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Abstract

This dissertation addresses the approximation of a flow around solid obstacles
in a fluid governed by the Navier-Stokes equations, with a focus on either station-
ary or time-dependent cases, in two or three dimensions. The approach is mainly
based on modeling the rigid obstacle as a highly viscous fluid. Such a penalization
method has potential application in numerical schemes, especially when the obsta-
cle is moving. While formally we recover the original problem when the viscosity
inside the obstacle goes to infinity, mathematical analysis of the subject brings in
several interesting challenges.

In the thesis, we improve regularity results for approximate solutions, specif-
ically targeting pointwise estimates for the gradient of the velocity field. They are
crucial for ensuring well-posedness and providing better convergence properties for
penalized solutions.

First, we consider the approximation of a rigid obstacle for flows governed by the
stationary Navier-Stokes system. The main contribution of this result lies in obtain-
ing pointwise estimates for the velocity gradient. In addition, we include evidence
that the method may indeed produce a plausible numerical approximation of the
flow.

Therefore, next we investigate and compare several penalty-based obstacle ap-
proximation techniques, in the framework of the steady incompressible Navier-Stokes
equations. In addition to the viscosity penalization mentioned above we explore a
volume penalization method, as well as a combination of both approaches. We de-
rive convergence rate estimates for all three approaches. Comprehensive numerical
experiments have been conducted to evaluate their sharpness and quantitative in-
fluence of both penalty parameters on the approximation error.

Finally, the last chapter is dedicated to the approximation of the motion of a
rigid obstacle in the time-evolutionary Navier-Stokes equations, we establish the
existence of weak solutions to the approximate problem and demonstrate their con-
vergence to the weak solution of the original problem. The main contribution of this
part is a tangential regularity result for the velocity. This is the first step in proving
a pointwise estimate for the gradient of the velocity.

Keywords: weak solutions, incompressible flow, Navier-Stokes equations, ob-
stacle, volume penalization, viscosity penalization, tangential regularity, numerical
simulations
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Streszczenie

Niniejsza rozprawa doktorska dotyczy aproksymacji przeptywu ptynu opisywa-
nego rownaniami Naviera-Stokesa wokét zanurzonego w nim ciata stalego, koncen-
trujac sie na przypadkach stacjonarnych i zaleznych od czasu, w dwéch lub trzech
wymiarach przestrzennych. Giéwnym przedmiotem zainteresowania pracy jest po-
dejscie polegajace na modelowaniu niepodlegajacej odksztalceniom przeszkody jako
plynu o bardzo duzej lepkoéci. Metoda ta, oparta na penalizacji, ma rowniez znacze-
nie w schematach numerycznych, zwlaszcza w przypadku poruszajacych sie prze-
szk6éd. Formalnie otrzymujemy oryginalny problem, gdy lepkos¢ wewnatrz prze-
szkody dazy do nieskoriczonosci, jednak dokltadna matematyczna analiza zadania
niesie ze soba wiele interesujacych problemoéw.

W pracy uzyskane zostaly wyniki dotyczace regularnosci rozwiazan przyblizo-
nych, w szczegdlnosci punktowe oszacowania gradientu pola predkosci. Te ostat-
nie sa kluczowe dla zapewnienia poprawnosci zagadnienia oraz lepszych wlasnosci
zbiezno$ci rozwiaqzan uzyskanych metoda penalizacj.

Pierwsza cze$¢ pracy poswiecona jest aproksymacji sztywnej przeszkody w prze-
plywach opisywanych przez stacjonarny uklad Naviera-Stokesa. Gléwnym wy-
nikiem tej czesci jest uzyskanie punktowych oszacowan gradientu predkosci. Po-
nadto, przedstawione zostaty wyniki symulacji numerycznych wskazujace, ze me-
toda ta moze by¢ podstawa wiarygodnej aproksymacji numerycznej przeptywu wo-
kot przeszkody.

Nastepnie badamy i poréwnujemy kilka opartych na penalizacji technik aprok-
symacji przeszkéd w ramach stacjonarnych, niescisliwych réwnan Naviera-Stokesa.
Oproécz wspomnianej penalizacji lepkosciowej badamy metode penalizacji objeto-
Sciowej oraz kombinacje obu podejé¢. Dla wszystkich trzech przypadkéw wyprowa-
dzamy teoretyczne oszacowania szybkosci zbieznosci. Analiza uzupelniona zostata
kompleksowymi eksperymentami numerycznymi. Stuza one ocenie ostrosci otrzy-
manych oszacowan teoretycznych i iloSciowego wpltywu parametréw penalizacji na
btad aproksymagji.

Ostatni rozdzial poswiecony jest aproksymacji problemu optywu ruchomej, sztyw-
nej przeszkody przez ptyn, ktérego dynamika opisana jest ukladem Naviera-Stokesa
zaleznym od czasu. Wykazujemy istnienie stabych rozwiazan dla problemu przybli-
zonego oraz ich zbieznoé¢ do stabego rozwiazania oryginalnego problemu. Glow-
nym rezultatem tej czeSci jest wynik dotyczacy tak zwanej stycznej regularnosci
pola predkosci, co stanowi pierwszy krok do uzyskania punktowych oszacowan
gradientu predkosci.

Stowa kluczowe: rozwiazania stabe, przeptyw niescisliwy, réwnania Naviera-
Stokesa, przeszkoda, penalizacja objetoSciowa, penalizacja lepkosciowa, regularnos¢
styczna, symulacje numeryczne
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Chapter 1

Introduction

1.1 Background of the problem

The flow around solid bodies immersed in a viscous fluid presents both a theoretical
and computational challenge, especially given that their boundaries may have com-
plex geometry. The higher regularity of weak solutions is essential for ensuring the
stability and uniqueness of solutions to this kind of problems. The time evolution
of the velocity field u = u(t, x) of a viscous incompressible fluid is governed by the
Navier-Stokes equations in time varying domain Qr(t)

o —vdivDu+ (u-Vy)u+Vip=f inQp,
. . 1.1.1)
div yu =0 in Qp,

where Qr := (0, T) x Qp(t) and Du is the strain rate tensor with components:

1 /ou; au]

GDM)I] 2 <8x] + 8xi> ’
The viscosity penalization method is a technique used to approximate weak solu-
tions for the problem of rigid obstacle motion in a fluid. This approach treats the
rigid obstacle as a fluid with infinitely high viscosity, effectively eliminating the
obstacle and filling the domain that should be occupied by the rigid object with
a viscous fluid. This method is one of the methods for establishing the existence
of weak solutions to the problem of rigid obstacle motion in a fluid, developed by
Starovoitov [28], who introduces the concept of "solidification". This approach in-
volves first constructing a sequence of approximate solutions that account for the
presence of a solidifying region within the fluid. As the sequence is refined, it con-
verges to the target system of equations in the limit. The method has been effectively
employed in Hoffmann and Starovoitov [14]; and San Martin, Starovoitov, and Tuc-
snak [26], Wréblewska-Kaminska [32], particularly for the case where the fluid do-
main is bounded.

On other hand, achieving higher regularity of the approximate solution is quite
challenging task due to the presence of a jump function in the diffusive term. How-
ever, it is possible to define tangential regularity. It means that the velocity is smoother
along specific fixed directions determined by a nondegenerate family of vector-fields.
The method of tangential regularity was first introduced by Bony in [6] while inves-
tigating hyperbolic equations, and later developed by Chemin [7]. In recent years,
this method is widely used by Danchin et al(refer to [8]) for nonlinear partial differ-
ential equations, where authors introduce the concept of striated regularity.

However, the most well-known and studied method is the volume penalization
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method (see (1.2.9) below), which models solid bodies as porous media with per-
meability approaching zero and it is sometimes called Brinkman penalization, or
simply the L? penalization. Here we mention a number of works based on a vol-
ume penalization method such as [1], [2], [3],[15]. In works of Angot [2], and An-
got, Bruneau and Fabrie [3], authors established the strong convergence of the so-
lutions and derived some error estimates for the approximate and exact problem in
the steady Stokes system and unsteady Navier-Stokes with homogeneous boundary
data. The further analysis of error estimates for steady systems with inhomogeneous
boundary conditions were done recently by Aguayo and Lincopi [1]. Penalization of
mixed type - that is, a combination of viscosity and volume penalizations, has been
considered among others in [2], [3].

1.2 Overview of the results and organization of the thesis

The primary aim of this dissertation is to investigate certain properties of approxi-
mate solutions resulting from penalization methods. The thesis is structured around
three topics.

The first result, presented in Chapter 2 and published in [23] concerns the vis-
cosity penalized stationary Navier-Stokes system in Q C R?

(g - V)thyy — div [y (x)Duy] +Vp=f in Q,
divu, =0 in Q, (1.2.1)
Uy, =0 in 09Q),

where the kinematic viscosity v(x) is a discontinuous function:

1, xe€O\Qg,
vm(x):{m XGQS\ S (1.2.2)

where ()5 denotes the domain occupied by the rigid obstacle. The problem (1.2.1)
approximates the original problem, defined by the stationary Navier-Stokes equa-
tions:

(u-V)u—vdiv [ Dul+Vp=f in Qf,
divu=0 in Qp, (1.2.3)
u=0 in 9Oy,

The result of existence of a weak solution of approximate problem (1.2.1) is es-
tablished using a standard energy approach. This involves applying the Galerkin
method and employing compactness arguments, specifically the Rellich-Kondrachov
theorem. It is shown that the penalized solution converges to the target system of
equations as the penalization parameter approaches infinity. This result is derived
using energy estimates and compactness arguments.

The main and novel part of this result is the L bound for the velocity gradient.
The presence of a jump function in the diffusive term disrupts the standard meth-
ods for demonstrating improved regularity, such as maximal regularity. Because of
that, the key tool to achieve improved regularity of approximate solutions is the tan-
gential regularity approach. This method relies on that the velocity is smooth along
extension of a vector field which is tangential to the boundary of the obstacle. Under
assumption that there exists a smooth vector field X € C? which satisfies following
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FIGURE 1.1: Fluid domain Qf (blue) and obstacle domain (g (yel-
low). They both make up the compound domain Q) = Qf U Qg

conditions
X-t=1, X-n=0 onodQgsUd, (1.2.4)

where the differentiation along X means
aXum = Xlaxl Um + Xzaxzum,

the results on tangential regularity Voxu, € L?(Q)) and higher tangential regularity
Voku, € L2(Q)) are obtained by using energy approach. To do this, we take the first
and second derivatives along X of the system (1.2.1), then use dxu,, € Hé(Q) and
0% u, € H}(Q) as test functions.

Due to technical difficulties, the analysis is divided into two parts. The first part
focuses on deriving tangential regularity for the approximate Stokes system:

— div [vn(x)D @xcttn)] + %div (U (X) VT XY Tt + v (x) Vit V X)

. . (1.2.5)
+ Y Xids, (vn(¥)Dity) + V(3xp) — Y X2 p = 9xf.

In the second part we analyse the approximate Navier-Stokes system (1.2.1).
Another issue encountered during the application of tangential regularity is that

2
div (Oxum) = Y 9y, X/0yul,
kj=1
is no longer zero. Due to this, a problematic term dxp appears in the weak formu-
lation of (1.2.5). To address this issue, we use Bogovskii type approach [11, Lemma
III.3.1]. This method, previously employed by Galdi in Lemma IV.1.1 [11], is used
to derive a similar result for the pressure p € L2(Q) in the system (1.2.1). Addi-
tionally, adapting this approach enables us to establish bounds for dxp € L?(Q) and
o%p € L2(Q).

To establish the L* bound for the velocity gradient, in addition to tangential
regularity, it is essential to show the regularity along normal vector field. How-
ever, taking derivative along the normal vector field poses challenges, as the normal
derivative of a jump function is not well-defined. To overcome this issue, we in-
troduce a model scenario where the Stokes equation is considered in the entire R?
space. In this model, the interior of the obstacle domain (g is represented as the
half-space where x; < 0, while the exterior corresponds to the region where x, > 0,

—div [ (x)Duy] +Vp=f in R? (1.2.6)
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where

1, x>0,
w@g:{m é<0 (1.2.7)

and the tangential vector field takes form
Ox = Oy,-

We reduce the problem (1.2.6) to one dimension in each direction x; and x; by split-
ting the equation coordinate-wise. Then by applying the results on tangential regu-
larity, we obtain bounds for each component of the velocity Vu,, in L*.

We reformulate the Navier-Stokes system using curvilinear coordinates and ex-
tend the system to the entire space R%. In this new coordinate system, the tangent
and normal vectors are used to define the new coordinate axes. Then we follow the
idea of the model case and obtain Vi, € L®(Q}).

In addition, we conduct numerical experiments to show that approximate prob-
lem (1.2.1) has a potential for application in practice. Specifically, we examine a rect-
angular channel flow problem within the domain (), which contains a fixed rigid
obstacle ()s touching the boundary of (). The results indicate that the viscosity pe-
nalized solutions can effectively approximate the limiting case.

Chapter 3, which is based on joint work presented in [17], focuses on the quality
of viscosity or volume penalized solutions as approximations to the flow in domain
Or C RY, where d = 2 or 3, around an obstacle Q5 governed by the stationary
Navier-Stokes system

—vAu+ (u-V)u+Vp=f inQp,
divu=0 inQf, (1.2.8)
u=0 ondQr.

The key innovation of this work lies in the thorough examination of the effec-
tiveness of a standard volume penalization approach, an approximation method
involving high viscosity within the obstacle region, and the combination of these
techniques.

Below we briefly introduce each of them. The volume penalization method con-
siders approximate solutions u, satisfying:

VAU + (Uy - V)ty + Vpu +1quy, = f inQ,
diviu, =0 inQ, (1.2.9)
u, =0 onodQ),

posed in a compound domain Q) = Qf U Q5. When the penalization source term
1y in the momentum equation tends to infinity, this method, at least formally, leads
to the vanishing of the L2-norm of the solution at the obstacle ()s. Consequently,
some behaviors related to the shape of the body immersed in the fluid may not be
captured.

For the stationary version of the Navier-Stokes system (1.2.8), in general, we can-
not guarantee the uniqueness of solutions. This property is only valid in specific,
limited scenarios, e.g. when the external force is sufficiently small relative to the
viscosity. Consequently, in the case of large data, our approximation identifies the
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original solution along a particular subsequence. Our analysis establish the follow-
ing bounds for the convergence rate

ttn | 12(00g) < Cn3%, (1.2.10)

[ = ttal| ey < Cn™ V2 (1.2.11)

For the viscosity penalization, i.e. applying a very large artificial viscosity
within Q)s - though this approach is viable only if the obstacle is pinned to the bound-
ary of (), otherwise, we would only achieve the constant flow inside the obstacle in
the limit, not necessarily zero - the approximate solution (i, p) is defined on Q) by
the Navier-Stokes system

—div (um Vi) + (tty - V)i +Vpu = f  inQ),
div u, =0 inQ, (1.2.12)
Uy, =0 onadQ.
For this type of approximation we obtain new estimates, ensuring better conver-
gence rates:

[t || 1105y < Clum) ™, (1.2.13)

|1 =t ap) < Cvim=1/2, (1.2.14)

The third approach we consider here is a straightforward combination of the two

previously mentioned methods, resulting in so called mixed penalization method,
governed by a system

—div (vaum\/n) + (um\/n : v)umVn + mevn + Ny = f in Q),
div uyy, =0 in (), (1.2.15)

Upyn = 0 on 0},

for which we obtain convergence rates

[ty ag) < Clum) =340~ 174, (1.2.16)
[ttmynlli2(0g) < Clum) =14 =374, (1.2.17)
[t = eyl o) < Cvmm) 14, (1.2.18)

In proving these results, we make use of the Poincaré inequality, which requires
the assumption that the obstacle touches the boundary. However, it is important
to note that this assumption is not necessary for establishing the convergence of
the mixed approximation—it is only needed to derive the new estimates. To our
knowledge, these are the first results of this kind for mixed penalization with m # n.

In Section 3.3 of Chapter 3, we conduct numerical experiments to explore how
the convergence rate of the approximate solutions, as introduced above, depends on
the penalizing parameters m and 1, and compare them with the theoretical ones.

To achieve this, we analyze a two-dimensional flow around an obstacle within a
fixed channel. To gain a comprehensive understanding, we not only vary m and n,
but also modify the shape and position of the obstacles.

We proved (see (1.2.12)) that viscosity penalization converges at a linear rate in-
side the obstacle when it touches the boundary of the domain (2. The numerical
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experiments suggest that this result is sharp.

The experiments seem to indicate that the presence of several sharp corners in the
obstacle does not affect the convergence rate. Moreover, they show that for the same
penalty parameter, viscosity penalization generally produces smaller approximation
errors (both in (g and ()) compared to volume penalization. However, note that the
latter property is valid only for obstacles touching the boundary of Q).

