WEIGHTED ESTIMATES
FOR THE MULTILINEAR MAXIMAL OPERATOR

ADAM OSEKOWSKI

ABsTrRACT. The paper contains the study of the weighted LP1 x LP2 x ... X
LPm — LP estimates for the multilinear maximal operator, in the context
of abstract probability spaces equipped with a tree-like structure. Using the
Bellman function method, we identify the associated optimal constants in the
symmetric case p1 = p2 = ... = pm, and a tight constant for remaining choices
of exponents.

1. INTRODUCTION

The purpose of this paper is to study a class of weighted inequalities for the
multilinear maximal operator, an important object in harmonic analysis. We will
be particularly interested in the size of the constants involved. To present the results
from an appropriate perspective, let us start with the necessary background. Fix a
dimension N and suppose that 2 is the standard dyadic lattice in RV. Let M be
the dyadic maximal operator, acting on locally integrable functions f on RY by

Mf(z) = Sgﬂflmxcz-

Here the symbol (¢)¢q stands for the average of ¢ over @, calculated with respect
to the Lebesgue measure: (p)g = I%QI fQ . Maximal operators play a prominent
role in many areas of mathematics, and from the viewpoint of applications, it is
often of interest to study the boundedness properties of these objects, treated as
operators on various function spaces. A fundamental example is the sharp estimate

(1.1) M fllee <P fllee,  1<p<oo

(here and below, p’ denotes the conjugate exponent to p, given by p’ = p/(p — 1)).
One can investigate numerous generalizations of this result, our motivation comes
from an extension to the weighted theory. In what follows, the word ‘weight’ refers
to a positive and locally integrable function on RY. Any weight w gives rise to the
corresponding Borel measure, also denoted by w, and given by w(A4) = [, wdz.
One can also introduce the associated weighted LP spaces, defined as the classes of
all (equivalence classes of) functions f : RN — R for which

1/p
I fll e w) == (/N |fpwda:> < 00, 0<p<oo.
R

Now one can study the following problem related to (1.1): given 1 < p < oo,
characterize those weights w, for which the dyadic maximal operator M is bounded
as an operator on LP(w). This problem was solved by Muckenhoupt [§] in the
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seventies: the boundedness is true if and only if w satisfies the so-called dyadic A,
condition (or w belongs to the dyadic A4, class). The latter means that the quantity

[wla, = sup (w)o(e)y ",

called the A, characteristic of w, is finite. Here o = w'™?" is the dual weight to w.
There is a stronger, quantitative version of this result, established by Buckley at the
beginning of the nineties. Namely, the problem is to find, for any fixed 1 < p < oo,
the least exponent 3(p) such that

(1.2) M| Loy 1) < iplw] 37,

where k, depends only on p. In other words, one is interested in the extraction of
the optimal dependence of || M| 1r(w)—rr(w) On the A, characteristic [w]4,. The
aforementioned result of Buckley [1] asserts that the optimal choice is given by
B(p) = (p—1)~1. This statement can be further improved: we need some additional
notation for the further discussion. Given 1 < p < oo and ¢ > 1, let d = d(p, ¢) be
the unique positive root of the equation

(1.3) cl+d)(p—1—-dPt=(p-1)r"L

This parameter has a nice geometric interpretation: see Figure 1 below.

x
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FIGURE 1. The tangent to the curve zy?~! = ¢ at the point
(1, /=) intersects the curve 2y?~! = 1 at (1+d, (1+d)*/(P=1),

The paper [9] contains the proof of the following extension of Buckley’s result.

Theorem 1.1. For any 1 < p < co we have the inequality
p
p—1—d(p,[w]a,)
The constant on the right is the best possible: for any ¢ > 1 and € > 0 there is an
Ay, weight w satisfying [w]a, < ¢ such that

M| L (w)— Lr(w) <

p
M| o) Lp(w) = —————— — €.
| M| Lo ()= Lp (w) v Tidp ©
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In our considerations below, we will be interested in the multilinear analogues
of the above theorem. Suppose that m > 1 is a fixed integer. Following [5], the

m-linear dyadic maximal operator M acts on vectors f = (f1, fa,-- -, fm) of locally
integrable functions on RY by the formula

m
MJ = suw [T{fihoxe.

