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1 1) One Variable.

[a) Classical case.

Let k be a field, f(x),g(z) € R = k[z], a € k.

a) f(a) =0 iff  — a divides f(z) iff f(z) =0in R/(z — a).

b) (f -g)(a) = fla)g(a).

c) [{a € k| f(a) = 0} < deg(f).

Remark that c) is not valid for rings with zero divisors:

(x —2)(x — 3) € (Z/6Z)|x] has 4 zeroes in Z/6Z.

If a ring R is such that every nonzero polynomial has a finite number

of zeros then R is a domain (Fuchs, Maxson, Pilz).

Ib) Noncommutative case.

Examples 1.1. [1] iz = xi € Hz|. So,

17, right evaluation,
ji  left evaluation.

(L) i2)0) = {
2] 22 +1 € H[z] & V a € H*, (aia!)*> +1 = 0. So, 2° + 1 has an
infinite number of roots. In fact V(2* + 1) = {aia™! | a € H*}

[3] H[x] = (x — j)(z — i) only one right root: 1.
[

f
f

4] If K is a finite dimensional division algebra over its center F' and
() = (x — d)g(z) € K|[z], then a conjugate d’ of d is a right root of
().

X

Theorem 1.2 (Niven). The quaternion algebra H defined over the
real numbers is algebraically closed, meaning that every polynomial

p(y) € Hly] possesses at least one root in H.



For a noncommutative coefficient ring R, Rg[y| is the general
polynomials with coefficients from R. The elements are sums of
monomials structured as ajyasy - - - ya,, where n € N and

Cll,...,CLnER.

a1yasyasy + b1ybaybsybsybsybg + - - -

The product of two monomials is obtained by concatenation.
The evaluation at some element a € R of such a polynomial is

obtained by replacing y by a.

Theorem 1.3 (Fuchs, Maxson, Pilz). Each nonzero polynomial in
Re¢ly] possesses a finite number of zeros if and only if the ring R is

finite.
We note the following Theorem due to P.M. Cohn.

Theorem 1.4 (P.M. Cohn). Let K be an arbitrary division ring.

For any polynomial equation of degree n > 0,

V' +ay + . +a, =0 (q € K)
there exists a right root in some extension of the division ring K.

Looking at polynomials with noncommutative variables we can
consider polynomials in the free algebra over a field K, i.e.

K < xy,...,x, >. The evaluation of such polynomials over any K
algebra makes sense and leads to a very wide area, that includes
polynomial identities.

Ic) Skew polynomial rings

A aring, S € End(A), D a S-derivation:

D e End(A,+) D(ab) = S(a)D(b) + D(a)b,Va,b € A.
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For a € A, L, left multiplication by a.
In End(A,+), we then have : Do L, = Lg o D + Lp,.
Define a ring R := A[t; S, D]; Polynomials f(t) = Y_" a;it' € R.

Degree and addition are defined as usual, the product is based on:
Va € A, ta= S(a)t+ D(a).

Examples 1.5. 1) If S =1id. and D = 0 we get back the usual
polynomial ring Alx].

2) R = C[t; S] where S is the complex conjugation. If x € C is such
that S(x)x = 1 then

2 —1=(t+S@)(t—2).
t? + 1 is central and irreducible in R, R/(t* + 1) © H

3) K afield, ¢ € K\ {0} and S € Endg(K|z]) defined by
S(z) = qr. R = Klz|[y; S]. Commutation rule: yx = qzy.

4) t"a =", f(a)t" where f!"is the sum of all words in S and D

of length n having i letters S and n — 7 letters D.

Facts Let K be a division ring.
a) Ore (1933): R = K|t; S, D] is a left principal ideal domain.
b) Ore (1933): R = K[t; S, D] is a unique factorization domain:

IEfE) =pi(0)...pa(t) = @1(?) - gm(t), pi(t), q(t) irreducible
then m = n and there exists o € §,, such that,

R , R

Rg Rps i)

For 1 <1 <n,



Id) Evaluations and roots

Definition 1.6. Let f(t) € R = A[t; S, D] and a € A, there exists a
unique b € A such that b+ R(t —a) = f(t) + R(t — a). b is called the
right evaluation of f(t) at a and is denoted f(a)

To express f(a) we introduce, for a € A, the following maps:
No(a) =1,N1(a) =a and N;i1(a) = S(Ni(a))a+ D(N;(a))

For f(t) =Y. ,a;t' and a € R we have

fla) =3 _aiNi(a)
Examples 1.7. 1. Ny(a) = S(a3a0+ D(a),
2. Ns(a) = S(Na(a))a + D(Ny(a)) = ...
3.If D=0 Ny(a) = 5" (a)S" %(a) - - - S(a)a.