Chapter 4 concerns the approximation of time dependent system (1.1.1) using
the mixed penalty approximation, that is

Osthyy — div x(Dytty, + 171Dy (i — 0)) + (- Vo) thyy + Vp 4+ 1 (g —v) = £ in QT
div yu,, =0 in QF,
Un =0 on BQT
un(0,-) =up in QL.
(1.2.19)

where QT := (0,T) x Q, 9QT := (0, T) x 9Q and #,, := mx(t,x) is a non negative
piece wise constant function depending on a penalty parameter m > 0, where

- 0, X € Qp(t),
x(tx) = {1, x € Qs(t).

We denote Q5(t) as the time-varying domain occupied by the rigid obstacle, and
Qf(t) as the time-varying domain occupied by the fluid. The corresponding domain
notations are as follows: Qs := (0, T) x Qg(t), and Qf := (0, T) x Qp(t).

The reader may also refer to the webpage [24] for an animation of a moving ob-
stacle, which illustrates the time-evolutionary simulations of flow around obstacles
using the penalized approximation (1.2.19). This simulation was implemented by
the author in FEniCS, with further details provided in [17].

We assume that the obstacle moves with a sufficiently smooth velocity given v.
The characteristic function ) is defined in terms of a given vector field v, which
corresponds to the weak solution of the transport equation

dix +ovVyxy =0

B (1.2.20)
X(O, ) = 1Q — 102.

The first result establishes a priori estimates, where we obtain
Uy € L>(0, T; H(Q)) N L™(0, T; L*(Q))

regularity for penalized solutions u,, of (1.2.19). For the time derivative, we show
Oty € L2(0, T, H1(Q)) ind = 2, and dsu,, € L2(0, T; H3/2(Q)) ind = 3.

Also, we provide the existence of weak solutions to the penalized problem using
the Lions-Aubin compactness lemma.

Finally, we provide a convergence result for the penalized problem, as the penal-
ization parameter m tends to infinity. We have derived uniform a priori estimates
for the solutions of the penalized problem, which are independent of the penalty
parameter m. However, the m-independent estimate for the time derivative 9,
holds only in the time-dependent fluid domain. To address this issue we use the
auxiliary compactness result gained from [14], to show the strong convergence of
the penalized solution u,, of (1.2.19) to the solution u of the original problem (1.1.1).
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One of the key results of this chapter is to achieve dxu,, € L®(0, T;L2(Q)) N
L%(0, T; H{(Q))), where X satisfies (1.2.4). To accomplish this, we again make use of
the concept of tangential regularity. For this purpose we generalize the tangential
regularity results of Chapter 2 to time dependent case.

Notably, in the presence of a jump function within the diffusive term, we can
establish the tangential regularity of the weak solution dxu,,, as dx#,, = 0. We show
that the time evolution of Xy along the velocity of rigid obstacle is the solution of the
transport equation:

{(at +0- V)X = axv, (1.2.21)

X|t:0 - XO.
The next result addresses the regularity of the vector field X, establishing that

VX, V2X € L=(Q").

To derive the estimate for VX, we take the first derivative of the transport equation
(1.2.21). Next, we multiply the resulting expression by |VX \P*Zaxjx and integrate

over the spatial domain. After dividing both sides by HVXHZ;l, we apply Gron-
wall’s inequality to complete the estimate. Since the estimates are uniform in p, we
can finally pass to the limit p = co. The estimate for V2X is obtained in a similar way
by taking the second derivative of (1.2.21) and multiplying the resulting equation by
\VX|P*28x],X.

We then provide the proof of the tangential regularity result in a manner similar
to the approach discussed in Chapter 2.






Chapter 2

Approximation of rigid obstacle by
highly viscous fluid

The content of this chapter, where we study the approximation of a flow around a
rigid obstacle for a fluid governed by the stationary Navier-Stokes equations in the
two-dimensional case, was published [23]. Here we only slightly adapt the natation
to make it compatible with the rest of the thesis. The idea is to consider a highly
viscous fluid in the place of the obstacle. Formally, as the fluid viscosity goes to
infinity inside the region occupied by the obstacle, we obtain the original problem in
the limit. The main goal is to establish a better regularity of approximate solutions.
In particular, the pointwise estimate for the gradient of the velocity is proved. In
addition, we give numerical evidence that the penalized solution can reasonably
approximate the problem, even for relatively small values of the penalty parameter.

2.1 Introduction

The viscosity penalty approach treats the rigid obstacle as a fluid with infinitely high
viscosity, effectively eliminating the obstacle and filling the domain that should be
occupied by the rigid objects with a viscous fluid. We demonstrate that the weak
solution to the approximate problem exhibits higher regularity. Additionally, we as-
sert that the approximate problem converges to a rigid obstacle problem as viscosity
tends to infinity. We support our claims with numerical simulations, illustrating the
practical applicability of our approach. This method is particularly effective for ap-
proximating rough obstacles. We present numerical results for such scenarios, with
a detailed theoretical analysis to be conducted in future work

Let O C IR? be an open bounded domain of class C2. Suppose that )\ Qs is filled
with a homogeneous viscous incompressible fluid with an obstacle inside (Fig.1.1).
Denote by (3s C () the domain occupied by the rigid obstacle, f is a given vector
function. To simplify calculations we assume the density p = 1.

The viscosity penalized approximate stationary Navier-Stokes system reads

(U - Vg, — div [V (x)Duy] +Vp=f in Q, (2.1.1)
divu, =0 in Q, (2.1.2)
uy, =0 on 9Q), (2.1.3)

where the kinematic viscosity vy, (x) is a discontinuous function that has the follow-

ing structure
1, xeQ \ Qg,
Vn(x) = 214
m( ) {m, X € Qs, ( )
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and Du is the deformation rate tensor with the components:

1 [/ du; auj
Du)jj == —+-2).
( )Z] 2 (E)x] + axi
Since we are interested in weak solutions, we introduce integral formulation of

the problem: we say that a vector function u,, € V(Q) is a weak solution to the
problem (2.1.1)-(2.1.3) if the following integral identity

/Q((um V) )wdx + /valD(um) :D(w)dx = /Qf wdx (2.1.5)

holds for arbitrary w € V(Q), where V(Q) is defined at the beginning of Section 2.2.
In the rest of the chapter, we prove that the gradient of the velocity field of the
approximate problem (2.1.1)-(2.1.2) has a pointwise estimate in L* norm.

2.2 Notations and main results

In this section, we introduce some notations. In order to define spaces of divergence-
free vector functions we introduce

V(Q) = {v e CP(Q,R?) |dive = 0} (2.2.1)
V(Q) = the closure of V(Q) in Hj(Q). (2.2.2)
According to classical result [30] for () an open Lipschitz set we have
V(Q) = {v € H}(Q) |divo = 0}.
Next we define
H(Q) = {ve?|divo=0inD (Q), v-n=0in H 2(dQ)}.

The space H is equipped by scalar product (-, -), and the space V is a Hilbert space
with the scalar product

non

By ":" we denote the scalar product of two tensors,

=Y &nij

i,j=1

for ¢ = (Gij)i=1,..nj=1,..n € R"™"and 7 = (1;)i=1,..,n,j=1,.,.n € R
Moreover, f € L?(Ry,; L*(IRy,)) stands notation of 1-dimensional space in x; and x;
directions respectively, and f € H!(Ry,; H'(Ry, )) means that f, fy, € L2(Ry,; H (Ry,))

i.e. |
2
A2z, ) = [/m </1R

|f (x1,x2) 2 dxl) dxz] (2.2.3)

|
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k o %
T [/R (/ (|f(x1,x2)|2+;|féi’jx2)|2)dx1> dx2] .
1 "~ (2.2.4)

Due to assumed regularity of () and Qs, there exists a vector field X € C?, such
that

X2

X-t=1,X-n=0 ondQsUdQ. (2.2.5)

The first result ensures the existence of weak solutions to the penalized Navier-
Stokes equations (2.1.1) and is established using the Galerkin method [30]. The ap-
proximations are proven to satisfy the weak formulation of the problem (2.1.5). To
pass to the limit and obtain a solution, the Rellich-Kondrachov compactness lemma
is applied, ensuring convergence to a weak solution of the penalized Navier-Stokes
equations.

THEOREM 2.2.1 (Existence). Let Q) C IR? be an open bounded domain of class C?, let f be
given in L?(Q)). Then Problem (2.1.5) has at least one solution u,, € V(Q) and there exist
a function p € L2(Q)) such that (2.1.1) are satisfied.

The next result concerns the limit of the penalty parameter m — co.

THEOREM 2.2.2 (The limit). Let assumptions of Theorem 2.2.1 hold and let m — oo,
then u,, — uin LZ(Q), where Du = 0 in the domain Qg. In particular, u is a solution to
(1.2.3).

When the symmetric gradient Du = 0 in the obstacle domain (), this condition
characterizes the rigid motion of the obstacle. Rigid motion means that the fluid in-
side the obstacle domain moves as a solid body without deformation. This implies
that the velocity field u inside (0 must be such that it satisfies certain regularity con-
ditions. Specifically, the trace of the velocity field u on the boundary of the obstacle
0Q)s, denoted as u[yn, = ¢, belongs to the Sobolev space H 2(9Q)s) , which indicates
that ¢ is sufficiently smooth.

In situations where the obstacle ()s touches the boundary of the domain (), the
boundary condition (2.1.3) together with Theorem 2.2.2 has significant implications.
The theorem implies that as the penalty parameter tends to infinity, the velocity of
the fluid on the boundary of the obstacle tends to zero. This means that the norm

||cp||H }o0s) — 0 as the penalty parameter increases. Consequently, in the limit, the
S

obstacle effectively becomes stationary relative to the fluids. This result highlights
the effectiveness of the penalization approach in enforcing the rigid boundary con-
dition in the limit.

Higher regularity in the approximate solutions of the penalized Navier-Stokes
equations is crucial for ensuring their robustness and accuracy. Regularity refers to
how smooth and well-behaved the solutions are. When solutions are more regular,
it’s easier to accurately estimate the difference between the approximate and real
solutions, leading to better error control.

Moreover, higher regularity helps to keep the nonlinear terms in the equations
well-behaved, preventing any unexpected jumps or discontinuities in the solution.
This smoothness is also key in proving that solutions exist globally in time and in
showing that these solutions are unique within a given function space. The main
result of this chapter is stated as follows
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THEOREM 2.2.3. Let QO C R? be an open bounded domain of class C?, Qs C Q with
the boundary 0Qs € C2, and let f € H?(Q), then for every solution u of Navier-Stokes
equations (2.1.1)-(2.1.2) we have Vu € L®(Q)).

The rest of the chapter is divided into sections, which contain the main steps of
the proof of Theorem 2.2.3. The structure of the proof is as follows:

Due to technical difficulties, we split our analysis into two parts. We consider
two approximate problems: Stokes and Navier-Stokes. The method of our proof
relies on tangential regularity results for the approximate problem. The proof of
tangential regularity differs from Danchin [8] and Chemin [7] works. The difficulty
is that we propagate the whole approximate Navier-Stokes equations (2.1.1) along
the given vector field.

In section 2.3, we establish tangential regularity for the Stokes system in Lemma
2.3.1, where we derive an energy estimate for the derivative dxu € L?(Q)). In Lemma
2.3.2, we further extend this analysis to demonstrate higher tangential regularity.
Specifically, we differentiate the entire system of equations twice along the given
vector field X and prove that Vo%u € L2(Q). Throughout the proof of these tangen-
tial regularity results, we employ a Bogovskii-type approach (see Appendix A.0.3),
as outlined in [11], to effectively handle the ‘pressure terms’ dxp in paragraph 2.3.1,
0% p in paragraph 2.3.2.

In section 2.4, we explore a model scenario where the approximate Stokes prob-
lem is analyzed in IR? with the rigid obstacle occupying a half-space. To establish L™
regularity for the approximate solution, we simplify the problem by reducing it to
one-dimensional functional spaces. The proof requires tangential regularity results
and utilizes fundamental tools such as Holder’s inequality, Poincaré’s inequality,
and embedding theorems.

In section 2.5, we establish tangential and higher tangential regularity results
for the approximate Navier-Stokes system (2.1.1)-(2.1.2) in Lemma 2.5.1 and Lemma
2.5.2. Proofs of these lemmas require results for Stokes system.

In Subsection 2.6, we present the proof of the main result. A key aspect of our
approach involves the region where the viscosity jump occurs. Consequently, in
proving Theorem 2.2.3, we focus our analysis on the domain X, which is the neigh-
borhood surrounding the approximate obstacle boundary. We extend the problem to
the entire space R? by transitioning to a curvilinear coordinate system as described
in [4]. In our case the new system is composed of tangential and normal vectors.
The idea from the model case is also incorporated into the proof of the theorem. The
tangential regularity results are crucial in establishing the pointwise estimate for the
gradient of the velocity field in the L* norm.

The proofs of Theorem 2.2.1 and Theorem 2.2.2 are more standard and rely on
established results, which are discussed in Appendix A.

2.3 Tangential regularity for Stokes equations

In this section, we consider the approximate Stokes system

—div [v(x)Du]+Vp=f in 0, (2.3.1)
divi=0 in Q (2.3.2)
u=0 on 90, (2.3.3)

where v(x) is defined in (2.1.4). Since m is fixed, we use the simplified notations v
and u instead of v, and u,.
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Definition 2.3.1. A vector field u : QO — R? is called a weak (or generalized) solution to
the Stokes problem (2.3.1)- (2.3.3) if and only if u € V(Q) and it satisfies the identity

(vDu, D) = (f,¢), V¢ € V(Q). (2.3.4)

The idea behind analyzing the propagated Stokes problem along the tangential
vector field is that, at the level of weak formulation, choosing the adjoint test func-
tion (dx)*v in the Stokes system is equivalent to formulating the weak problem for
the propagated system with the test function v.

2.3.1 First order derivative

The following lemma gives tangential regularity of the solution to Stokes problem,
which will be useful in the proof of Lemma 2.5.1.

Lemma 2.3.1. Let QO C R? be an open bounded domain of class C2, Qs C Q) with the
boundary dS € C2. Assume X satisfies (2.2.5) and f,dxf € L*(Q). Then for every weak
solution u of (2.3.1)-(2.3.2) we have

IVoxull2 < Cu ([l fllez + l9xfl12) (23.5)
where Cq := C1(Q, X).

Proof. Recall, that the vector field X = (X', X?) satisfies (2.2.5), and we are interested
in the regularity of function u along X, i.e. in the quantity

dxu := Xlaxlu + XzaxZu.
We take the derivative along tangential vector field of Stokes equation, that is
—oxdiv [v(x)Du| 4+ 9xVp = 9xf. (2.3.6)

To derive an equation for dxu, we will first rewrite (2.3.6). According to the
definitions of the differential operators, the diffusive term takes the form:

1 2ut ub +u?
Oxdiv [v(x)Du] = 2(X'9y, + X*3x,) (0, 0x,) {v(x) Ao

;(

2 1 2
ujg+uy,  2uh

(X105, + X29s,) |3 (v(x)2}) + 3y (v(x) () + uﬁ))}]
(X105, + X205,) [y (v(¥) (43 + b)) + By (v(x) 2083
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We apply the derivative dx inside the divergence operator, resulting in the following
remainder term

. 1 2ul ul +u?
div o (1(x)Dw)] =1 (35,21, [(xlamxzaxz)v(x)[ B et

2 1 2
us +uy 2u,2

! 2111 ul + M2
- E(Xlaxl + X294,) (9x,, 0xy) | V() 1 h+ui
“,21 + M,lz 21,[’22
X4 0y, + X230
( ,11 X1 ,21 xz) V(X)IDu) .
(X5, + X39x,)

Combining the last two expressions we obtain the formula
dxdiv [v(x)Du] = div [v(x)dxDu] — Z X0 Du). (2.3.7)
In particular

V(oxu) = VuVX +9xVu,

that follows from the precise calculations:

V(axu) =V

(X'9y, + X%0y,)ul _
(Xlaxl + Xzaxz)uz

O, (X 0y ul + X?0y,ut) Oy, (X10y, ul + X%0y,ul)
Oy, (X103, u% + X?0x,u?) Oy, (X 0y, u? + X0y, u?)

X/llaxlu1 + XﬁaxZul X}zaxlul + szaxZul
X/llaxl u? + XiaxZuz X,lzax1 u? + X/228xZu2
Xlu11 +X2u21 Xlu —|—X2u22
X'hy + X2u% X'wd, + XPub,
= VuVX+dxVu,

and for the transposed gradient term, we get
vIxu) = (Vuvx)T +oxVTiu.

By using derived identities we can rewrite the directional derivative of the symmet-
ric tensor as follows

1
ax(IDu) = 5 [V(axu) + VT (9xu) — VuVX — VXTWT] . (2.3.8)
Finally, by applying (2.3.8) and (2.3.7) to equation (2.3.6), we get

_ div [v(x)D(axu)] + 1ouv W) VXY U 4 v(x) VY X)

. (2.3.9)
+ ) X0y, (v(x)Du) + V (oxp) ZXlkaX,p oxf-
i
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Multiplying the equation (2.3.9) by the test function i € Ci°(Q2) and integrating by
parts we obtain
/ v(x)D(oxu) : D(y)dx — ;/ v(x) (VTXVTu + VuVX> : V(p)dx
Q Q

—/ (v(x)Du)Bx,.(kagb)dx—/ dx (p) div ¢ dx (2.3.10)
Q Q
+/Qpax,, (Xiw) dx:/Qaqude.

