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A simple example

Let X = R × Z. Draw an edge from (x , n) to (x , n + 1) for each x ∈ R and n ∈ Z.
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color (x , n) red iff n is odd

Can we color the points red/blue so that no edge has endpoints of the same color?
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A harder example

Let T = {(x , y) ∈ R2 | x2 + y2 = 1}.
Draw an edge from (cos θ, sin θ) to (cos(θ + 1), sin(θ + 1)) for each θ.

Theorem (classical)
It is not possible to write
down the coloring rule!

Note that |R| = |R × Z| = |T| = 2ℵ0 , while each connected component is countable.
So the graphs R × Z ≅ T are both 2ℵ0 many Z-lines.
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Logic

. . . is the study of “language” (what can be “written down”) and its meaning.

A certain mathematical object exists, but it cannot be written down.
Example A red/blue coloring of the rotation by 1 radian graph on T exists, but it
can’t be written down.

Something can be written down, but all ways of writing it down must be
complicated.
Example It is impossible to “easily” say that “a graph has an infinite path”.

Descriptive set theory (DST) studies infinite but “explicitly definable” structures on
R,T,R3, etc., often using tools from analysis (measures, topological arguments, etc.)
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Examples of combinatorial problems in DST

(Kechris–Solecki–Todorcevic 1999) A “definable” graph with degree ≤ d can be
“definably” colored with d + 1 colors. (“definable” = Borel)

(Brooks) For finite graphs, this can be improved to d , except for complete graphs.
(Marks 2016) This cannot be improved to d colors, even for acyclic graphs.

(classical) Every graph has a spanning forest.
(classical, Adams 1988) There are “definable” graphs that do not have “definable”
spanning forests, and indeed, cannot even be injected into “definable” forests.
(C.–Poulin–Tao–Tserunyan 2025) Every “definable” graph which is
“approximately” (quasi-isometric to) a forest can be “definably” injected into a forest.

(classical) If every action of a group G admits a forest of lines, then G is amenable.
(Gao–Jackson 2015) If G is abelian, then every “definable” action admits a
“definable” forest of lines (called “hyperfinite”).
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