WEIGHTED DOOB’S INEQUALITIES
FOR OPERATOR-VALUED MARTINGALES
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ABsTRACT. The purpose of the paper is to establish weighted maximal L,-inequalities in the
context of operator-valued martingales on semifinite von Neumann algebras. The main emphasis
is put on the dependence of the L, constants on the characteristic of the weight involved. As
applications, we establish weighted estimates for the noncommutative version of Hardy-Littlewood
maximal operator and weighted bounds for noncommutative maximal truncations of a wide class
of singular integrals.

1. INTRODUCTION

The theory of noncommutative martingales is a fast-expanding area of mathematics, and its
fruitful connections with the theory of operator algebras and noncommutative harmonic analysis
have been evidenced in numerous articles. One of the primary goals of this paper is to study the
context of maximal inequalities for operator-valued martingales in the presence of a weight, i.e.,
a nonnegative and integrable function.

To present the results from the appropriate perspective, let us discuss several closely related
areas in the literature. For the relevant definitions and notations, we refer the reader to the next
section. The fundamental results of Doob assert that if z = (2,,),>0 is a martingale on some
classical probability space (2, F,P), then we have the weak-type estimate

NP(sup [ea] = V) < [zl A >0,
n>0
and its strong-type analogue
p
sup ol | < Pl 1<p<oo
n>0 L, P~

One may ask about the noncommutative version of the above estimates. In this new context the
martingale becomes a sequence of operators and one of the difficulties which need to be overcome
is the lack of maximal functions. In a celebrated paper [10], Cuculescu proposed the following
approach towards the weak-type estimate. Suppose that z = (z,,)n>0 is an L1-bounded martingale
on a filtered, tracial von Neumann algebra (M, 7). Then for any A > 0 there is a projection gy
such that ¢ znqy < A for each n and

AT (L= qn) < [lzll, omy-
It is easy to see that this estimate does extend the above weak-type bound, the projection g
plays the role of the indicator function of the event {sup,,>¢ |z,| > A}.
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Thirty years later, Junge [21] proved the corresponding strong type bound, thus obtaining
the noncommutative analogue of the classical result of Doob. He bypassed the definition of
the maximal function and, instead, introduced the maximal L,-norm of a martingale directly,
exploiting vector-valued L, spaces L, (M;(>) introduced by Pisier [42] in the mid-nineties. The
result can be formulated as

2
p
(1) lellzyane £ (527) Tellan:  1<p<
and the quadratic order O((p —1)72) as p — 1 is the best possible [22]. In the proof of the above
inequality, Junge passed to the dual estimate

(1.2) > Enan So7 | an . 1<p<o,
R ) S )

and established it with the use of complex interpolation and Hilbert module theory arguments.
A different proof, based on real interpolation, was given by Junge and Xu in [23].

The motivation for the results obtained in this paper comes from a very natural question about
the weighted analogue of (1.1). Let us recall some basic facts from the commutative setting, in
which the theory of weighted estimates has been widely developed. Let d > 1 be a fixed dimension.
The Hardy-Littlewood maximal operator M on R? acts on locally integrable functions f : R — R
by the formula

M (2) = sup|22 /Q £ (4) Idy,

where the supremum is taken over all cubes ) containing z, having sides parallel to the axes. Let
w be a weight, i.e., a nonnegative and locally integrable function and let 1 < p < oo be a fixed
exponent. In the seminal paper [35], Muckenhoupt characterized those w, for which the maximal
operator is bounded as an operator on Ly(w), i.e., those w, for which there exists a finite constant
Cp,w depending only on the parameters indicated such that

(1.3) /Rd (M P wdz < Cp /]Rd | f[Pwdz.

He also studied the analogous problem for weak-type (p,p) inequality:

(1.4) )\p/ wdmgcpw/ | f[Pwdz.
{z:Mf(z)=\} R

It turns out that both inequalities are true if and only if w satisfies the so-called A, condition.
The latter means that the A, characteristic of w, given by

(1.5) [wla, 1= sup (@/@wdx) <,é/@w11pdx)p_l

(the supremum is taken over all cubes @ C R? with sides parallel to the axes), is finite. Soon
after the appearance of 35|, it was shown that the A, condition characterizes the weighted L,
and weak-L, boundedness of large families of classical operators, including the Hilbert transform
(Hunt, Muckenhoupt and Wheeden [16]), general Caldeén-Zygmund singular integrals (Coifman
and Fefferman [8], Hyténen [17]), fractional and Poisson integrals (Sawyer [45, 46]), area func-
tionals (Buckley [5], Lerner [30]) and many more. In addition, following the works of Ikeda and
Kazamaki [20] (see also Kazamaki [25]), most of the results have been successfully transferred from
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the analytic to the probabilistic, martingale context (for some recent progress in this direction,
see [1, 2, 3, 38, 39, 41]).

There is a very interesting aspect of the theory, concerning the extraction of the optimal depen-
dence of the constants involved on the characteristic of a weight. Let us illustrate this problem
on the estimate (1.3) above. As we have already discussed above, if w € A, then the inequality
holds with some finite constant Cp,,. The question is: given 1 < p < oo, what is the optimal
(i.e., the least) exponent r, such that Cp, < cp[w] Z’; for some constant ¢, depending only on p?
This topic has appeared for the first time in Buckley’s work [5], where it was shown that in the
context of maximal functions, the exponent s, = 1/(p — 1) is the best. For similar results for
other classical operators, see e.g. [2, 17, 28, 30, 41] and consult the references therein.

There is a natural question how much of the weighted theory can be carried over to the non-
commutative setting discussed previously. A partial answer to this question was provided in the
context of matrix weights, which has been developed very intensively during the last decade. We
will discuss here only the extension of Muckenhoupt’s estimates. Suppose that n > 1, d > 1 are
fixed integers. A matrix weight W is an n x n self-adjoint matrix function on R? (with locally
integrable entries) such that W (z) is nonnegative-definite for almost all x € R?. Given 1 < p < 00
and an n x n matrix weight W on RY, we define the associated weighted space L,(W) to be the
class of all measurable, vector-valued functions f : R* — R” such that

1/p
1 fllz,00) = (/Rd \W(x)l/pf(acﬂpdx) < .

One of the challenging problems (see also (1.1) above) is to generalize efficiently the Hardy-
Littlewood maximal operator M to this new setting. Another question arising immediately con-
cerns the appropriate interpretation of the boundedness of this operator on weighted spaces: since
M acts between different spaces (it is reasonable to expect M f to be a nonnegative function on
R9), the symbol M £z, w) simply makes no sense. To handle this difficulty, it is instructive
to inspect the following change-of-measure argument. Namely, for a given linear operator T, its
boundedness on the space L,(W) is equivalent to the boundedness of WYPTW=1/? on the (un-
weighted) space LP(R”;R”Z). This suggests that for the maximal operator, one should compose
it appropriately with powers of the weight W, and then study the boundedness of the resulting
operator on the usual unweighted spaces. This idea has turned out to be successful, and it has
been generalized to the wide class of Calderén-Zygmund singular integral operators by a number
of authors (cf. [4, 9, 11, 14, 36]), as well as to the context of fractional operators [9].

However, essentially nothing is known in the context of martingales on tracial von Neumann
algebras. While it is natural to treat the weights and martingales as operators, the noncommu-
tativity makes the analysis of the joint behavior of these objects extremely difficult. We have
decided to restrict ourselves to the special, semicomutative setting, in which many technicalities
disappear, but on the other hand, the questions are still interesting and challenging. Namely, we
will assume that the underlying von Neumann algebra is of the form M = Lo (X, F, u)@N, where
(X, F,u) is a classical o-finite measure space and N is another von Neumann algebra. We will
consider filtrations which act on the first component only (i.e., are of the form L. (X, Fp, 1) @ N,
n=20,1, 2,...). Furthermore, a weight will be a nonnegative operator of the form w ® I, and
hence it will commute with every element of M: this, in particular, allows a very simple (and
natural) definition of the A, characteristic: [w ® I]4, := [w]a,. With no risk of confusion, we will
often simplify the notation and write w instead of w ® I.

Note that M can be identified with L (X;N), the space of functions on X taking values in
N. That is, we will consider the case of operator-valued martingales on X, with weights being
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elements of the commutant. This semicomutative context has been studied by many authors and
applied in various problems of noncommutative harmonic analysis; we mention here the excellent
exposition [33] by Mei.

We will establish the following statement.

Theorem 1.1. Let 1 < p < oo. Then for any x € M and any weight w € Ay,

1/(p—1
AP

(1.6) el vty Sp [0 PP N2l 2 (ag)-

The exponent 1/(p — 1) is the best possible, since it is already optimal in the classical case.

An important comment about the commutative setting is in order. The (classical) version of
the above statement was first obtained by Buckley [5] in the special dyadic case, with the use
of interpolation and self-improving properties of Muckenhoupt’s weights. An alternative proof
in the commutative setting, basing on Bellman function method, can be found in [40], but it
still exploits some regularity of martingales (the continuity of paths is used there). However, the
above result holds true for arbitrary filtrations, without any additional regularity assumptions.
This required the development of new ideas: the classical arguments in the theory of weights
(e.g., self-improvement or reverse Holder inequalities) simply fail to hold in the general context:
see Remark 3.6 below. The full version of Theorem 1.1 was established in [29, 38] with the use
of some change-of-measure arguments, elements of theory of sparse operators and the Bellman
function method.

In our considerations below, we will also study the estimate (1.6) without any assumption
about the filtration. Both ‘commutative’ proofs, presented in [29] and [38], exploit a number
of pointwise estimates which are no longer valid in the context of operators. Fortunately, some
special estimates and a certain change-of-measure argument can still be used, and this will give
us the main result.