We test equation (2.3.9) by function dxu € H}(Q) and get
/v(x)\l[)(axu)\zdx — 1/ v(x) (VTXVTu + VuVX) : V(oxu)dx
0 2 Ja
- / (v(x)Du) ay, (X, 1) dx — / ax (p) div (Axu)dx (23.11)
0 0
—/ kaaxipaxudx:/axfaxudx.
w (@)

Note that divu = 0, however, when differentiating the Stokes system along the
given vector field X, we obtain the following result:

2 . .
0 = dxdivu = div (Ixu) — ) 9y, X/0yu'. (2.3.12)
ij=1

From the above equality we deduce that div (dxu) = Zi,jzl akaf axjuk.

The pressure term. We are going to show that dxp € L?*(Q)). In order to esti-
mate dxp we will use the Bogovskii type approach (see Lemma A.0.3). Our goal is
to prove the following estimate

1
[0xpllz < Cp, (HV(X)IDaXuHLZ + EHV(X)(VTXVTM + VuVX)||
(2.3.13)

+ (([v(x)Dull 2 + [Ipll12) (epexr +cx) + CPHaXfHLZ)/

here, ¢, is the constant from the Poincaré inequality, and cx~, and cx are constants
that depend only on X. In general, dxp satisfies the following inequality

’/ oxpdx
0

In the above inequality we implement integration by parts and the boundary condi-
tion

< [|div X[ 2| pll - (%)

= ‘—/ pdidex+/ X'n'pds
0 a0

Xint = 0 on 9QL.

From (2.3.10) we have the functional



16 Chapter 2. Approximation of rigid obstacle by highly viscous fluid

F(p) = (v(x)D(oxu), Dy) — % (v(x)(VTXVTu + VuVX),VlP)

_ . (2.3.14)
— (V)P 5 (X5 9) ) + (p, 35, (X)) — Oxf, )

for any ¢ € H}(Q). If take a test function 9%y € C§°(Q) to the Stokes problem
(2.3.1), then we get

(p,divaxy) = —(@xp, divy) + (p,3x (Xi) )

where 9%y = —d,,(X' ¢). Therefore, by Lemma A.0.3 there exists a uniquely deter-
mined dxp € L?(Q) that ‘g)—' Jo 9xp is bounded, and such that

F(p) = (0xp, div ). (2.3.15)
Consider the problem
I 1 _
divy = dxp ‘Q‘/anp =g
¥ € H)(Q) (2.3.16)
[l < Colloxpllre,

with ) bounded and satisfying the cone condition. Since

/820/86 L*(Q)),
Q

from ([11, Theorem III.3.1]) we deduce the existence of i which satisfies the equa-
tion (2.3.16). We use such 1 as a test function in (2.3.15) to obtain

19xp|32 = (v(x)D(dxu), Dy) — % (v(x)(VTXVTu + VuVvX), Vl[])

‘ . (2.3.17)
— (V(0)Du, 5, (X5 ) ) + (.95 (X5)) — (Oxf, ).

By applying the Holder and Poincaré inequalities to the above equation, we get

1
loxpllz> <[[v(x)Daxullz|[ D2 + 5 [[v(x) (VI XV U + VuVX) 12|V 12
+ v () Du 21X ¢ + X Vipll 2+ [Pl 21X ¢+ X Vipll 2
+ll0xfllz2ll9ll 2
1
< v()Daxull 2 [Vl 2 + 5 v () (VIXV T+ VuVX) |12 Vol 2

+ ([[v()Dul| 2 + [[pll2) (cpex + ex) IVl 2 + epllox fll 21V 2
(2.3.18)

Using inequality (2.3.16), we divide both sides of the above expression by ||oxp||;2and
obtain the desired estimate in (2.3.13).

Now, we will examine the remaining terms of the (2.3.11), in order to estimate
them. Recall that, X -n = 0, X - T = 1. We rewrite the directional derivative in the



2.3. Tangential regularity for Stokes equations 17

following form
Oxu = X -70u + X -noyu.

By assumptions and boundary condition (2.3.3), we have
axu’ag = aru|aQ =0. (2319)

In this case, Korn inequality (A.0.21) holds
/ v(x)|D(axu)[2dx > C / VaxuPdx. (2.3.20)
Q 0

By applying Holder and Young’s inequalities to the second term of equation (2.3.11),
we get

/ v(x) (vTvau+wvx) V (dxu)dx

D\

v(x) (|Vul|[VX]) [V(9xu)|dx (2.3.21)

Cllv(x)Vul| 2]V (9xu) |2
C1(e) [v(x)Vullf. + Ce [V (axu) |17

To the 5 term of the LHS of (2.3.11) we apply integration by parts to get

V=— / X102 p X' 0 uf dx =2 [ / p X' 0y 0xut + / prkiaxu"] . (23.22)
QO Q Q

Combining all estimates for terms of (2.3.11), we obtain

/u(x)|n3(axu)|2dx</ 9xp||Xi0x, u| dx
(@) O
+ /Q v(x) (|Vul [V X]) |V (9x1)|dx
+/ |v(x)Du||X; 0xv + X} Voxu| dx
(@)

-+ / Ip| ]kai Oxu + ka Voxu|dx
0 (2.3.23)

+ /Q |0x f|loxu|dx

< Cxrlloxpllial[Vull

+exr|[v(x) V| 2] Vaxul| 2

+ (epexr + exr) [[v(x)Dul| 2| Voxu| 2
+ (epexr +exn)[[plli2l[ Voxul| 2
+lloxfllrzl[oxul 2.
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By applying (2.3.13) together with Young’s inequality, using a small €, in (2.3.23) we
obtain

[ v D (xan) P <Cuer (1 (1)Paxl: + callv () Y

+ 1Pl + cpllxf12 ) + ClenlVul2, (2:3.24)
+ Clea)ea|v(x)Vul + [pl3: + epll9xf ]
+ez|\VaXuH%2

where (cycxr + cx/) := c3, cxicy, =: c2 are positive constants. We apply the basic
energy estimates (A.0.18) and (A.0.15) to (2.3.1)

/Qv(x)|]D(8Xu)\2dx <Cp,e1lv(x)Daxul|?, + (Cpe1 + Cle2)) (cﬂ]v(x)VuH%z

+ cal| fIIF2 + CpHaXfH%Z) + C(er) || Vull?,
+ & Voxu|7.
< Cp,€1|v(x)Daxul|7. + cs|| fII72 + collox fI7

+ eﬂ]V@;@tHé.
(2.3.25)

The first term on the RHS of (2.3.25) with € is absorbed by the LHS, which leads to

[ v Dx) P < A(cslf1R + eoloxf I +eal Voxulf),  @2326)

where A = 1/(1 — Cp,e€).
By applying Korn inequality (2.3.20) to (2.3.26), we obtain

CV8u2</vx]D8u2dx
[Vaxulft: < | v(x)D(@w) 037

< A(es|If 172 + collox fII72 + ezl Voxul|7).

The last term on the RHS is absorbed by the LHS of (2.3.27) and we obtain desired
inequality (2.3.5).
O

2.3.2 Second order derivative

In this subsection, we introduce a lemma that gives the higher tangential regularity
of the solution to Stokes problem. The result is stated as follows:

Lemma 2.3.2. Let QO C RR? be an open bounded domain of class C?, Qg C Q) with the
boundary 9Qs € C2, and let X be a vector field satisfying (2.2.5). Assume f,dxf,0%f €
L?(Q)), and let u solve (2.3.1)-(2.3.2). Then d%u € H}(QY), with an estimate

IVokulle < Ca (Ifllie + 19xfll2 + 0%l .2) (2.3.28)

where Cy := Co(Q), X).
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Proof. Let us take the second derivative along tangential vector field of the Stokes
equation, it means we take derivative dx from (2.3.9):

—div [v(x)D(%u)] + %div (v(x)VTXVTaXu + v(x)VaXuVX)
+ fokax,. (v(x)D(oxu))

(2.3.29)

+ox %div (v VXV U+ v(x) VuVX) + Y Xidx <V(X)D”)]

+0dx

V(9xp) ZXkax,P] = 0% f.

We will rewrite the above expression term by term. Straightforward calculations of
the 4" term of the LHS of (2.3.29) gives

dx [%div (v(x)VTXVTu + y(x)vuvx>] = %div (v(x)ax(VIXVTu + VuvX))
_ % %O, (v(x)(VIXVTu+ VuvXx)) = %div {v(x)(VTXVToxu
4 VORRTX) + () (XK, VT4 VXK
. i 1
—v(x)(X,XE VU + Vu XX5)} - 5 X, (W(x)(VTXV Ty + VuVX)).
(2.3.30)

For the 5" term we have

x [xfkax,, (u(x)IDu)} — XX 3y, (v(x)Dut) 4 Xy, (v(x)9xDu)
- X’ X50x, (v(x)Du)
= XSkasaxi (v(x)Du) — kaXi.axs (v(x)Du) (2.3.31)
+ X1y, (v(x)Daxu) — Xy, (v(x) (VIXVTu
+ VuVX)).

Also, the 6" term with pressure

Ix(Vaxp) — X0y, (Xdx,p) =Vokp — X30:,0xp

- o (23.32)
— X° X0, p — X305, 0xp + X5 X[, p.
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By multiplying the equation (2.3.29) with ¢ € C°(Q)) and integrating, we get
(v(x)D(%u), D(y)) + [(y(x)(vTvaaxu + VaxuVX), w)}
+ 5 (v(x) (XX VTu+ Vu X*X'), Vip)

NI =N =

() (XX5 VU + Vu X1 X5), V)

— (v(x)D(0xu), 05, (X}p)) + ((X)(VTXVTM+VMVX)IaxS(kalP))

— (9%p, div ) +2(9xp, 9, ( Skll))) (p, 9, (X° X))
P, axi<X,SiX,lkl/J)> = (3%f, ¥).

A~~~ I~

(2.3.33)

The weak formulation of equation (2.3.29), tested with 9%u € H}(Q) gives

/()v(x

+

~—

ID(3%u) |2 dx + / (v(x)(VTXVTBXu + VaxuVX)

Q
v(x) (XX, VU + Vu X°X1)

v(x)(X{in VTiu+vVu XZJXSJ)) : Voku dx

+ fkax, (v(x)D(dxu)) 0% u dx

HD\NM—‘NM—‘

(2.3.34)

3 /Q 50x, (v(x) (VI XVTu + VuVX))ogu dx

3

-3 / X2y, (v(x)(VTXVTu + Vuv X))ok dx
Q

—/E)%(pdivag(udx%—/anpaxs(X,skaggu)dx+/0p8xi(X5 fksag(u)dx

+ / Ixp Ox, (X 0%u) dx — / p Ox, (X5 X 0%u) dx = / 0% foku dx.
QO Q Q

The pressure term: Bogovskii type estimate. We are going to estimate the

pressure term 9% p in the view of Lemma A.0.3. Moreover, the pressure term is well
defined:

‘/ okpdx| =

We derived the above inequality by leveraging the fact that dx p is bounded in L?(Q2)
as established in the proof of Lemma 2.3.1, combined with integration by parts and
the application of Holder’s inequality.

Let us consider the functional from (2.3.33):

' /divXBXpdx+/ Xinfaxpds| < ||div X||2l|oxpllz (+%).
@) Q)
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F(p) = (v(x)D(d%u), D(y)) + (v(x) (VI XVToxu + VoxuVX), V)
%(V(x)(xsx{is YT+ Vu X°X0,), V)

- %(v(x)(X{in. VU + Vu XiX5), Vip)

— (()D(@xu), 3 (X)) + 2 (v(x) (VXY + VuVX), 80, (X))

+2(0xp, 05 (X3p)) + (P, 0x, (X X} ¥))

— (p, 95, (X5X)) — (XS, ¥),
(2.3.35)

for any ¢ € H}(Q). Thinking on the level of the weak formulation of Stokes system
with a test function (9%)*p € C°(Q)) we get

(p,div (0%)* ) = (X Vp, ¢)

where (0%)*9 := 9y, (X* 9y, (X? ¢)). We deduce by Lemma A.0.3 there exists a uniquely
determined 9% p € L?(Q)) with bounded |1ﬁ| J, 0%, such that

F(y) = (9p,divy) (2:3.36)
for all y € H}(Q). Consider the problem
divy = o%p — 1/ *%p =g
Q] Ja

P € H}(Q) (2.3.37)

[l < Co,0%p 112

with () bounded and satisfying the cone condition. Since ‘(1)—‘ [ 9% p is bounded and

/g=0,g6 L2(Q),
O

from Theorem II1.3.1 ([11]) we deduce the existence of i solving the equation (2.3.37),
using such a 1 as test function in the equation (2.3.33), we have

v(x)D(9%u), D(y)) + (v(x) (VI XV xu + VoxuVX), Vip)

—

9% Pl
(v(x)(X*X), VTu+ Vu XX%), V)

+
NI —= DN =

<v(x)(x{‘ix; Vi + Vu XiX5), Vip)

— ((OD(@xu), 9 (X)) + 3 (v(x) (VXY + VuVX), 0, (X))

+2(0xp, 05, (X3p)) + (P, X°0x, (X} ¥))

— (p, X5 (X59)) — (9%, ).
(2.3.38)

By applying Holder, Poincaré inequalities to the above equation, we get
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[9%plIZ2 < {llv(D@%1) 12 + cp|v(x) (VT XV T + VoxuV X)) 12
4 %c,,uv(x)(XSX{is VT + Vu XX )| 2
e () (05 T+ T X3
+ (cxvep + cx) [ (x)D@x) Iz

+ 2 (exeep + cx) V() (VX1 + VuvX)|| 2

2
+2(cxrcp +cxr)|[9xpll 2 + (cxexrep + exexr + cxiexrcp + cg'(,) P12

+cplloxf Il IVl 2.
(2.3.39)

Then using the inequality from (2.3.37), we could reduce both sides of the above
inequality by [|0%p||. Then by applying (2.3.5) and (A.0.15) we obtain the estimate
for the pressure term

19%pll2 < Cp, {llv(x)D(@%u) 12 + Bullflli2 + Filloxfll 2 + cpll9%fll 2} (23.40)

Let us take the second directional derivative from the divergence equation (2.3.12):

Oxdivu = divoju — X50xu — X° X0y u — X, X°0,, 0x,u

: : ‘ 2.341
= divoxu — X50xu — X° X} 0x,u — X0x,0xu + X} X501 ( )

from the above equality we get the relation:
div oku = X59xu + X°X',0x,u + X0x,0xu — X X501 (23.42)

By applying Holder inequality to (2.3.34), we get

/QIV(x)IlD(aiu)lzdx < N|0%pl 2l div o5 2
+ [||v(x)(vTvaaXu + VoxuVX) |2 + %Hv(x)(xsxfis VTu+ Vu XX |2
+ S lIv(x) (X5 V0 + Vi X)) HLZ} 0% 2
+ [[v(x)D (x| 2|9, (X% ) || 2
3
+ EHV(X)(VTXVTL! + VuVX)||2]|0x, (X50%u) [ 2

+2[10xpll 2119, (X50%u) | 2 + [Pl 211 X9, (X 0%10) ] 2

+ 12121 X0, (X505 1) |12 + (193 f Il 2 195 2-
(2.3.43)
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We use (2.3.42), (2.3.40) and apply Young’s inequality, with small ¢, to the above
inequality to obtain

[ WD @) dx <C v (x)D @) -

+(Che + Ce){Bill fllf2 + Fulloxfllz. + 19517} (2.3.44)
+C(e){(exrep + ex) (Bull flIf + Rlloxf72)}
+ el Voull7.

The 1% term of the RHS of the above inequality is absorbed by the LHS:
/ |v(x u)[>dx < Ba| flI72 + Ballox fII72 4+ A2l|0% flI72 + €l VOxull7.. (2.3.45)

Similarly to the approach used in (2.3.19), we deduce that d%u|3n = 0. Then the
Korn inequality holds as follows:

/ v(x)|D(3%u) [2dx > C / V%uPdx. (2.3.46)
Q

Implementing (2.3.46) to (2.3.45) gives required inequality (2.3.28).

2.4 The model case

In this section, we analyse a model problem in the entire space R?, which is given by

—div [v(x)Du] + Vp=f in R?

2.4.1
divu=0 in R2 @4.1)

We consider the domain of the obstacle ()5 as a half-space. Specifically, the interior
of Qg is half-space x, < 0, while the exterior is defined by the region where x, > 0:

Qs = {x € R?*|x, < 0}.
In this case, the derivative along the tangential vector field takes the following form
0x 1= Oy,
and the viscosity (2.1.4) becomes a jump function along the direction x; :

1, x>0
v(xp) = {m < 0 (24.2)

To establish higher regularity results, in addition to tangential regularity, we
must also demonstrate regularity along the normal vector field, which poses sig-
nificant challenges. To address this, we can reduce the problem (2.4.1) to a one-
dimensional space. Another difficulty in proving higher regularity for the case
where n = p = 2 is the lack of the embedding H! - L®. Furthermore, the jump
function v(x) does not belong to the space H'.