Qez 5,
A straightforward combination of (1.1) and the Hoélder inequality implies that if
P = (p1,p2,.-.,Pm) is a sequence of exponents satisfying 1 < p1,pa,...,pm < 00

1_ 1, 1 1
and =TTt then we have the sharp bound
m
IMFlee < T3S e
j=1
One can ask about the weighted version of this estimate, motivated by the above

discussion for M. The precise answer was given by Lerner et. al. in [5]. Given a
vector W = (w1, ws, ..., w,,) of weights on RV, we set

m
o= [T
j=1

and say that  satisfies the dyadic multilinear condition A3, if

m
" /v
(W], = sup (va)q I |<aj)%pj < 00.
Qe ot
1-p . . .
Here, as before, o0; = w; "3 is the dual weight to w;, j =1, 2, ..., m. Note that

for m = 1, the above requirement reduces to the classical Muckenhoupt’s condition
Ap. Actually, the connection to the one-dimensional setting goes deeper: as proved
in [5], we have @ € A if and only if 0; € Amp; for all j and vy € App. The
multilinear A 5 condition provides us with the answer to the above question: M is
bounded as an operator from LP'(wy) x LP2(wg) X ... x LP™(w,,) to LP(vg) if and
only if w/ € Ap. In [3], the authors established the following version of (1.2):

o L 8(P Ui
(1.4) IMFlzo ey < 5pl@50 T L7 o)
j=1
with 8(P) satisfying T S B(P) < %(1 +Z;n:1 ﬁ) Furthermore, in the
special case p; = ps = ... = p,, = mp, they showed that the estimate holds

with 3(P) = m/(mp — 1) = p|/p, which is optimal. The question about the
best exponent for an arbitrary vector P was answered in [6]: the optimal choice is

—

B(P) = max {p' /p, ps/p, - P} /P} -

The purpose of this paper is to present a different approach to the estimate
(1.4), which will yield the further information about the size of the constant « 5. In
addition, it will allow us to identify the best constant in the special case p; = ps =
... = pm = mp. Actually, we will work in the more general context of probability
spaces equipped with a tree-like structure. Here is the precise definition (cf. [7]).

Definition 1.2. Suppose that (X, 1) is a nonatomic probability space. A set T of
measurable subsets of X will be called a tree if the following conditions are satisfied:
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(i) X € T and for every Q € T we have u(Q) > 0.
(ii) For every Q € T there is a finite subset C(Q) C 7T containing at least two
elements such that
(a) the elements of C(Q) are pairwise disjoint subsets of @,
(b) @ =UC(Q).
(iii) 7 = Upnso 7" where T% = {X} and T = 7 C(Q).
(iv) We have lim,, o supgesn 1(Q) = 0.

An important example, which links this definition with the preceding consid-
erations, is the cube X = [0,1)" endowed with Lebesgue measure and the tree
of its dyadic subcubes. Any probability space equipped with a tree gives rise to
the corresponding multilinear maximal operators M = M x 7 and Muckenhoupt’s
classes A = A(X,T): the definitions are word-by-word the same, one only needs
to change the base space RY to X and replace the dyadic lattice 2 by the tree 7.

Our main results are gathered in two statements below.

Theorem 1.3. Let (X, p) be an arbitrary nonatomic probability space with a tree

structure T. Fiz m™' < p < oo and put p; = py = ... = p,, = mp. Then for any
vector W € Ap(X,T) we have the inequality
(1.5)
m
mp
HMX7T||LP1 (wl)XLp2 (IUQ)X...Xme(w7,l)—>LP(U,uj) S <mp —1- d(mp, ['LU]AI;)> .

The constant on the right is the best possible: for any ¢ > 1 and € > 0 there is a
weight W satisfying [w]a, < c such that

mp
M 1 (w P Pm (w Plvs) > - .
H X7T||L H(w1)xLP2 (wa) X... X LPm (wm) = L? (va) (mp —-1- d(mpa [w]Aﬁ) 6)

Theorem 1.4. Let (X, p) be an arbitrary nonatomic probability space with a tree

structure T. Suppose that P = (p1, D2,y Dm) With 1 < p1,pa, ..., pm < 00 and let

1_ p% + p% +...+ Zi. Then the optimal constant Kﬁ,e in the estimate

p
m
(1'6) HMX,THLT’I (w1) X LP2 (wa) X ... X LPm (W, )= LP (vg) < Kﬁ7[u,]A}3 Hp;
j=1
satisfies
([w]a, (1 +d(g, 0))P/? < Kppua, < (wlas(1+dps, 0)))"-/7,

where p, = min{p1,p2,...,pm} and ¢ = p/p, + 1.

