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Colorings of N

A coloring of N is a function x: N — {1,2,... k}

N=GUGU---UC(

pairwise disjoint

Theorem (Theorems)
For each coloring of N

m Schur 1916:
there is a monochromatic set {a, b,a+ b}
m van der Waerden 1927:
for each n, there is a monochromatic arithmetic progression of length n
m Deuber 1973:
for all m, p, c € N, there is a monochromatic (m, p, c)-set
m,p,c €N, x € N7

m+1
i=t+1

S(m, p, c,x) = {cxt+ Nxicte{l,...,m} (Vie{t+1,...,m+1})(IN] gp)}

5(2,2,1,x) = {1x1 + 0x2, 1x1 + 1x2, 1x1 + 2x2, 1x1—2x2, 1x1 — Ixp, 1xo} =

={x1, x1 +x, x1 +2x2,x1 — 2x2,X1 — X2, X2 }



Semigroup SN

ON: all ultrafilters on N

Basic open sets [A] :={pe N:Aep}, ACN

BN D N : identify x with { ACN:x€ A}

Extend +: N x N —= N, to +: SN x SN — ON such that:

m for each x € N the function g — x + g is continuous
m for each g € BN the function p — p + g is continuous
m + is associative on SN

(BN, +) is a compact right-topological semigroup

Acp+qg+— {xeN:(IBeq)x+BCA}ep

m SN S e is idempotent: e+ e=e

(VAee)(FA ce)(Vac A*)(IBece)a+BCA)




Hindman’s Theorem

Lemma (Numakura 1952)

Every nonempty compact right-topological semigroup has an idempotent.

a,a,... € N, F={i,... iy} increasing enumeration
ar:=a;+---+a, FinSum(ay, a2,...) :={ar: F € Fin(N) }
Theorem (Hindman 1974)

For each coloring of N, there is a sequence ay, ay, ... € N such that
FinSum(ay, az, ... ) is monochromatic.

m Pick an idempotent e € SN and a monochromatic A; € e

ar + a2 + ase

[ ] a;1+a;2+-~-+a;meA;1 forin < <---<ip



Colorings of graphs

Theorem (Ramsey 1930)

For each coloring of [N]?, there is an infinite set A C N such that [A]° is
monochromatic.

m 21, a,... € Nis proper: ag # ag for all F, G € Fin(N) with F < G

m sumgraph of a1, a,... : {{ar,ac}: F,G € Fin(N) with F < G }

proper

Theorem (Milliken 1975, Taylor 1976) (N, +)

For each coloring of [N]?, there is a proper sequence aj, as, ... € N whose
sumgraph is monochromatic.



Colorings of graphs

m partite graph of Fi,F,... € Fin(N) : {{a;, 3} :a, € Foa € F,i#j}

pairwise disjoint
m partite sumgraph of Fi, Fp, ... € Fin(N), all sequences in F; x Fp X ---
are proper

{{ar,a6} : (a1, a,...) € FL x F, x -+ and F, G € Fin(N) with F < G }
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Colorings of graphs

T ARt (L mb (ViE {41, m1)(N] < p) }

S(m, p,c,x) = { xet )

5(2,2,1,x) = {x1, x1 + x2, x1 + 2x2, X2, X1 — X2, X1 — 2X2 }

Theorem (Bergelson—-Hindman 1988) (N, +)
Let R1,R>,... be an enumeration of all families of (m, p, c)-sets. For each
coloring of [N]?, there are sets R; € Ry, R» € Ra, ... such that the partite
sumgraph of Ry, R>, ... is monochromatic.

B [N2={(a,b)eN?:a>b}

m there is a monchromatic set M
such that for each n, there are
arithmetic progressions A;, A, C N
of length n with A; x A, C M



Colorings of covers
m Sqn(A, B):
(VA17A2, ... E A)(Hflnlte FiLCALFR CA,,... )(UnEN F, € B)

m O : all countable open covers of X
m S;,(0,0):
X

F1Clh F2 Clh F3 CUs
m w-cover: (Vfinite F C X )(3U eU\{X})(F C V)

m Q: all countable w-covers of X
m \-cover: (Vx € X){U€eU:xe U} isinfinite)
m A: all countable A-covers of X



Colorings of covers

Theorem (Scheepers 1999)

If X is Sgn (O, O), then for every U € Q and a coloring of [7]?, there are finite
sets Fi,Fo,... CU such that