The paper is organized as follows. Preliminary results and notation are presented in Section
2. In Section 3 we prove the main theorem, which is noncommutative weighted Doob’s inequality
with optimal dependence on the characteristic [w],. Sections 4 and 5 contain applications of
Theorem 1.1. In Section 4 we study a version of the noncommutative L, bound in the context
of maximal operators on general metric spaces satisfying the doubling condition. Section 5 is
devoted to a weighted noncommutative L, bound for maximal truncations of a certain wide class
of singular integral operators on R. In the appendix, the final part of the paper, we have decided
to present alternative proofs of (1.6). Although the arguments yield suboptimal dependence on
the characteristic (and exploit stronger regularity assumptions on the filtration), we believe that
they are of independent interest and connections.

2. PRELIMINARIES

We will introduce and discuss here some basic facts from the operator theory which will be
needed in our later considerations. For the detailed and systematic exposition of the subject we
refer the reader to the monographs [24] and [47].

Measurable operators. Throughout, the letter M will stand for a semifinite von Neumann
algebra of operators acting on some given Hilbert space H, equipped with a faithful and normal
trace 7. Let x be a densely defined self-adjoint operator on H, with the spectral resolution

oo
x = / sdet.
—0o0
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Then for any Borel set B C R, we define the associated spectral projection by

oo
o) = [ xn(oder.
—00
One similarly introduces the operator f(x) for sufficiently regular function f on R. A closed,
densely defined operator x on H is said to be affiliated with M if for all unitary operators u
belonging to the commutant M’ of M, we have the identity u*au = a. An operator x € H
affiliated with M is said to be T-measurable, if there is s > 0 such that 7 (5 ) (|2])) < oo, where

1
|| = (z*x)2. We denote the space of all 7-measurable operators by Lo (M, 7). Then, for all
0 < p < o0, the noncommutative L, space associated with (M, 1) is

Ly(M,7)={x € Lo(M,7) : 7 (|z|") < oo}.

The associated (semi-)norm is defined by ||z||, = (7 (|x|p))1/p , which is understood as the standard
operator norm in the boundary case p = oo.

Martingales and martingale transforms. A filtration is an increasing sequence (M), of von
Neumann subalgebras of M such that the union |J,s, My, is w*-dense in M. In such a case, for
each n > 0 there is a conditional expectation &, : M — M, associated with M,,: one defines
this object as the dual map of natural inclusion i : Ly (M) — L1 (M). It can be easily verified
that &, (azb) = a&, (z)b for all z € M and a, b € M,; furthermore, &, is T-preserving, i.e., we
have 7o &, = 7. In addition, the collection of conditional expectations satisfies the tower property
Enm = EmEn = Emin (m,n)- Finally, for any 1 < p < oo, the operator &, extends to a contractive
projection from Ly, (M, 7) onto Ly, (M, Tjpm,,)-

A sequence x = (2n),~9 C L1 (M) + Loo(M) is called a martingale with respect to (My),,~¢,
if the equality &, (Tn41) = o, holds for all n > 0. If, in addition, z,, € L, (M) for all n > 0, then
x is called Ly-martingale with respect to (My,), -, and we set

[zllp = sup [|zn -
n>0

The martingale z is said to be L,-bounded, if ||z, < oo.

Given a martingale x = (z,,),>0, we define its difference sequence dz = (dxy,)n>0 by dzo = 9
and dz,, = xp,—zp—1,n =1, 2, .... A martingale y = (yn)n>0 is called a transform of x = (x,,)n>0,
if there is a deterministic sequence € = (,),>0 with values in [—1,1] such that dy, = e,dz, for
all n > 0. Martingale transforms satisfy the L, estimate

(2.1) lunllp < Cpllznllp, n=0,1,2...,1<p< oo,

for some constant C, depending only on p. Actually, it can be shown that the optimal orders, as
p— 1orp— oo, are O((p—1)!) and O(p), respectively. Furthermore, one can allow a slightly
larger class of transforming sequences €. See [43]| and [44] for more on this subject.

Mazimal spaces. Now we discuss the suitable space required to define meaningful maximal
functions. We define L), (M;{) as the space of all sequences x = (xy,),~9 C Lp (M) which
admit the decomposition a

Tp = aynb for all n > 0,
for some a, b € Lap (M) and y = (Yn),,>0 C Loo (M). We equip this space with the norm

2|z, (M) = inf {!aHzp sup IIyn!opoIIQp} )
n>0
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where infimum runs over all factorizations of x as above. The following dual reformulation will be
important to us later. Namely, we define L, (M; 1) as the space of all sequences x = (27,5 C
L, (M), which are of the form

Ty = Z gy Vkn, for all n > 0,
k>0
where families (Wkn )k >0 (Wkn)g >0 C Lop (M) satisty
Z UL, Uy € Ly (M) and Z Vo Ukn, € Ly (M) .
k,n>0 k,n>0

The space L, (M; ;) is equipped with the norm

3 3
2l LMty = inf{ D it || D VinVkn },

k,n>0 k,n>0
p p

where infimum runs over all decompositions of = as above. Both L, (M;{s) and L, (M;¥;) are
Banach spaces and the following theorem is true (see [21]).

Theorem 2.1. Let 1 < p < co and p’ be the conjugate of p. Then
L, (M;ls) = Ly (M; £1)" isometrically
with the duality bracket given by

(ZL‘, y) = Z T (:L'nyn)

n>0

for x € L, (M;ls) and y € Ly (M;ty).

The above spaces have a much simpler description when restricted to nonnegative operators.

Consider x = (7y,),,5g, where z,, > 0 for all n > 0. Then we have ||z||1,(rie) = HZ”>O Tnl|,
- B P

Furthermore, z belongs to L, (M; /) if and only if there exists a positive operator a € L, (M)
such that z,, < a for all n > 0. In addition, ||z(|1,Ae.) = inf{|lallz, : zn < a for all n}.

We would also like to conclude with the remark that the definition of L,(M, {) extends easily
to the case in which the sequences are indexed by an arbitrary set I: the relevant factorization
makes perfect sense. Denoting the corresponding space by L, (M, lx (1)), it is not difficult to
check the identity

12| L, Moz = SUP 2] L, (M o000 (1)) -
J finite

This observation, with I = Z or I = [0, 00), will be important for our applications below.
Martingale weights. We conclude this section with some basic information on weighted theory

in the commutative context. Suppose that (X, F,u) is a classical measure space, filtered by

(Fn)n>0, a nondecreasing family of sub-o-fields of F such that o (Un>0 ]-"n) = F. A weight is a

positive function belonging to Li(X) 4+ Loo(X); typically, such an object will be denoted by w, w
or v. Any weight w gives rise to the corresponding measure on X, also denoted by w, and defined
by w(A) = [,wdp for all A € F. Given 1 < p < 0o, a weight w satisfies the (martingale) A,
condition, if the A, characteristic

wla, = sup &, (w)Ea (w0771

n>0 Lo (X)
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is finite. If the filtration is atomic, i.e., for each n the o-field F,, is generated by pairwise disjoint
sets of positive and finite measure, then the characteristic can be rewritten in the more usual form

[w] 4, = sup (;L(IQ)/de‘O </£@/Czwl/(l_p)du)p_l,

where the supremum is taken over atoms () of the filtration. The dual weight to w € A, is given
by v = w'/(1=P) It follows directly from the definition of the characteristic that v € Ay and
[v]a, = [w]z/p(p_l). There are versions of the A, condition in the boundary cases p € {1, 00},
which can be obtained by a simple passage to the limit. We will one present here the case p =1,
as the choice p = oo will not be present in our considerations. Namely, a weight w satisfies

Muckenhoupt’s condition Aq, if its characteristic
[w]a, = sup [|En(w)/wll},_x)
n>0
is finite. If the filtration is atomic, then we have the identity

_1 f wdp
[w]a, = sup esssup sQ) e -
Q X

3. WEIGHTED DOOB’S MAXIMAL INEQUALITY

3.1. Noncommutative weighted L, spaces. Assume that (X, F, 1) is a classical measure space
and let (F)n>0 be a discrete-time filtration such that o(lJ,~oFn) = F- Suppose that N is a
given semifinite von Neumann algebra with a faithful, normal trace v. We set M = Loo(X, F, 1) ®
N and endow this algebra with a standard tensor trace 7 = u ® v and the filtration M,, =
Loo(X, Fryp) @ Ny n = 0,1,2,.... Then the associated conditional expectations are given by
En = E(-|Fn) ® Iy, where E(-|F;,) is the classical conditional expectation with respect to F,.
Furthermore, the elements of M can be regarded as bounded functions taking values in N and
the L,-bounded martingales in this context can be identified with L,-bounded martingales on
(X, F,u) with values in L,(N).

In our considerations below, a weight will be a positive operator of the form w® I, where w is a
classical weight on (X, F, ). Such operators commute with all elements of M and all conditional
expectations &,(w ® I) also enjoy this property. We say that w ® I satisfies Muckenhoupt’s
condition A, (or belongs to the A, class), if the scalar weight w has this property. Furthermore,
we set [w ® I]a, = [w]a,. From now on, we will skip the tensor and identify w ® I with w; this
should not lead to any confusion.

Given 1 < p < oo and w as above, the associated noncommutative weighted L, space is defined
by

LY (M) = {w € Lo(M,7) : zw'/? € Lp(/\/l)} .

That is to say, L, (M) is the usual noncommutative L, space with respect to the weighted trace
T(z) == 7(2w), x € M. (The fact that w is positive and commutes with all the elements of M
implies that 7% is indeed a trace). This change-of-measure argument, based on passing from one
trace to another, will play an important role in our considerations below. In particular, we will
need the following simple fact. Here and in what follows, £ denotes the conditional expectation,
with respect to M, and the trace 7% (while &, is the usual conditional expectation, relative to
the unweighted trace 7).