In particular, in (1.6) we recover the optimal dependence on the characteristic
[W]a,. Interestingly, the lower and the upper bound for K [w]a involves the
Wl

multiplicative constant of the same type: (1 + d(~,c))p;/ P (unfortunately, these
constants can be quite distant if p, is close to 1). We would also like to emphasize
that the estimate (1.5) is sharp for each individual probability space. Finally, let
us mention that standard translation and scaling arguments allow to extend the
above results to the non-probabilistic, dyadic context studied at the beginning.
Our reasoning will rest on a multilinear version of Carleson embedding theorem
and a tight ‘testing’ estimate (2.4) below. To show the latter bound, we will exploit
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the so-called Bellman function method, a powerful tool for establishing inequalities,
used widely in probability and analysis. Quite interestingly, the function we invent
involves as many as m + 2 variables, and still, as we will see, the calculations are
quite quick and do not require elaborate analysis.

The paper is organized as follows. In the next section, we present the proof of
the estimates (1.5) and (1.6). Section 3 is devoted to the lower bounds for the
constants involved in these estimates.

2. PROOF OF (1.5) AND (1.6)

Throughout, P = (p1,p2,.-.,Pm) is a vector of exponents belonging to (1,c0)
and the parameter p is given by % = p% + piz 4+ ...+ p%f By symmetry, we may
and will assume that p; is the smallest exponent.

Let us briefly describe the idea behind our approach. We will exploit the following
multilinear version of Carleson embedding theorem established in [2] (see also [4]).

Here and below, the symbol (f)q, , stands for the weighted average @ fQ fdu.

Theorem 2.1. Suppose that a sequence (aQ)QET of nonnegative numbers satisfies
the following condition: for any R € T we have the estimate

(2.1) ZaQSC/ Haf/pjdu.
QCR Rj=1
Then for any vector f = (f1, fa,-.., fm) such that fj € LPi(0;) for all j, we have
1/p

(2.2) Sao[[Uh., | < TLe518 -

QET J=1 Jj=1

It is well known (see [6], for example) that the appropriate choice of the sequence
(ag)geT transforms the estimate (2.2) into (1.5) and (1.6). Thus the problem
reduces to the identification of the appropriate constant C in (2.1). To handle this,
we will apply the Bellman function method. We introduce the auxiliary constants

1 1+d -1

a=1+—— and C = C( + (pl,C))(pl )

d(p1,c) p1—1—d(p1,c)

where the last equality follows from (1.3). Consider the Bellman function B =
Bgp R — R given by

= (e(1+d(p1, )",

m m
B(s1,82,- 5 8m,t,u) = a | tPu+ c(p1 — 1) Hsf/pj — cpytP/P Hsé?/pjfp/pl
j=1 j=1

Sometimes, for the sake of brevity, it will be convenient to write B(s,t,u) instead
of B(s1,82,---,8m,t,u). The function B is the key ingredient of the proof of the
weighted estimates (1.5) and (1.6). Let us study several crucial properties of this
object.

Lemma 2.2. (i) For any fized t and u, the function
(81,823"'78771) %B(Slsta"'aSm,tau)

s concave.
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(ii) For any fived s and u, the function t — B(s,t,u) is nonincreasing on the

B Py/p
interval (O, (CH;”:l Sé’/P] P/Plu—l) ! )

(153) If u > H;n:1 s;p/pj, then we have the majorization

(2.3) B(s,t,u) ztpu—Csf/plsg/pz...sfn/pm.

Proof. (1) If v1, 7o, - - -, Ym is a sequence of positive numbers summing up to 1, then
the function (s1, $2,...,8m,) > s7's3% ... s)m is concave. Furthermore, if A1, Ao, .. .,
Am are nonpositive numbers, then the function (s1, sg,...,S$m) — 51\1532 ...shm s

convex. Both these facts can be easily proved by the induction on m, and they
immediately yield the desired claim.