8 J,cn Fn € A\ and the partite graph of F1,F>, ... is monochromatic.

Theorem (Scheepers 1996)

If X is San (2, ), then for every U € Q and a coloring of []?, there are finite
sets F1,Fo,... CU such that

[ UHGN Fn € Q and the partite graph of F1, F», ... is monochromatic.

m Y has countable fan tightness:

(VALA,...CY,ye (AT fin R CALRCA,...)ye | Fn
neN neN
m Just, Miller, Scheepers, Szeptycki 1996: X is Sqn(Q,Q) < X is
Sin(0O, O) in all finite powers <+ C,(X) has countable fan tightness



Colorings of covers

Theorem (Tsaban 2018) (7,V)

If X is San(O, O), then for each decreasing sequence Ui, Uy, ... € A such that
U has no finite subcover and a coloring of [7']2, there are finite sets F; C U,
Fo C Uy, ... such that

m (JF, € A\ and the sumgraph of |J Fi1,|J F2, ... is monochromatic.

Theorem (Milliken 1975, Taylor 1976) (N, +)

For each coloring of [N]?2, there is a proper sequence aj, a, ... € N whose
sumgraph is monochromatic.



Topological games

m Su(A, B):
(VAl,AQ,. S A)(Hflnlte FLCALF CA,,.. ')(UnGN F, € B)
u Gﬁn(A-, B)
ALICE: Aie A A e A /
BoB: FL C A F» C A
finite finite

If Upen Fn € B, then BoB wins. Otherwise, ALICE wins.

m BOB has a winning strategy in Gg, ([N]*, [N]>=)
m If X is o-compact, then BOB has a winning strategy in Gg,(O, O)

Theorem (Hurewicz 1925)
X is San(O, O) iff ALICE has no winning strategy in Gan (O, O).



Semigroup £S

£S: all ultrafilters on S

Basic open sets [A] :={pe S:Aecp}, ACS

£S DS :identify x with {ACS:x€ A}

Extend +: S xS — S, to +: S x 8BS — S such that:

m for each x € S the function g — x + g is continuous
m for each g € 8S the function p — p + g is continuous
m + is associative on 35S

(8S,+) is a compact right-topological semigroup
Aep+qg+—{xeS:(IBeq)(x+BCA}ep
m (35S 5 eis idempotent: e+ e=¢e

(VAce) A  ce)(Vac A*)(IBce)a+ BCA)

Lemma (Numakura 1952)

Every nonempty compact right-topological semigroup has an idempotent.



Superfilters and idempotents

m [S]~ D Ais a superfilter on S:
m ASACB—BcA
m AUBEeA—AcAorBec A

m [S]* m every ultrafilter ®m Q m {Ac[X]*:x€A}
Lemma (Tsaban 2018)
Let aj, a>,... € S be proper and A be a translation invariant superfilter on S.
{p € BS:{FinSum(ay, ant1,...):n€N}CpC A}
is a closed and nonempty subsemigroup of (5S,+).

= 5=(N,+), A=[N]>
mQoU={U,U,...},S=(U,max), A={VeQ: VU,
A3V > {max{B,V}:VeV}ecd

m Q > U with no finite subcover and closed under U, S = (U, V),
A={veQ:vCu}

A>3V {BUV:VeV}ed



Superfilters and idempotents

m 8S > pislarge for ) # R C Fin(S): (VA€ p)(IReR)RCA)
m There is a large p € 8S for ) # R C Fin(S) iff for each coloring of S,
there is a monochromatic set in R

Lemma (Deuber-Hindman 1987)
The set
{p € BN :[N]* D p is large for each family of (m, p, c)-sets }

is a closed and nonempty subsemigroup of (SN, +)

Lemma (Tsaban 2018)

Let aj, a>,... € S be proper and A be a translation invariant superfilter on S.
The set

{pGBS:AQpis/argefor{{x}:xeFinSum(an,an+1,...)},n€N}

is a closed and nonempty subsemigroup of (8S,+).



