -r (}'"8), toget}rex with inslexed funriLes
of Lorltrmorphis:rLs {/': I"(/(*)) - f{e)},.,, Itore tlrat H*(X,A; I) is a conrrar.ariant
furxkx frnn L.' to the categriry cf gruded Il rnrxJules.

:t l'rtrve tlrat the cohomnlogv- with local. (F€lficients has exa<,.tle*ss, exc.ision, and ]reirnr;t-

4)y propertie^s analogous to those cf the horrrologv widr local cne$cients

4 lf ,' is akrcal systern of Il rnodules on X ancl Cl is arr ll modrde , tlrcre is a lrral sys-
ltnr florvr (f,{;) of fi rrrochrle-s on X rv}rich as:rig*r to * C X tlre modtde flon (t{r),C).
Prcre that

A&{X,A; 
[r*" 1r,cp xtrarn(A(x,& f), C)

lleduce a universal-cx)c{iicient foitqrla for colronrnlolry \r,itli local coefic:ients.

I,et € bc a r1-sphere brrndle witlr lra{c space B anAlet I'6 be tlre local systerl on I}
srrch tlrat ls(b) = Hq+ (Eu,Lb). f.,ct pf (fs) be the lccal systern on 16 itduced frorrr Ii Ly
p6 Eq --+ B. A. Tlnn clrrsrs of { Ls an elerrrent Lt, 6 IIrt+t(Er,F.r. l{ 0-J) such that for e;r'ery

b(Btlwslern*rrt

uel(Eb,Et,) 6 Ho+r(EuEr,; tf (f{} I f*,} = IIqtt(F-,,,(ia,; lIn,1{E1"FalJ

co:reqnnds to the identity:nap ett lloar(Eu,ta) nnder the universal-ctir:flicient isonnxphisrtt

ils+t(Iit,&,i ltq L L(Eb,I:b)) = Ham (rI q+1(Et,t bj, t I q4.a(nb,E,n

(t kor.e tlrat every r;*sphere buudle ha^s a uniquo Thom clzt"ss. {llittt: ?rove the rasult
first fnr a product bundle, ancl then usu l4aye;-ltetoris sequences to extend tlre result to
arl..ritra4. bt rrxlles,)

I l.et { lre a r1-sphere brrndle rvith a base s1n*e B and let t4 bc ils thor:r class. If I'is
arry local sl,stern of attclian groups on X, prove that the lnnronrorfrliism

otu.. IInTEr,Er; f (l-|l --+ Il^_o_1{[); fr I r)

srclr tliat &r(a) = ?*(tit ^ z), wlrere Ug r': z L< art eleruerrt of H,*0. r(E; /E(li @ [), is
an isr:nrorphi"mr" If R is c:ornpact, ;rrorrc that the honromorphi.srn

Of I Ff'(B;f) --+ Ilrt4+r(y,*[::t; pf {1" A I'q)}

srrlr tirqt Of (.9 * p*(r) v 14 is *n isomorplrisn.
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a' 'prgRcr$;s ii:7

B y t h e T h o r n i s u r r r o r : p l t i s n l t b e < r r e n r , t b i . s i r u p | i e s t l i c r e s t r l t . c | n t h : . ' . ' t 1 f t l r . c e 1 e r c x 1 t - r f t ) r i s g r l p ,

-T :: :.',*':*:::"'iiil:.'i'-f^l ;.:,:::,:,:,1 ::',1.1':r:'1,-"-:Tw ;"':,1Tffffi;::i',ililTn*|,, *, 'rorc rharrer:rn1'2, c .\
tliat D; aucl u;{X) determitte eirc:h other ree:ursively. In partir:trlar, the classs^
rlr; are inclependent of theinrbcdclingof X in tlrc Flucliclean space. tf Xisa i ldl/ x X,A x X- l l(A);l i  v l ' i :0 9{n
cornpac t l r - r r ran , i fo ld in rbedded iRR{ iC | , i t fb l lo \ {5 f ro rnexar r lp le l ,9an<]