(ii) This is straightforward: we have

m
— p/pi—1 | 4p/PY,, _ p/pi—p/P1
Byi(s, t,u) = aptP/P tP/P1y cHsj I
j=1

(iii) The assertion is equivalent to

(a = 1D)tPu+ (C + ac(pr — 1)) H Sf/pj > qepy tP/Pr H s;)/pj —p/p1
Jj=1 j=1

The left-hand side is an increasing function of wu, so it is enough to prove the

estimate for u = [[_, s;p/pj. Divide both sides by (o — 1)p1 [[}2, sﬁ-’/pj to obtain

the equivalent bound

1 ( t )p+ 1 C+ac(p1—1)> ac ( t )p/pl

D1 \51852...5m Py (a—1)(p1—1) " a—1\s182...5m '
This will follow immediately from Young’s inequality (with exponents p; and p}),
as soon as we show that

Cretn b (e

Plugging the formulas for o and C, we transform the above identity into

pr—1 1/(p1—1)
—— = (e(1 +d(p1,c ,
Pl — 1 _ d(pl,C) ( ( (pl )))

which holds true by the very definition (1.3) of the parameter d(p, ¢). O
The following result will imply the validity of (2.1).

Theorem 2.3. Suppose that (X, ) is a probability space with a tree structure T .
Fiz ¢ > 1 and let W be a vector of weights on X, satisfying [u_)']Aﬁ < c¢. Then for
any R € T, the vector & = (01,02,...,0,) of dual weights satisfies

(2.4) / M(Gxr)Pvady < C/ H Uf/pj du.
R R
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Proof. 1t is convenient to split the reasoning into a few intermediate parts.

Step 1. An auziliary notation. Fix w and R as in the statement and let ng be the
unique integer such that R € 7"°. We introduce the auxiliary functional sequences
(Tn)n>ng> YUn)n>ne and (2n)n>n, as follows: for any n > ng and w € Q,

Tp(w) = (1 (W), Tn2 (W), -« -, Tpm(w)) = (<01>Qn(w), (02)Qn(w)s -+ s <‘7m>Qn(w))

Yn(w) = ngrgl%én (xkl(LU)l‘kg(o.)) ... ka(w)),

Zn(w) = <U'Lﬁ>Qn(w)7

where @, (w) is the unique element of 7™ which contains w. There is a nice
probabilistic interpretation of these sequences: (x,),>n and (z,),>y are mar-
tingales induced by the filtration (7"),>n , with the terminal variables equal to
(01,09,...,0m,) and vg, respectively; in addition, (y,)n,>n is the maximal pro-
cess associated with the sequence of products (zx1Zk2 ... Tkm)k>n,. Observe that
by Lebesgue’s differentiation theorem (or rather, by Doob’s martingale convergence
theorem), we have z,,; = 0, yn = M(Fxr) and z, — vy almost surely as n — oco.

Step 2. Monotonicity. Now we will show that the sequences (1, )n>ng, (Un)n>no
and (zy,)n>n, combine nicely with the Bellman function B defined previously. More
specifically, we will prove that the sequence

</Q B(:vmyn,zn)du)

is nonincreasing. To see this, fix an integer n > ng, let @ be an arbitrary element
of 7" and let Q, Q2, ..., Q¢ be the collection of all children of @ in 7"*!. The
functions x,,, y,, z, are constant on ), while x,,+1, yn+1 and z,41 are constant on
each @;. It is easy to check that these constant values satisfy

n>ng

14
25) Z'|Q| renda, (e =) (5 e,

(This is nothing but the martingale property, expressed in analytic terms). Next,
observe that for any j we have

(2.6) /B(In+17yn+1,2n+1)d/l§/ B(Zny1, Yn, 2ng1)dp.

j Qj
Indeed, if y,4+1 = yn on @, then there is nothing to prove; on the other hand,

if yn+1 # yn on @, then by the definition of the sequence y we must have y,, <
Ynt1 = Ty 1)1Z(n+1)2 - - - T(nt1)m- Lhe latter product is equal to

p1/p
( ][ p/pk p/p1< >é1>
Vi) Q;

IN

(01)Q;(02)q; - - - (om)q;

m Pll/P
p/pk—p/P1 -1
(C H Ttk Zn+1> ;
k=1

where the estimate follows from the condition A5. By Lemma 2.2 (i), this implies
B(Zn+1,Yn+1: 2n+1) < B(Tp41,Yn, 2nt1) on Q; and hence (2.6) follows. Summing
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over j, we thus obtain

/B(xn+17yn+1azn+1)dﬂ§/B(mn+1,ynvzn+1)d:u'
Q Q

Now, by the very definition of B, the second identity in (2.5) and the fact that y,, is
constant on @, the right-hand side above is equal to fQ B(Xp+1,Yn, 2n)du. Finally,
by the first part of Lemma 2.2 and the first identity in (2.5), we have

/B(xn+laynazn)dﬂ§/B(xnaynvzn)d,u~
Q Q

Hence, summing over all Q € 7™ contained in R, we obtain the aforementioned
monotonicity.