Lemma 3.1. For any x € L1(M) we have
(3.1) EY (x) = En (2w) (En (w))
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Proof. Let us check whether the right-hand side of (3.1) enjoys all the properties of conditional
expectation. Obviously, it belongs to M,,. Furthermore, if a, b are arbitrary elements of M,,,
then by the commuting property of w,

En (azbw) (En (W) ™F = &, (azwd) (En (w)) ! = a&p (xw) b (E, (W) ™! = a&p (zw) (En (w)) 1 b.
Finally, the right-hand side of (3.1) preserves the trace 7: indeed,

v (5n (zw) (&, (w))—l) —7 (5n (zw) (& (w)) ™" w)
—r (gn (zw) (En (w)) ™" Sn(w)> = 7 (&, (zw)) = T(zw) = T ().
This proves the claim. ([

Remark 3.2. The above lemma has a very transparent meaning if the underlying filtration
(Fn)n>0 is atomic. In such a case, we have the following explicit formula for £Y: if we identify
M with operator-valued random variables, then

Yy = L z (w) wp(dw) -
g”x_QezAtnw@)/Q () wp(dw) - Xg,

where At,, is the collection of all atoms of F,, and w (Q) = [, o wdp.

By a similar argument, which rests on the passage from the trace 7 to its weighted version 7%,
one defines the appropriate weighted maximal spaces Ly (M; () and Ly (M;£1).

3.2. A maximal inequality. We will establish the following statement.

Theorem 3.3. Let 1 < p < 00 and w € Ap. For any sequence (a,),~q of positive elements of
Ly (M) we have

(3.2) Z En (ay) < cplw]a, Z an ,
n=0 Ly (M) 20 g

where ¢, depends only on p.

Proof forp=1 orp>2. If p=1, then we have

ZEn(an) =T Zgn(an)w =T Zané’n(w) < [w]a, T Zanw ,

n>0 L¥ (M) n>0 n>0 n>0

so the desired bound holds with ¢; = 1. Next, suppose that p > 2 and let v = w'/(=P) be the
dual weight to w. Muckenhoupt’s condition implies that for any n > 0,
(33)  En(w)én(v) = E(w|Fo)E(v|F,) @ I < [w]a, (B(v|Fa)* P @ I < [w]a,E(* ?|F) ® 1,
where the last passage is due to Jensen’s inequality (and the assumption p > 2). Now, fix a
positive operator g € M satisfying ||g|/z», < 1. Note that g € Li(M): by Hélder’s inequality,
P

gl vy < Nlgllze, lwllz, < oc. By properties of conditional expectations, we may write

p

T Zé’n(an)g = ZT (&En(an)g) = Z 7 (En (an) En (9)) -

n>0 n>0 n>0
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Using the identity (3.1) and the commuting properties of w, v and their conditional expectations,
we obtain

Z 7 (En (an) En (9)) = Z T (55 (anvil) Ey (Qwil) En (V) En (w)) )

n>0 n>0

which, by (3.3), does not exceed
S (€2 (a0 t) £ (gw™) fwlay € (779)) = [ula, 37 (65 (anv) £ (g™ 27)

n>0 n>0
= [w]AP ZT (Eﬁ (anvfl) EY (gwil) v%wp’> .
n>0

As we mentioned above, g belongs to the space Li(M) and hence gw=! € L¥(M). By noncom-
mutative Doob’s inequality in L,/, applied to the nonnegative martingale (8}1“ (gwfl))n>0 (on von
Neumann algebra (M, %)), there exists an operator a such that & (gw™') < a for every n > 0
and

L/

lalls o < Cllgw™ s = Co (7 (87 07w) )" = Cyllgllzy, < .

Here the last estimate follows from the assumption ||g||zv (a) < 1 we imposed at the beginning.
p

Consequently, by the tracial property (and the fact that w and v commute with all elements of
M) we get

T (5;{ (anv_l) &Y (gw_l) U%wi> <rT (5:{ (anv_l) aviwi> .

Therefore, by the Holder inequality,

T Zé'n (an)g | <[w]a,T Z (5;; (o) v%> o

n>0 n>0
< [w]a, 255 (anv™") H@HL;;;(M)
n=0 LM)
< Cp/Cp[w]Ap Z anv !t = cp[w]Ap Z an
n= Ly(M) e

Here in the last line we have exploited the dual form of Doob’s inequality (1.2), applied to the

nonnegative sequence (anv_l)n>0 on von Neumann algebra (M, 7"). To finish the proof, we

. _ —1
specify g = (ano Enan)P 1w/|| ano 5nanH1£;u(M)5 then HQHLZ, =1 and

T Zgn(an)g = Zé’n(an) . O

n>0 n>0 w
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Remark 3.4. The above reasoning can be repeated in the case 1 < p < 2, but then (3.3) does
not hold any more. Instead, we may write

En(w)En(v) = E(w|Fn)E(v|F) @ 1
E(v'P|F)E(w|F) @ T

(0T |Fo)? T E (0| F)E(WT |F)2 7 © 1
W4 E@P|F)* Y o1

P

]
[v] 4 ,E(U(l—p)(2—p’)|]:n) QI
]

v
v

IN

IN

P

= [v]a ,E(UQ_p\}'n) @I

P

where the last inequality is due to Jensen’s inequality and the assumption that p < 2. Note
that [v]a, = [w]i/p (p _1), so we get (3.2), but with the worse, nonlinear dependence [w]z/p(p . To
overcome this difficulty, we will use a different approach.

The proof in the range 1 < p < 2 is postponed for a while. Let us first show that (3.2) is a dual
version of the weighted Doob’s inequality.

Theorem 3.5. For any 1 < p < oo and any weight w € A,, we have

1 —1
L7l ag)-

(3.4) )y ity < colw] ]

Proof for 1 < p <2. We deduce the assertion from the previous statement. Pick an arbitrary
positive element z of Ly (M). Then ||z|5, p) < ”xHLg(M)HUHZIEM) < oo and hence (zy)p>0 =

(&n (2))n>0 1s a well-defined Li-bounded martingale on (M, 7). This sequence is contained in
Ly (M), by (3.2). Next, consider an arbitrary operator y € Lyj (M; €1) and let (akn)g >0+ (0kn )k >0
be families of elements of Ly, (M), satisfying

Yn = Z Aoy Ok, for all n > 0.
k>0

Then, by Hoélder’s inequality and properties of conditional expectations,

> 7 (@nyn)

n>0

Z 7 (&En () ag,brnw)

n,k>0

= Z 7 (En (agpbenw) o)

n,k>0

=T Z (Sn (ag,benw) w_%) zw?

n,k>0

IN

1 1
Twe En (ar, brpw)w P
) Lp(M) PIRACID

n,k>0

2/l oy || D En (afnbrnw)

k>0 v
= Lp/ (M)



WEIGHTED INEQUALITIES 11

Now, by the Holder inequality and Theorem 3.3 applied to v € A,y (note that p’ > 2), we may
proceed as follows:

S
=

Z En (a,’gnw%bknw%) < Z En (ay, arpw) Z En (br,brnw)

k>0 v k>0 v k>0 v
= Lp/(M) " LPI(M) " Lp/(M)
1 1
2 2
< cpfv]a, Z ay, AW Z by bknw
iz Ly, () k=0 L2, (M)
1 1
2 2
= Cp [U]Ap/ Z aznakn Z bznbkn
k> k>
iz L (M) NImE=0 L (M)
< Cp/ [U]Ap/ HyHL;",(M;h)
_ 1/(p=1)
= cp[w]y, HyHLZJ,(M;h)'

Since 3,50 7 (Tnyn) is the duality bracket between Ly'(M;lx) and Ly (M; 1), we obtain the
desired estimate

1/(p—1)

%] e (Mito) < plwla)” Nzl e rn)

for positive x. The passage to general operators follows from a standard decomposition argument.
O

Proof of (3.4) for p > 2. Here the reasoning is entirely different. Fix w € A,. By standard
decomposition, it is enough to show the claim for positive operators z € L;’(M). Our goal is
to majorize the martingale (z,)n>0 by an operator, whose norm in L”];,”(M) is not bigger than
[w}z/p(p_l)HxHLg(M), up to some constant depending only on p.

We begin with the observation that 2P~ 'v!~P is positive and belongs to L, (M): this is due
to the identity ||#P~ v P[0 () = Hx||iL%M). Thus, we may apply Doob’s inequality in L, (M)

p p

to the nonnegative martingale (5}{ (xpflvlfp))nx) in (M, 7"), obtaining an operator a such that
&Y (a:p_lvl_p) < a for every n > 0 and

-1
(3.5) lallzs, vy < ol -

Next, we apply Doob’s inequality again, this time in L7;(M), to the nonnegative martingale
(& (awil))n>0. As the result, we get an operator b such that &Y (aw™') < b for n > 0 and
whose norm satisfies

(3.6) ”bHL;”/(M) < Cp”‘lwiluLZ’/(M) = Cp||a”L’;,(M)-

Using the change of measure formula (3.1), the fact that &, (w) (&, (v))P~' < [w]a, and the esti-

mate & (azv_l) <& (a:p_lvl_p) Y®=) Shich follows from the operator concavity of the function
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t + tY/®=1) (here we use the assumption p > 2), we obtain

1

[w]Apilxn < ((gn (w))_l (&n (U))l_p (&n (x»p_l) N

= (& (w)) 7T & (av7")
< (8 (w)) 77T (5 (7101 7P)) 7T

However, by the definition of a and the operator monotonicity of the function ¢ — /(=1 (again,
here we use the assumption p > 2) we get

(g;i (aP~ 101 P) )pll _ <5n [55 (aP~ 101 P) ])pll < (E(a)) 1.

Therefore, we can proceed with the previous bound as follows:

1 1 1

[w];;’jmn = <Sn (w) ™" En(a)> [ (5;{] (aw™) ) oyt

where the last bound is due to the definition of b and the operator monotonicity of ¢ — ¢1/—1).
1

1,
Thus we have obtained the majorant [w]f‘;l br—1 for the nonnegative martingale (xy,)n>0, and it
remains to apply (3.5) and (3.6) to get

1 1 2

o7t 1||Lw(/\/l)—||b||Lw(M < llalzy g < e llllnpo-

2 1
That is, we have found the majorant of (z,)n>0 whose L’ norm is bounded by ¢;~ 21w ]ﬁ;l ]| L (M),

as desired. O
We are ready to complete the proof of Theorem 3.3.