24 Chapter 2. Approximation of rigid obstacle by highly viscous fluid

To overcome these challenges, we work within the spaces defined in (2.2.3)-
(2.2.4), effectively reducing our problem to a one-dimensional space where the em-
bedding H! < L= holds. In this context, we can derive a formal estimate for this
particular case. This subsection provides the key ideas for the proof of Theorem
2.2.3.

Lemma 2.4.1. Assume that domain Q = R? and let 9%, f € L*(R?) for some k € IN. Then

for every solution u of Stokes equations (2.3.1)~(2.3.2) we have dy,u € H'(R,,, H*(Ry,)).
Moreover, Vu € L*(IR?).

Proof. Let us propagate the Stokes problem (2.4.1) over the given vector field

Multiplying by the test function v = 9,u € H}(R?), integrating by parts in (2.4.3)
and using Korn inequality (A.0.21), we get

Vol < [ v() Doy uf,
R
and we have

VO, ul[ 2 < e1]|9x, fl2-

So, we have that 9,,u € H'(R?).

Now, we repeat the previous steps for the second derivative of (2.4.3) along the
tangential vector field, assuming that 93 f € L?(R?). Differentiating (2.4.3) with
respect to x1, we obtain

—div [v(x)IDd3,u] + Vo3 p = 93, f, (2.4.4)

and we have
V03, ull 12 < c2|03, fll2-

From the above estimates, we deduce that the derivatives along x; exhibit higher
regularity:
uj € H'(Ry,; H*(Ry,)), uY € H' (Ry,; H*(Ry,)). (2.4.5)

If 87;1 f € L*(IR?), by iterating the same procedure as described above, it follows that
Vot u € L*(R?) (2.4.6)

for some k € IN. From standard theory [30] (Ch.I, Proposition 2.2.), for this weak
solution u, we can deduce the existence of a pressure p that exhibits higher regularity
in the x1 direction.

Let’s rewrite the first row of the Stokes equation in the following form:

1
—v(x)ithy = 5 3 V() +13)] + 3 p = £

We transfer well defined terms of the above equation on the RHS

—0x, [V(xz)(”,lz + ”,21)} = 2f1 = 2py, +2v(x2)uly. (24.7)
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Taking the L? norm in the direction x;, we obtain:

I,

2
dx, [v(xz)(u,lz—l—uﬁ)” dxq <C</ |f1|z dxq +/ |Px1!2 dxq
Ry, Ry,

+/ |v(x2)8§1u1|2dx1>.

1

(2.4.8)

By differentiating (2.4.7) with respect to x; and taking the L?(Ry,; L?>(R, )) norm, we
obtain:

2 [v) (e 420

<C1 (19 f 2oy,

+ 1193, P L2(Ryy;L2(Ry, ) (2.4.9)

L2(Ryy; L3 (Ry, )

v (e)d ull w2, ) )-
From the above considerations, we obtain the following estimate
v(e2) (el 4+ 163) et sy ) <C2 (L 2ot ()
+ 1P 2 vy, 11 (R, ) (2.4.10)
v (2)3 0 | 2y ) )
We have the embedding H'(R) < L*(RR), the following inequality holds
[l L= vy < Cllull g (w)- (24.11)

Using this embedding, we can provide a lower bound for the left-hand side of equa-
tion (2.4.10). This allows us to further refine our estimate and strengthen the regu-
larity results obtained for u

Cllv(x2) (us + “21) HL""(]RXZ;Hl(IRxl)) <lv(x2) (uh + ”,21) HHl(IRxZ;Hl(IRxl))
<G (HleLZ(]sz;Hl(]Rxl)) 24.12)
+ HPMHLZ(]RXZ;Hl(]Rxl)) B

1), 1 2 iy ) )

We know that u/zl € HY(R,,, H*(Ry,)), which implies ”,21 € L*(Ry,, L°(Ry,)), so we
can bound “,12 using the triangle inequality as follows:

HV(xZ)”,lZ||L°°(]RX2;L°°(IRX1)) <||v(x2)(u}2 + ”,21) ||L°°(1RX2;L°°(IRX1))

) (2.4.13)
+ [lv(x2)ud | Lo Ry L(Rs, )
We can use the following inequality to further bound u,lzz
] <|-m Jv(x2)ub (2414
2L (]szl'Loo (]Rxl ) = v(xz) L® (]sz) 2)%20lLe (]RXZ;LOO (]RXI ) o
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Using the triangle inequality and the inequality above, we obtain the following
bound:

1
HM}ZHL""(sz;L”(Rx1))) <H m ){HV(XZ)(“}z + “,21) ||L°°(]RXZ;L°°(IRX1))

L=(R,,
+ [ (x2) i || o (ry 1o (R, ) )

(2.4.15)

1
<G| — ! :
<5 e I M2

L=(R,,
+ Ipx HLZ(]R,Q;Hl(]Rxl)) + C||V(x2)ayzc1u1HLZ(IRXZ;Hl(IRxl))

2
+ HV(XZ)u,lHL°°(]RXZ;L°°(IRX1))}'
From (2.4.6) ”,11 has higher regularity in x; direction, such that
axz ax1 u,ll € LZ (sz; L2 (IRx] ))

||axzax1”,11||L2(1RXZ;L2(1RX1)) < C2Hax1f||2

that is
Hu,llHHl(]RxZ;Hl(]Rxl)) < c2/[0x fll2

by embedding we get
||u,1lHL°°(]RX2;L°°(]Rx1)) < 02|90y, fll2-

Recall, that u, = —u2, which implies that u% € L®(Ry,; L*(Ry,))). From estimates
on the derivatives of u, we can conclude that

Vu € L®(R?).

2.5 Tangential regularity for the nonlinear system

In this section, we finally approach the Navier-Stokes problem, focusing initially on
the tangential regularity of the weak solution u. The concept of tangential regularity
plays a key role in the analysis of nonlinear systems, particularly in the Navier-
Stokes equations. It refers to the smoothness of the velocity field along specific,
predetermined directions - typically aligned with a family of nondegenerate vector
fields. This refined regularity, focusing on tangential components, helps address
challenges in establishing uniqueness and stability of weak solutions in nonlinear
PDEs.

In cases involving a jump function within the diffusive term of the nonlinear
system, the tangential regularity of weak solutions becomes particularly valuable.
By leveraging the condition dxv(x) = 0, where v(x) represents a jump in viscosity,
we can still obtain tangential regularity for the weak solution dxu.

2.5.1 First order derivative

Tangential regularity result of approximate Navier-Stokes equations (2.1.1) reads
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Lemma 2.5.1. Let QO C RR? be an open bounded domain of class C?, Qs C Q) with the
boundary 9Qks € C?, and let X be a vector field satisfying (2.2.5). Assume f,dxf € L*>(Q)),
and let u solve (2.1.1)-(2.1.2). Then dxu € H'(Q)), with an estimate

IVaxulliz < C (£l + 19xflliz + [If117) (25.1)
where C := C(Q, X).

Proof. Let us first differentiate the stationary Navier-Stokes equation along the vec-
tor field X

ox [(u-V)u —div [v(x)Du] + Vp| = dxf (25.2)
dxdivu = 0.

We are going to show estimates for the nonlinear part of the equation tested by oxu,
as the rest has been proved in Lemma 2.3.1. We have

Ax [(u-V)u] = (Oxu-V)u+ (u-V)oxu — u'dy, X'y uk. (2.5.3)

Let us separately test the nonlinear part by dxu. We have
1= / (xu - V)udxudx < [|dxulP | Vi 2 (2.5.4)
Q
In our case p = n = 2, g = 4 we use Ladyzhenskya inequality (B.0.10)

1 1
l[oxul[rs < Clloxul|f.l[ox Vullf,, (2.5.5)

where
/|8Xu|2dx < / X2 Vul? dx < C|| V2.

We implement (2.5.5) to (2.5.4) and get that
1< Cllull gy lloxull 2| Vaxull 2 < Cullullfy [ Voxull2 < Callull loxull g (2.5.6)

From the property of trilinear form (A.0.3), for the second of (2.5.3) term we ob-
tain

II = / (u-V)oxuoxudx = 0. (2.5.7)
0
To the next term we apply general Holder and Poincaré inequalities to get

m:/ uiaxiX’E)xluszaxsukdxg/ VXV udxutldx < Cllu]|pa | V| 2]t |
Q Q

(2.5.8)
by Sobolev embedding, we have

111 < C2||u|\%{éHaXu||H(1). (2.5.9)

Summing up all the above estimates and using Holder, Young’ inequalities we get

]/ax (- V)u) Oxudx| < Callul2alloxull e < Call 132 + Coelloxul?a.  (25.10)
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From Lemma IX 1.2 [11] and the same way as in (2.3.15) we deduce that there exists
a uniquely determined dxp € L?(Q) for Navier-Stokes system (2.5.2).

Lemma 2.3.1 for propagated Stokes equation combined with (2.5.2) give us an
estimate

ClIVaxull?> < CollfII7> + CrlloxfII72 + Call Il + Csel Voxulf. (2511
Taking € in such a way that C > Cge, we have (2.5.1).
O

2.5.2 Second order derivative

The higher tangential regularity is a crucial component in proving Theorem 2.2.3, as
it provides enhanced regularity in X direction for the solutions of the Navier-Stokes
problem (2.1.1)-(2.1.2). The following lemma states the result

Lemma 2.5.2. Let O C R? be an open bounded domain of class C?, Qs C Q with the
boundary Qs € C?, and let X be a vector field satisfying (2.2.5). Assume f,dxf,0%f €
L*(Q)), and let u solve (2.1.1)-(2.1.2). Then 95u € H'(Q), with an estimate

198ullz < C (1Al + 19 liz + 13 oz + I1£13a + 19 f1B + 11 ), 25.12)
where C := C(Q), X).
Proof. Consider

0% [(u- V)u — div [v(x)Du] + Vp] = 0% f (2.5.13)
03divu = 0. (2.5.14)

In order to prove the main estimate we just take the second directional derivative
from the nonlinear term of (2.1.1), the rest has been proved in Lemma 2.3.2.

O% [(u-V)u] = ox | (Oxu - V)u+ (u-V)dxu — u'dy, X'9y,u*

= (9%u - V)u +2(dxu - V)oxu + (u-V)oku
—20xu-VX-Vu—u-XV?X-Vu—2u-VX-Voxu+u(VX)*Vu.
(2.5.15)

We test the above expression by 9%u and consider more precisely the most problem-
atic term:

1= / (- V)ududx < ||3%ul2 | Vil 2. (2.5.16)
o
By Ladyzhenskaya inequality (B.0.10), we have
2 2 13 2 1%
|oxul[rs < Clloxull}[[Voxull 7., (2.5.17)

where
[0%u| 2 < C|[Voxul| 2.
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We implement these estimates in (2.5.16) and get that

1< Crllull g [ Voxull 2| VXl 2 < Collull g 19l gy V0Kl 2 (25.18)
< Collull g 19| g 0%t -

The term [(u - V)9%udkudx = 0 will vanish by the property of trilinear form
(A.0.3). The vector field X is smooth, and we have u € H}(Q), dxu € H}(Q).
Therefore, without loss of generality, can estimate the remaining terms in (2.5.15) as
follows:

]9 L0 )0 e < ol s |9y, + ol 155y
+ Csllaxul 2y 19l (25.19)

< (Collullfy + Crlloxullf) 1ok ull s

Using Young’s inequality with small € and Lemma 2.5.1 to the above inequality, we

get
/Qa%([(u'v)u]a%(“dx<C8||f”%z+C9H3Xf\|%z+C10Hf||iz+€“a§<u||%p- (2.5.20)

From Lemma IX 1.2 [11] and using the same approach as in (2.3.36) we deduce that
there exists a uniquely determined d%p € L2(Q)) for Navier-Stokes system (2.5.13).

The estimate (2.3.45) from the final step of the proof of Lemma 2.3.2, combined
with the above estimate for the nonlinear term, provides us with an estimate for
(2.5.13)

Cl[Vaxullf: < Ba||flI3> + BalloxfII7. + A2l[0%f1I7- + el Vaxul17,
+ Gsl| £l + Collox fII2 + Cuoll £ 72-

By choosing € in (2.5.21) such that C > €, we obtain (2.5.12).

(2.5.21)

2.6 Proof of Theorem 2.3

To prove Theorem 2.2.3, we rely on results stated from subsection 2.5.1. Specifically,
we assume that the approximate solution to problem (2.1.1)-(2.1.2) possesses tangen-
tial regularity as stated in Lemma 2.5.1, and higher tangential regularity as outlined
in Lemma 2.5.2.

Proof. In general, we aim to transform the global coordinate system (x1,x2) to a
local coordinate system (7,7) on dQ)s. The tangent vector aligns with the direction
y1 and the normal vector aligns with the direction y,. The primary challenge lies in
adapting the Navier-Stokes equations from a closed domain to the entire space.

Thus consider, that Navier-Stokes equation is given in the neighbourhood X of
the boundary 0Q)s s.t. there are open domains Qg C Qf and QY C Qg that is
dist(x,x’) = ¢ for x € dQs, x' € 9Q;, and also dist(x,x") = é for x € dQg, x” €
0Q)¢. Let us denote the neighbourhood of 0Q)g that is O \ QOF := X, and Ol .=
O\ (QsUX), 0P := Qg \ = (Fig.2.1). Let us fix € and introduce notations

oV = {xexzu®: dist(x, QW) < €} (2.6.1)
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0% = (xexzuQ®: dist(x,0?) < €. (2.6.2)

l"’//l///l//////

/@
)
7
%,

FIGURE 2.1: X neighborhood of the boundary of ()g.

There exists a @ - C diffeomorphism from ¥ onto itself in the curvilinear system

of coordinates. In this regard, we apply a classical change of variables for the curvi-

linear system of coordinates (Fig.2.2). Let X = O; U O,, where 01, O; - open sets.
Consider one part O; with its image V = ®(0,).

2
7
AL

Z

7%

FIGURE 2.2: Change of the system of coordinates.
Change of variables takes form

yi = ®i(x), x; = Yi(y)
such that
; (8‘1@)
'\I{’ p—
9y; ij
0d;
]@ == (_l> 7
ox; ij

with det Jy (y) = 1, Vy € R? [29].

u(x) = J¥ (P (x))U(P(x))

U(y) = Jo(¥(y)u(¥(v)), (2.6.3)
ie.,

Uily) = Y- 5 (¥ ()
j=1 ]

P(y) = p(Y(y))

The derivative along tangential field in the curvilinear system takes form

ay = ayl.
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The jump of the viscosity field is transferred along y, direction, so we get the
dependence

1, >0
v(y2) = {m Zi o (2.6.4)

We define the second order derivative operator as

9 ‘ » ‘
[cul; =5~ {V(]/z)gjk]Dik(U) + V(J/z)gkjrikul} +v(y2) g T} Dy (U)

yj (2.6.5)
+v(y2) g TR, U,
gradient of the pressure
. oP
oP) = YgiS .
; 9y;

and the convection term

ou; :
NU; = Zuja—yf + ‘Z U Us.
j ] jk=1

Above, F;:k are Christoffel symbols
1 dgi 981 9gij
k1 k1{8ﬂ+1_1},
gl 2 ;g ag j ayl 8yl
with contravariant vectors tensor

gl — 3 08190
* axk axk’

and covariant vectors tensor

Y oY
8 ; i Yj

So, we have

divy U =0
by Corollary A.3. in [9] .
Extending all the fields by Sobolev extension s.t. EU = U in V and EU = 0 in

R2\ V/, V C V', by Theorem I1.3.3 in [11], we get Navier-Stokes equations in the
curvilinear coordinates

—LU+NU+GP=F in R? (2.6.6)
divyU =0 in R~ (2.6.7)

Note that in our case, we are using an orthogonal curvilinear coordinate system,
so the metric tensor is diagonal
pp—
gll 17
where h; is scale factor. To replicate the proof concept from subsection 2.4, we will

express equation equation (2.6.6) in terms of the physical components of vectors and
tensors. According to [4], the physical component of a vector A is related to its
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contravariant and covariant components, A/, A; respectively, by the relation

A(i) = gi/*Al = gl/?3TA;, (2.6.8)
we denote U(i) := U;. In the orthogonal system of coordinates the differential oper-

ators takes form (see [4])

k@ mhy (1 100, 19U 1,
[Eu]z _h1h237yj {V(yz) ]’llh] (2(}1] ay] + hi ayl ) + hkrlkul

) (2.6.9)
Wiy, (1,190, 19U -
+V(y2) I’l]hk 1—']k (2(hk ayk + h] ay] ) +V(y2)rlkrjmul ’
0, otherwise.
h; o0 U; hi
VU = U=+ LT U,
h] ]ay] hl' h]]’lk =
1 0P
GP), = ——.
GP] hi dy;

Recalling that the space dimension is 2 and the curvilinear coordinate system is
orthogonal, we obtain much simpler remainder terms from (2.6.9). By splitting the
equation coordinate-wise, the first row of the resulting equation takes the form:

hydlly  hy, }
—v(y2)dy, { 2=+ = (THU
(200, {13 55L + 3 (Thth)
1/10u; 1o, 1, 1,
ay2 {V(yZ)z (hZ ayz + hl ayl + <h1r11U1 + hZFZZUZ)
hhy, ol 1 2 1 hy P —
22t 4 S ThUf + -~ Thlh Uz + - T5U3) + h—ja—yl = yFy.

h] ] ay] hz ]’12
(2.6.11)

where F; = F; + v(yz)%lﬁke(%{% + hljaa%) + V(yz)F;’f(l";mUl). Next we differen-

tiate the above equation along tangential direction y;

v}, {350 + [ chun)] |

h% 8y1 h%
1o, 13, 1 1
Lo TR U rgzuz) }
(2.6.12)

1
— 3y, dy, {V(yz)2 <hzay2 Thon ha
hhy U 1 5 5 14 L
+ ayl(Tj(u]aT/j + Erllul + Erlzuluz + Erzzuz))
hy OP =
+3y,(755—) = dy, (haF1).