Question: How to compute fg(a) for f,g € R = Alt; S, D]?

If A= K is a division ring we have the ”"product formula”

f(a®).g(a) ;g(a) #
where for ¢ € K/{0}, a® = o(c)ac™ + d(c)c 1.

o e = 9le) =0,

Remark 1.8. The above formula needs to be applied even in the

”classical case” (i.e. S =Id. and D = 0).

Question: and if A is not a division ring?

Ie) PLT

Definition 1.9. Let A be a ring, S an endomorphism of A and D a
S-derivation of A. Let also V stand for a left A-module. An additive
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map T : V — V such that, fora € A and v € V,
T(av) = S(a)T(v) + D(a)v.

is called an (S, D) pseudo-linear transformation (or a (S, D)-PLT, for
short).

Example 1.10. For a € A, T, € End(A, +) is defined by
T,(z) = S(z)a+ D(x) Vxe A

Examples: Ty =D, T1 =S + D.

Proposition 1.11. Let A be a ring S € End(A) and D a
S-derivation of A. For an additive group (V,+) the following

conditions are equivalent:
(i) V is a left R = A[t; S, D]-module;

(ii) V is a left A-module and there exists an (S, D) pseudo-linear

transformation T : V — V;
(11i) There exists a ring homomorphism A : R — End(V,+).

Corollaire 1.12. For any f,g € R = A[t; S, D] and any
pseudo-linear transformation T we have: (fg)(T) = f(T)g(T).

Theorem 1.13. (a) f(T,)(1) = f(a).

(b) For f,g € R, fg(a) = f(Ta)(g(a)).

(c) For a,b e A withb € U(A), we have (t — c)b = S(b)(t — a) where
c:=S(b)ab~t + D(b)b~t. This will be denoted c = a®).



(d) For b € U(A), (F(H)b)(a) = F(a"b.
(e) For b € U(A), f(T,)(b) = f(a’)b.

(f) If g(a) € U'A), we have fg(a) = f(a”V)g(a).
We define
B(f,a) i= ket f(T,)

If A= K is a division ring we have

E(f,a) ={0# b€ K| f(a") = 0} U {0}

Recent news about Ore extensions with finite order automorphisms
and zero derivations (L., Lopez and K. S. Lee).

Let 0,7 € Aut(R) be a of finite orders m,l. There is 1 — 1 ring
homomorphism ¢,, from R[z; o] into @™ R|[t; m,,] such that

om(r) = (r,o(r),...,c™ (r)) and @,,(z) = t"™ and

Tm(ao, -« .y am,) = (a1, az, ..., an-1,a0). We have R[x; o] = S,[t; 7],
where S, = {(a,0(a),..., 0™ a)) | a € R}.

We denote R = {a € R | o(a) = a}. Suppose that 0,7 € Aut(R) has
order m and [ respectively. We denote by s the least common
multiple of m and r. we have the following injective ring
homomorphisms :

R [x™] — R[2™]| — Rz, 0] = S,[t, | —= @™ R[t 1, T
TYm,s

®°Rlts, 74

Vi,s
R'[a!| —— R[z!] — Rz, 7] = S, [t, m] — ®'R[t;, 7]

The map 7, s is defined as follows. Write s = mr
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We define the embedding v, s : " R[t, mn] — E°R[ts, 5] by
Yims(tm) =, and v s((a1, ..., am)) = (b1, ..., bs), where b; = 0 if
i¢ mNand b, =a; for 1 <I<r.

One particular feature of this diagram is that, by embedding
different R[z;o| and R|z; 7] we in an adequate ®@R™[t; 7], we can
consider the elemnts of these Ore extensions in a single one and
hence compute the product....

I f) Counting the number of roots.

K a division ring.

Facts and notations

a € K, K adivision ring, R = K|[t; S, D].

1) A(a) := {a® = S(c)ac’* + D(c)c 1|0 # c € K}.

2) T, defines a left R-module structure on K via f(t).x = f(T,)(z).
3) In fact, pRK = R/R(t — a) as left R-module.