Step 3. Completion of the proof. By the previous step, we obtain that for any
n > ng we have

(27) /B(xn7ynazn)d,u§/B(mnmynoazno)du'
R R

Let us inspect the expression on the right. By the very definition of y, we have
Yng = TnglTng2---Tnem; furthermore, by the Az condition, we obtain z,, <

]I, l‘;fj/pj . Consequently,

m
B(Zng, Ynos Zng) < Hmﬁ{)?—l—cpl—l) xﬁ{)?’ cp1 ch%? =
j=1

To handle the left-hand side of (2.7), we apply the third part of Lemma 2.2. As

the result, we get
/ynzndﬂ < C/ HIP/PJ

It remains to let n — oo and carry out an approprlate limiting procedure. Recall
that we have the almost sure convergence x,; — 0, yn — M(dxr) and z, — vg.
Therefore, the left-hand side above can be handled by Fatou’s lemma:

/M axRr)Pv du<hm1nf/ ybzpdp.

To deal with the right hand side, we will apply Lebesgue’s dominated convergence
theorem: we have [, ;vflé-p I H] L f/ i almost surely, so all we need is a
suitable majorant. The inclusion @ € Az implies 0; € Amp; (cf. [5]), which gives

that o;, and hence also the maximal function Mo, belongs to L” for some r > 1.
p/Pj

Thus, by the Holder inequality, the majorant H;”zl (supn20 l“nj) s integrable

and the assertion follows. O

We are ready for the proof of our main estimates.

Proof of (1.5) and (1.6). Fix a vector @ € Az(X,T) and an arbitrary sequence

f: (f1, f2, ..., fm) of functions on X such that f; € LPi(w;) for each j. Clearly,
we may assume that f; > 0 for all j. Let ¢ > 0 be a fixed parameter. By the
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definition of the multilinear maximal operator, for any w € X there is a set Q(w)
containing w such that

—

Mf(w) < (1 +e){fi)ow){fe)ow) - (fm)ow):-

Of course, such a set Q(w) need not be unique: to avoid ambiguity, we take Q(w)
belonging to 7" with n as small as possible. Now, for any @ € T, we define
EQ)={we X : Qw)=Q} and let

By the very definition, we have E(Q) C @ and the sets E(Q) corresponding to
different @’s are disjoint. Furthermore, we have ag < (M(dxg)(w))Pvg(E(Q)) for
w € Q. Consequently, for any R € T we get

Y ar< / (M(3xQ))Pvadu < C / [T ap,
QCR R R

where the second inequality is due to (2.4). Thus, by the Carleson embedding

theorem applied to the vector fo=" = (fio !, f205 ', ..., fmo:}), we obtain
1/p
m m m
Yoaa [T o., | <P TIifos ees o) = CP TL 0513l -
QeT  j=1 j=1 j=1

Now, by the definition of ag and the identity (fjaj_1>Q7gj = <fj>Q<0'j>C_21, we get

m m

S ao [[Uior Vo0, = S vaE@) [[U0h = A +o)7 / (MF)Poadp.

QeT  j=1 QeT j=1 X
Since ¢ was arbitrary, the desired estimates follow. Let us remark that in the
symmetric case p; = p2 = ... = D, the obtained constant is
1/p /o m/(mp=1) [ "
0" 1] = el + dlmn, ) =
- mp — 1 m mp m B mp m
~ \mp—1—d(mp,c) mp—1) — \mp—1—d(mp,c)) ’
as we have announced in the statement of Theorem 1.3. (]

3. ON THE LOWER BOUND FOR THE CONSTANT

3.1. Sharpness for p; = py = ... = p,,. First we will show that in the symmetric
case the constant we have obtained is the best possible. Fix an integer m, an
exponent p € (m~!,00) and a constant ¢ € [1,00). By the result of [9], for any
€ > 0 there is a weight w € A,,, with [w]a,,, = ¢ and a function f € L™P(w) such
that the (one-dimensional) maximal function M satisfies

mp

1M F Loy > ( ) TP

mp —1—d(mp,c)



10 ADAM OSEKOWSKI

We consider the vectors f = (f, f,..., f) and @ = (w, w, . ..,w), each consisting of
m coordinates. Then vg = [[_, wP/™P = w, so for any Q € T,

H 1- —pj p/pJ _ <w>Q<w17(mp)/>8p_1.