a n d f t c l r l r t h e f a c t t h a t t J r e E u l e r c l a s s o f , \ i n R n | d i ( . l . e ' r o t | t a t r i - r 1 = Q f . , ' . " j f o ' c { ) n | I {
i } * r l . " I l l r i sg ivcs the fo l l r r r r i r rgne( {$sar :y< :or rc l i t ion for im l r r ]da | i i r yo fX i ' , l tn t . i ' . ' g r l i rgc t l i r r r i t s t )1 | ' t } le
fltt"lrt. i t ft ttn that there is a locd s1'stern f.1 r.rf It rrrodules on X s:rcb tlurt

2i3 crnor.r.aHv I"a x be a cetirllect tr-tratrti!'olrl itrtltcrkled irt w+,t atvJ lel I !n' -t|,L)-x 
* r: fi) for r { x'

ici € Iti(X;Zzj be rle.finill bu i l.r,r .. u, f 
t", a, ( l:l"(X, X * 'r; tv) l:re the ge:rerator correslrondi'g rrrder tbe

i"vrnlo4illjsnl

to tlle idcrtity homomo4rlrisrn of il"(X, X * r; Il). A T'ltam clas.s oI X is an elemcnt
TTvn  w i=$Jb r i )  c I .  "  .  t _ t  € i l ^ ( x  xx , xx  x -  q r l ,  R  l r l o rn ( t . 1 "8 ) )
\ !-eplerients<rrreexanrl*es. nre}that (Ul[rX (X,X- xl]) /+* I  El l{r{ l ; / t) f trral lr(  X.

24 For In, fi:1(12) = il, and i:2(I?) - 0, so lz cannot lrc irrr[e{ded in Rs. i 4 If 
l_i1_ar 

oPen strbseit of -{ and {i is a 'I'itonr clxs of X, prove that

:  U i {1 rx  V ,VxV *  S(1 / } )  i s * lhonrc l *sso f  I / .
2!i lt'or tn, tt(Yt) : O for i ) 0.

.f Prcrvc that flr 1r"t a unjtnrc'Ilorn <:las.

2li  For tr, f t$a) - ru, r-42(Pl) - uz,{4(F) - rdl,arrdd:a(P4) =0.There- i  { i  yr,ru'"tharxhssauniqi leTlronrclass.[I / inf:LT*c'xerr isegtoshorvrhar
fore Fr cannot be imbedded irr R?,

f'(X x X X x X - 6{.$; ti x llonr (I1.,Ii)) =
27 For P:', rc1(Ib) = A, {;2(F} = rr,'?, rI*(F) - 0, u.1(I6) = 0, and r7:6(F) = g. ; lirn - 1Il'(Ir X l. V X X * 6(y}; R X lkrnr (Ii',H);
lIe.rlceI{'€nnotbeinrlicdde<linR?{lvhichisal.soac*nseqr'rencnofexanp7e2(})'

l: H,,(X - B, X * A; l-x & G) --t 71,'a1A,B; C)
2 { l n r r x r x n u b t . ( ' $ z b c | | * ' b i n ( , t t i a I r r s e ! J i t i e r t t . ( 7 } = r t | / i 1 f u * i J | r c d u c w I : , . ' ' ' o - , . n - - " ' _ ' )
tnotlulo 2. .lhen : by ytz'l = Itt l(A,lJl X (X * B, X -* A)l/2, rvhele {i is tlie 'ltronr class af X. As (V,W)