I 9y1
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Since Qs € C? and compact, we have

) 1
F<k I l<K
]

oh;
8y5

Recall, the space dimension n = 1 and p = 2, we use an estimate for the convection
term as follows

< Ky, ]F | <

UV 2y < CIU - (2613)

We obtained u € H'(Q), which implies U € H!(IR?). By Lemma 2.5.1 and (2.6.3)
we have Vo, U € L*(Ry,; L*(Ry,)). We take L*(Ry,; L*(R,, )) norm of (2.6.12), and
noting that differentiation in the 11 direction is well-defined, we move all these terms
to the RHS except the second term on the LHS. By applying the Cauchy-Schwarz,
Young and Poincaré inequalities, we obtain:

1 aU1 1 oU, 2 1
/;{yZ/ ‘aylayz { yZ <2h2 ayZ 2h1 8}/1 + R)} ’ dyldyz}

hy ol
< lv(y2)9y, {hf(ayl +Fz1U2)} 2R, 12 (R,,))

h1h2 ; 1.1 BLI 1 auk
+ Ham( (yZ) h ]’l r]k(z(hk ayk + - h ay] ) +V(y2) UZ)> ||L2(1Ry2;L2(IRy1))

hhz ou
+ 19y, (haF1) [| 12 (Ry,;L2(Ry, ) )+ 119y, ( ;1]- ujaT/jl)HLz(Ryz;LZ(Ryl))

+(1+K3)(HulHiz(]Ryz;Hl(IRyl))+HUZHLZ(]Ryz;Hl(IRyl U]l 2 H(]Ryl)))

Yo7
hz

+ K0H8y1( P) HLZ(]Ryz;LZ(]Ryl)) + K3Hu2”%2(RyZ;H1(Ry1))'

(2.6.14)

where R := [,}Trﬂul + hl—zl"%zllz} . Estimating the remainder term

||ay1( ]ku +V yz r r]mu1>>HL2(IRy2;L2(IRy1))

K2K3||1/(y DU [ 12(R,,12(R,, ) + KiKs|[v(y2) 9y DU || 12w, 12w, )
+ KoKs ||[v(y2) U] 12 (Ry,;L2(Ry,)) T K1 Ksl[v(y2)dy, Uil| 12 (Ry,;L2(Ry, )

< K(HV(yZ)VUHLZ(JRyZ;Hl(]RyI)) + ||V(y2)ul||L2(11{y2;H1(Ry1)))'
(2.6.15)

In the above inequality, we applied the Holder’s inequality in the y; direction, con-
sidering that the vector U is smooth in ;. Additionally, we bounded the symmetric
gradient by the gradient and combined the constants.

For given 9} F € L*(Ry,; L*(Ry,)) wehave d} P € L*(IRy,; L*(Ry,)) (see par.2.3.2)
and from Lemma 2.5.2 V;, U € L*(IR?), which means the last three lines of (2.6.14)
remains bounded.

Observe that
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R
H ve) 2hp 12 T h tor + ))Hl(]Ryz'Hl(lel))

_ 1 0U; 1 ol
< et S T
= K("aylayz {V(y2> <2h2 ayz + 2h1 8y1 + R) }

+ () Ull2w, 2 vy, )) + V@2 Uall2(r, 2Ry, )
+ v(2) VUl 2(r, (R, ) T V02Ul 2R, (R, ) T C),

L2(Ry;L2(Ry, ) (2.6.16)

where K is a constant that depends on S, 1, and the constant C obtained in Lemmas
2.5.1 and 2.5.2. It is important to note that neither constant depends on the penalty
parameter. In particular, using triangle and Poincaré inequalities we get

lv(y2)Ull 2w, 1 (R, )) < V)WL 2R, 2R, ) + V(Y2 W2l 2R, 12 (R, )

We bound the above inequality from below, than splitting the above norm into two
parts using the triangle inequality

1 1 1
) i 16 (s 2 8|

+ Hv(yz) <2hU21 —l—R) ‘

HY(Ry,;HY(Ry, )

7
HY(Ry,;H! (Ry;))

(2.6.17)
We've established that U1 € H'(RRy,; H'(R,)), from (2.5.12) we get
10y, 9y, Un [l 12w, 12w, )) < C(F), (2.6.18)
it gives
U2l (1 (R, )) S C(F) (2.6.19)
and by embedding, we have
U2 || Lo (R, 1Ry, )) < C(F). (2.6.20)
Using (2.6.17) in the inequality (2.6.16), we obtain
1
v (y2) 35 thalles i)
_ 10u; 1 ol
< K{( [|9y,0 —=—+—=—+R
w“”%%%%ﬁm+%ﬁm+>}ﬁmwmm
(2.6.21)

+ Hv(yz)ulHLZ(IRyZ;HZ(]Ryl))
+ HV(]/Z)U2HL2(1Ry2;H2(]Ry1)) + HV(VZ)VUHL2(1Ry2,-H1(1R}/1)) +C

1
(92 (g Uat + R i oy, )

Using the following inequality
2hy

1
[v(y2) 57— o, Un 2o, 1=(r,,)), (2.6-22)

U]l (R, (R, ) S H

y2)

L (]Ryz;L‘x’ (Ry, )
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we obtain an estimate for U »

thallisise) <) 225 . e R[22 {102 (52 + - 52 +R) |

+ ) Unllrzr,, 2R, ) + V(Y2 Uall 2w, 12 (R, )
+ v(v2) VUl 2(r, 0 (R, )) T C

+ v(2)Uaall gy 1 (v, ) + 1V (Y2) (B2Us + o L) HHl(]Ryz;Hl(]Ryl))> 1

L2(Ry,;L2(Ry, )

(2.6.23)
So, we have that Uy, € L*(Ry,; L*(Ry, )).
From (2.5.12), we obtain
Ul Ry 1 (R, ) S C(F), (2.6.24)
and using embedding, we get
Hu1,1HL°°(IRy2;L°°(]Ry1)) < C(F). (2.6.25)

Recall that, by (2.6.7) we have U;; = —U>, which gives that

u2,2 eL® (]Ry2; L® (IRy] ))

Combining all estimates we have that VU € L*(R,,; L*(Ry,)). By extension the-
orem and using (2.6.3) that is C1||VU]|| < ||Vu|| < G||VU]||, we conclude that
Vu € L*(X). The conclusion follows.

O

The next lemma gives a higher regularity of u in o yn®,

Lemma 2.6.1. Let QO C R? be an open bounded domain of class C>. And let u sat-
isfy Navier-Stokes system of equations (2.1.1)-(2.1.2), ¢ > 2. If f € L1(Q) then u €
w21(QM U Q@) and p € WH(QW UQWP). In particular, Vu € L2(QW U Q®P)) and
there exists p € WY1(QM) U Q@) such that (2.1.1) is satisfies a.e.

Proof. We have

1, xeQW
= 2.6.26
V(x) {m’ xe Q(Z), ( )

We localize the problem, by using a "cut off" function 7 € C§°(IR?) such that

1, xeQ®
1 . 7
7 (x) = { 0, xer2\ O, (2.6.27)

Putting w = uy("), m = pyV, and taking into account (2.1.4) we have that w and
7t satisfies the following problem

—div [Dw] +u-Vo+Vr=F in QY (2.6.28)

divw =g (2.6.29)
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and
w=0 in 20,
where
=V f +pVi —udiv (Vi) — (Du) (V)T — (V5 - V)u
—(u- V)V +u- vy (26:30)
that is
=V f + pvn® —uay® —uv2y® — (vTu) (Vi) —2vuvyW (2.631)

+u- Vn(l)u

g — Vﬂ(l) -u
Recalling the property of 1 that is

vy < C.

In some sense, we will repeat the proof according to Galdi [11]. We want to show
that
(u,p) € W(QM) x wh Q). (2.6.32)

We know that there is
ue w2 (2.6.33)

that satisfies Navier-Stokes system (2.1.1). By the Lemma IX.2.1 ([11]) and Lemma
2.1., we deduce there is p € L2(QM).

1Ellg < ctllfllg +callplly + esll Vullg +csllull. (2.6.34)

So that by Lemma IX.5.1 [11] and (2.6.33) we want to prove (2.6.32). Assume next
g > 2. Then, we have

uewh ), perial),
yielding,
u-Vu e L”’(le)).
From the interior estimates for the Stokes problem proved in Theorem IV.4.1 [11]

follows that u € qu( oM and p € W),
Denote F/ = F — u - Vw By the Holder inequality and recalling the properties of
1 it follows that

u - Vowlly < Cllufle||Vully <C in Q.

So, we have F/ € Lq(()( )) using Lemma IX.5.1 [11], we deduce that w € qu(Q( )),
Te Wl ‘7(0( )) and satisfy an estimate

leoll, , e + 117l oo < CUE a0 + 18], , qm) (2.6.35)
also, using the Theorem IX.5.1 [11] and properties of # we derive

lelly, 0 + 121 g0 < Cr UL o + 1l o) (2636)
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For the case g > 2, we have embedding W”’(le)) — L”(Qél)), thus Vu €
L),

IV ull o gy + 171y g < C2IE N 0 + 118, - (2.6.37)

Let us now consider the another "cut off" function 17( ) such that,

1, xeQ®
@ _ )Y 2.6.38
1 {o, x € R2\ 0P (2.6:38)

We localize the problem (4.2)-(4.3), and put v = u®, P = py®, using the
properties of the function 7(2) we get

—mdiv [Dv]+u-Vo+Va=F in Qéz) (2.6.39)
divo =g, (2.6.40)
and
w=0 in 80(2).

From the bounds of the first case, using that F € L7(Q) oS )) g € Wi (Q( )) and
using Lemma IX.5.1, Theorem IX.5.1 ([11]) we get an estimate

1
19ull,, g+ o lpl oo < IF], o + sl q@)  2641)

using the embedding to Wl'q(ng)) — L°°(Q£2)),

(’)

1
IVl ey + 1Pl g < 2 CIF, oo+ g1, ) (26.42)

So, from (2.6.34) and (2.6.37) we conclude that Vu € L°°(Q£1) U ng)).

2.7 Numerical simulations

In this section, we will illustrate Theorem 2.2.2 with some numerical simulations,
and show that the approximate problem (2.1.1-2.1.4) has a potential application in
practice.

We conduct two numerical experiments, where we consider a smooth obstacle
(a half ball) and an obstacle with sharp corners (a wall). We do a number of tests
with increasing value of the penalizing viscosity m (see 2.1.4). It turns out that for
moderately high values of m the approximate flow is very similar to the actual flow
around the obstacle. We consider a rectangular channel flow problem in (3 \ Qg with
fixed rigid obstacle ()5 touching the boundary of Q) ([27], [19]). We refer to it as a
"real obstacle" problem and denote the velocity by u. The experimental data and the
geometry of channel flow are inherited from the Turek’s benchmark [27], test case
2D-2, with two exceptions; the channel’s length equals L = 1.2, and the obstacles are
of different shape and touch the boundary (Fig.1.1-2.1]). The experiments with half
ball obstacle are illustrated in Fig.2.3 with radius R = 0.15 and center at (0.4;0.0).
And the experiments with the wall obstacle are in Fig.2.4 with height 1 = 0.16, width
w = 0.1 and center of symmetry x = 0.4. We assume a parabolic velocity profile
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at the inlet and Dirichlet boundary condition on the boundary. We compare the
solution of the real obstacle problem with the solution of the approximate problem
(2.1.1)-(2.1.4), where the fixed obstacle domain (s is filled with highly viscous fluid
of viscosity m.

The results have been computed with the FEniCS package [22] using the incre-
mental pressure correction scheme to solve the problem ([13]).

X Axis
0.6

Y Axis0. .2Y Axis

1.6e+00
L

—1

l 0.0e+00

(a)
X Axis
Y Axiso. 2V Axis
g 2o
\ M ooeico0
X Axis
(b)
0. 4
¥ AXiso. 2V Axis
g 21e+0
W ooei0
(©)

FIGURE 2.3: The magnitude of the velocity for the half ball test prob-
lem. The (a),(b) cases correspond to parameters with k = 1 or 4, re-
spectively. The (c) correspond to the real obstacle test case.

We compare solutions in a cross-section y at x = 0.4, along the vertical axis of
symmetry of the obstacle. The comparison graphs of extracted solution of each test
are given in Fig.2.5-2.6. In these graphs, the velocity u,, represents the viscosity
approximate solution for the penalty parameter m = 10, corresponding to test case
number k. Fig.2.5-2.6 show that with increasing penalty, the gradient of approximate
solutions diminishes, as predicted by Theorem 2.2.2. Moreover, the flow inside QO
becomes indistinguishable from the true flow around a real obstacle, as visualized
in Figures 2.3-2.6.

Additional simulations for the time-dependent case are available on the [24]

web-page, where a qualitative side-by-side comparison illustrates two time-evolutionary
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X Axis

(a)
(b)
4
2Y Axis w 2.4e+00
I_ 0.0e+00
(0)

FIGURE 2.4: The magnitude of the velocity for the wall test problem.
The (a), (b) cases correspond to parameters with k = 2 or 5, respec-
tively. The (c) correspond to the real obstacle test case.

u Magnitude

0.2 025
Cross Section y

FIGURE 2.5: Comparison of the velocity magnitude for the half ball

case. The velocity u,, represents the viscosity approximate solution

corresponding to test cases k := 1, .., 4. The plot u(black) corresponds
to the solution for the real obstacle problem.
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FIGURE 2.6: Comparison of velocity magnitude for the wall case.

The velocity u, represents the viscosity approximate solution cor-

responding to test cases k := 1,..,5. The plot u corresponds to the
solution for the real obstacle problem.

simulations of flow around obstacles: one with a "real obstacle" (1.1.1) and the other
with its penalized approximation (1.2.19).
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Chapter 3

Comparative analysis of obstacle
approximation strategies for the
steady incompressible
Navier-Stokes equations

This chapter is entirely based on [17], except for minor notational improvements. It
aims to compare and evaluate various obstacle approximation techniques employed
in the context of the steady incompressible Navier-Stokes equations. Specifically,
we investigate the effectiveness of a standard volume penalization approximation
and an approximation method utilizing high viscosity inside the obstacle region,
as well as their composition. Analytical results concerning the convergence rate of
these approaches are provided, and extensive numerical experiments are conducted
to validate their performance.

3.1 Introduction

Let us consider a domain QO C R? where d = 2, or3, in which a solid obstacle Qg
is immersed. Let us assume that the remaining part of the region, Qr = Q\ Qg,
is occupied by a viscous incompressible fluid, whose motion is governed by the
Navier-Stokes equations:

—vAu+ (u-V)u+Vp=f inQy,
divu=0 inQp, (3.1.1)
u=0 onodQrF.

Here, u : O — R¥ is the velocity of the fluid and p : QO — R denotes the pressure.
Positive constant v is the kinematic viscosity and f : Qf — R? is the external force.
We assume a no-slip boundary condition on the fluid-solid interface & = Qf N
Qs (cf. Figure 3.1) and, for simplicity, the same homogeneous Dirichlet boundary
condition on the fluid velocity u on other parts of 0Q)r as well. We will refer to
equation (3.1.1) as the “real obstacle” problem with constant viscosity.

The central inquiry under consideration in this chapter revolves around the ef-
fectiveness of approximating the problem (3.1.1) through the utilization of a suitable
system defined over the entire domain (), rather than confining it solely to ()r. The
proposed concept is rather straightforward: within the solid region (g, a penaliza-
tion term is introduced, which, for a pertinent parameter value, renders the system
comparable to the original (3.1.1). The volume penalization method stands out as
the most widely known and scrutinized technique in this regard, as it incorporates
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Qs

FIGURE 3.1: Decomposition of () into fluid domain Qf (blue region)
and solid obstacle Q)g (yellow region). The interface between the fluid
and the solid is denoted by X and marked with a solid black line.

a friction term over the set ()s. Consequently, as the friction parameter tends to-
wards infinity, we attain, at least formally, the equivalent of (3.1.1). Nonetheless, a
notable concern arises regarding the convergence of such an approach, as it results
in the diminution of the L>-norm of the solution at the obstacle. Consequently, cet-
tain phenomena associated with the shape of the body immersed in the fluid may
not be accurately captured. To address this issue, we undertake a more comprehen-
sive examination of the viscosity penalization method. In this case, a high viscosity
coefficient is imposed inside the region ()g, which ultimately yields the equivalent
of (3.1.1) in the limit. From the perspective of weak solutions, this method exhibits
a more natural behavior. However, it necessitates meticulous attention due to the
intricate convergence analysis that is sought.