Proof of (3.2) for 1 < p < 2. Again, we proceed by duality. Fix a weight w € A,, an arbitrary

finite sequence (a,)n>o of positive operators contained in Ly’(M) and any g € L}, (M) of norm

one. By (3.4), there exists a majorant b of the martingale (€,(g))n>0, satisfying [|b]| o (p) <
p

Cp [0]114/ (,p b _ ¢y [w]a,- Therefore, by Holder’s inequality,
P
Zc‘:n (an)g | =7 Z ankn(g) | <7 Z anb | < cplw)a, Z an
n>0 n>0 n>0 n>0 ng (M)
The proof is completed by taking the supremum over all g as above. ([

The above proof works without any assumption on the regularity of the filtration. We would
like to conclude this section by an example showing that in this general context, the standard
self-improving properties and reverse Holder inequalities may fail for A, weights.

Remark 3.6. Consider the sequence a, = 27"(n!)~!, n = 0, 1,2, .... On the (commutative)
probability space ([0,1], B([0,1]),| - |), consider the filtration (F,)n>0, where F,, is generated by
the intervals [0,a,], (an,an—1], (an—1,an—2], ..., (a1,ap]. Let w be the weight given by w =
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> !X (ans1,an]- This is an Ay weight with [w]4, < 2: indeed, all the atoms of the filtration are
of the form (ap+1,an) or [0, an] for some n > 0, and

1 o % + 1
T T dz = 2" . k!
[(@n+1, an]| /an+1 1[0, ay) |/ war nl Z 2/<:+1 k+1)!

”-n!zﬁ:2-n!:2essinfw:2 essinf w.

[07(1”] (an+1»an]
Furthermore, it is evident that for any « > 1, the function w® is not integrable: the series
i (nh*(2n +1)
+1 |
= 27t (n +1)!
diverges. Therefore, w cannot satisfy reverse Holder inequality. Similarly, the self-improvement
property does not hold. Given any 1 < p < oo, we know that w € A, (since A,y C A1) and hence

the dual weight v = w'/(=F) = !=P belongs to Ap. However, if v lied in A,_. for some € > 0,
then v1/(1=p+e) = ¢y(1-P)/(1=P+€) would be integrable, a contradiction.

4. MAXIMAL INEQUALITIES ON METRIC SPACES

Suppose that (X, d) is a metric space equipped with the o-field of its Borel subsets F and a
Radon measure p. The symbol B(x,r) = {y € X : d(y,z) < r} stands for the closed ball of
center x and radius 7. We assume the non-degeneracy condition 0 < u(B) < oo for any ball B
of positive radius. Furthermore, we will work with measures p satisfying the so-called doubling
condition: there exists a finite constant x such that u(B(z,2r)) < ku(B(z,r)) for all z € X and
r > 0.

Given 1 < p < oo and a weight w on X, we say that w satisfies Muckenhoupt’s condition A,,
if its A, characteristic

p—1
1 / 1 / 1/(1-p)
wla, ;= sup wdp w Pldp
[ ]Ap ze€X,r>0 (/L(B({I},’l“)) B(z,r) ) (M(B(.%’,T’)) B(z,r)

is finite. A weight w belongs to the class A;, if there is a constant ¢ such that for all » > 0 and
all x € X,
1 :
ST Sy 2 S i
The smallest ¢ with the above property is denoted by [w]4, and called the A; characteristic of w.
Finally, consider the von Neumann algebra N and put M = Lo (X, F, u)QN. Given 1 < p < o0
and r > 0, define the averaging operator A, acting on locally integrable f : X — L,(N) by the

formula
1

A @) = B @) /B@,r) fdu,weX.

In particular, if 1 < p < co and w € Ay, then A, f is well defined for f € L;)(M): any f € Ly/(M)
is locally integrable as a function from X to Li(N). Indeed, if p > 1, then Holder’s inequality

gives
(r—1)/p
/ [N zyonydie < (1f 1 pw om (/ wl/(l_p)du> < 0.
B(z,r) B(z,r)

For p = 1 the argument is even simpler: fB(z,r) 12y onde < N Fllze fB(r,r) wldp < oo.
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The following statement can be regarded as the noncommutative version of (1.3) and (1.4),
with the extraction of the optimal dependence on [w]4,.

Theorem 4.1. Let 1 < p < oo and assume that w is an Ap weight on X. Then for any f € Ly/(M)
and any \ > 0 there is a projection ¢ € M satisfying

1/p
A=) S P g

and qA, fq < Aq for all v > 0. Furthermore, if p > 1, then there exists a constant c, depending
only on p such that for any f € Ly,(X; Ly(M)),

1/(p—1
1A Frsoll g (Mot < ol 471l g )
Our argument will exploit the following fact proved in [18] (see Theorem 4.1 there).

Lemma 4.2. Let (X,d) be the melric space equipped with a Radon measure p satisfying the above
requirements. Then there exist a constant C' and a finite collection of families P, P2, ..., PN,
where each PF = (P]’?)jez s a sequence of partitions of X, such that the following holds.

(i) For each 1 < k < N and each j € Z, the partition Pfﬂ 18 a refinement of 73]’?,

(ii) For all z € X and r > 0, there is 1 < k < N, j € Z and an element Q € 73]15; such that
B(z,r) € Q and p(Q) < Cp(B(z,r)).

(i1i) Any Q € Uy ; Pj’f‘ is contained within some ball B(x,r) such that u(B(z,r)) < Cu(Q).

Proof of Theorem 4.1. By a standard decomposition argument, we may assume that f is nonneg-
ative: we have f(w) > 0 for any w € X. Let N be the number guaranteed by the above lemma
and fix k € {1,2,...,N}. For n € Z, let §& be the o-field generated by P* and denote by &F
the associated conditional expectation. Note that the martingale w = (E¥w), ¢z satisfies the A,
condition: by Lemma 4.2 (iii), for any Q € |,z PX we have

(i ) G )

p—1
1 1
< CP / wdp / wl/(l_p)du < CPlw]a,,
(mB(x,r» - )(mB(m,r» o el

where B(z,r) is the ball containing (). An analogous argument works for p = 1. By Theorem 6.1
(see below), applied to the martingale f = (EF f),ez, for any A > 0 there exists a projection gy

such that q&,fqr < X for all n € Z and A\r%(1 — q)'/P < C[w]i‘/ppﬂf”pr(M). Take ¢ = /\fc\[:1 ks
the projection onto the intersection () qr(H). Since 1 — /\i,\[:1 qr < chv:l(l — qk), we get

A= 9)] 7 < NYPCTul Pl oo

Now we apply the second part of Lemma 4.2: given an arbitrary ball B(x,r), there is an associated
set @, belonging to some PX. Therefore,

o O e
(4.1) A @) = 5o / s /Q fdu = CEL ()
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and consequently qA,fq < CA for all r. This proves the weighted weak-type inequality for
(A, f)r>0. Concerning the strong-type estimate, note that (4.1) yields

N
ICArf)rsollw ey < C (Z 57’~ff>
=1

neL L;f’(Mfoo)

ol [T I TR

This gives the claim. O

In particular, one may apply the above estimates in the context when X is a locally compact
group G, equipped an invariant metric d and the right-invariant Haar measure m. The averaging
operators

1 1
H(Blg. ) /BM Fam(h) =~ | . Samamn

appear naturally in the study of ergodic theorems, concerning the action of amenable groups on
noncommutative Ly, spaces (cf. [15]).

A fg) =

5. A WEIGHTED INEQUALITY FOR MAXIMAL SINGULAR INTEGRALS

The next application of Theorem 3.4 concerns weighted bounds for maximal singular integrals
of operator-valued functions in dimension one. Let us start with some motivation. The Hilbert
transform H, the fundamental object in harmonic analysis, is an operator which acts on locally
integrable functions f : R — R by

1S

. dt.
T JrSs—t

Hf(s) =

Here ‘p.v.” refers to the principal value of the integral: H f(s) = lim. o H° f(s), and

HEf(s) = 1/ Mdt

T J|s—t|>e 5 — t

is the truncated Hilbert transform. The above limiting procedure makes sense for certain vector-
valued functions as well: one can define Hf for f taking values in the so-called UMD Banach
spaces. Recall that a Banach space B is UMD (Unconditional for Martingale Differences), if the
following holds. For any (equivalently, for all) 1 < p < oo, there exists a finite constant ¢, g such
that for any (classical, commutative) martingale difference d = (dj)r>0 with values in B, given
on some filtered probability space (2, F, (Fk)r>0,P), and any deterministic sequence € = (x)x>0
with values in [—1, 1] we have

Zé‘kdk Z dk
k=0 k=0

Here the probability space, as well as the filtration, are allowed to vary. Note that for any
1 < p < oo and any von Neumann algebra N, the space L,(N') is UMD: this follows directly from
(2.1), applied to M = Lo (92, F,P)QN. Next, a well-known result of Burkholder [7] asserts that
if B is a UMD space, then |||z, &B)—L,®E) S cf)’B. Putting all the above facts together, we see

, n=0,1,2....
Lp(SB)

< Cp,B
Lp(92B)

~

that the action of the Hilbert transform on L,(M) = L,(Loo(R) @ ), the space of L,(N)-valued
functions on R, is well defined and bounded for 1 < p < occ.
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One can also study analogous weighted L, estimates for martingale transforms and the Hilbert
transform. It follows from the results of Lacey [27] that if d = (dg)r>0 is @ martingale difference
with values in a UMD space B, ¢ = (e5,)n>0 is a predictable sequence of signs and w is an A,
weight on {2, then we have
n

kadk

k=0

< [w]m:X{l/(pfl)vl} de

k=0

(5.1)

Ly ($4B) L¥(QB)

1 max{(p—1)~1,
Here || £y om) = (Jo I£I12dP) 7. Moreover, we have ||H| 1y z)—ryms) S holh @)1

The exponent max{(p —1)~!,1} is optimal in both estimates above. In particular, specifying
B = L,(N) and M = L(R)®N, as above, we get the corresponding version for noncommutative
martingale transforms and

—1
(5.2) 1Hll 2 o pay S T3t D700
There is another, related operator, playing an important role in harmonic analysis: the so-called
maximal truncation H*, given by H*f = sup.~( |H®f|. This operator also satisfies the weighted
bound (5.2), which can be handled with the use of Cotlar’s inequality or the direct majorization
in terms of sparse operators (see [27]). Both these approaches exploit a number of pointwise
estimates which cannot be used in the noncommutative context.