'fhe la.st exarrrples show tlre inrportance of c:alculating ru;(rh), rvhich rve tr T:l 
t-:"t**- 4 and 5 by lv{a1'61-!;"1oris techniques'l

now rlo, i It (A,I\ ix a prir il X a:rci (l is an li nrcxlule, dcfine

.. rrri.:s ovcr rreighbr:rlmorls of a closed lrair (A,B) in X, the.re are isonorphisns
u>i( t t ' ) -  in i t ) r t r ' '  l .  tur r . { f i . {x_ 1{ . , ,x_ t , ;  I ._r€q}-  I Iq(x* I i , ,y*d;  t r .g(A

p B O o F  S i n c e ( o ' * l ) z : n * l = X ( I l t ) , t h e r e s u l t i s F n r e f a r i = r t . F t r ' n , , r 1  l i m . { } ? , - v ( I r , $ 1  e } = f i n - t ( A , I } ; c )
i { rr, rvhere n } 1., \i,e s"uppose Pr'l linearly inrbcddedil P't.'Ihcn Ih, - I'u-t i ^*, ^ L,.-*^*^.-.
is an affine space, hence fiiy, - P't):1) an.l llrt(P,, I+, - rh -l) = n"g!). 

: anda hornomonrhisrn

'l'hen tlre a<,r.nal'I'hom class 0(l) e l:lr(Pr, ')i , Pr-1) maps to to ir, If,ifi, '. i: tlo(X * rl,x - A; r:'& C) -- f7" a{A,It;Q

So rD1 : ro. By theorern 22, tai!)rl I Pr | - t'1(P"*1) * ro r-: o1.1{l}a-1J, ir <bfine<I lry lmsing to the lir,it rvit6 7.
s i l l ( a I { o ( I } . ) = I I a ( p n . l 1 f o l : q 1 r r , i t f o l l o s ' s } 1 ' i r r < I t i c t i o r r o n t r t h a t ; , 7 D t t t t t i t g t I r t l r : t t t "

n)lPt\) = [(il'r)e * (T)z]r,;i = {"lt)"r,:i a t, 
rt ,",rtr rNDEx oF A MAr\rFrr_n

; f Let X be a compact n*nanifold, rvitlr liorudary .t oriented oyer a field R, and lct
IXJ 6 IJ,,(X,lt; It) be the alreq>ondirrg furclameltal clars. For ,, € ,Iq(X,i; 3) an(l

rJxnne't.stis : DQU'*q(XiR) prove that g,r{a,o) - (rr v--, [X]) € n is aaorrsirrgrlarlilinelrfornfmgr
i I&(X,,t] a lln-a(X) ro It ltlut is, rr : 0 it and olly if g.(t,r) = 0 for all cJ.

A  r rA* r r , (x ,D$ , f  f v i r f r lhesa- r leh l ,p r thesexa.su lxvg le t f i r l : t { ,q€11, - , ( * ;R)  an t l le tg r t l rc t l re. / I I \ I A N I T I O I , D S : : .

| I fXisarlrt-nrart i f t>|dw'i tht,ountlaryl,1lrt , let lrgtXisahornologv
bmfidar7, as a hornokgy nrarrifol4 cq,rrrl, -t. i 

u 
" 

€ I'(c r(XiR) and r-' € ft*-t(X:fi)' pove tJlat
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I p(tIt{tS}X

qdt,f *(,)) *- pl6{rr),r)

{l Provc th:rt tire Errler eiaractelistic of any'od<I-dnnelrsional ('onrpact rrrrrnifold Ls 0 :
and tJre Hulo'chamcteristic of al tven-tlirnerrsicrral conlPact rnanifoltl r4feh is a txnrndarv i
is cvcn. (Ilint: lI I is the bourdar;' of * (2n p l)-nranifolcl .\, tlren, rvitlr 7or toelfir.;,1,(.. ,

din inr [ * : IIn(Xi --.' II,(E]) = dirn inr !!: II,,(fi + tf"+{Xi}l

antl tbejr srul alrrals dim l1'(i).)

