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Motivation

Theorem (Kechris, Pestov, Todorcevi¢ 2005)

Let # be a relational Fraissé class with the Fraissé limit U and let
G = Aut(U) be endowed with the pointwise convergence topology.
TFAE:

(a) G is extremely amenable.

(b) & has the Ramsey property and the ordering property.
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Notation

Categories

Categories will be denoted by letters &, €, £, etc.
Given a category ¢ and two objects A, B € Obj(€) the set of all
¢-arrows from A to B will be denoted by ¢(A, B).
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Notation

Categories

Categories will be denoted by letters &, €, £, etc.
Given a category ¢ and two objects A, B € Obj(€) the set of all
¢-arrows from A to B will be denoted by ¢(A, B).

The setup

We shall work with a pair (&, £), where £ is a category and & is its full
subcategory. We shall assume that Obj(£) consists of all colimits of
chains (sequences) in & and all £-arrows are_monic.
We assume & is directed, i.e., for every a, b € Obj(S) there is
¢ € Obj(6&) with

S(a,c) # 0 # S(b,c).

Q"\_},
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Weak Fraissé theory

Definition

Fix a: a— & in 6. We say that & has the weak amalgamation
property (WAP) at « if for every G-arrows f: & — x, g: & — y there
are G-arrows f': x - wand g’: y — w satisfying

fofoa=g ogoa.
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Example (Pouzet)

Let .7 be the class of all finite linearly ordered sets, where the linear
ordering < is replaced by the following ternary relation:

Rx,y,z) <= x<y&x<z&y#z

¢ 6 /o @
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Weak Fraissé sequences

Definition

A normalized weak Fraissé sequence in & is a sequence i: w — &

satisfying the following condition.

(W) For every n € w, for every G-arrow f: up,1 — y there exist m > n

and an G-arrow g: y — Up such that

gofou”+1 =uy.

s B fre
T )

W.Kubi$ (http://www.math.cas.cz/kubis/) The Weak Ramsey Property

\@U f—/\% u 0-»..\
9 m
7
/

16.12.2020

10/27



Kubi$ (http://www.ma .cz/kubis/ The Weak Ramsey Property



The framework

We assume U = lim U, where U: w — & is a normalized weak Fraissé
sequence.
Furthermore:

(F) For every a € Obj(&), for every f: a— lim U there are n € w and
f': a— upsuchthat f = uX o f'.
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The topology on G := Aut(U)
Definition
A basic neighborhood of idy € G is defined to be any set of the form

Vm={9 € G: gouy =upt,

where m € w. |
Uy Ap—s . S US> - -\
um
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The topology on G := Aut(U)

Definition

A basic neighborhood of idy € G is defined to be any set of the form
Vm={g € G: goup =up},

where m € w.

Claim
Aut(U) is a completely metrizable non-archimedean group.
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The weak big Ramsey property
Theorem

Assume G = Aut(U) is extremely amenable. Then for every
a € Obj(®) there exists an G-arrow «: a — & satisfying:

(wB) Forevery k € w, for every finite F C £(&, U), for every
p: £(@,U)oa — k there is g € G such that ¢ is constant on

goFoa.
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The weak Ramsey property

Definition
We say & has the weak Ramsey property if for every a € Obj(&) there
is an G-arrow «: a — & satisfying
(WR) For every b € Obj(&), for every k € w, for every finite F C &(&, b)
there is v € Obj(&) such that for every p: &(d,v) o a — k there
exists e: b — v such that ¢ | eo F o « is constant.
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Proposition
The weak Ramsey property implies WAP, J
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Proof.

Fix a € Obj(&), letk =2,and let «: a — & be asin (WR). Fix fp,f; € &
with dom(fy) = & = dom(f;). Using directedness, choose b € Obj(&)
and go, g1 € & such that gjo f; € &(&, b) for i = 0,1. Let
F={goof,g10f}

Find v € Obj(&) from the weak Ramsey property applied to F. Define
p: &(a,v)oa— 2by setting p(g) = 1ifandonly if g =g’ o f; o « for
some g’ € &. The weak Ramsey property says there exists e: b — v
such that ¢ is constant on eo F o . Note that p(eo (g1 0 fi)oa) =1,
for obvious reasons. Thus also p(eo (gp o fy) o a) = 1, which means
that there exists h such that

eogopofgoa=hofioa.

We are done, because e o gy and h witness the weak
amalgamation.

]
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Theorem

Assume G = Aut(U) is extremely amenable. Then S has the weak
Ramsey property.
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Theorem

Assume & has the weak Ramsey property and U is as above. Then
Aut(U) is extremely amenable.
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