4) rRKg where S = Endp(rK) = Endr(R/R(t — a)), a division ring.
isomorphic to the division ring C'(a) := {0 # 2 € K |a” = a} U{0}.
5) For any a € K and f(t) € R= K|t; S, D], ker f(1,) is a right

vector space on the division ring C(a).
Theorem 1.14. Let f(t) € R = K|[t; S, D] be of degree n. We have

(a) The roots of f(t) belong to at most n conjugacy classes, say

A(ay),...,Ala,); 7 <n (Gordon Motzkin in classical” case).

(b) > iy dime, ker f(T5,) < n

For any f(t) € R = K[t; S, D] we thus ”"compute” the number of
roots by adding the dimensions of the vector spaces consisting of

"exponents” of roots in the different conjugacy classes...
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Theorem 1.15. let p be a prime number, F, a finite field with

q =p" elements, 0 the Frobenius automorphism (0(x) = aP). Then:
a) There are p distinct classes of 6-conjugation in F,.
b) 0 # a € F, we have C%(a) = F, and C’(0) = T,.
c) R=TF,t;0],t—a foraeF, is
G(t):=[t—ala €T, =tP U+l ¢,
We have RG(t) = G(t)R.

The polynomial G(t) in the above theorem is a Wedderburn
polynomial...

Conjecture (Werner) R a finite ring. Then the set

{f(z) € Rlz] | f(R) = 0} is a two-sided ideal.

Lemme 1.16. Fvery nonzero element in a finite ring is a sum of

finite number of units.

Theorem 1.17. Let R be a ring such that its elements are sums of a

finite number of units. Then the set

K :={f(t) € R[t;0,0] | f(R) =0} is a two sided ideal of R[t;o,0].

Proof. f(t) € K and ¢(t) € R[t;0,0]. Clear: g(t)f(t) € K.

For r € R (f(t)g(t))(r) = f(T:)(g(r)). There exists units

g(r) =uy + -+ us. Since f(T,)(u;) = (f.u;)(r) = f(r*)u; = 0 This
gives f(T,)(u1 +---us) =0 O

d) Wedderburn polynomials and their factorizations



12

Definitions 1.18. 1. (a) A monic polynomial p(t) € R = K[t; S, D]
(K a division ring) is a Wedderburn polynomial if we have

equality in the ”counting roots formula” (cf Theorem 1.14).

(b) For ay,...,a, € K the matrix

1 1 1
V(g ey = | T T To()
TN 1) TN L. T

Theorem 1.19. Let f(t) € R = K|t; S, D] be a monic polynomial of

degree n. The following are equivalent:
(a) f(t) is a Wedderburn polynomial.
(b) There exist n elements ay,...,a, € K such that

ft)=1[t—a1,...,t —a,]; where |g,h]; stands for LLCM of g, h.
(c) There exist n elements ay,...,a, € K such that

S(WV)C;V1+ D(V)V ! = Diag(ay, . . ., a,)

Where C} is the companion matriz of f and V =V (a4, ..., a,)

(d) Every quadratic factor of f is a Wedderburn polynomial.

Example 1.20. Construction of Wedderburn polynomials: Let
a,b € K be two different elements in K.

f)=[t—a,t—>b;=(t—=b0""t—-a)=(t—a"")(t—10).
Assume now that ¢ € K is such that f(c) # 0 then:

g(t) ==t —a,t —bt —c); = (t — ") f(2).

Remarks 1.21.
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(b) Question: Is every left V-domain a right V-domain?
Can we use R = K[t; S, D] to construct such an example?
One necessary condition for R to be a right V' domain is that

every monic polynomial is Wedderburn... (-, T.Y.Lam, S.K.Jain)

(c) Matrices A € M,(K) that are (5, D)-diagonalizable can be
characterized by Wedderburn polynomials (S € Aut(K).)

How can we build all the linear factorizations of a Wedderburn

polynomial?

Theorem 1.22. Let f € R be a Wedderburn polynomial and V (f)
the set of its right roots.

(a) Assume that V(f) C A(a), then the linear factorizations are in
bijection with the complete flags of right C(a)-vector spaces in

E(f,a).

(b) Assume that V(f) C Ui_; A(a;) then the linear factorizations of
f are in bijection with the ”shuffle complete flags” of

U2:1 E(f7 az’)-

Since a polynomial which is linearly factorizable is a product of
Wedderburn polynomials we can use the above factorizations to get

factorizations of such polynomials.