l,ct I be a compct 4rn-matifold" lvithout boundary oricnted ovcL Il, antl clefirre 1!6
index of y to he the inclex of tJre r{rrrs'rrgular bilinmr form gy lrorn il!-(}':R) X J:Ia{}iRi
to R (when Vt.is repre$er-rted a-s a surn of I stluares mirnrs a srrnr of i sqttares, thc ir,<ler
c-f Ey is I; * fl.
.; If Iis oppnsitdl'orientc{ prove t}url its indcx changes sigrr. S'}row that the iu{ex of
tire prodrrcl of cricntsl rnanifolds is the poduct of their iudices.

ll If X is a (xlrltpact (4rn { l}-nranifolcl rvitb lntrrxlary X orjcnterl ovcr & pr.ove lhat
t lreindexcf Xis0. f l l i t t t :Yrewe t l lat l*(1114(X:R)) Isasrrbspac"nlgs',(X;l t)whose t l t-
nrension eqruJs ore-half t}le <limeusion o1 l,iror(XlR) and cn rv}rich g; is identically .zrru^
'l'his inrplies the rc:rrlt.]

(l (t)N.tfN'trrrY
I l-ct UXi{t} rik]1rs be art inverse s)'stcn {rf cr}rnl)a(.t }larrsdorff Jnim and lct
(X/) = liln. {({y/i)}, Prove tlrat (X,A) can lrc inrbedderl ir: a spacr in rl{lich it ir
a direeted intexcctiern of cornpact llmrsdor{! pairs {(Xj;aj)};. y, rvhere {XiA}) }ras tiie sarne
honrotopy q'pe as G\ii;). lfItnt; F<rr trac]r i € J imbeel X7 in a cortractible conlpact
lla:udorf space }i, \r exaniple, a orlr, rurd let (fiidl] C \rry ]'i be de$ned a$ tbe ]nir
of all points (yr) w'ith y* in X* or ir r11., respt.ctivcll', nrcfi that if i < /r, then yS - r;rt:(y*1,
and if j { t, then gi is arbitrary.]

2 Prove tlr:rt a cnliornology theorl, lule tlre contilgity pfolrerq, if and orrly if it has thc
rve.lk ctrntinuity p(rprty.

al Tha yt<tdic lroluwirl ts rlefrned, to be the irrverse ltutrit crf thc seq:rcrrce

5 r  . { - . 5 r  ( -  . . .  < - * S r  1  S r  *  .

rvhele /(;i : !r. Corupute the r\iexander cohonralogv grorrps of the p-adic solenr:kJ for
crrcllicients 

'l2,,, aad R.

4 {.larer.dize tlre wlenoid of tlre precedirrg exanpe k) the c&r6 u.'hetc thcre h a
ft'{lrrenc€ of integer'.s /.7., nz, . . , srrch that the mth nrap of St to St senrls zlo {,,,(:.al{|a-

ltute the integal Alexarrder ce.:hornology grogps of tlre reniltilg space.

li Fintlacornlxct Harrsdorfispace Xnrh that f1,t!X;Z) - tlif 9 / larldIlr(,\:A =n,

ll <-:rcrr cogor{or-roc}r rHEoBy
I Ld {Q,q4 lx an oPen cxrvcrintrl of (.li*21) (9t is an open ccvcrirrg of X and .fi' r '?i i{
a coveling of A) and let li('iti Le the ncrve of .tt and K'(41') the snbcumplcx of
K( . l t ) rvh ich isdrencyveof  Q i :  n  A  *  (U f i  A l { . r  €91 ' } .  Provetha t  thecha i r rc t rm.
gexes {C(K(.lt)),qI\(.ii'))) arxl (C(X{.lt)),C{,4(.}'))} are c,arN:rricaliy chairr e,quivalent. (llini:
If s = [ti6, . . .,{Ir} is a simplex of ((4t) [or of K'(.lt')], ict ],(s] be the subeomplexol
X(al) for of A('tt')l generutett hy all sirnple'xes of X("?t) for tf A(.?t')] nr |t Id. II
s'= {r;6, . . . ,&) is a sirnltlcx of X(91) [or of zl'(.?r')J, let p(sJ be thc nrLcor,rlikx

