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1. A set of candidates or projects  = { , , , }. 
Each candidate  comes with a cost, . 

2. There is a budget constraint : 
We have to select a subset of projects  s.t. . 

3. A set of voters  = { , , , }. 
Each voter has preferences over the projects.

C c1 c2 … cm
c cost(c)

b
W ∑

c∈W

cost(c) ≤ b

N 1 2 … n
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Solution: Divide the budget upfront between the districts!

But this causes other problems!
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Method of Equal Shares for Approvals
1. The budget is evenly divided among the voters. 
2. If a candidate  is selected its cost is divided among the voters who voted for . 
3. The rule selects the projects which can be paid this way, star(ng with those that 

minimise the voters' marginal costs per u(lity.

c ∈ C c
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Theorem: For approval ballots, when all costs are equal the method of equal shares 
                   sa(sfies extended jus(fied representa(on. 

1. The budget is evenly divided among the voters. 
2. If a candidate  is selected its cost is divided among the voters who voted for . 
3. The rule selects the projects which can be paid this way, star(ng with those that 

minimise the voters' marginal costs per u(lity.

c ∈ C c
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674 €

155 €

130 €

4

2

9

7

2

1

3

A rule  sa(sfies extended jus(fied representa(on 
up-to-one if for each elec(on instance  and each 

-cohesive group  of voters there exists a 
voter  and a candidate  such that  

.

ℛ
E

(α, T ) S
i ∈ S d ∈ C

ui(d) + ∑
c∈ℛ(E)

ui(c) ≥ ∑
c∈T

α(c)
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1. Each voter is ini(ally given an equal frac(on of the budget, i.e.,  dollars.  
2. We start with an empty outcome  and sequen(ally add candidates to .  

1. Let  denote the amount that voter  pays for .  
To add a candidate  to , we will need that .  

2. For , we say that a candidate  is -affordable if 

 . 

3. If no candidate is -affordable for any , the rule returns .  
4. Otherwise it selects a candidate  that is -affordable for a minimum . 

Individual payments are given by 

b/n
W = ∅ W

pi(c) i c
c W ∑i∈N pi(c) = cost(c)

ρ > 0 c ∉ W ρ

∑
i∈N

min ( b
n − ∑

c∈W

pi(c), ui(c) ⋅ ρ) = cost(c)

ρ ρ W
c ∉ W ρ ρ

pi(c) = min ( 1
n −pi(W ), ui(c) ⋅ ρ)

G. Pierczyński, P. Skowron, and D. Peters. Proportional participatory budgeting with additive 
utilities. NeurIPS-2021.
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1. Each voter is ini(ally given an equal frac(on of the budget, i.e.,  dollars.  
2. We start with an empty outcome  and sequen(ally add candidates to .  

1. Let  denote the amount that voter  pays for .  
To add a candidate  to , we will need that .  

2. For , we say that a candidate  is -affordable if 

 . 

3. If no candidate is -affordable for any , the rule returns .  
4. Otherwise it selects a candidate  that is -affordable for a minimum . 

Individual payments are given by 

b/n
W = ∅ W

pi(c) i c
c W ∑i∈N pi(c) = cost(c)

ρ > 0 c ∉ W ρ

∑
i∈N

min ( b
n − ∑

c∈W

pi(c), ui(c) ⋅ ρ) = cost(c)

ρ ρ W
c ∉ W ρ ρ

pi(c) = min ( 1
n −pi(W ), ui(c) ⋅ ρ)

Theorem: Method of equal shares sa(sfies extended jus(fied representa(on 
                   up-to-one. 
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Theorem: There exists no polynomial-(me algorithm that sa(sfies EJR. 

Proof: For one voter this is simply the knapsack problem which is NP-hard. 
          

Knapsack problem: 
We are given a set of items, each with a weight and a value, and two integers: . 
Determine whether there exists a subset of items with total weight not exceeding  
and with the total value at least equal to .

B, K
B

K
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Given approval ballots we need to decide what is the uDlity? 

There are two main choices: 
1. The u(lity of a voter is the total amount of money spent on approved projects:  

 if  approves , and , otherwise. 
2. The u(lity of a voter is the number of approved projects: 

 if  approves , and , otherwise.

ui(c) = cost(c) i c ui(c) = 0

ui(c) = 1 i c ui(c) = 0



How to use MES with approval ballots?

68

Given approval ballots we need to decide what is the uDlity? 

There are two main choices: 
1. The u(lity of a voter is the total amount of money spent on approved projects:  

 if  approves , and , otherwise. 
2. The u(lity of a voter is the number of approved projects: 

 if  approves , and , otherwise.

ui(c) = cost(c) i c ui(c) = 0

ui(c) = 1 i c ui(c) = 0

Which of these two approaches is used in the current method?
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Which of these two approaches is used in the current method?

Greedy Algorithm: 
Select candidates with the highest ra(o of value to the weight.
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Given approval ballots we need to decide what is the uDlity? 

There are two main choices: 
1. The u(lity of a voter is the total amount of money spent on approved projects:  

 if  approves , and , otherwise. 
2. The u(lity of a voter is the number of approved projects: 

 if  approves , and , otherwise.

ui(c) = cost(c) i c ui(c) = 0

ui(c) = 1 i c ui(c) = 0

Which of these two approaches is used in the current method?

The current method selects the project with maximal numbers of 
approvals first. 

Such project maximises the value divided by the cost, where the value is 
the sum of utilities that the voters enjoy from the project, assuming the 
utility is defined using approach 1.  



Summary

73



Analysing data

74



Analysing data

75



Analysing data

76



Analysing data

77



Analysing data

78