Example 1.23. Let us describe all the factorizations of

f=1[t—a" t—a];. These factorizations are in bijection with the
complete flags in the two dimensional vector space E(f,a) = C + zC
where C := C*P(a). The flags are of the form 0 # yC C E(f,a).
Apart from the flag 0 C xC' C E(f,a), they are given by



14

0C (1+zB)C C E(f,a), where 3 € C%P(a). Hence we get the
following factorizations f = (t — a® *")(t — a®) and

(t —a® ") (t — a'*t*P), where v = a — a' 77,

Pursuing the theme of the above example we can develop a theory of
symmetric functions.

c)Factorizations in F,[t; 0].

Aim: reduce factorization in F,[¢; 0] to factorisation in F[x]
Definitions 1.24. p a prime number,

(a)i > 1, put [i] := % =p~t+p2+---+1 and put [0] = 0.

(b) ¢ = p". define F [zl] C F,[z] by:

Fyl2') == () cie) € F,[a]}

1>0

Elements of F,[2]] are called [p]-polynomials.
Extend 6 to Fylz| via 8(z) = 2P i.e. 0(g) = ¢” for g € F,|x].
Let us consider R := Fi[t; 0] C S = F,[z][t; ]

For f € R:=F[t;0] C F,[z][t; ]

We may evaluate f in x.

Theorem 1.25. Let
fO) =" pait' € R:=TF,[t;0] C S :=TF,[z][t;0]. We have:

1) for every b € F,, f(b) =S 1, a;blil.
2) flz) = iy aix € Fyfal].
3) {fUf € R=TF,[t;0]} = F,[«!].

4) Fori >0 and h(zx) € F,[x] we have Ti(h) = h¥'zli,



5) If g(t) € S = Fy[z][t; 0] et h(z) € Fylz] g(To)(h(x)) € Fylz]n(z).

6) For h(t) € R=T,[t;0], f(t) € Rh(t) iff fl(x) € F,[z]hl(z).

Corollaire 1.26. f(t) € F[t; 0] is irréducible iff the corresponding

p-polynomial fU does not have non trivial factors in Fq[xﬂ].

Ih) Roots and coefficients: twisted symmetric functions

Example 2.2. Suppose x1 # x5 are elements in K. We have :

[t —a1,t— o), = (t— a7 ") (t —29) = (t — 25> ") (t — 21)
Comparing coefficients of degree 0 and 1
A (z1,29) = 2] + S (x9) = 22" + S (a7)
Ao (z1,m9) = 2" ™ - 29 — D (x2) = 23> ™ - 21 — D (1)
Put pj=[t—uz;|i <j], for j =1,...,n. It is useful to also define
po =1
Lemme 1.27. {zy,...,z,} C K is P-independent if and only if for
anyi € {1l,...,n—1}p; (zip1) #0

we put

Yi = CU?_I(:C”) fori e {1,...,n}

We then have:

t—a;|j=1,...,i, =p(t) = (t—w)...(t—w) forie{l,...,n}
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2 II) n Variables.

IT a) Iterated Ore extensions.

In what follows, we consider an iterated Ore extension
R = Alt1;01,01][to; 02, 02 - - - [tn; o, 0.

We will always assume that, for any 1 < i < n, we have 0;(4) C A
and 0;(A) C A.

Definitions 2.1. For (ay,...,a,) € A", we define
I =R(t; —ay1)+ R(ts —az) + -+ - R(t, — a,)

[n(ab SR an) - Rl(tl - al) +oeee Tt Rn—l(tn—l - an—l) =+ R(tn - an)a

where, for each 1 <i < n, R; stands for R; = A[ty;01,01] - - [ti; 04,65
the evaluation of f(t1,ts,...,%,) at a point (a4, ...,a,), denoted by

f(a,...,a,), as the representative in A of f(t1,ts,...,t,) modulo I,

Remark 2.2. 1) If n = 1, we obviously have I = I; and all points
are good.

2) In general, I,, C I are different.

3) The left R-module I can be the entire ring. This the case in the
Weyl algebra R = A1(K) = K|t1][ts;id, ditl] for the point (0,0) since
we then have tot; — t1to = 1 and hence Rt; + Rts = R.

3) Consider the Ore extension R = K|t1;01][te; 09] where K is a field
and o9 is an endomorphism of Klti;o1] such that oo(t;) = t1. It is
easy to check that for any (ay,as) € K? we have

(to — o1(az))(t1 — a1) + (—t1 + ga(a1)) (t2 — az) = o1(az)a; — o9(ay)as.
So that if oq(az)a; — oa(ar)ay # 0, then the left ideal I(aq,a2) = R.
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Definition 2.3. A point (ay,...,a,) € K" will be called a good
point if the two ways of evaluating a polynomial
in K[t1; 01, 01)[te; 02, 02] - - - [tn; o0, On] at (a1, ..., ag) coincide i.e. if

I(ay,...,a,) =1
IT b) Iterated PLT or MLT.