j

,3.59

of X(ilt) lor of K/(i?t')] gcrreratetl b1' all sirrplexes {L{, . . ,U,} of K(,lr) [or of

l'1Qr')J suc*r tlrat {.Ii ro'tains.r' for 0 3 , S r. 1'hen C.{l(s)) and Cfu(s,)) are ac1.clic, arrcl
,fl'e rncthexl of ac1'clic rrrodels canr lx applied lo l)rovc the cxistenct cf chi*n rrxps

e (c(ri(.lr )),C(x'(q l)) --+ (C{x(.ir)),ckl (sr.)))
/; (c(_q'Ir,ca(sq)), (c(K(.r0).qK,(q'1))

srrcb tlrat r(C{.t) C C(I{s)) and /{C{.f) c C(pfs')). Sirnitally, tlie niethotl rrf ag^c{ic
mcdels shorln that r arrd r' are chain holnotopf i*,erstx; of clrc,h othcr.l)

t l.er {'1i1") be a reffnernent of (At,.lr'), let c (K('-vJ,K"f v'}) ".,} (K{ft),4-(.?1,}) be u pro-
jertirrr rrup, ard let i: (,Y(t),4('1")) C (X(.?l)"r1(qt1). For aly ahclian lyorp (l pror.e that
drrre is a tnmllrttt.ltive d.Ltgrarn

il* {K('*r),X'(srJ; C) = ff d,(X(ar},A(qy); (;)

*'J J;"
tI * (K( c\'),ri'{'"'r,-'); C) = ri E (X(.r )"4( "i 

.); (;}

r.here thc horizontal t.)talx are indrrcsd by t}e earmrricrl c-hain eqrivalences of exelcjse I
alxrvc.

!t ?he (:edtuthonolagugm4rof (,{/) rr-itircoef{icientsCisdcfine<ilryli*1-t.,t;C;; *
ttn-- {ff 

*(ii('1t),K'(9l); C)}. Prove that t}*re is a nirrrrr'al imnrorlrldsnr

fi"qx,a; (,) = I?*{x4; c).
d li rlinr (X - A) _{ n, prove 11tn1 fir(X,Ar C} * O fcrr all q ) l anr} all C,

Itr rna Ku-ri\m'x r'(rnnrul-A Fon incu (;ouolrlorrlcy

If Kr and J{2 ate sirtlpDci:d crrrnplexes, llteir shn1iir:inl.proitut:t Iir :\ K? is the sirnplicigl
ctr::nplex rr.hose vertex set is the <sr{e;iarr protluct of the vertcx sets of I{1 ancl of Ks and

rvhos: silrpbxes are sals {(r,r,,ruir), . . . ,(co,tt:o)}, u,her"e t1, . , , Dc IrL' \'rrtiLss of
s;omc singilex ()f Kr ard u.rrb , , . , tceare vcrtit,tx of sorrrc sirrryrlcx of K2,

I I'rove thal K1 A K2 i^s a sirnplicial crrnrplcx, 3nd if 11 C K1 and I q C Kv, ilten
1 4 ^ L z C K 1  d X 2 .

t Fcrr sirnljlicial pirs (Kr,l-r) 'and Kz,I.zl tlel)te

{K),Lr) A {X2,I-e) = (K, ^ Kz, Kt L Lz U L, J Kr)

Plovc tlut C(lKbI-r) s, (r<zJ,z)) is canodcally chair e<luivalent ro C(K1,I.1) @ C(Iiz,fz).
(I/lrtf: t?se the nretlxrtl of acyclic mocbls.)