The main result

Theorem (Sz 2020)

m Assume that A, B C [S]>, B is closed under supersets in [S]>,
m there is an idempotent e C A, large for R1,Ra, ... C Fin(S),
m ALICE has no winning strategy in Gan(A, B).
For each coloring of [S]?, there are sets Fy, Fy, ... € Fin(S) such that
mR,>R, CF, CURpand U,en Fn € B,
m the partite sumgraph of Fy, F», ... is monochromatic.
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Applications

Theorem (Bergelson—Hindman 1988) (N, +)
Let R1,R2,... be an enumeration of all families of (m, p, c)-sets. For each
coloring of [N]?, there are sets R; € R1, Ry € R, ... such that

m the partite sumgraph of Ry, R», ... is monochromatic.

Theorem (Sz 2020)
m Assume that A, B C [S]*°, B is closed under supersets in [S]>,
S=(N,+), A=B=[N]*
m there is an idempotent e C A, large for R1, R, ... C Fin(S)
Deuber-Hindman + Numakura
m ALICE has no winning strategy in Gan(A, B).
BOB has a winning strategy in Gan([N]>, [N]*)
For each coloring of [S]?, there are sets F1, F», ... € Fin(S) such that
B R, DR, CF. CURn andUneNF,, € B,

m the partite sumgraph of Fi, F>,... is monochromatic.



Applications

Theorem (Scheepers 1996)

If X is Sgn(Q, Q), then for every U € Q and a coloring of [7]?, there are sets
F1,Fo, ... € Fin(U) such that

8 U,y Fn € Q and the partite graph of F1,F>, ... is monochromatic.

Theorem (Sz 2020)
m Assume that A, B C [S]*°, B is closed under supersets in [S]>,
QsU={U,Us,...}, S=U,max), A={VeQ:VCU},B=Q
m there is an idempotent e C A, large for R1, Ra, ... C Fin(S),
Ro = {{Un}, {Uns1},- .. }, URn = {Un, Uns1, ... } = FinSum(Un, Uns1, .. .)
m ALICE has no winning strategy in Gan (A, B).
X is San (2, Q) — ALICE has no winning strategy in Ggn (2, Q)
For each coloring of [S]?, there are sets Fi, F», ... € Fin(S) such that
# Ro3R CFCURnandU . Fr€B,  FoCUURn={Un Upir,...} CU

m the partite sumgraph of Fi, F2,... is monochromatic.

neN



Applications

Theorem (Scheepers 1999)

If X is San(O, O), then for every U € Q and a coloring of [7-]2, there are sets
F1,Fo, ... € Fin(U) such that

8 J,cn Fn € A\ and the partite graph of F1,F>, ... is monochromatic.

Theorem (Sz 2020)
m Assume that A, B C [S]*°, B is closed under supersets in [S]>,
QoU={U,Us,...},S=U,max), A={VeQ:VCU}, B=A
m there is an idempotent e C A, large for R1, Rz, ... C Fin(S)
Ro = {{Un},{Uns1},... }, URn = {Un, Upt1, ... } = FinSum(Un, Uny1, . ..)
m ALICE has no winning strategy in Gan (A, B).
X is San (2, A\) — ALICE has no win strategy in Gan (2, \), also in Gan(A, N)
For each coloring of [S]?, there are sets Fi, F», ... € Fin(S) such that
# Ro3R CFCURnandU  Fr€B  FoCUURn={Un Upir,...} CU

m the partite sumgraph of Fi, F»,... is monochromatic

neN



Applications

Theorem (Scheepers 1999)
If Y = C,(X) has countable fan tightness, then for every AC Y with0 € A
and a coloring of [P(Y)]?, there are finite sets F1, Fy,... C A such that

m 0 €| J{F,:neN} and the partite graph of F1, F», ... is monochromatic.

Theorem (Sz 2020)
m Assume that A,B C [S]>°, B is closed under supersets in [S]>,
A={ai,a,...},S=([A]",max), A=B={Bec[A*:0c B}
m there is an idempotent e C A, large for R1,R2,... C Fin(S)
Ro={{an},{ans1},... }, URn = {an, ans1, ...} = FinSum(an, ans1,...)
m ALICE has no winning strategy in Gan (A, B).
Y has countable fan tightness — ALICE has no winning strategy in Gsn (A, .A)
For each coloring of [S|?, there are Fi, F», ... € Fin(S) such that
mR,>R, CF,CURn andUneNFn e B, Fo CURn={an, ans1,... } CTA

m the partite sumgraph of Fi, F»,... is monochromatic



Theorem (Sz 2020)

Assume that A, B C [S]°°, B is closed under supersets in [S]°°, there is an idempotent e C A, large for
Ri,Ra, ... C Fin(S), and Alice has no winning strategy in Ggn (A, B). For each coloring of [S]?, there
are sets Fy, Fp, ... € Fin(S) such that R, 3 R, C F, C LJ'R,7 and UnEN F, € B, the partite
sumgraph of Fi, F,, ... is monochromatic.