The purpose of this section is to establish a noncommutative maximal version for (5.2) (with a
slightly worse dependence on [w]4,). On the positive side, we will work in the more general class of
convolution-type singular integrals on R. Throughout, we assume that K : (—oo,0) U (0,00) — R
is an odd, twice differentiable function (in the sense that K’ is absolutely continuous) which
satisfies

(5.3) slggo K(s) = Slggo K'(s)=0
and
(5.4) s*K'(s) € L™°(R).

We denote by Tk the associated one-dimensional singular integral operator, defined by
Ticf(s) = pov. | FK(E— s)dt =l Ticf(s),
R €.

where T f(s) is the truncation at level ¢:
Tifs) = [ pR(-sa
[s—t|>e

In analogy to the above setting, we may also introduce the maximal truncation 15 by Ty f =
sup,~o |T% f|- In all the above definitions, f is allowed to be vector-valued. Note that the choice
K(s) = 1/(ws) brings us back to the context of Hilbert transform.

As shown by Vagharshakyan [48], the operator Tk can be expressed as an average of appropriate
one-dimensional dyadic shifts. To recall the necessary definitions, let ¢, ¥ : R — R be two
functions supported on the unit interval [0, 1] and given there by the formulas

7 if0<z<1/4,
-1 if1/4<z<1/2,
1 if1/2<xz<3/4,
=7 if3/4<z<1.

-1 if0<z<1/4,
pr) =41 if1/a<z<3/4, and ()=
~1 if3/4<a<1
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For any (real or vector-valued) function f on R and any interval I = [a,b], we define the scaled

function fr by
1 r—a
x) = , rz €R.
J1(x) \/mf (b — a>
For any 8 = {8} € {0,1}? and any r € [1,2) we define the dyadic grid D, 5 to be the following
collection of intervals (see [37] for the motivation and basic properties of this family):

D, 5 = {m” ([0, 1) +k+22i‘”ﬁi>} :
<n n€Z,kez

We equip {0, 1}% with the uniform probability measure x, uniquely determined by the requirement
:U'({B : (/BipBiQ? s B’Ln) - a}) =2

for any n, any sequence i; < iy < ... < iy, of integers and any a € {0, 1}".
The aforementioned result of Vagharshakyan asserts the following.

Theorem 5.1. Suppose that the kernel K satisfies (5.3) and (5.4). Then there exists a coefficient
Junction v : (0,00) = R satisfying
Illoe < Clls”K"(s)lloo
such that
dr

(55 K=o = [ ]S et aus)

{0132 J1 jep” g r
for all s #£t. Here C is some absolute constant and the series on the right is absolutely convergent

almost everywhere.

In other words, Tk can be expressed as an average of the Haar shift operators

Topf = Y (D e,

]EDT’ﬁ

where (f,g) = [p fg- Such objects can be handled with the use of martingale methods.

We are ready to establish the main result of this section. In what follows, M is the von
Neumann algebra Loo(R) @ AV, and hence Ly (M) can be identified with the class of appropriately
integrable operator-valued functions on R.

Theorem 5.2. For any 1 < p < oo and any kernel K satisfying the above assumptions and any
Ay, weight w on the real line, we have the estimate

~ 1/(p—1)+max{1/(p—1),1
< Cplu]f VTV gy

(TR )esoll e (Mitn) < M)-

Proof. Fix e >0 and f € L,(M): we may treat it as a function on R with values in Lo(N). Take

two real numbers s, ¢ satisfying |s —t| > €. Since both ¢ and 17 are supported on I, we see that
wr(s)yr(t) = 0if |I| < e and we may rewrite the identity (5.5) in the form

dr
Ke-9=[ [ 3 smeronnTau,
0.1} /1 IeD, g,|I|>e
Therefore we have

/ / A or)r(s) S du(8)
{0,132 J1

IeD, g,|I|>¢



18 T. GAEAZKA, Y. JTAO, A. OSEKOWSKI, AND L. WU

and hence by Minkowski’s inequality,

2 dr
N(T5e ool ) < /{ . LIl X aumiene L 4u(8)

2 dr
<[l X e ()

IeD,. g,|I|>e,
I odd .
¢ e>01LY (Milos)

2 dr
+ /{ - / ST I enn < au(s).

IG]DJTYB,\I\>E,
I
even e>0 L;’ (M§€oo)

Here and below, I € D, g is called odd (even), if so is the number logy(||/r). From now on, we
will restrict our analysis to ‘even sums’ only; the first summand in the last line above can be dealt
with analogously. The sequence

Z ’7(|I|)<f190[>w17 nEZa

I€D, g, 1|47,
j even

is a martingale with respect to its natural filtration. It is crucial here that we assume the ‘double
spread’ on logy(|7|/7) (i.e., we assume that logy(|Z|/7) has the fixed parity): thanks to this condi-
tion, (ZIGDTﬁ,\I|:r4" YUID{f, p1)¥1)nez is a martingale difference sequence. The application of
(3.4) yields

1/(p—1
> D e <Gl | X AN ey
1€D,. g,|I>¢, IeD,. 5,
I even >0 pr(M§€oo) I even L;}(M)

The next step is to prove that the right-hand side is controlled by |[f|Lw(am). This will follow
from the Theorem 5.3 below. g

From now on, we move to the classical context; all the functions and processes considered below
are commutative.

Theorem 5.3. Suppose that B is a UMD space and f: R — B is a Bochner integrable function.
Then for 1 < p < oo and any A, weight w on R we have

(5.6) > NS e < Gl ool O™ £ Ly i

IEDT,,B s
I even L;;J (RJB)

The same estimate holds if the sum on the left is taken over I € D, g with odd I.

This result follows from Theorem 5.1 in [19] in the real-valued case, the context of UM D spaces
requires more effort. We guess that even in the vector setting the result is known, however, the
proof presented below will use a number of novel arguments from martingale theory. We will
exploit the so-called sparse operators, which have gained a lot of interest in the recent literature
(we mention here the convenient references: Domelevo and Petermichl [13], Lerner [31], Lorist [32],
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which contain argumentation related to that below). Let us briefly outline our approach. The idea
is to control pointwise the sum in (5.6) by a similar expression, in which the summation is taken
over much smaller collection of intervals, satisfying the so-called sparseness condition (the formal
definitions will appear later). The proof of such a domination rests on an unweighted, weak-type
version of (5.6), which will be obtained with the use of classical martingales; having established
the control, one shows the weighted estimate by a change-of-measure argument, similar to that
used in Section 3.

We proceed to the formal analysis. The starting point is the following LP bound, the unweighted
version of Theorem 5.3.

Theorem 5.4. Suppose that B is a UMD space and f : R — B is a Bochner integrable function.
Then for 1 < p < oo and any bounded sequence (Y(I))rep, , we have

> AD{fenn < Gl oo f11 2, (mim) -

IeD,. g,
I even Lp (R,B)

The same estimate holds if the sum on the left is taken over I € D, g with odd I.
Proof. We will apply three times the LP estimate for martingale transforms, with respect to
different filtrations.

Step 1. Counsider the truncated version of v, given by

1 if0o<z<1/4,
—1 ifl1/4<z<1/2,
1 ifl1/2<x<3/4,
—1 if3/4<x<1.

Then for any even integers b < ¢ we have

(5.7) > YI)(f, o)1 < ¢ > YI)(f, )

IGDT,,6,2Z7§\I\/T§2C, IED,,.A’B,2I7§\I\/T§2C,
I even LT—’ (M) I even Lp (M)

To see this, split the function % into two, the outer and the inner part:

0 if0<z<1/4,
—1 if1/4<x<1/2,
1 if1/2<z<3/4,
0 if3/4<zx<1.

Introduce the corresponding versions for ¢: then (% = ¢°"/7 and ¢ = ™", We have

7 f0<z<1/4,
YU (r) =40 ifl1/4<x<3/4, and Y™ (z) =
-7 if3/4<zx<1

58 S aifedti= X Otfeu sl v
Ieﬂ)rﬁ,zbgﬂ/rggq IGDT,BJbS\I\/rSQC,
I even I even
and
59 S aifeda= X bOfend™ s end]
IEDT,H’QbS‘IV’"§2Cq IEDr-,,(a»QbSlIl/T§26,

I even I even
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Since ¥, 1)°" have integral zero, the partial sums corresponding to the right-hand sides of (5.8)
and (5.9) are martingales. Specifically, if n is an even integer between b and ¢, then the n-th
differences are

S A env™t and > A fene,

I€D, g,|I|=r2n I€D, g,|I|=r2"

while for odd n (satisfying b <n — 1 < ¢), the differences are

Z YIS, or)v™ and Z (DU, r) i,

IE]D)TYB,‘I‘:T‘Q” 1 IEDTVB,U‘:TQ” 1

Furthermore, by the above discussion, the martingale associated with (5.9) is the transform of the
martingale in (5.8) by a predictable sequence with values in {1, 7}. This yields (5.7).

Step 2. Now we will prove that for any even integers b < ¢ we have

(5.10) > YD) or) < ¢ > YD) or)er

I€D, g,2b<|1|/r<2¢, I€D, g,2b<|1|/r<2°,
I even LP(M) I even Lp(M)

The argument is the same as previously, but we need a different filtration. Namely, we take CO‘“
CX[0,1/2); ¢inn — ¢ X[1/2,1) and similarly for @O and " Then (O = —°" and ¢ = ™ 50
the corresponding ‘finer’ martingales associated with the left- and the right-hand side of (5.10)
are transforms of each other by a predictable sequence of signs.