:l lf (.?t,"?tL is *n opcl covering of (X,4) and ("ri"ir') is an oprcrr coverirrg of ()',li), kt
(ql,EtJ X f'f,Y? = (qf,'tfl bc thc o1rcn covering of (Xl) X ()'Ji), wheae

' t !  =  { f  X  t / l  t r€  q t ,  l r€V}

and'lli' : {{-i X Ii I t/ € ilf, y 6 .tr'}. I,rovo tlrat

(ri(.ltt),R"(*t l) : (K(st),K'(qr1) ^ (r(o1),K,(-D)
4 {f (XAt and {l',li) are ffiml)a(:t .I.Iarrstlorfl pairs, pnne that the farnily of coveirgs of
(X"A) X (T,Il) of the forrn {Qt,QtJ X ('\i'}-') is toffrral irr the fanrill' of all opcn corrtings
of (X;r) x {):,fi).

lFor tlt*ails.see C. IL Dowker, floqrcilq{r, gnxr}x of rejatiors, Annals tt! ltlatlrcrrnfic'c, wr}. 56,
pp. 84 -{Ii 195rj.
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6 lf (X.,1) arrri ()iB) are cotirl:act. ILausdor'ff pairs and C ald C' are nr<xlrltr su<,h th*t
() * (]' = 0. prove that tlrcre is a short e,\r(t ri€xlrrence

o+ (t? (* l i1)e * (1<t1$,t\)  x (Y,t{;  Cr& C')+ (f  f  x i tg!,*t  --,

v&cre ^llf = ll*(x,r\i G) and fif : fr*1t',r; c1.

ah Let (X,A) and ()',ll) be locally eonrpact llarsdorfi pairs u,ith A and B clcse6 in X.
and Y- reqrmtivell. If G nnd C' are modrrkrs such that C *. (7 * 0, pr<n,c tlat therc is a
short cxact s€qrrence

0- > (f i | ,1 & I7l.ryt - ,  f i , . ' r(x.n) x (}, IJ);  t :  * 611-, (df .r  * 1:17P1*t " '  11

rvhcrc fi!,r = ilf (Xst; C|) and {If ,2 = iiFU}\ C'}.

F' L(x;al sl'frutm AND srrEAvEIi
'Itu'r-nrghout this ggaup of exocises \{e assrrrne I to be a pil:{(tnrl}act Httrsdorff slxrtr.

I If f js a krcal systeur or) X let f be tlre prcheaf on X .qrch that for an open
set 1/ C X, tlv) is the sct o{ all functior}i / assi$ining to c.sc'h r € X irn rft:nle.rrt

/{r) € f'(r) with the propert}, thlt for any' patli r,r in Y,f(",(I)) * flc){lJr^{0))). I1'c,ve that
I is a slrcgf on X :rnd the association rif l-- to l- is a nrtrrral transforrnation fronr loca.l qr-
terns t0 slte.:*'es.

2 A preshanf l'on X is sairl tr.r he kunllq rnnstrnf if t.here is au opar covering {l- * {tr)
of X nrch tliut if U € (lt and r( t.I, then f(t/)= lirrr- {l'(\r)J, u,here 1/ r,,lrics
over opcrr neighborhrxxls of r. lf f/ ( Ql and f.{ is a crurnccted open sttbset of L:, pro\."
that thc <xrrtilxisite 

f(r.r) + qtr) . , i.({n

is an isomorphism. I)cthrce tlat if ll is a lccalll' coi$tant sheaf iu-ld {.1 is a comrcr:led
open strbset of U ( Q1, then {tr) = t-{Ul.

S lf X is tocrtly Jnth corrrecterl and f is a loeally constant sheat on )t, prtrrc that
tlierc is a loctl systern I- on X snclt tiat f = [".

4 lf X is kx:ally yatli ctrrirrecterl arrd senrilocalll' l-tnrrnectecl ltrove tlral tlere is a orrc-
to-one c{rrre,slxrndence hetrveen equivalt:nce ctasses of loca} systetns orr .f, and equh'a-
l.elr* cl{ss,es trf ktc*lly c{nstant s}rea.r,<x rl: X.

!, If I is a kral qysteur of It rrrodulex; on X, let 4oq. ll) be tlrr: presheaf on X such tltal

A{.;l)(f ) -- A(Ii;f I I") ftr I'' cpen in X. Irrnvc that Ac(';l) is fiue.