Consequently, we investigate three distinct types of such approximations (where,
with a slight abuse of notation, f : QO — RRY represents the force term of equa-
tion (3.1.1), extended by zero outside Q)r).

Volume penalization One popular approach augments the momentum equation
with a penalization term, aiming at slowing down the fluid inside the obstacle re-
gion. With this approach, one aims at suppressing the motion of the fluid in the
obstacle region by introducing inside ()5 damping, controlled by (large enough) pa-
rameter n > 0, so that the approximate solution (u,, p,) satisfies

VAU + (Uy - V)tly + Vpu +1qu, = f inQ,
diviu, =0 inQ, (3.12)
u, =0 onoaQ),

where 7, is a nonnegative piecewise constant function depending on a penalty pa-

rameter n > 0,
0, x € QF,
n(x) =

n, x € Qg.

Since the method essentially treats the obstacle as a porous medium whose per-
meability coefficient is proportional to 1/#, it is sometimes called Brinkman penal-
ization; in other papers it is referred to as the L? penalization. Here we mention a
number of works based on a volume penalization method such as [1], [2], [3],[15].
In works of Angot [2], and Angot, Bruneau and Fabrie [3], authors established the
strong convergence of the solutions and derived some error estimates for the approx-
imate and exact problem in the steady Stokes system and unsteady Navier-Stokes
with homogeneous boundary data. The further analysis of error estimates for steady
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systems with inhomogeneous boundary conditions were done recently by Aguayo
and Lincopi [1].

Viscosity penalization Similar effect may be realized by introducing a very large
artificial viscosity in ()g instead — though this approach is viable only if the obstacle
is pinned to the boundary of Q). The approximate solution (i, p) is defined on Q)
by the Navier-Stokes system

—div (U Vi) + (Um - V)i + Vpm = f  inQ,
div uy, =0 inQ, (3.1.3)
Uy, =0 onodQ),

where y,, is a positive, piecewise constant function depending on a penalty param-

eterm > 0,
(x) = v, x € QF,
Hm muv, x € Q.

The viscosity penalization method was developed by Hoffmann and Starovoitov
[14], and San Martin et al [26]. This method was used in works of Wréblewska-
Kaminska [32], and Starovoitov [28] to construct solutions to systems describing
motion of rigid bodies immersed in incompressible fluid.

Mixed penalization The third possibility that we will consider here is simply a
combination of the two above mentioned approaches, leading to a system of the
form

—div (,umvum\/n) + (um\/n : V)Mm\/n + me\/n + Mnlbmvn = f in (),
div v, =0 In (), (3.1.4)

Unvn =0 on dQ),

where vy, 17, are defined as above and (u,vn, pmvn) denote the approximate solution.
Clearly, this formulation covers the previous ones as special cases: if n = 0, then
Upmvyn = Uy and similarly, for m = 1 there holds u,,y, = u,. Penalization of mixed
type has been considered among others in [2], [3] for m = n; the second includes
also penalization of the time derivative. The authors provide theoretical results on
the rate of convergence and their numerical validation.

The primary objective of our study is to advance in this research direction by
offering analytical insights into the convergence rate of the aforementioned obstacle
approximation methods, including their combined approach. Our analysis encom-
passes both two-dimensional and three-dimensional scenarios.

To validate the theoretical findings, we conduct a comprehensive numerical in-
vestigation to assess the convergence rate in the two-dimensional case. The numer-
ical experiments are designed to encompass all above mentioned penalization ap-
proaches and diverse obstacle shapes as well, ensuring a robust evaluation of the
proposed approximation methods.

By undertaking this analytical and numerical analysis, we aim to contribute to a
deeper understanding of the performance and efficacy of these approximation tech-
niques in capturing the behavior of fluid flow around obstacles. This research has
the potential to inform and guide practitioners in selecting the most suitable ap-
proach based on the Reynolds number and the specific geometric characteristics of
the obstacles encountered in practical applications.
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FIGURE 3.2: Streamlines plots, with color corresponding to velocity

magnitude, for viscosity penalization (top row) and for volume pe-

nalization (bottom row) and varying penalty parameter. Panels on

the left correspond to penalty parameter m = n = 10°; those on the

right, tom = n = 10°. (For details regarding the experimental setting,
see Section 3.3.2)

As a practical application, we present a demonstrative example (Figure 3.2) to
showcase the performance of two approximation methods considered here. From
this experiment it follows that while viscosity penalization with m = 10° already re-
sults in a quite plausible flow, for the same penalty value n = 10° one still gets visible
non-physical artifacts when using volume penalization. From our subsequent anal-
ysis, it becomes evident that the approach based on the viscous penalization method
exhibit favorable error characteristics. Further experiments, presented in Section 3.3,
show that a combination of both methods —i.e., (3.1.4) — leads to further improve-
ment of the accuracy.

This observation highlights the effectiveness and suitability of obstacle approx-
imation techniques based on the incorporation of high viscosity within the obsta-
cle region. Numerical results provide evidence supporting the practical viability of
these methods in accurately capturing fluid flow behavior around obstacles. Clearly,
to develop a robust numerical solver based on the penalization idea, one would need
to put a significant amount of further effort. In particular, the ill-conditioning re-
sulting from very high contrast in the coefficients would require one to employ an
efficient preconditioner; otherwise the overall performance of the solver will suffer.
Several promising preconditioners for high contrast Stokes equations have recently
been developed (see [31] for an example) and may possibly be adapted to fit the
present framework. However, in this paper we do not investigate such practical
issues, and use numerical simulations only as a mean to verify the quality of the
approximation and sharpness of theoretical estimates.

3.1.1 Weak formulation

We shall assume that ), O and () are bounded, open domains in R, and that their
boundaries are sufficiently regular. As mentioned above, ) = Qf U Q)5, while Qp N
Qg = @. We also assume that the interface ¥ = Qr N Qg has a positive measure.
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As we are working with weak solutions, we shall recall the weak formulation of
the original and approximate problems. For this purpose we define

Ve={v € H}(Qp):divo=0} and V= {vec H}Q):divo=0}. (3.15)

Assume f € V. A weak solution to (3.1.1) is u € Vg such that
/QF(u V)uv+vVu: Vodx = (f,0)y v, (3.1.6)

holds for any v € Vi, where (-, -) is the duality pairing.

In order to define weak solutions to approximate problems we assume f € V.
Then a weak solution to the viscosity penalization equation (3.1.3) is u,, € V such
that

/ (thy - V)l 0+ U Vit : Vodx = (f,0)yr v (3.1.7)
0

holds for any v € V.
Next, by a weak solution to the volume penalization problem (3.1.2) we mean
uy € Vs.it.

(ttn - V)uyv+vVuy, : Vo +yuugodx = (f,0)yr v (3.1.8)
Q

holds for every v € V.
Finally, a weak solution to the mixed penalization system equation (3.1.4) is
Upvn € V such that

/ (um\/n . v)”mVnU + ,umvum\/n :Vo+ NnUmvn© dx = <f, v>V’,V (319)
Q

holds for every v € V.

3.2 Theoretical bounds on the convergence rate

In this section we prove convergence and upper bounds on the approximation error
with respect to penalty parameters for all three approximation schemes introduced
above.

3.2.1 Volume penalization

First we recall the error estimates for the approximation of the flow by means of
volume penalization. For inflow condition on the velocity and f = 0 they have been
proved recently in [1, Theorems 5 and 6]. In order to understand the statement of
results we shall recall that for stationary version of the Navier-Stokes system (3.1.1)
we are not able to require the uniqueness of solutions. This feature holds only for
some restrictive cases like smallness of the external force. For that reason in the large
data case, our approximation defines the original solution on a certain subsequence.
The proof in our setting requires only minor modification, therefore we skip it.

THEOREM 3.2.1. Assume f € H-1(Q) and Q is a Lipschitz domain. Let u, denote a
weak solution to equation (3.1.2). Then

it 12(00g) < Cn 12, (3.2.1)
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Moreover, for a subsequence u,,, denoted in what follows u,,

lim [ — un| 1) = 0, (3.2.2)

where u is a weak solution to equation (3.1.1). Assuming additionally that 9Q € C?,
f e L?(Q)and £l r-1 () is small enough with respect to v we have
it 12(00g) < Cn=%/4, (3.2.3)

[ — || ey < Cn V2 (3.2.4)

3.2.2 Viscosity penalization

It turns out that for the approximation by means of viscosity penalization we are
able to obtain better bounds for the convergence rate, however we have to assume
that the obstacle touches the boundary of () to ensure the convergence of the ap-
proximate solution on the obstacle domain to zero (otherwise we would only obtain
a constant flow). A result of this kind is expected, but to our knowledge has not been
proved so far in the stationary case.

THEOREM 3.2.2. Assume Q) and Qi are Lipschitz domains and f € H-1(Q). Assume
moreover that and

intaQs NoQ = 30 NAQ and Ag(dQsNIQY) > 0, (3.2.5)

where Ag is the surface Lebesgue measure. Let u be a weak solution to equation (3.1.1) and
Uy, a weak solution to (3.1.3). Then

et 1 eag) < Crn ™20, (3.2.6)
Moreover, there exists a subsequence u,,,, which we will denote again by u,,, such that

lim (|t — || g1 (o) =0, (3.2.7)

m—00
where u is a weak solution to equation (3.1.1). If additionally Q) and QF are C* domains,
while f € L*(Q) and | fll 1) is sufficiently small with respect to v, then
l[tm| 1) < C(vm)~", (3.2.8)
[t = tt| () < Cv ™l V2, (3.2.9)

Proof. Let (u,p) € V(Q) x L?(Q) be the solution of stationary Navier-Stokes equa-
tions

—vAup+ (up-V)up+Vpr = fr inQp,
div up =0 in Qp, (3.2.10)
ur =0 onodQF.

with the prolongation (us, ps) = (0,0) in Qg (see [2]). Taking u,, as a test function
in equation (3.1.7) we get

vV P st vm [V = () < 100 Vinliza
' ’ (3.2.11)
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Using Young inequality, we have

v 1
EHvumH%Z(QF HvumHLZ QS = EHfH%I’l(Q)’ (3212)

therefore we get
1AW= (32.13)

which proves (3.2.6). The estimate (3.2.12) implies that there exists a subsequence,
which we denote again by u,,, s.t.

HvumHL2(05 = ml/Zv

Up — i1 € LP(Q), upy — i € HY(Q) (3.2.14)
forl1 < p <oincased =2and 1 < p < 6incase d = 3. Moreover, (3.2.13) and

(3.2.5) gives il = 0 in ()5. Next, we can rewrite (3.1.7) as

vm Vi : Vodx = (f,0)y v —/

vV, : Vodx — / (U - V)uyvdx.
Qs Qr Q

This identity together with (3.2.12) implies that — div [mxq, V] is bounded in V7,
therefore there exists i € V' such that

lim (— div mxq,Vun) = h weakly in V'

m—o0

and
(h,¢) =0 V¢ € D(QF). (3.2.15)

The convergences (3.2.14) allow to pass with m — oo in equation (3.1.7) to obtain
/ (- V)ivdx —H// Vii-Vodx + (h,v)yy = (f,o)yy VYoeV. (3.2.16)
0 0
From (3.2.15) and (3.2.16) we conclude

/ (i-V)iavdx +v Vii-Vodx = (f,v)y,y, Vo€ Vp (3.2.17)
OF OF

By continuity of trace operator, u,, = 0 on 0Q) implies ii|[;n = 0. Therefore i is
indeed a weak solution to equation (3.1.1), so in what follows we write u = . It
remains to prove the strong convergence in H!(Q)). For this purpose we subtract
(3.1.7) and (3.2.16) taking v = u,, — u. We get
/ |V (u |2dx+1/m/ |V (tyy — u)|? dx
s (3.2.18)
= (h, (Um —u))yry — /Q[(um Nty — (- V) u](uy, — u) dx.

By the weak convergence of u,, in H'(Q)), the first term on the RHS of the above
expression tends to zero. The second can be decomposed as

/(um-V)(um—u)(um—u)dx~|—/((um—u)-V)u(um—u)dx.
(@] (@]

We have uy, (uy —u) — 0in L, for p < 3, which together with weak convergence
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of Vu,, implies convergence of the first integral to zero. The second converges obvi-
ously by equation (3.2.14) and Holder inequality. Therefore we have (3.2.7).

Now, assume that f € L2(Q) and Q,Qf € C?. The idea is to get rid of in-
tegrals over (O on the RHS of the identity leading to the energy estimate, and
keep there only ()s terms, which allow to take advantage of the large parameter
m to show higher order of convergence. However, in case on nonlinear system we
have also a term with difference of convective terms, which enforces the assump-
tion of smallness of || f||;;-1. Under the assumed regularity of f, () and Qr we have
(ug, ps) € H*(Qr) x H'(OF), and therefore

Tn = —pn+vVu-n € HY2(Z). (3.2.19)

Testing the Navier-Stokes equation (3.1.1) with ¢ € H}(Q) not vanishing on X and
assuming u = 0 in Qg we obtain

/ (u-Vyupdx+v [ Vu-Vedx— / Q- ¢ds = / f - dx, (3.2.20)
Qrf Y Qf

QF

where ¢ := 7/n € H/?(X). The identity (3.2.20) holds in particular V¢ € V, which
together with (3.2.16) gives

(h)yry= [ f-¢pdx— / g-¢ds VoeV. (3.2.21)
Qs z

Using (3.2.21) in (3.2.18) and taking v, := u,, — u we obtain

1// ]va|2dx+vm/ |va]2dx:/ f‘vmdx—/g-vmds
Qp Qg Qg %
—/((uWV)um—(u‘V)u)vmdx. (3.2.22)
0

Now, we will estimate RHS of (3.2.22). For this purpose we use Holder, Young and
Poincaré inequalities and get

f-vmdx<2
Qs

vm
= 5um HfH%Z(QS) + THV’UVHH%Z(QS)/ (3.2.23)

where Cp is the constant from the Poincaré inequality. Next, we use Holder inequal-
ity, trace lemma and Young inequality to obtain

C vm
| 8- vwds < Cliglas)lonlliz) < gl + 4 1 Vomlaay G229

For the last term on the RHS of (3.2.22) we have, again by Holder and Poincaré
inequalities,

/[(um-V)um—(u-V)u]vmdx g/ (1t - V) 0m| -+ | (0 - Vit 0|} b
@) (@)
< CIVuml 2y + IVl 2 @) Vom|f2q)- - (3:2:25)
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Combining the above inequalities, we get

vm
VHVUmH%Z(QF) + T HVZ)m H%Z(Qs)

1
< %<C(Q,f) + CHg”%z(Z)) + CUIVumllr2(0) + HV”HLZ(Q))vamH%Z(Q)-

Assuming | f| 1) sufficiently small w.r.t. v we can absorb the last term on the
RHS by the LHS to obtain

vm 1
VHVUMH%Z(QF) + THVUWH%Z(QS) < %<C(Q,f) + CHgHiz(z))- (3.2.26)
Recalling that v, = u;; —u and u = 0 on ()5 we get
ltm = ull gy < v7ImTV2C1Q g, f)

and
ttm| () < (vm) 7' C2(Q, 8, f).

3.2.3 Mixed penalization

It is obvious that the mixed approximation (3.1.4) at least satisfies the same estimates
as both volume and viscosity approximations. However, it is possible to show ad-
ditional estimates which involve both approximation parameters. In our proof, we
will make use of the Poincaré inequality, therefore we will assume again that the
obstacle touches the boundary (we recall however that this assumption is not nec-
essary for the convergence of the mixed approximation — we only need it to obtain
the novel estimates).