{teS:{s t}isredjuU{teS:{s t}isblue} =S\ {s}ee
ERiIDRICACAICA=MNUJR: e 3 M is monochromatic

AL e
m There iSGBBlgAf with F + B; C A; A1*F1+Bl

] 7223RggF2§A§gAQ:ﬂseFl{tGS\{s}:{s,t} is blue} N BN J Rz

Az o
-ThereiseSBnggwith Fo+ B, C A A;FZ"FBZ

{t € S\{s}: {s,t} is blue }NB2N{JR3

mR33RCFRCAICA= ﬂs€F1quuF1+F2
m Thereis e 3 B3 C A3 with F5 + B; C As, etc.

m There is a play (Af, F1, A3, F2,...) won by Bob

U"ENF,,GB O




A modification. ..
Theorem (Sz 2020)

m Assume that A, B C [S]>,
m there is an idempotent e C A, large for R1,Ra, ... C Fin(S),
m ALICE has no winning strategy in Gi(A, B).

For each coloring of [5]2, there are elements ay, a>,... € S and sets
Ri € Ri,R> € Ry, ... such that

mR,>R,2>a,and{a,:neN}eB,

m the partite sumgraph of Ry, Ry, ... is monochromatic.

By
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...and its consequences

Theorem (Scheepers 1999)

If X is S1(0, 0), then for every U € Q and a coloring of [1]?, there is V C U
such that V € N\ and the graph [V]? is monochromatic.

Theorem (Scheepers 1996)

If X is S1(Q, Q), then for every U € Q and a coloring of [1]?, there is V C U
such that V € Q and the graph [V]? is monochromatic.

m Y has countable strong fan tightness:

(VALA,...CY,ye (A ) Fa €A, m €A, ... )(ye{a,:nENY)

neN

m Sakai 1988: X is S1(€2,Q) <> X is S1(0, O) in all finite powers <+ C,(X)
has countable strong fan tightness

Theorem (Pawlikowski 1994)
X is S1(0O, O) iff ALICE has no winning strategy in G1(O, O).



Richer structures

Theorem (Scheepers 1999)

If X is Sgn (O, O), then for every U € Q and a coloring of [7]?, there are finite
sets Fi,Fo,... CU such that

8 J,cn Fn € A and the partite graph of F1,F>, ... is monochromatic.

Theorem (Tsaban 2018) (m,U)

If X is San(O, O), then for each decreasing sequence Uy, U, ... € A such that
U has no finite subcover and a coloring of [7]?, there are finite sets F; C Uy,
Fo C Uy, ... such that

m |JF, € A and the sumgraph of | F1,J F2, ... is monochromatic.

No: X =Fin(N), U, ={FeX:n¢ F},U={U,Uy,...} €Q
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Richer structures

Theorem (Sz 2020) (7, V)

If X is San(O, O), then for every U € Q with no finite subcover and a coloring
of [7]? there are finite sets F1, F»,... C U such that

® J,cn Fn € A and the partite graph of 71,75, ... is monochromatic,
m the sumgraph of |J F1,J F2, ... is monochromatic.

F1 F2 F3 Fa Fs

Vo =UF,




Higher dimensions
m A partite k-sumgraph of Fi, F,... € Fin(S) is the set of all k-edges

{ag,,---, a6}

where (a1, 82,...) € F1 X F X -+ and Gy < --- < Gi € Fin(N).

Theorem (Sz 2020)

m Assume that A, B C [S]>, B is closed under supersets in [S]>, k > 2
m there is an idempotent e C A, large for R1,Ra, ... C Fin(S),
m ALICE has no winning strategy in Gan (A, B).
For each coloring of [S]¥, there are sets Fy, F», ... € Fin(S) such that
" R,>R, CF, CURpand U,en Fn € B,

m the partite k-sumgraph of F1, F», ... is monochromatic.



Comments about covering properties

Sﬁn(Q,Q) — Sﬁn(0,0)
R
S1(2,F) —— S1(2,92) —— S1(0,0) —— strong measure zero
p cov(M) cov(M)
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