Step 3. The final part is to note that

(5.11) > V(I{fsen)er < plVlloollf Nl 2, (mim) -

I€D, ,20<|1|/r<2¢,
I even LP(M)

Let Ci“n and ¢°" be the functions introduced in Step 1 above. It is easy to see that the collection
{er, C‘nn, C(])Ut}IeD,,.,B,I even 18 @ basis in L,(R;B) for any fixed  and j: this is just the Haar basis,
under scaling and translation. Expanding f € L,(IR;B) into this basis, we get

F= 3 ((eener+ (1,0mam + (£,¢m¢m)

I1€D, g, I even

and we see that the sum on the left of (5.11) is obtained by skipping some of the above terms and
multiplying the other by the corresponding terms (7). Thus (5.11) follows by the LP estimate for
martingale transforms, where the transforming sequence takes values in the set {0,v(/)}sep, ;-
Putting the above three steps together and letting b — —oo0, ¢ — o0, we get the desired
assertion. ]

Remark 5.5. One might repeat the above argumentation, replacing the L, space with its weighted
version L;). Then one gets the estimate (5.6), but with a worse dependence on the characteristic:
[w}i’ll;iax{l/(pfl),l}_

Now let us fix some additional notation. From now on, we will work with a single dyadic lattice
Dyo. Given Q € Dy with |Q| = 4V for some integer N, we introduce its filtration (F5!),>0
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defined by F§! = {0, Q} and, for any n > 0,
fgzlﬂ = cr({cpf : I is a dyadic subinterval of Q, |I| = 47"\Q|}>,
fé}wz = 0({w1 : I is a dyadic subinterval of Q, |I| = 4_"\Q|}>

Next, suppose that f € Li1(R;B) is a given function, let v = {v(I)}ep, , be an arbitrary sequence
bounded by 1 and define g% = Y, | 1ca, 1 even Y (fr0r)tr. Let (f2)n>0, (9n)n>0 be the

martingales generated by f|q and ¢g%|q, relative to the filtration F. Tt is easy to check that the
associated differences are dfé2 = ﬁ fQ f, alg(g)2 =0 and for n > 0,

A= Y, (frenern dg$ ., =0
11/19]=4—"

We= > (LGME GG, o= Y ADfenn
l11/|1Q]=4-" 11]/|0=4—"

where (" ¢°U have been defined in Step 1 of the proof of the previous theorem. Observe that
1dgS}, ollB < 7||dfSh 1|l for all n. Furthermore, note that the real-valued variables (||df<||B)n>0
are predictable: for any n > 1, ||df{||s is F'L,-measurable.

Theorem 5.6. Under the above notation, there is a universal constant C for which

(5.12) sup || g%

<CIfllL, oom) -
n>0

L1, (45R)

Proof. We will use the previous theorem combined with the extrapolation (good-lambda) method
of Burkholder and Gundy. Fix 8 > 1, § € (0,1) (the values will be specified later) and introduce
the stopping times u, v, o by

p=inf{n>0: g s > 1},

v=int{n>0:]lg7s > 8}

o=inf{n>0:|f2leVldlle >},

with the standard convention inf ) = co and a V b = max{a,b}. To see that o is also a stopping
time, one needs to refer to the predictability of (||dfS}||g)n>0 discussed above. Denoting by a A b
the minimum of a and b, we may write

P (sup l92ls = B, sup(l721s V 1421 ]18) < 6) — P < v < o0, 0= o)
(5.13) n>0 n>0

Q Q
< P(H.gzz/\a - gy,/\O'HIB > /B -1- 75)
Here the latter passage is due to the triangle inequality: on the set {u < v < 00, 0 = 00} we have
”gf}AaHB > 3 and ||g{LZ/\O'HB < ||9§/\U,1HB + 7de§/\gleB < 1+ 76. Now, by Chebyshev’s inequality,

the last expression in (5.13) does not exceed ||g, — gf}/\o—H%Q(Q-B)/(/B —1—76)2. The previous
theorem implies that

Q Q Q Q
Hgl//\o - gu/\UHLQ(Q;B) < CQHfl//\o - f,u/\o”Lg(Q;]B)'
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(Indeed, set f := f, — f,?m; and use the same transforming sequence (y(I))sep,,). Hence we
obtain

C%Enfy/\a - f/?/\U”%BS

P (sup o€l > B. sup(17£1e v 14 l) < 6)

(B—1-170)°
C%Enfy/\a - u/\U”IBSX{;L<OO}
(8—1-10) 7

where the latter passage is due to the identity f}, = fW\U on the set p = oco. But by the
definition of o, we have || fS4, — f;?/\o’H]B < Nf e + IS inollB < 46. Now, since P(u < oo) =
P (sup,,> | gSt|le > 1), putting all the above observations together gives

Q 16C352
P supllgn\lxaa>6, sup(llf s V lldfi1lls) < 6 WP Supllgnllxaa>1 :

Now we specify 8 = 3 and § = (32C3)~!, and apply homogeneity argument to obtain that
1
P (supllals 3 sup(l121 v 15 ls) < 53) < (5P (sup oo > A)
n>0 n>0 12 \n>o0
for A > 0 (here we used the fact that § < 1/4, so 8 — 1 — 76 > /3). This implies
1
P (supllalls > 3) <P (sup(1£21e v i) = 03) + 5P (supllals > 3)

n>0 n>0 12 \n>o0

and hence, multiplying both sides by A, we obtain

1
sup g5, [l
2

. sup || g, ||
n>0

n>0

1
+ —

< 3202
Ll,oo(Q§R) 12

L1,00 (C4R)

Sup(llfﬂHB v ldfit o lls)

L1, (€3R)

It remains to observe that by the triangle inequality and the weak-type (1,1) bound for the
(sub-)martingale maximal function,

Q Q Q
sup(||.f |l v lldfy11B) sup || fn |8 + ||sup lldfya |8
n=0 Lioo(@R) 11720 Lico(QR) 11720 L1,00(%R)
< 5|lsup | fulle < 5[ fllym)-
n20 L1, (4R)
The proof is complete. O

We turn our attention to the sparse domination. Let & denote the class of all dyadic subintervals
of [0,1) having measure 47" for some n.

Definition 5.7. A collection . C Z is called sparse, if there is a family {E(2)}qe.» of pairwise
disjoint sets such that E(Q) C Q and |E(Q2)| > |2|/2 for all Q € 7.

Proposition 5.8. Let f : R — B be a Bochner integrable function and let v = {v(I)}1co be a
sequence with values in [—1,1]. Then there exists a sparse family % C 2 for which we have

€2 B Qe/

(5.14)

almost everywhere on [0,1). Here C is the weak-type constant in (5.12).
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Proof of Theorem 5.3. The collection . will be obtained by the following algorithm.
Step 1. We put [0, 1) into . and mark it as ‘unused’.
Step 2. We pick an unused element Q € . of maximal measure and define A\q = %} Jo lIf1B-

Consider the martingale (¢),>0 and split the set {w € Q : SUp,,>0 g5t > Aq} into the union of
pairwise disjoint and maximal elements €21, o, ... of Z. There might be finite or infinite number
of such terms, we put them all into .7.

Step 3. We define E(Q) = {w € Q : sup,> [|l¢5 [z < Ao}, mark Q as ‘used’ and go to Step 2.

Let us study the properties of the above objects. The class . we obtain is indeed contained
in 7. By the construction, the sets { £(Q2)}qe.s are pairwise disjoint, furthermore, the weak-type
inequality (5.12) implies |E(Q2)| >
and hence almost all w € [0, 1) belong to a finite number of elements of .#. Let j(w) be the unique
positive integer such that w € E(Q)) C Qf,, C Q¥ ), C...CQf = [0,1), with Q% € 7.

We are ready to verify (5.14). Outside [0, 1) both sides vanish, and for w € [0,1) we write

> A Frpr)vr(w)

1€ B

)

<> > YD envr(w)|| + > (I)<f,801>¢1(w)
k=1 |1e2,99_ 2120y 19,9

B i) B

However, for any €2, the partial sums of } ;g o7 v(I)(f, ¢r)¢r form the martingale g, Thus,
by the very definition of the splitting procedure in Step 2, we have

Z (I)<f7 <Pl>w[(w) < ‘szc (/ HfH]B) XQ;.J(W) (w)
B

1€2,04,21 w)‘

For the expression

> YIS, on)vr(w)

1€2,0%8 | DI29% B

we proceed similarly, however, we need a small modification, as the above construction shows that
this is larger than \QQTCI Jow | flls- Denoting the parent of Qf in 2 by (Qf)’, we obtain
k—1 k—1

o A envi(w)

1€2.95_ | D10 5

< > YID(fronbr@)|| + T oo l(f: piapy) sl ()72

1€2,9%_ DI2(Q%) 5

1 1
<2C <|Q7§_1| /9751 ||f||]B> xay_ (W) +7 <|Q?§| /ﬂ“;: \fHB) xoy (w).

This gives the claim. O
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Finally, we are ready for the proof of the weighted estimate (5.6). The change-of-measure
argument used below is inspired by [34].