THEOREM 3.2.3. Assume Q and Qp are Lipschitz domains, f € H~(Q) and condition
(3.2.5) holds. Let i,y denote a weak solution to (3.1.4). Then iy, satisfies (3.2.1) and
(3.2.6). Moreover, there exists a subsequence, still denoted 11, which satisfies the estimates
(3.2.2) and (3.2.7), where u is a weak solution to equation (3.1.1). If we assume additionally
that Q) and QF are C? domains, f € L*(Q) and | £l 1) s sufficiently small with respect
to v then the estimates (3.2.3)-(3.2.4) and (3.2.8)-(3.2.9) hold. Moreover, we have

vl 1 () < Cwm) = An=1/4, (32.27)
ttmvnll 12(00g) < Clvm)~V4n=3/4, (3.2.28)
[ = tmvn |l ) < C(vmn)~1/4, (3.2.29)

Proof. Taking u,,,, as a test function in equation (3.1.9) we get

/V|Vumv,1|2dx+vm/ |vav”|2dx+n/ tonl2 8% < i1 Vitmonll 2,
QF Qs Qg

(3.2.30)
which gives the same estimates as in pure volume and viscosity approximations.
The proof of strong convergence in H!(Q)) is analogous to the viscosity case. We
have, up to a subsequence,

Upyn — i€ LP(QY),  tyyn — 11 € H(Q) (3.2.31)
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forl1 < p <ocoincased =2and1 < p < 6incased = 3, where I = 0 in Q.
Moreover, there exists i € V’ such that

h_r)n (— div mxag Vitmn + nxasUmvn) = h weakly in V'
m o0

and
(h,¢) =0 V¢ € D(QF). (3.2.32)

The convergences (3.2.31) allow to pass with m — oo in equation (3.1.9) to obtain
/ (71 - V)ivdx —I—/ Vii-Vodx + (h,v)y vy = (f,o)yy YoeV. (3.2.33)
0 O

From (3.2.32) and (3.2.33) we conclude that i is indeed a weak solution to equa-
tion (3.1.1), so in what follows we write u = il with 7|y = 0.
Next, we subtract (3.1.9) and (3.2.33) taking v = u;,;y, — u to obtain

1// ]V(umw—u)|2dx+vm/ |V(umvﬂ—u)|2dx+n/ | (tyn — 1) > dx
QF QS QS
= <h/ (umVn - u)>V’,V - /Q[(um\/n : V)Mm\/n — (U . V)M](um\/” — Ll) dx. (3.2.34)

Exactly as in the proof of equation (3.2.7) we verify that the RHS of the above ex-
pression tends to zero, which proves the strong convergence in H!(Q)).

Now, assume that f € L2(Q)) and ), Qf € C2. Using (3.2.21) in (3.2.34) and taking
Umvn *= Umyn — U We get

\vavﬂ|2dx+m/ |vavﬂ|2dx+n/ |vmv,z|2dx

QF Qs Qs

f - Umyndx — / Q- Umyn ds — /Q[(um\/n Nt — (- V) ]y, dx.
(3.2.35)

Qs

Let us estimate the RHS of (3.2.35). By Holder, Young and Poincaré inequalities we
get

f *Omvn dx <

1
Q (an)l/ZHfHLz (Qs) 2(vmn)l/2HVUMVHHL2(QS)vaVnHB(QS)
s

n
s I f ) HvaVnHLz (s) T g [omvnllZz 0y

(3.2.36)
Next, we use Holder inequality, trace theorem, Young and interpolation inequalities
to obtain

- (vmn)

/Zg'vmw ds < [[gll2) lomvall2qs) < Cligllz ) lomvnll e ay)

C 1
< WHSH%Z@) + i(Vm”)l/ZHVUmVnHLZ(QS) ||UmVn||L2(QS)

n 2
< mmal8lE + 5 IV omalta, + glowal iy

For the last term on the RHS of (3.2.35) we have (3.2.25).
Combining the above inequalities and assuming || f || ;-1 () sufficiently small with
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respect to v, which allows to repeat (3.2.25) and absorb the last term of the RHS of
(3.2.35) by the LHS, we obtain

C

||VUmVrzH%2(QF) —|—1/WlHVUmVnH%2(QS) + nva\/nH%Z(QS) < W (HfH%z(QS) + Hg||%z(z)>,

from which we conclude (3.2.27)-(3.2.29). O

3.3 Numerical simulations

In this section, we present numerical experiments to investigate the dependence of
the convergence rate of approximate solutions introduced in (3.1.2)=(3.1.4) on the
penalizing parameters m, n.

To this end, we compute a two-dimensional flow around an obstacle in a fixed
channel. In order to get broader insight, in addition to varying m and n, we also
change the shape and placement of obstacles. First, we consider a box-shaped ob-
stacle touching the boundary in accordance with the theoretical results (see Sec-
tion 3.3.1). Next, in Section 3.3.2 we consider an obstacle with more complicated
geometry to check how well penalization methods can handle cases with less reg-
ular solutions. Finally, in Section 3.3.3 we relax the assumption that at least a part
of each connected component of the interface X must touch d(2 and consider a flow
around two obstacles, where one of them is fully immersed in a fluid.

The geometry and the input data closely follow [1], differing only in the number
and shape of obstacles. Thus, all test cases are set up in a rectangular channel domain
Q= [0,L] x [0, H] C R?, with L = 4 and H = 2. We assume the kinematic viscosity
v = 1, so that the Reynolds number Re = UH /v = 200 with U = 100. Since we
always assume no external forces, i.e. f = 0in (3.1.1), in our experiments we make a
slight departure from the theoretical framework and consider, as in [1], a flow driven
by nonhomogeneous boundary conditions. To be specific, on the left edge of (), that
isonT;, = {0} x [0, H], we prescribe an inflow Dirichlet boundary condition,

u = (uin, 0) on Fin

where u;, is a parabolic profile

4U
Ui (x,y) = ﬁy (H—y).

On the right edge, T'o,y = {L} x [0, H], we prescribe the do-nothing boundary con-
dition,
Vo, U — pn = 0 on oy,

where 1 denotes the outer normal. On all other parts of the boundary of the corre-
sponding domain (i.e. Q)r in the case of “real obstacle” flow, or () otherwise), the
no-slip boundary condition is imposed, u = 0.

We have implemented our experimental framework in FEniCS package [22], dis-
cretizing Navier-Stokes equations with the P, — P; Taylor-Hood finite element [20]
on a triangular mesh in () (or in Q) in the case of “real obstacle” flow), whose ele-
ments are aligned with the interface . The (unstructured) meshes have their diame-
ter set to h = 0.05 and consist of roughly 8000 triangular elements — precise number
depending on the selection of the obstacle — and have been generated with the help
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FIGURE 3.3: From left to right and down: ,real obstacle” domains
Q) considered in Sections 3.3.1, 3.3.2 and 3.3.3, respectively, together
with corresponding flow streamlines.

of Gmsh software [12]. The resulting nonlinear system of algebraic equations is then
approximately solved by means of the Newton’s method with accuracy 10~1°.

In each experiment we solve numerically equation (3.1.1) to compute the “ref-
erence” flow (u, p) in Qf around “real obstacle” ()g and then compare it with the
velocity components u,,, u, and u,, of approximate penalized numerical solu-
tions to (3.1.2), (3.1.3), (3.1.4), respectively. To get more insight, for each u,pp, where
APP € {n,m,mV n}, and for 10" < m,n < 1019, we compute separately L2 norm and
H! seminorm of errors in the compound domain (),

[ — uarellr2io), |1 — ttare|p(q)

and inside the obstacle domain Qg as well, i.e.

||”APP||L2(QS)/ |”APP|H1(QS)'

(If possible, we also conduct some tests when either n = 0 or m = 1, i.e. for pure
viscosity or volume penalization, respectively.) Based on these measurements, we
estimate empirical convergence rates as m or n increase towards the infinity in the
above (semi)norms.

The reader may also refer to the web-page [24], which qualitatively compares
side-by-side two - this time-evolutionary simulations of the flow around obstacles:
a "real obstacle" vs its penalized approximation. Both have been implemented by
the author in FEniCS; their details are specified in Section (3.3.3).

3.3.1 A box-shaped obstacle touching the boundary

In this section, we experiment with an obstacle touching the boundary of the do-
main (), as required in Theorem 3.2.2. Precisely, we place a box-shaped construction
Qs = [0.9,1.1] x [0.0,0.6] at the bottom of the channel, as shown in Figure 3.3 (so the
geometry corresponds to [1] with the floating obstacle removed).

Figure 3.5 presents the errors between the penalized and “real obstacle” solutions
as a function of penalization parameter for all three types of approximation: volume,



3.3. Numerical simulations 53

FIGURE 3.4: Penalized solution streamlines in (), approximating the
flow depicted in Figure 3.3. The first two correspond to viscosity pe-
nalization with m = 105; the last one comes from mixed penalization
with m = n = 10°. Note how well the streamlines in the fluid domain
Qr approximate the actual flow around the obstacles, cf. Figure 3.3.

viscosity and a mixed one. For the latter, we prescribe n = 10 - m and so treat m as
the only independent parameter.

The graphs indicate that penalized solutions do converge to the “real obstacle”
solution at an asymptotically linear rate in all considered norms. In particular, the
results suggest that the H!(()s) estimate (3.2.8) is sharp. In all other combinations
of norms and domains under consideration, experimental convergence rates are sig-
nificantly better than predicted by Theorems 3.2.1, 3.2.2 and 3.2.3 giving a hint that
they may be suboptimal — however, there is also some chance that the improved
rates may be an artifact resulting from comparing numerical, not actual solutions.

Two other conclusions follow directly from convergence plots in Figure 3.5. Firstly,
for identical value of penalization parameter, viscosity approximation seems to re-
sult in an error smaller than the corresponding volume approximation (i.e. the for-
mer has a smaller multiplicative constant in front of m~1). If both penalization pa-
rameters are properly balanced, one can achieve an even smaller error when using
mixed penalization. Secondly, the penalty parameter — especially in the volume
penalization case — has to be large enough before the error starts to decrease at a
linear speed; see e.g. the H!(Q)s) error plot in Figure 3.5.

To get a better impression on how these two penalty parameters interact with
each other in the mixed penalization case, in Figure 3.6 we present logarithmic
graphs of the errors for 10! < m,n < 100, with level lines corresponding to the
magnitude of the error. Obviously, to get a prescribed level of accuracy, at least one
penalty parameter must be sufficiently large. Moreover the observed error turns out
to be roughly inversely proportional to max{m, Cn} for some positive constant C. It
also follows that for fixed m (or n), the other penalization parameter must be large
enough to start contributing to error improvement in a significant way.
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FIGURE 3.5: Approximation errors measured in H! seminorm (top)
or L? norm (bottom) on Q) (left) and Qg (right), for the experiment
from Section 3.3.1. The plots correspond to u, (blue), u, (red) and
Umvn (green). For uyv,, we set n = 102 - m and treat only m as the in-
dependent penalization parameter (the x-axis corresponds to values
of m in this case).
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3.3.2 An obstacle with sharp corners

For complex geometry fluid-structure problems, penalization methods in a fictitious
domain may have a potential to be easier to implement and more efficient than other
approaches. Therefore, in this section, we consider an obstacle featuring many acute
or obtuse angles (see Figure 3.3), while leaving all other parameters unchanged, in
order to check if such a complex shape — which typically results in less regular
solutions [10] — affects either the error level or the convergence rate.

Figure 3.7 shows the corresponding convergence histories. While we observe the
same consistent pattern as in Section 3.3.1, the approximation errors are roughly two
orders of magnitude higher than those in Figure 3.5, probably because the accurate
solution is less regular. The level lines in Figure 3.8 are also qualitatively similar to
Figure 3.6, suggesting — somewhat surprisingly — that the order of approximation
may be only weakly dependent, or even independent, on the smoothness of the
solutions.

3.3.3 Two obstacles, one surrounded by the fluid

Finally, we present a numerical experiment involving a domain containing two types
of obstacles: the first obstacle, Qé, is attached to the boundary of the entire virtual
domain, while the second obstacle, Q%, is completely embedded within the fluid.
The experiment replicates (up to a horizontal symmetry) the setting from [1]. The
first obstacle Qé is defined as:

Ol :=1[0.9,1.1] x [0.0,0.6]
and the second obstacle Q) is defined by
0F = {(x,y) € R?: (x —3.0)*+ (y — 1.5)> = (0.3)*},

so that Qg = QL UQZ. This setup is illustrated in Figure 3.3. Since (0% does not touch
the boundary of the domain (), pure viscosity penalization will, in principle, not
result in a reasonable approximation. The reason is that in such case we only obtain
|Vu|| = 01in the limit, i.e. the solution is only constant (not necessarily vanishing)
inside the immersed obstacle. Therefore in this case we restrict the comparison only
to volume and mixed penalty approximations.

Error graphs in Figure 3.9 confirm linear convergence in n and the possibility of
further reduction of the error when using mixed penalization. Figure 3.10, which
presents logarithmic graphs of the errors! for 10! < m < 10 and 107 < n < 1019,
indicates that to obtain a prescribed level of accuracy, the volume penalty parameter
must be large enough; and the influence of the viscosity penalty is limited by the
value of n. This is in contrast to the case when all obstacles are touching d(), when
it is enough to increase only one of the penalties to improve the accuracy.

3.4 Conclusions

In this chapter, we considered approximation methods of a fluid flow around an
obstacle, using an approach based on penalization of the fluid motion inside the

1We had to restrict ourselves to large volume penalty parameters, as our numerical solver struggled
otherwise.
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FIGURE 3.10: Contour graphs of the logarithm of errors in H! semi-
norm (top) or L? norm (bottom) measured on Q) (left) and Qg (right),
for the mixed penalization solution u;,, from Section 3.3.3.
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obstacle ()s by means of either very large viscosity or friction (with corresponding
penalty parameters m, n, respectively).

Restricting ourselves to the case when the obstacle touches the boundary of the
domain () we proved that, under certain regularity assumptions, viscosity penaliza-
tion converges at a linear rate inside the obstacle — a result which our numerical
experiments suggest is sharp. We also obtained bounds on the convergence speed
in the mixed penalization case (i.e., when both volumetric and viscosity terms are
present) which, in the special case m = n reduces to an optimal, linear rate on Q)g.
Thanks to the aforementioned assumption, which stops the flow on a part of 9Q)g,
this bound also compares favorably to [2] and [1].

On the other hand, our other convergence rate bounds — in particular, those
on entire () — seem suboptimal: from computer simulations it follows that the er-
ror is roughly inversely proportional to max{m, Cn} for some positive constant C.
Interestingly, they also suggest that the convergence rate may be not influenced by
the shape of the obstacle. In addition, experiments show that for the same value of
penalty parameter, viscosity penalization leads, in general, to smaller approximation
errors (both in Q)g and ) than the corresponding volume penalization.

The overall picture significantly changes when the obstacle is fully immersed,
so that it does not touch the boundary of (). The volume penalty parameter n then
becomes the leading force reducing the error, while the influence of the viscosity
penalty m is minor and limited by the value of n.
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Chapter 4

Tangential regularity of
approximate solutions to the
Navier-Stokes equations of rigid
obstacle motion

In this chapter, we explore the mixed penalized Navier-Stokes equations that ap-
proximates the motion of a rigid obstacle within an incompressible viscous flow.
The approach involves modeling the rigid obstacle as a highly viscous fluid incor-
porating with fictitious terms in place of the obstacle. The main result of this chapter
is to achieve tangential regularity for the approximate solutions, in the two dimen-
sional case. This is an essential step in proving pointwise estimate for the gradient
of the velocity.

4.1 Introduction

The problem of solid boundaries immersed in a viscous fluid flow presents an in-
triguing theoretical challenge, especially given that these boundaries may possess
complex geometric structures and may be in motion.

This chapter specifically delves into the mathematical analysis of mixed penal-
ization approximation of the flow around moving obstacle in a viscous incompress-
ible fluid. By letting the penalized parameters approach infinity, we obtain the solu-
tions to the target system of equations in the limit.

This work investigates the tangential regularity of the velocity field of the ap-
proximate problem, which constitutes the novel contribution of this study.

We denote by Qg(t) the domain occupied by the rigid obstacle and by T'(#) its
boundary. The time evolution of the velocity field u = u(t, x) of a viscous incom-
pressible fluid is governed by the Navier-Stokes equations [14], [28]:

ou —vdiv Du+ (u-Vy)u+Vyp=f inQp,
div yu =0 in Qp,
u—v=0 onT(t), (4.1.1)
u=0 ondQ’,

u(0,-) =up inQY,
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with is the deformation rate tensor with the components:

1 /ou; u j
In this chapter, we focus on the two and three dimensional problems defined by
the aforementioned system.

This work concerns the approximation of time dependent system (4.1.1) using
the mixed penalty approximation, that is

Ottty — Aiv 5 (Dythy + 1uDe (thyy — 0)) + (th - Ve )tk + Vap + 1 (y —0) = f  in Q7
div yu,, =0 in QT,
U, =0 on BQT,

Un(0,-) =up inQ,
(4.1.2)

where QT := (0,T) x Q, 9QT := (0,T) x 9Q and 7, := mx(t,x) is a non negative
piecewise constant function depending on the penalty parameter m > 0,

B 0, XEQF(t),
X<t’x)_{1, x € Qs(t).

We denote Q)g(t) as the time-varying domain occupied by the rigid obstacle, and
QF(f) as the time-varying domain occupied by the fluid. The corresponding domain
notations are as follows: Qs := (0, T) x Qg(t), and Qf := (0, T) x Qp(t).

We assume that a rigid obstacle is moving with given, sufficiently smooth veloc-
ity field v which satisfies

divo=0 in QF,
v=0 on 0Q7,
v=0 on QO\Q,,
where
Q. ={x e Q] dist(x,00) > ¢}.