=1

<.

In particular, this implies [w]a, = [w]a,,, = ¢. Furthermore,
F _ m mp "
My = I ey > (g s =) e

mo m
_ mp _
a (mp —1—d(mp,c) 5) H Ml

which establishes the desired sharpness.

3.2. The lower bound in the asymmetric case. Here the calculations will be
more involved. It is convenient to split the construction into a few parts. We may
and do assume that ¢ > 1: when ¢ = 1, then the vector W consists of constant
weights and the claim follows easily from the unweighted theory.

Step 1. Auaziliary geometrical facts and parameters. Pick ¢ € (1,¢) and set
q = p/p, +1. There are two lines passing through the point K = (1,é/(@=1) which
are tangent to the curve xy?~! = ¢; we take the line ¢ for which the x-coordinate
of the tangency point is smaller than 1. This line intersects the curve zy?~! = 1 at
two points: pick the point L with bigger z-coordinate and denote this coordinate by
1+d(¢). Furthermore, the line ¢ intersects the curve zy?~! = ¢ at two points: one of
them is K, while the second, denoted by M, is of the form (1—4, (&(1—¢))L/(1=9),
See Figure 2 below.

M

(1,¢c'/ta=D)

\ zyl Tt =¢
(L4 d, (1 + d)t/ a1

FIGURE 2. The crucial three points K = (1,é&'/(a~ 1)) L=(1+
d(@), (1 +d(e)Y1=9) and M = (1 -4, (¢(1 — 6))/1-9).
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The points K, L, M are colinear: some simple algebra transforms this into the
equality

(3.1) (E(1 +d(@) TV (d(E) + 5 — d(&)(1 — 6)/(1=D) = 5,
which will be useful later.

Step 2. Construction. Now, recall the following simple measure-theoretic fact,
which can be found in [7].

Lemma 3.1. For every Q € T and every 8 € (0,1) there is a subfamily F(Q) C T
consisting of pairwise disjoint subsets of Q) such that

pl U RI= D n®=58uQ).

REF(Q) ReF(Q)

We use this fact recursively and construct an appropriate sequence Ag O Ay D
Ay D ... of subsets of X. The starting point is the choice Ag = X. To describe the
inductive step, assume we have constructed A,,, which is a union of pairwise almost
disjoint elements of T, called the atoms of A,,. Of course, this condition is satisfied
for n = 0: we have Ag = X € T. Then, for each atom @Q of A,,, we apply the above
lemma with S = d(¢)/(d(¢) + 0) and get the corresponding subfamily F(Q). Put
Ant1 = Uqg UQ,eF(Q) (', the first union taken over all atoms @ of A,,. Directly
from the definition, this set is a union of the family {F(Q) : @ an atom of A,},
which consists of pairwise disjoint elements of 7. We call these elements the atoms
of A, 41 and conclude the description of the induction step.

As an immediate consequence of the above construction, we see that if @ is an
atom of Ay, then for any n > k we have

N(QﬂAn):M(Q)( d(@) )n—k

de)+o
and hence
@ """ g
3.2 N(A, \ 4, = = = .
(32) HQN AN A =@ (7805)
Now, introduce the weights w1, ws, ..., w,, on X by the formula
wlf/m — ZXAn\An+1(1 _ (5)”
n=0
and wy = w3 = ... = w,;, = 1. Furthermore, for j =1, 2, ..., m, we let

o0
Fi =D Xanan, (1+a;0)",

n=0
where a3 = (p1d(¢)) "' +p~' —¢/p1 and, for j > 2, a; = (p;d(¢))~" —¢/p;. Here e
is a fixed positive parameter (which will be sent to zero at the end of the proof).

