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A question of Alexandrov 1927

Is it true that every first-countable Hausdorff compact space
has cardinality at most c?

Arkhangel’skii 1969: Yes

Theorem (Arkhangel’skii 1969)
If X is a Hausdorff space, then | X| < 2L(X)x(X),

Definition. Let (X, 7) be a T} topological space and =z € X.
» Xx(X;z) =min{|B| : B is a local base at z};
> x(X) =sup{x(X;z): 2 € X}
> (X)) = min{|p| : p C 7 {z} = Np};
» (X)) =sup{y(X;z):z € X}; and
» L(X) = min{x : every open cover U of X has a subcover V
of cardinality < k}.
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What about 7T7-spaces?

Frank Tall in his 2011 survey paper on Lindelof spaces attributes
the next question to Arhangel’skii:

Question
Is it true that | X| < ¢ for every Lindel6f first-countable Ty space?

Theorem (Gryzlov 1980)

| X| < ¢ for every compact first-countable Ty space X.

Theorem (LLL(L) 2022)

Suppose that GCH holds in V' and « is a regular cardinal. Then
there exists a countably closed cardinal preserving poset P such
that in V¥ there exists a Lindel6f first-countable Ty space X
(L(X) = x(X) = w) of cardinality k.
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What we do not know

The idea of the proof is taken from the following 30 years old result
of I. Gorelic:

Theorem

Suppose that GCH holds in V' and « is a regular cardinal. Then
there exists a countably closed cardinal preserving poset P such
that in V¥ there exists a Lindelof subspace X of 2" of cardinality r
such that (X) = w. O

Informally speaking, we were able to modify his proof in such a way
that we gain the first countability, and (necessarily) lose the

Hausdorff property. This method does not allow to go beyond 2“1,
which is 2° in this setting.

Question. s it true (consistent) that | X| < 2%t [|X]| < 29 for

every
(Gor): Lindelsf (resp. regular, zero-dimensional) space X
with 7
(LLL): Lindelof 7' space X with ?
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The poset: Notation

» Let k be regular, k = UperAa, |Aa]l =w, Aq = {al : n € w};
» {B,:n€w}C [w]“isa.d. and such that
for every s € 2<% and n € w there exists m > n such that
s C xB,, and By, N B;N (w\ |s]) =0 for all i < n;
> Ay i={aj} : k€ By},
» For each finite s C k set Us =
{z : xis a function into 2, s C dom(z) C k, and z [ s = 1};
For A C k we set By :={U, : s € [A]<“};
> Given F C 24, s € [A]<¥, and ¢ € A, we say that s requires &
(in written s &) if for every x € F, if z [ s = 1, then
r(§) =1.le, UsNF C Uy N F. (Depends on F)
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The poset: Conditions

P consists of conditions
p=(I,A F,Ulry=(IP AP Fp, UP, ¢P rP) such that
1. Ie[k]*and A=, s A
2. F={zqn€ 24 . q e I,n € w} is such that
(i) Tan [ Aa = XAa.,. i€, Tanlay) =1iff k € By;
(17) Zan | (A\As) =Tam [ (A\ Ap) forall @ € I and n,m € w;

(#i1) If a, B € I, a # B, then for any n,m € w we have
|25 m (1) N Agn| < wi

3. U C P(Ba4) is a countable family of covers of F;
4. r: A X w— [w]<¥is such that r(a,n) equals
{jeBn:3pel\{a}Imew(z (1) NAgmF a$)};
5. £ is a function with domain consisting of (a,n,£) such that
e A\ Ay and 24, () =1, l(a,n,€) € w, such that
Sitmng £ & where S = {af : j € By, j < k}.
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The poset: Order relation

q<piffl‘131P AT D AP, UT D UP, ¢4 D 0P, r?1 D rP, and
xdn | AP =ab ,, for all & € IP and n € w. Obviously, P is
countably closed.
Lemma
» Letp € P and v & IP, then there exists q < p such that
v e 19
» [f GCH holds in V', then P is we-c.c. O

If G is P-generic, then for every a € k and n € w set
Tam = U{xﬁn peG,aelPtand X = {24, €kK,nEcw}
X C 2" by Lemma above

Theorem

X with the topology generated by

B, | X={UsNX:se[r]<“}

is a Lindelof, T1, and first-countable space.

7/13



Sketch of the proof: Lindelof

Let po € P and U be a P-name such that pg forces U C B, and
X C UU. Let p; < pg and U; € [B.]* be such that

p1lIF{Zan:ac€ P n e w} C Uy,
and Uy C Bari. Let p2 < py and Uy € [B,]“ be such that
p2 k- {Zan:a€ IP' n € w} C Ulhy,

and Uy C Byrs. And so on...

Set p,, be the “union” of all the p,’s, with one extra elements
U, = Unewl/{ included in addition into UP~. Then p,, IF

“U, C U and U, is a cover of X"

Indeed, pick G 3 p,, v &€ IP» and n, and q < p,, with ¢ € G and

v € I%. Then U, € U4, and hence 22 ,, € UlU,,, which implies

Toyn € Ul,.
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Sketch of the proof: First-countable

Given o, n, we claim that
{Usg,n ke (.U}

is a base at z, . Recall that S,?’n = {a?‘ :J € Bp,j < k}. Indeed,
pick & € k such that zo,(§) = 1, and find p € G such that o € IP
and £ € AP. By the definition of a condition, we have Sep( i= &,

which means
Ucgan NEFP C Ug.
Se (.6 £

For stronger ¢, ¢?(a,n, &) = P(a,n,§), and hence Seq(ang) F &,

which means
a,mn a
Uswan& NF* C Ug.
Thus
Ugan NX C U

2P (a,n,§)
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The proof of Gryzlov's theorem

Pick M <V, |[M|=2“ M¥“ C M, and X,7 € M. Enough to
prove that X C M.

Step 1. X N M is countably compact as a subspace of X.
Proof. Let Y € [X N M]“. Then

V E“Y has an accumulation point”.
Since Y € M,
M E"Y has an accumulation point”,

i.e., Y has an accumulation point in M (and hence in M N X). O
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The proof of Gryzlov's theorem, continuation

Step 2. X N M is compact.

Proof. Suppose not and fix a maximal family F of closed subsets
of M N X closed under finite intersection, and such that (| F = 0.
Pick z € ({clx(F) : F € F} and note that x ¢ X N M. Let
{Un : n € w} be a decreasing base at z. z ¢ clx(X \ U,) implies
(M NX)\U, ¢ F, and hence there exists F,, € F such that
F,N(X\Uyp) =0, ie., F, CUy. Thus (,e, Fn=10 a
contradiction. O
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The proof of Gryzlov's theorem, continuation

Step 3. X C M.

Proof. Suppose not and fix z € X \ M. For every x € X N M find
a neighborhood U(x) Z z, U(x) € M. Let {U(z;):i<n}eM
be a finite cover of X N M. Then

ME U Ulz;) = X,
<n

and hence
VEJU@) =X,
i<n

i.e., Ujcn U(z;) = X, a contradiction because z is not covered. O
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The last slide

Thank you for your attention!

Dziekuje Polsce za wsparcie dla Ukrainy!
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