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Introduction/Motivation
Let g ∼ N (0, 1). Question: for p ≥ 1, ∥g∥p := (E|g |p)1/p =?.

E|g |p =

√
2
π

∫ ∞

0
xpe− x2

2 dx =
{

t = −x2

2
dt = xdx

=
2p/2Γ(p+1

2 )
√

π
.

So ∥g∥p =
√

2
2p√π

p
√

Γ(p+1
2 ). Asymptotic on p?

∥g∥2k = 2k
√

1 · 3 · · · (2k − 1) ≤ 2k
√

(2k)k ≤ 2
√

k.

∥g∥p ≤ ∥g∥2[p] ≤ 4
√

[p] ≤ 8√p.

∥g∥2k = 2k
√

1 · 3 · · · (2k − 1)
p. means

≥ k∑k
l=1

1√
2l−1

≥ k
10+
∫ k

1
1√
x dx

≥
√

k
22 .

∥g∥p ≥

∥g∥1 = 1 , p ∈ [1, 2)
∥g∥2[ p

2 ] ≥
√p
234 p ≥ 2.
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Conclusion
There exists c, C > 0 numerical (independent of p ≥ 1) s.t.

c√p ≤ ∥g∥p ≤ C√p.

Notation: f ∼ g (f ∼α g) if there exists a constant C > 0 (C(α))

s.t. f
C ≤ g ≤ Cf ( f

C(α) ≤ g ≤ C(α)f ).

Problem (Main topic of my research)
Let f be a "complicated" probabilistic quantity. Find a "simpler"
expression g such that

f ∼ g , f ∼α g or at least f ≤ C(α)g , C(α)"small".

Typically f = E supt∈T Xt , (Xt)t∈T a stochastic process or
f = p

√
E|W (X )|p, W a d-linear form, X random vector from Rd .

Remark: Bounding p
√
E|W (X )|p is strongly related to estimating

suprema of stochastic processes.
Remark: We don’t care about the optimality of constants.
Exception: dependence on the dimension of the problem.
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Some results 1

Theorem (Latala 96’)
Let Xi be independent, "nice", symmetric r.v.’s and T ⊂ Rd is
convex. Then for p ≥ 1

p

√√√√E sup
t∈T

∣∣∣∣∣∑
i

tiXi

∣∣∣∣∣
p

∼ E sup
t∈T

∣∣∣∣∣∑
i

tiXi

∣∣∣∣∣+ sup
t∈T

p

√√√√E
∣∣∣∣∣∑

i
tiXi

∣∣∣∣∣
p

.

Theorem (Bednorz-Martynek-Meller 24’)
Let K be a "nice" convex set and X = (X1, . . . , Xd) ∼ Unif (K ).
Let X ′

1, . . . , X ′
d be independent, ∀i≤d Xi

D= X ′
i . Then for any set

T ⊂ Rd , symmetric w.r.t. {xi = 0}, i = 1 . . . , d

E sup
t∈T

d∑
i=1

tiXi ≤ CE sup
t∈T

d∑
i=1

tiX ′
i .
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Some Results 2

Theorem (Meller 22’)

(Xi) independent, with the density C(ri)e−|x |ri , and 1 ≤ ri < ∞
(they are not i.i.d). For any p ≥ 1 and any aij ∈ ℓq s.t. aij = aji
(irrelevant) and aii = 0 (important)

p

√
E∥
∑

ij
aijXiXj∥p

ℓq
∼q sup

x ,y∈B(X ,p)
∥
∑

ij
aijxiyj∥ℓq + ∥

√∑
ij

a2
ij∥ℓq

+ sup
x∈B(X ,p)

∥

√√√√√∑
j

(∑
i

xiaij

)2

∥ℓq + sup
x∈B(X ,p),φ∈Bq′

∑
i

xi

√∑
j

φ2(aij)

where B(X , p) = {x :
∑

i(x2
i 1|xi |≤1 + x ri

i 1|xi |>1) ≤ p}.

TLDR: Formula on the right is deterministic (=simpler).
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