Definition 2.4. Let A a ring, R = A[t1; 01, 01][t2; 09, 09] - « - [tn; op, O
be an iterated Ore extension, 4V a left A-module, and (771, ...,T},)
be a sequence of maps in End(V, +) such that for each 1 <i <mn, T,
is a (0y,0;)-PLT of 4V. This sequence (T1,...,T,) is called good if
(4V,T7) gives a p,V structure on V, and T3 is a (09, )-PLT on g,V
so that (g, V,T5) defines an g,V structure on V and inductively, for
any 1 <i<mn, Ty is a (0;,6;)-PLT on g,V-structure which leads to

an R; 1 module structure on V.

Example 2.5. Let a = (ay,...,a,) € A" and consider the following

iterated Ore extension
R = Alty;01,601][t2; 09, 02] - - - [tn; 0 G-

For 1 <i < n, we define the map T; : A — A given by
Ti(z) = oi(z)a; + 0;(x) for all x € A. This sequence of PLT’s defined

on A corresponds to a left R-module structure on A.

Theorem 2.6. Let A be a ring and

R = Alty; 01, 01][te; 09, 09) - - - [tn; op, 0p) an iterated Ore extension on
A. Fora=(ay,...,a,) € A", we let T; =T,, be the PLT on A
defined in the above example and f = f(t1,...,t,) € R. Then the

following statements hold.

1. For any x € A, we have (fz)(a,...,an) = f(T,,,...,Ts,)(2).



18

2. We have f(ay,...,a,) = f(To,, ..., T, )(1).

3. For any x € U(A), we have

f(Tay, .. To,)(x) = (fx)(ay,...,a,) = f(af,..., a;)z,
where for each i € {1,...,n}, a* = o;(x)a;x! + 6;(x)x L.

Example 2.7. The statement (3) above can be used to obtain a
closed formula for the evaluation of

fltr, .. tn) =S oy, gttt at the point (aq, ..., a,) € K™

.....

For instance, in the case in which n = 2 and (a,b) € K?, we consider
the evaluation of f(t1,ts) = Zilz’lg =0 ai,jtﬁt‘% at (a,b) and, assuming

T = N]‘.’2’52(b) # 0 for 0 < 5 < Iy, we deduce that

f(a,b) = Z amel’él(awﬂ')xj.
]
Theorem 2.8. Let A be a ring and
R = Alty; 01,01][te; 09, 09] - - - [tn; op, 0p). We consider

(a1, az,...,a,) € A" and put
I =R(t; —a1) + R(to — as) + -+ R(t, — an),
and
I, = Ri(ty —a1) + -+ Ry a(th1 — an-1) + R(t, — an),

where, for each 1 <i <n, R; = Alty;01,61] - - - [ti; 04, 0;]. With these

notations, the following statements are equivalent:
1. I, =1;
2. R(tz — CLZ') g In;

3. 1+R;
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4. For 1 <i < j<mn, we have t;(t; — a;) € I;

5. For 1 <i < j <n, we have c;(t; — a;)a; + d;(t; — a;) € I,;

6. For 1 <i < j<mn, we have (t;t;)(ai,...,a,) = oj(a;)a; + d;(a;);
7. For all f,g € R, we have

(fo)ar,ag,...,an) = (f(To,, Tayy -y L0, )og(To,, Toyy ooy 1o, ) (1);

8. The sequence (T,,,T,,,...,T,, ) of PLT on A is good;

9. The map
Y R = Alty;01,01][ta; 09, 09] - - - [tn; o, 0n] —> End(A,+) defined
by O(f(t1,...,tn)) = f(Ty,, ..., Ta,) is a ring homomorphism.

IT ¢) Other kind of skew multivariables polynomials.

Other kind of multivariable Ore-like extensions are used

a) (E. Wexkler-Kreindler) Let A be a ring and consider S the
commutative semigroup generated by t¢1,...,t,. Let R be the left
free A-module with the element of S as a basis.

Let also 0 : A — M, (A) be a ring homomorphism and, for 1 <i <n

let 0; : A — A be additive mappings. Commutation rules
1<i<n,Vae A ta= ZU(Q)jtj + d;(a)
j=1

b) (Martinez Penas)The same construction but we don’t impose any

commutation rule between the variables. (used in coding theory).
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Thank you !!