Proof of Theorem 5.3. We start with reductions. It suffices to show the claim for p > 2, then
the case 1 < p < 2 follows by duality. Next, by the approximation, scaling and translating, it is
enough to show that

> AN e

Ie2

< Colllloo[w 2 P £l 2i3)-
Ly (R;B)

By homogeneity, we may and do assume that ||7y|cc < 1. Therefore, using the (5.14), we will be
done if we prove the estimate

> (i [ 151) xo

To this end, we let v = w(~P) be the dual weight to w and pick an arbitrary nonnegative
he L (R;R). For any I € 2 and any weight u, the symbol £} f = ﬁ J; fudw will stand for the
average of f over I with respect to the measure udw. Then

/0( (m, / ||f|haa> XQ> e

< Col ool 5 O £ ).
Ly (R;B)

Qes

Qe
- Z ymp QP () PES(| flsv)ES (hw ™)
Qes
y D[P ()2 PES (|l )ES ()
Qes
< 2P~ 1 Z |E |p 1L, )271)5(%(”]0||B071)55(hw71),
Qe

where in the last passage we have used the sparseness estimate || < 2|E(Q)| for Q € .. Since

p > 2 and E(Q) C Q, we have v(Q)>7? < v(E(2))27P. Furthermore, by Hélder’s inequality, we
1 1 1 L

see that |[E(Q)| < w(E(Q))rv(E(Q))?,s0 |[E(Q)|Pw(E(Q))2P < v(E(Q))»w(E(Q))? . Plugging

these observations above and applying Holder’s inequality again, we get

D IE@P o(E@Q)*Pes(If s hES (hw™)
Qe

< 3 o(B(Q)rw(EQ)7 -

Qe

< (Z (%(Hfl!zaav_l))pv(E(Q))) ,, (Z (esmw-l))p'w(Em)))

Qe e
<M ([ fllBv™ )y R-R)||Mw(hw71)HL;f,(R;R)

< pp|[I fllBo™|

1
7

E5(IIfllev™")ES (hw™)

1
I

Ly(R;R) th_IHL;v,(R;R) = pp/”fHL;f(R;JB)||hHL;,(JR<;R)-

Here M,, and M, are the classical dyadic maximal operators with respect to the measures w and
v, respectively. This yields the desired assertion by taking the supremum over all i as above. [
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6. APPENDIX: ALTERNATIVE APPROACHES TO THEOREM 3.3

Now we will discuss different approaches, which unfortunately do not seem to yield the sharp
dependence on the A, characteristic for any p. Anyhow, we believe that the alternative argumen-
tation is of its own interest and connections, which might be useful in other contexts. We would
also like to point out that the first method below (which rests on interpolation) does give the
optimal exponent in the classical case.

6.1. A weighted weak-type bound and Marcinkiewicz-type interpolation. Our starting
point is the weighted weak-type inequality inspired by the classical result of Cuculescu [10].

Theorem 6.1. Let 1 < p < oo and w € Ap. Then for any positive x € Ly (M) and any X > 0
there exists a projection q € M such that

(6.1 Mo -] < Wl o

and g€ (x) ¢ < X for alln > 0. The dependence [w]z/f on the characteristic cannot be improved
(i.e., the exponent 1/p cannot be decreased) already in the commutative case.

Proof. We study the case p > 1 only; the argument in the boundary case p = 1 is analogous, and
we leave the details to the reader. By homogeneity, it is enough to consider the case A = 1. We
recall construction of Cuculescu’s projections: let o = I and for n > 1 define ¢, inductively by
the equation

n = Qn—II[O,l] (gn—1&En () gn-1) -
The sequence (qn)n20 is nonincreasing and it enjoys following properties (for detailed proofs,
see [10] or [44]):

(1) for every n > 1, g, € My;
(2 Qn commutes w1th In—-1En () gn—1;

)
( ) ( )QnSQm
(4) (Qn 1= n) En () (Gn-1— Gn) > Gu-1— qn-

Set ¢ = Aoy qn- Then ¢&, (2)q = 9an&n (2) gng < qgng < I, so by the above properties, we
obtain

n

C(1l=gn) =D T (@ — @) w) < Z (qk—1 — ar) & (%) (ar—1 — ar) w)

k=1

= Z ((qk—1 — ar)  (qr—1 — q&) & (w))

k=1

. _1 1
T ( (k-1 — qr) &k (W) w wap> ,
k=1

where in the last line we have exploited the tracial property and commuting of w with all ele-
ments of M. By Holder’s inequality, mutual orthogonality of projections ((gx—1 — gx));>; and the
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definition of [w]a,, we may proceed as follows (recall that v = w' P is the dual weight of w):

, 1
Y

n p
_ 1 1
T (1= qn) < (E (gk-1 — qk) Ek (w )) w =t |7 (aPw)p
o

( T( 1= qr) (w))plv)) 2 Lw ()
:( T(%l%su>wuww¥&u®)pmmﬂw

1
o

[wii " D 7 ((ar—1 — ax) & (w))> 2l L)

= [wﬁ;p ( 7 ((qr-1— Qk)w)> ' 2l Lw(m)
k

1 1
= [wl (7 (1= gu))? [l o mr)-

p

1 1

1
Multiplying both sides by (7% (1 —¢,)) » we obtain (7% (1 —¢,))? < [w]f‘pHxHL;]u(M), and
passing with n — oo gives the weighted weak type inequality. ([

Proof of (1.6) with a suboptimal exponent 2/(p — 1). Let us first recall an interpolation result es-
tablished by Dirksen [12] (see also Junge and Xu [23]). Let 1 < r < p < g be two parameters
and suppose that (T,),c 4 is a net of positive, subadditive maps on Lo(M), which is of weak type
(r,7) with a constant C, and of weak type (¢, q) with a constant Cy. Then we have

2
pr rq
T < s —_— .
[T @l i) S max{C aﬁ(p_r+q_p)mmﬂM>

Also, recall the celebrated self-improvement property of dyadic A, weights established by Coifman

1
and Fefferman [8]: if w € A, for some p > 1, then w € A,_, for e & [w];‘p’:’f1 and [w]a,_,. < [w]a,
Now we will combine all the above facts to obtain the desired estimate. Let 1 < p < oo and
suppose that w is an A, weight. We use interpolation for maps (&,),,~, with » = p — ¢ and
q = p + ¢, where ¢ is as above. Then w € A, . and w € A, (since A, C A,y.), so the weak-
type estimates hold true due to Tzl}?;)r%n 6.1. This yields the desired weighted Doob’s maximal
]

inequality with the constant c,|w . By duality, this implies the estimate

(6.2) zé'n(an) S [w]ip Z an , 1 <p<oo,
"= Ly (M) =0 o
with the suboptimal, quadratic dependence on the characteristic. O

6.2. Factorization and complex interpolation. There is a natural question whether the above
exponent 2/(p—1) can be improved with the use of structural properties of Muckenhoupt’s weights.



WEIGHTED INEQUALITIES 27

This question is motivated by the trivial bound

(6.3) > Enlan) < [w]a, D an ,

n20 Ly (M) n20lpe
which gives hope that some interpolation arguments might lead to an improvement. We start with
the factorization of weights. In the statement below, we work on the (classical) measure space
(X, F, p) equipped with some filtration (Fy,)n>0-
Theorem 6.2. Let 1 < p < co and suppose that w is an A, weight. Then there exist Ay weights

L 1/(p—1 -
wy, we satisfying (wila, < [w]a,, [w2la, S [w]A/p(p ) and w = wlw; P,

Proof. Suppose first that p > 2. Let M be the classical maximal operator associated with (F,)n>0.
Introduce the auxiliary operator T acting on nonnegative random variables by
T(f) = (w VP M (P~ w PV =D L PN (fro= /P,

This operator is well-defined and bounded on (unweighted) L, (X, F, ut): this follows at once from
the fact that M maps L, (w™®=Y) to itself and L,(w) to itself. Actually, since M| Lw—rw <

-1 S [w_l/(p_l)&/p(/plfl) = [w]4,, we obtain

[l 7 and M1y
1 —1
(6.4) 1T 2z, < Tl {270,

Furthermore, the operator T' is positive and sublinear (the latter property holds since p > 2).
Now, define ¢ € L, as the sum of L, convergent series

o= @ITl,~r,)"T" (),

n=1
where ¢ is an arbitrary fixed norm-one element of L,(X). We define the A; factors by w; =
w/PpP=1 and wy = w_l/pgo, so that w = wlw;_p. Directly by the definition of ¢, we get

[e.e]

To <2|Tl|1,r, Y CITNL,-L,) " T (W) < 20T 1,51,

n=1

which is equivalent to
(w—l/pM(¢p—1w1/p))1/(p—1) + wl/pM(SDw—l/p) < QHTHLp%LpQO'

But ¢ = (wPw )Y/ P10 we obtain M (w;) < (2\|T||Lp_>Lp)p71w1 and M (w2) < 2||T|| 1,1, w2.
It remains to apply (6.4) to complete the analysis for p > 2.

If 1 < p <2, we pass to the dual weight v = w1 ¢ Ay . By what we have just proved,
v = vy ¥ with [v1]4, < [v]a, = [w]z/p(p_l) and [v2]a, S [U]z/p(/p b= [w]a,. Thus, w = vpvy P

is the desired factorization. O
We will prove the following fact.

Theorem 6.3. Suppose that for some ¢ > 1 and some k£ > 0 we have

(6.5) Z En(an) < [w]zq Z an

n>0 w n>0 w
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for all A, weights w. Then for any 1 < p < q we have

Z Sn(an) < [w]'llp Z %9 >
n>0 Ly (M) n20 lLwm)
where y =1—¢'/p" + k(¢ /P + q/p).