{t lf I'is a local ,lxtcnr rif R ntrxhrles orr X, let 6*1';i') tre the crrc}rain complex of 1xe
s|eavts 641 . ;l') ori X ald ld A*(. ;l') be the crx'liairr cr,rrrplex of conriiletions A"t 'tt't.

Prorc tliat lhct'e is an i.sonrorphirnr

,1*(a{,( . ;rX.\)) = ri" (As (. ;lXrJ)
7 Lct l.'be r loc*l systern of R nrcxhrlcs on X antl assune that ,/q{A'&( ' ;l.)) is ltx'ally
z.eto orr X for all 17 ) {l Provc tlat t}icre is an imrrxrrphisrn

ri * (x;iJ = 11* (x;IJ

{Ilint-. Note tlut | = ,/o(48(';l')) arrd apply therrern 6.8.7.)

G solrtg pnopEnrtus or srrcr.rutrAN srtACE
I Firrd a ctrnpact subsct X of ll2 that is n+ottrtectcd for all rt and such tl)at ft t(XtT) = 7,

:'BI

ll X is a ctrrrrpacl srrbset of Rn and dim X ( r .- l, lxrve that Ro _ X is ccnnr:ctecl.

Lct Ar and A2 be disjoint clnsed srrtrsets of Ro and let z1 { I1r(,41;R) and
i2e I Iq ( t \z ;R) ,  rv i thp*  1=  u  ^  t .  I f  ^ :1  ( t ( r l r :RJ ,  l r i t t i  € / /n* , (Rn,Ru -  A2;R)be
the irnage of zr rurtler tlie cgrngrsite

{1,,(Ar1 ,-> 8,,(R* * Az) =: ll!+r(R", H,, _ A:)

fhe linkingnutnlxl l-k (a4s) ( lR i-s dcfined lry

Lk (a"zz) = (ttki),ze)

$,here t/ir sn orientatkrrr class of Ro ovcr ll 6xed once and for ail.

{f Prur.e that Lk (z*,t) = (j, infts f, :!)), whcrr:

i: 42 y [Rr, R" * Az) C (R" X Il{, Ril X tt,' * d(Il'))

d A.ssrurre lhat Lk (a2,2) is als' defined [that is, Ee e fl,trAz)]. I]ru'c t]rat L,k (uq,z2; _

l-t1wt 
t Lk (22,2,1).

fr Let At be a ftrpherc arr<l A2 a gesptrere jrntrcd<lerl as tlisjoiut .srrtrsets of Ro, rvicre
l:r * 4 = n -1- l. I\'rrvc r.har Ilo(A1) -a Hr(Rn * A2) is trivial if ancl only if
IftAz) "., II.,(R" - A1) is trivi:rl.

It rusrnrrlcs or" rtlA^rrrrot,Ds rni EU(TJDEAN spAcr]
I Pnrve tlrat a rompacl t-rnarifold l4dcb is nonorientable avc+: Z tarrirot be intl:e<klcd
in  Re+!.

? IJt x be:r ccmpact connccttxl n^rnanifold imlrc{tled in llz1r rurcl let Liancl Ir bc
thecorrrpoDeot< of R!+1 - X. Lct i; f, 6* pn+t - Llandf: X f 11u+r _ trrandprgve
thato 'crnnyl l , i * ( I?*(Rtr+l  *  f / )andl*( l?,*1R"+r *  y))  aresubalgel 'asAi I*qX1
ryxJ therc is a direct*ntrn rrprcsentatictr

{ i * , i * } ' f iap1o' t  -  ( r ' }  @ { I , tqF(ur. r  -  I r ) -  I??(,$ o(q{ , r

$ Pnxe th:rt for r ) 2 tlre rcral lxujcctivc ,?.r1laec rlr canrrot bc irrrlrccllerl. irl ll'r+r.