Step 3. We have [w]a, < c. The equality wy = w3 = ... = wy, = 1 implies that

Vg = wll)/p1 and v:vpll/p = wi_pll. Hence [w]4, < c is equivalent to showing that
vg € Aq. This in turn amounts to saying that for any Q € T,

<U13>Q<U1];7/(17q)>q@_1 <ec
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To prove this, we use (3.2) to obtain that for each atom @ of Ay we have

O

(@ T e 8 (-0
(3.3) @MQ—2;<MQ+5> A= G +s ~ 1740
and

) _ d(e)
— 1-)/0=a) (1
d(e) + 5( ) d(@)+4
W/ a=1) (1 — )b/ (1=a)
(T d(@) /o
where in the last line we have used (3.1). Suppose that R is an arbitrary element
of 7. Then there is an integer k such that R C A;_; and R € Aj. We have
1 1
(vg)r = 7/ vadp + 7/ vadp
1 / k—1 1
= —— (1-=90)"du+ —/ vgdp.
p(R) R\Ay w(R) RNA,

By (3.3), applied to each atom @ of Ay contained in R, we get
Ap)(1—0)k
[ vty = RN
RNAg

1
(lgyﬂlqg

1+d(e)
and hence, setting n := p(R N Ag)/pu(R), we rewrite the preceding equality as
k-1 (1-9)*
ahn = (1 =m)(1 =)y

Similarly, we obtain
cH/a=1) (1 — §)k/(=a)
(1+d(c)/0-a

<Ullv/(1*Q)>R =(1-n)1- 5)(k—1)/(1—Q) +7-

which implies

<Uu7>R<U713/(17q)>(1]{1

qg—1
- 1 iy L
= (n-9+ @ =ni+aan) (s -9+ a-narda))
This number does not exceed c. Indeed, the right-hand side can be rewritten as
(nMz + (1 =)L) (nMy + (1 = n)Ly) 77",
where M,, M, and L, L, are the coordinates of the points M and L (see Figure 2).
As n ranges from 0 to 1, the point nM + (1 — n)L runs over the line segment ML

which is entirely contained in {(z,y) : zy?~! < c}. Since R was arbitrary, we obtain
the desired A condition: [w]a, <c.

Step 4. Completion of the proof. In the same manner as above, one verifies that
if @ is an atom of Ay, then

(fidg =Y _ (1+a;o)"

n>k

( d(@) )”*d(a (1+ a;6)k

d(@) +6 A +06  1-a;d@)
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Note that the ratio of the above geometric series, is equal to

(1+a;0)d(@) . (a;d(@) —1)5 ;' —1)0
@& +s  tTam+s “MTames b

so the series is convergent. Hence, on A (and hence also on Ay \ Ai_1) we have

. m B m (1_|_a,5)
Mf > j:1<fj>Q 1:[1 1— ajjd(é)
and therefore
" | » @ 1/p
Ml > | 2 (L= | =9 (d(6)+5) @) 19

The ratio of the geometric series in the parentheses is given by

[T+ a0 —9d) (d(cgi 5)

Jj=1

=1+ [plar+az+...+am) —1—(d(@) "] 6 + o(5)
=1—-¢ed+o0(9)

as 0 — 0. Thus the series is convergent and we obtain

m

IMF ooy = (d(@2) 7 TT(1 = a;d(@) "+ O(3).

Jj=1

On the other hand, an analogous computation shows that

1/p1
_ a npi _ np1/p d(é) ! 0
||f1|m(w1)(§)<1+ arm = (5%5) d<e>+6>

= (p1d(@) ((prd(@) ' +p " — al))‘”’” +0(8) = (d(&)e) "V + 0(6)
and for j > 2,

1/p;

/od@E) \" 9
il oy = | D1+ a;0)™ (d(é)(i(5> d(@) +0

n>0
= (1= a;p;d(©) ™" + 0(9) = (d()e) /™ + 0(9).
Putting the above facts together (and noting that d(¢) — d(g,c) as § — 0), we get

) IMF 2o (o) i 1
lim sup = = > (1 —a;d(g,c))"".
550 Ly 101273 () U !

Finally, we check that the constant on the right converges, as ¢ — 0, to

/
<1_p1d(q’c)> Hpj 1_|_qu Pl/PHp

p =1

This yields the desired lower bound for the optimal constant.
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