Proof. Let # € (0,1) be uniquely determined by the condition p=' = (1 — 6) + ¢! (that is,
6 = ¢'/p’). Assume that w is an arbitrary A, weight and let w = wlwéfp be the factorization
granted by the previous theorem; let us also distinguish the weight wg = wjws. Suppose that

< 1 and let b be

1/2
(xn)n>0 is a finite sequence in Loy(M), satisfying H (Zn>0 |xn|2>

Ly (M)
an element of L °(M) of norm not exceeding one. By the results of Kosaki [26], there exist
continuous functions X,,, B : {z € C: 0 < Rez < 1} - M, n =0, 1,2, ..., analytic in the
interior of the strip, such that X,,(0) = x,,, B(0) = b,
1/2 1/2
max D X (it)? A 1+t <1
n>0 w n>0 w,
LYo (M) LYo (M)

and
maX{HB(it)HLgvoo(M), I|B(1 + it)||L;ﬂ/0(M)} <1
Consider the analytic function

Fiz)=71 Zé'n(\Xn(z)lzwg)B(z)wl

n>0

defined for z € C with 0 < Rez < 1. We have

[F(it)] <7 | Y En(IXn(it) Pwa)wr | B peoag < 7 | D En(|Xn(it)Pwz)w:
n>0 n>0

Putting a, = | X, (it)|?ws, we see that (6.3) yields

17212
[F(it)] < [wnaym | D anwn | = [wila, ||| D [Xa(it)]? < [wi]a, -
n>0 n>0 w
Ly® (M)
Furthermore, by Holder’s inequality,
[F(L+it)] < Y En(1Xn (1 + i) Pws) . B+ t)ll 20 (1)
n=0 L")
<D0 & (1Xn(1 + it)Pws)
1—
n20 e )
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However, by a simple application of Holder’s inequality, we get [wlw;q] 4, < [wi]a, [wg]gl and
hence (6.5), applied to a, = | X, (1 + it)|?ws, gives

1/2]|?
| < g-1)? |2 g—1\"
F i) < (foaual ) || 1% 1+ i) < (fwr]a, fwal )"
n>0
- Ly (M)
K60
Consequently, by the three lines lemma, we get |F(6)| < [wl]zo <[w1]A1 [w2]£1> . But [wi]a, S
[w]a, and [ws]a, < [w] {7V, so

7 S nlznlPws)bws | < ]l om0/

~ P
n>0

But 6 = ¢'/p’, so taking the supremum over all b as above, we obtain

1/2
2 2
> En(|zal*un) Sl [ feal
>0 >0
" () " L)
It remains to plug a, = |z,|?we, n =0, 1, 2, ... to get the claim. O
REFERENCES

[1] R. Banuelos, A. Osekowski, Sharp weak type inequalities for fractional integral operators, Potential Anal. 47
(2017), 103-121.
[2] R. Baiiuelos, A. Osekowski, Sharp Weighted Lo inequalities for square functions, Trans. Amer. Math. Soc. 370
(2018), 2391-2422.
[3] R. Baifiuelos, A. Osekowski, A weighted mazimal inequality for differentially subordinate martingales, Proc.
Amer. Math. Soc. 146 (2018), 2277-2281.
[4] K. Bickel, S. Petermichl, and B.Wick, Bounds for the Hilbert transform with matrix A2 weights, J. Funct.
Anal. 270 (2016), no. 5, 1719-1743.
[5] S. M. Buckley, Estimates for operator norms on weighted spaces and reverse Jensen inequalities, Trans. Amer.
Math. Soc. 340, 1993, 253-272.
[6] D. L. Burkholder and R. F. Gundy, Eztrapolation and interpolation of quasi-linear operators on martingales,
Acta Math. 124 (1970), 249-304.
[7] D. L. Burkholder, Martingales and Fourier analysis in Banach spaces, Probability and Analysis (Varenna,
1985) Lecture Notes in Math. 1206, Springer, Berlin (1986), pp. 61-108.
[8] R. R. Coifman and C. Fefferman, Weighted norm inequalities for mazimal functions and singular integrals,
Studia Math., 51:241-250, (1974).
[9] D. Cruz-Uribe, J. Isralowitz and K. Moen, Two Weight Bump Conditions for Matrix Weights, to appear in
Integr. Equ. Oper. Theory.
[10] I. Cuculescu, Martingales on von Neumann algebras, J. Multivariate Anal. 1 (1971), 17-27
[11] A. Culiuc, F. di Plinio, and Y. Ou, Uniform sparse domination of singular integrals via dyadic shifts, preprint
(2016). arXiv:1610.01958v2
[12] S. Dirksen, Weak-type interpolation for noncommutative mazimal operators, J. Operator Theory 73 (2015),
no. 2, 515-532.
[13] K. Domelevo, S.  Petermichl, Continuous-time  sparse  domination, available at  Arxiv:
https://arxiv.org/pdf/1607.06319.pdf .
[14] M. Goldberg, Matrix Ap weights via maximal functions., Pacific J. Math. 211, no. 2 (2003), 201-220.
[15] G. Hong, B. Liao and S. Wang, Noncommutative mazimal ergodic inequalities associated with doubling condi-
tions, available at arXiv:1705.04851.



30
[16]
[17]
[18]
[19]
[20]

[21]
[22]

23]
[24]

[25]
[26]

27]
28]

[29]
[30]

31]
32]

[33]

[34]
[35]

[36]
37

[38]
[39]
[40]

[41]
[42]
[43]
[44]
[45]

[46]

[47]
[48]

T. GAEAZKA, Y. JTAO, A. OSEKOWSKI, AND L. WU

R. Hunt, B. Muckenhoupt, and R. L. Wheeden, Weighted norm inequalities for the conjugate function and
Hilbert transform . Trans. Amer. Math. Soc., 176:227-251, (1973).

T. P. Hyt6énen, The sharp weighted bound for general Calder6n-Zygmund operators, Ann. Math. 175 (2012),
1473-1506.

T. Hytonen and A. Kairema, Systems of dyadic cubes in a doubling metric space, Colloq. Math. 126 (2012),
1-33.

T. Hytonen, C. Pérez, S. Treil and A. Volberg, Sharp weighted estimates for dyadic shifts and the As conjecture,
J. reine angew. Math. 687 (2014), 43-86.

M. Izumisawa and N. Kazamaki, Weighted norm inequalities for martingales, Tohoku Math. J. 29 (1977),
115-124.

M. Junge, Doob inequality for non-commutative martingales. J. Reine Angew. Math. 549 (2002), 149-190.

M. Junge and Q. Xu, On the best constants in some non-commutative martingale inequalities, Bull. London
Math. Soc. 37 (2005), 243-253.

M. Junge and Q. Xu, Noncommutative mazimal ergodic theorems. J. Amer. Math. Soc. 20 (2007), 385-439.
K. V. Kadison and J. R. Ringrose, Fundamentals of the Theory of Operator Algebras. Vol. 1, Elementary
Theory, Academic Press, New York, 1983.

N. Kazamaki, Continuous exponential martingales and BMO, Lecture Notes in Math. 1579, Springer-Verlag,
Berlin, Heidelberg, 1994.

H. Kosaki, Applications of the complex interpolation method to a von Neumann algebra, J. Funct. Anal. 56
(1984), 29-78.

M. T. Lacey, An elementary proof of the Az Bound, Israel J. Math. 217 (2017), 181-195.

M. T. Lacey, K. Moen, C. Pérez and R. H. Torres, Sharp weighted bounds for fractional integral operators, J.
Funct. Anal. 259 (2010), 1073-1097.

A. K. Lerner, An elementary approach to several results on the Hardy-Littlewood mazimal operator. Proc. Am.
Math. Soc. 136 (2008), 2829-2833.

A. K. Lerner, On some weighted norm inequalities for Littlewood-Paley operators, Illinois J. Math. 52 (2009),
653—-666.

A. K. Lerner, On pointwise estimates involving sparse operators, New York J. Math. 22 (2016), 341-349.

E. Lorist, On pointwise {"-sparse domination in a space of homogeneous type, available on Arxiv:
https://arxiv.org/pdf/1907.00690.pdf.

T. Mei, Operator-valued Hardy spaces, Mem. Amer. Math. Soc. 881 (2007), Amer. Math. Soc., Providence,
Rhode Island.

K. Moen, Sharp weighted bounds without testing or extrapolation, Arch. Math. 99, 457-466. | Cite as

B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function, Trans. Amer. Math. Soc 165
(1972),207-226.

F. Nazarov, S. Petermichl, S. Treil, and A. Volberg, Convex body domination and weighted estimates with
matrix weights, preprint (2017). arXiv:1701.01907v3

F. Nazarov, S. Treil and A. Volberg, The Tb theorem on non-homogeneous spaces, Acta Math. 190 (2003),
151-239.

A. Osekowski, Best constants in Muckenhoupt’s inequality, Ann. Acad. Sci. Fenn. Math. 42 (2017), 889-904.
A. Osekowski, Weighted square function inequalities, Publ. Mat. 62 (2018), 75-94.

A. Osekowski, Sharp LP-bounds for the martingale mazimal function, Tohoku Math. J. (2) 70 (2018), no. 1,
121-138.

A. Osekowski, Weighted weak-type inequalities for square functions, Math. Ineq. Appl. 23 (2020), 267-286.
G. Pisier, Non-commutative vector valued Ly-spaces and completely p-summing maps. Ast’erisque 247, 1998.
G. Pisier, Q. Xu, Non-commutative martingale inequalities, Commun. Math. Phys. 189 (1997), 667-698.
Randrianantoanina, N. 2002. Non-commutative martingale transforms. J. Funct. Anal. 194(1):181-212.

E. T. Sawyer, A two weight weak type inequality for fractional integrals, Trans. Amer. Math. Soc. 281 (1984),
339-345.

E. T. Sawyer. A characterization of two weight norm inequalities for fractional and Poisson integrals, Trans.
Amer. Math. Soc. 308 (1988), 533-545.

M. Takesaki, Theory of Operator Algebras. I, Springer-Verlag, New York, 1979.

A. Vagharshakyan, Recovering singular integrals from Haar shifts, Proc. Amer. Math. Soc., 138(12):4303-4309,
2010.



WEIGHTED INEQUALITIES 31

Facurry or MATHEMATICS, INFORMATICS AND MECHANICS, UNIVERSITY OF WARSAW, BanacuA 2, 02-097
WAaRrsaw, POLAND

Email address: T.Galazka@mimuw.edu.pl

SCHOOL OF MATHEMATICS AND STATISTICS, CENTRAL SOUTH UNIVERSITY, CHANGSHA 410085, PEOPLE’S
REPUBLIC OF CHINA
Email address: jiaoyong@csu.edu.cn

Facurry oF MATHEMATICS, INFORMATICS AND MECHANICS, UNIVERSITY OF WARSAW, BaNAcHA 2, 02-097
WAaRrsaw, PoLAND

Email address: A.Osekowski@mimuw.edu.pl

SCHOOL OF MATHEMATICS AND STATISTICS, CENTRAL SOUTH UNIVERSITY, CHANGSHA 410085, PEOPLE’S
REPUBLIC OF CHINA
Email address: walian@csu.edu.cn



