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Aristotle 384BC-322BC

He criticizes Plato

It is improper to ascribe natural forms to platonic solids
because they cannot cover the whole space.



Sir Walter Raleigh (1554 — 1618)

an English gentleman, writer, poet, soldier, politician

Thomas Harriot (1560 — 1621)

an English astronomer, mathematician,
ethnographer, translator

expedition to Roanoke Island, 1585



Johannes Kepler 1571 -1630

Kepler Cannonball Conjecture,
Strena Seu de Nive Sexangula, 1611

Densest packing of spheres is realized on orange fruit stands.

spheres cover 74% of the space T ~ (.74048.






Carl Friedrich Gauss 1777 - 1855

Partial proof of Kepler's Cannonball Conjecture, 1831

Orange pyramid is the densest packing of spheres
if you consider packings in which centers of spheres form a periodic lattice.



Kissing number

How many d-dimensional unit spheres
can simultaneously touch a unit sphere?

d=2 6

Newton’s hypothesis

d=3 12 Proof, 1953

d=4 24, Musin 2003
d=8 240
d=24 196 560




Thomas Hales 1958 -

Proved Kepler Cannonball Conjecture

Announced, 1998

Annals of Mathematics, 2005
computer-assisted proof

12 referees read 300 pages for 7 years

Final paper, Forum of Mathematics, 2017



David Hilbert 1s862- 1943

23 problems, 1900

Problem 18 Part |l

Does there exist a polyhedron which can cover the space
but only in a nonperiodic way ?



Hao Wang 1921 - 1995

Hilbert problem for domino players

Wang tiles ---- squares with colored sides ---- square dominoes

Wang Hypothesis 1961

Each finite set of dominoes which covers the plane,
may also cover it in a periodic way.



A brief history of the world record

Robert Berger, 20426 tiles, 1966
Raphael Robinson, 56 tiles, 1971
Robert Ammann, 16 tiles, 1977
Jarkko Kari, 14 tiles, 1996
Karel Culik I, 13 tiles, 1996

Emmanuel Jeandel 11 tiles, 2015
and Michael Rao
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Raphael Robinson 1911 - 1995

6 (56) tiles which cover planes but only in a non-periodic way, 1971
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Structure of an infinite tiling
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Structure of an infinite tiling
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Structure of an infinite tiling
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Global order from local rules



Systems of finite type

Q={1,..56}%
Let X be a Robinson’s tiling, X € ()

1 i

R is defined by a finite number of forbidden patterns —
two neighboring tiles that do not match

(R, T,pg) is a dynamical system of finite type



Roger Penrose  1931-
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Roger Penrose  1931-

Two tiles which cover the plane but only in non-periodic way, 1974
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Penrose tilings
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Steven Dutch, Natural and Applied Sciences



http://weba.uwgb.edu/

The Crystal Problem

Equilibrium state of many interacting particles
minimizes free energy F=E - TS
(or energy E in temperature T = 0)

To prove that minimization of the energy of realistic particle interactions,
for example Lennard-Jones, leads to periodic crystal lattices.
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Dan Shechtman 1941 -

Technion Israel Institute of Technology
lowa State University

Dan Shechtman was
observing rapidly solidified
aluminum transition metal
alloys

Nobel Prize in Chemistry, 2011




Philip W. Anderson
, 1984
Benjamin/Cummings Pub. Co.

,Proved” that every interaction has at least one periodic ground-state configuration


http://books.google.pl/books?id=CX9-vR1Oz5EC&printsec=frontcover&dq=inauthor:%22Philip+W.+Anderson%22&hl=pl&sa=X&ei=3W0LT8GnKozusgbJ28DWBA&ved=0CDgQ6AEwAQ

Classical lattice-gas models based on tilings

tilles — particles

matching rules — nteractions

If two tiles do not match, then the energy of interaction between corresponding particles is

positive, say 1, otherwise the energy 1s zero
grou nd-state Configurations — configurations which minimize the energy
forbidden patterns have positive energy
tilings — ground-state configurations

ground-state configurations have zero energy



systems of finite type ---> lattice-gas models with finite-range interactions

ergodic measure ----- ground-state measure

However

Lattice gas models with finite-range interactions
are not necessarily dynamical systems of finite type

JM, Journal of Statistical Physics, 1999



Low-temperature stability, Gibbs measures

X e{l,...n}*, AcZz% A finite

pr — {Gibbs Measures} as A — Z¢



Open Problem

Does there exist a lattice-gas model with translation-invariant
finite-range interactions without periodic ground-state configurations
and non-periodic equilibrium state at positive temperature ?

so far

Theorem (JM, 1990)

There i1s a decreasing sequence of temperatures, 7T,,, such that if T" < T,,, then there exists a

Gibbs state with a period at least 2 x 6™ in both directions.



Thue-Morse sequences

substitutions

0— 01
1— 10

0

01
0110

01101001
0110100110010110

Let X be a Thue-Morse sequence, X € {0, 1}3

TM = closure({T,X,a € Z}) Rl
Jm o Z f(TH(X)) = /fdwrm

. 1 _
prays = limpa_,z—Xac707, X prd

Al

(TM,T, prar) is a uniquely ergodic dynamical system, Michael Keane, 1968



Characterizations of Thue-Morse sequences

Goal: looking for the minimal set of forbidden patterns

Gottschalk and Hedlung, 1964
TM is uniquely characterized by the absence of BBD,

where B is any word and b is its first character, O or 1

TM is uniquely characterized by the absence of infinitely many 4-point patterns
(Gardner, Radin, Miekisz, van Enter, 1989)

4-body Hamiltonian with Thue-Morse sequences as unique ground states



Fibonacci sequences

substitutions

0— 01
1—- 0

0 1
01
010

(F,\T,uF) is a uniquely ergodic system

2
3
9
01001 S density of 0’'s = — ="
01001010 8

0100101001001 13

Another construction of Fibonacci sequences

Let 0 < ¢ < 27 and let T, be a rotation by 27y on a unit circle.

It T (¢) € [0, 27y) mod 2w then let a(n) = 0, otherwise a(n) = 1.



Ergodic optimization in dynamical systems

Survey article in Ergodic Theory and Dynamical systems, O. Jenkinson, 2018

X compact space
I . X—=X
My T —invariant probability measures on X

f: X —= R, [ continuous

“dm = max d
[ ram=ms |

m is called a maximizing measure for f

In our examples:

- I'.i " 0 ' . '
X = {L...._n}‘g ., 1T is a translation operator, [ is —enerqy per lattice site



Goals of ergodic optimization

Properties of maximizing measures for particular f
non-periodicity, mixing properties,

spectrum of T in L2(X,m)
Properties for generic f

Example

In the second Baire category set of interactions in a suitable Banach space,
the unique ergodic ground-state mea sure is non-noperiodic and non-mixing
or just concentrated on one uniform configuration.

JM, 1988; JM and Charles Radin, 1989



Special thanks to

Grant NCN Harmonia

Mathematical models of quasicrystals

We need young people to solve fundamental problems
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To be continued
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