Properties of v imply that dist(Q), Q) > ¢Vt > 0.
From the classical result of Liouville, see [5], there exists § - a measure-preserving
Lagrange flow of v determined by

) ) = Bt
(00, 1) = o(p(x0, ), ) wis
1p(x0, 0) = Xp-
We define:
Op(t) = {x e R | x= X(t, x) for a certain xg € 0%}, (4.1.4)

where Q% := Qf(0) is the initial domain occupied by the fluid at time t = 0, con-
tained within Q.



4.1. Introduction 61

The characteristic function y is defined in terms of the vector field v, which cor-
responds to the weak solution of the transport equation

x+oVxy =20

B (4.1.5)
X(O, ) = IQ — IQ%.

Existence and uniqueness of a distributional solution x of (4.1.5) follows from
properties of v.

As per the results in [14], the boundaries of () and the set Q2 := Qg(0) satisfy
the following assumption:

Assumption 1 (On the regularity of 9Q and 9Q)2 ) The boundaries Q) and 0Q)2 are
surfaces of class C2.

Remark Due to the fact that v is given and sufficiently smooth function, for any
0 > 0 there is ()g,, a d-neighbourhood of the set (), such that (05 C Q.

Let us introduce the following notation of functional spaces

V(Q) ={uelQ),divu=0}, (4.1.6)

V1(Q) = the closure of V in H'(Q),
V3/2(Q)) = the closure of V in H2((0),
H(Q) = the closure of V in L*(Q), (4.1.8)

4.1.7)

Vi) = (VHQ)), VVQ) = (VRQ)), (H(Q) = HQ),  @19)
where X* denotes the dual space to X. We denote L2(L?) := L2(0,T;L?(Q))) and
Nl =11 e )-

Definition 4.1.1. Assume ug € L2(Q), T >0, f € L?>(0, T; H"'(Q)). Function

uy € L2(0,T;VY(Q)) NL*(0,T; H(Q)) with uy,; € L*(0,T;H 1(Q)) in case d = 2
and uy,; € L2(0, T; H3/2(Q)) in case d = 3 is called a weak solution of problem (4.1.2) if

(Umt, @) + (D, DP) + (1D (thm — ©), D)+ (1 - V) sk, @) + (i (b — 0), §)

= (f,¢)
(4.1.10)

forany ¢ € CX([0, T] x Q), such that div ¢ = 0in [0, T] x Q.
The main result of the chapter addresses the two-dimensional case, i.e. d=2:

THEOREM 4.1.1. Let Q C R? be an open bounded domain of class C2. Assume T > 0
and X satisfies (4.3.1) and (4.3.9) and f,dxf € L?(QT). Then for every weak solution i,
of (4.1.2) we have

sup [[dxum —9x0| 12 + ||;4}n/2V(8Xum - aXU)HLZ(O,T;LZ(Q))
0<t<T (4.1.11)

+ [l > (Ox1am — 9x0) 120,522 () + 1960 [l 120,791 (02) < C
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where C := C(Q), f,0xf, X, v, m).

The rest of the chapter is devoted to the proof of the above theorem. Keeping
in mind possible future extension of the theorem to d=3, some of the auxiliary lem-
mas are provided for both d = 2 or 3. Section 4.2 presents results related to a pri-
ori estimates. In subsection 4.2.1, we establish the existence of weak solutions to
approximate problem (4.1.2), while subsection 4.2.2 covers the convergence of the
approximate problem (4.1.2) to the weak solution of (4.1.1). Section 4.3.1 provides
regularity results for the tangential vector field. Finally, in subsection 4.3.2, we prove
the regularity result stated in Theorem 4.1.1. In Appendix B, we introduce essential
inequalities and the Bogovskii-type approach used to obtain these results.

4.2 A priori estimates

To establish the existence of the presented approximate equations (4.1.2), we rely on
a priori estimation. We use energy estimates to ensure that the approximate solu-
tions are uniformly bounded in suitable function spaces. These bounds prevent the
solutions from displaying unphysical behaviors such as blow-up or loss of regular-
ity over time. By examining the energy functional, we can establish inequalities that
the approximate solutions must adhere to. These inequalities enable us to manage
the growth of the solutions and their derivatives. As a result, this control aids in
the transition to the limit, thereby demonstrating the existence of solutions to the
approximate equations.

Lemma 4.2.1. Let QO C R? be an open bounded domain of class C2?, withd = 2,3. Assume
T > 0and let f be given in L?(0,T; L*(QY)), up € H(Q), v € L*(0,T; H}(Q)) and
v € L2(0, T; L2(QQ)), then for every solution u,, of Navier-Stokes equations (4.1.2) we have
um € L2(0, T; VI(Q)) N L®(0, T; H(Q)) with

et = 0[| o (r2) + it > (e — 0) | p2(12) + 1170 * (e — 0) || 1212y < C(d, Q, ug, f, 0)
(4.2.1)
where the constant does not dependent on the penalty parameter m, where

tm = (1 4+ mx(t, x)).

Moreover, ty,; € L2(0,T; V-1(Q)) in case d = 2 and u,,; € L>(0, T; V=3/2(Q)) in case
d = 3 with bounds

wm,tll 20,1100 < C(m'%,Q,ug, f,v) incase d =2 (422)
wm,tll r200,7:1-32(0)) < C(m'2,0,ug, f,v) incase d =3

and
C(d,Qup, f,v) incase d =2
c 4.2.3)

Hum,tHLZ(O,T;V*1(0\055) S
< C(d, Q) ug, f,v) incase d =3

H”m,t||L2(0,T;V—3/2(Q\055)
Proof. Since m is fixed we skip it in notation and write u instead of u,,. The proof

relies on the standard energy approach. To implement this, we first need to refor-
mulate the penalized problem (4.1.2) as follows

0t(u —v) —div x(ymDx(u —0v)) + (4 - Vi) (u —0) + Vip + (1 — v)

= f — vy + div (]D’()) _ (u . Vx)’(') (4.2.4)
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By restructuring the problem, we can more effectively apply energy estimates and
other analytical tools. Taking u# — v as a test function in (4.2.4) we have

w0l + Il D (e — o) + k(e — o)

= / (flu—v) —v(u—v) —DvD(u —v) — (u-V)v(u—v))dx
0
(4.2.5)

To analyze this equation, we begin by estimating the last term on the RHS in the
case d = 2. We use Holder’s inequality to handle products of functions, Ladyzhen-
skaya’s inequality (B.0.10) inequality to control norms in L* by norms in L2 and H?,
and Young’s (B.0.12) inequality to balance terms and avoid unbounded growth.

/Q(M-V)(u—v)vdx IV (1 — o) || 2 ||l ][0 2
<1V (=) |32 |ull 12 [0l
<ell|V(u—0)[7 + Ci(e)(lu — 0|72 + o] 1) o]}

(4.2.6)

Next, we consider the same term in the case d = 3. By applying Holder, Ladyzhen-
skaya (B.0.11) and Young’ (B.0.12) inequalities with A =8/7, A’ =8, we obtain

/Q(wv)(u—v)vdx IV (1 =) || 2|l 2Dy 0] 4
<1V (=) 1754 [l 2ol 14
<el||V(u—0)[7: + Ci(er) (lu — ]2 + [0l 72) oI
(4.2.7)

Note that the bounds in (4.2.6) and (4.2.7) differ only in the exponent of the last term.
Therefore, we can unify the notation of the exponent and apply Holder’s inequality

to the remaining terms in (4.2.5). This allows us to write a general estimate valid for
both d = 2 and d = 3 as follows:

5 7l =0l + 2D = 0) 172 + [l (1 = 0) 172

<A + loellfa + (1 + Cu(en) ol fa)llu = ol13
+ Ci(en) o[l islloll 2 + Calex) [ Vollf2 + (1 + €2) ||V (1 = 0)][7,
(4.2.8)

where €; +€; < landr = 4and r = 8ind = 2,3 respectively. We apply the Korn
inequality (A.0.21) to the LHS of (4.2.8), and the last term on the RHS is absorbed by
the LHS. We obtain

d
gl =l + [V (= o) [ + s (u = 0) |2
< |IflI72 + ¢1(0) + (1+ Culen) ol ) u — vl F2,

(4.2.9)

where
¢1(0) = [|oe]|72 + Ci(er) ol a2l 72 + Ca(e2) [ Vo132
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is an integrable function of time under assumed regularity of v. Therefore by Gron-
wall’s inequality we obtain

sup |t — ol|Fa {5 2V (u = 0) [ T2z + Il > (1 = 0) 17212,

0<t<T

(4.2.10)
<c[luall+ [ vy exp ([ lots) )

where ¢(t) = || f(£)[|7, + ¢1(t) is integrable. We bound below ((4.2.10)) for fixed
m, and use triangle inequality

Jull < Jlu = ol + [|ol],
and obtain
H”||%°°(L2)+H”H%2(Hl)
T T
<c[|\uo||i2 +/ lp(s)ds] exp (/ o (s)|%, ds) (4.2.11)
0 0
+ HUHZM(LZ) + aniz(Hl),

from which we conclude (4.2.1)
To obtain bound for u;, we test the equation (4.1.2) with a divergence free func-
tionw € H}(Q\ Qs,), such that w = 0 on Q2 and on 9Q)s,

(g, w) =(f,w) = (puD (1 — 0), Dw) — (17 (u = v), ) + (4 @ u, Dw)
— (Dv,Dw) = (f,w) — (D(u —v), Dw) + (u ® u, Dw) (4.2.12)
— (Dv, Dw)

The above equality follows from

m/ xD(u) : D(w) dx+m/ x(u—v)wdx = 0.
0 0

In the expression above, the second equality arises because the support of the test
function is in the fluid domain and away from the obstacle’s boundary. Let’s address
the nonlinear term first. By applying Holder inequality and Sobolev imbedding, we
derive an estimate

|(u @ u, Dw)| < [ul| 2| Vull 2| Vel 2, (42.13)

for any u, w € V1(Q). By applying Holder’s inequality to the remaining terms in
(4.2.12), we obtain

[ (e, w)| <[ fllr2n0s,) @205, + 1V (4 = 0) 1200705 ) V@l 12000,
+ H”HLZ(Q\QSJ)HV”HLZ(Q\QS&) vaHLZ(Q\QS&) (4.2.14)
+ HUHHl(Q\QSJ)HwHHé(Q\QSJ)'
Recalling the definition of dual norm

uellyr == sup  (up,w)y v (4.2.15)

weV, ||lw||<1
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we get

luellv-1onas,) <Iflzonas,) + 11V =) [120\04)) 4216)

+ lulliz 05 VUl 2005, + 12111 @105

If now u € L?(0,T; VY(Q))) N L®(0,T; H(QY)), then u;(t) belongs to V' for almost
every t and we have the estimate

||Mt(f)||v—1(n\nso_) <||f(f)||L2(Q\Qso,) + |V (u(t) — UU))HLZ(Q\%)

(4.2.17)
+ ||”(t)||L2(Q\QS§)”vu(t)”Lz(Q\Qsé) + Hv(t)HHl(Q\QSb.)-
Integrating the square of the above inequality in time we get
Hut(t)HLZ(V*(Q\QSJ)) <Hf(t)||L2(L2(Q\QS5)) + |V (u(t) - U(t))HLZ(LZ(Q\QSO.))
+ () le 20005, ) VU 1201200005, )) (4.2.18)

+ Hv(t)HLZ(Hl(Q\QSJ))/-

which, by equation (4.2.1), implies the first inequality in equation (4.2.2).

Now, for d = 3, we choose the divergence free test function w € H; 20\ Qs,)
in (4.2.12) and consider the nonlinear term first

(4 ®@u,Dw) < [[ullr20\05) 14l s0v05,) VWl 13000, ) - (4.2.19)

In the inequality above, we applied the Sobolev embedding theorem and the Holder
inequality. By applying Holder’s and (4.2.19) inequalities in (4.2.12), we get

[(ue, w)| < ||fHL2(Q\055)HwHLZ(Q\QSJ) + |V (u— U)\|L2(Q\055)||VWHL2(Q\055)
+ lullzavas) 1l s @v0s,) IVl 30005,
+ vl 0, I V@llizoas,)

< (HfHLZ(Q\QSJ) + |V (u— U)HLZ(Q\QSJ)H + H”HB(Q\QS‘S)HquLZ(Q\QS(S)H

+ [[oll g (en o) ) 1020, -

(4.2.20)
From (4.2.15) and (4.2.20), we obtain
e[ 2v-r2) <N fll2(raianas,y)) + 1V (= 0) [ 22(0005,))
+ el a2y [Vl 2 20v0s))) (4.2.21)

+lvllran(ovns,)) < Cd,Q, f,0).

To derive the above estimate, we used (4.2.1). Consequently, we have the second
estimate in (4.2.3). The estimates (4.2.2) are obtained in the same way, the difference
is that we obtain m ||V (1 — v) || on the RHS, and (4.2.1) gives bound in /m||V (u — v)||
only, so factor m'/2 appears on the RHS of (4.2.2). This completes the proof.

O
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4.2.1 Existence of solutions to the penalized problem

In this subsection, we present a result regarding the existence of weak solutions to
(4.1.2). The theorem establishes the existence of a weak solution to the penalized
Navier-Stokes equations. The proof employs the Galerkin method, where approxi-
mate solutions are constructed using finite-dimensional subspaces. These approxi-
mations are shown to satisfy the weak formulation of the problem. To pass to the
limit and obtain a solution in the infinite-dimensional setting, the Lions-Aubin com-
pactness lemma is used. This lemma helps to demonstrate the compactness of the
sequence of approximate solutions, ensuring convergence to a weak solution of the
penalized Navier-Stokes equations.

THEOREM 4.2.2. Let Q) be an open, bounded C? set in RY, d € {2,3}. Assume T > 0and
let f, ug, v satisfy the assumptions of Lemma 4.2.1. Then there exists at least one function
uy, which satisfies equation (4.1.2) with

um € L2(0, T; VI(Q)) N LY(0, T; H(QY)). (4.2.22)

Proof. We construct an approximate solution 1)} by the Galerkin method [30]. Since
V1 is separable and V is dense in V!, there exists a sequence wy, ...wy, .. of elements
of V, which is linearly independent and total in V!. For each N we define an approx-
imate solution u as follows

i

cin(t)w;, (4.2.23)

o

Il
_

1

(9supy, w;)+(Dupy, Dw;) + (7D (uhy — on), Dw;) + (1 (1 — V), w))
+ (ul) - Vull,wi) = (f,wj), (4.2.24)
ul(0)=ul}, teo,T], j=1,..,N.

Let us rewrite the above equation in following form
@y — o)) + (enD(a —0N), D) + (gl —N)y)
+ (ul - vul, wj) = (f,w;j) — (0;0V, w;) — (]DZ)N,]DZU]').

Inverting the nonsigular matrix with elements (w;, w;), we write the differential
equations

N N
cin(t) + Z;“ifym(cﬂ\’(t) —djn(t) + kz aijkcin (£)ckn () + 1m(cin (t) — din(t))
j= jk=1
N
= ;:Bij(f(t)rwj) + R(v),
| (4.2.26)
where

d]'N(t) = (U, w])
The equations (4.2.26) form a nonlinear differential system for the functions c1y;, ..., cNN

that has at least one solution. We multiply (4.2.24) by ¢;n(t) and subtract (4.2.24)
times d;y to get following
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14
SNy — N3+ [l D (g — oMY [172 + gl > (g — o) 172
- / (30N + £+ div (DoY) — () - V)oN) (1 — o) dx.
O
4.2.27)

Applying the energy estimates from section 4.2 with u,, = u} and v = vV in (4.2.1)
we have
sup lup [|72 + | Vi 1722y < Cr. (4.2.28)
0<t<T
The estimate (4.2.28) enable us to assert the existence of an element
iy € L2(0, T; VH(Q)) N L™(0, T; H(Q)) and a sub-sequence upy such that

Ut — 1, in L2(0,T; VY(Q)) weakly,

¢ (4.2.29)
Uy — Uy in LT(0, T, H(Q))) weak-star, as Ny — oo.
From (4.2.2) we deduce that for fixed m we have
9l € L2(0, T; V1(Q)) incase d =2,
ity € L°( (Q)) (42.30)

ol € L2(0, T; V-3/2(Q))) in case d = 3.

Therefore, by applying the Aubin-Lions compactness theorem ( see [30], Theo-
rem II1.2.1), we also have that

Uk — uy in L2(0, T; L2(Q)) strongly, as Ny — oo. (4.2.31)

Let ¢ be a continuously differentiable function on [0, T] with ¢(T) = 0. We
multiply (4.2.24) by 1(t), and then integrate by parts

T
—/0 (s, ' (H)w;) + (D (s — on), Dwjip(£)) + (1 (g — ™), w1p(8))
T
+ (g - Vg, wip(t)) dt = (ug, w;)y(0) +/O (f, wjp(t)) — (Vo , Vwp(t)) dt.
(4.2.32)

Passing to the limit with Ny we obtain

T
- /O (um, @' (1)) + (D (s — ©), DPY(t)) + (o (um — v), ¢ (t))
T
+ (um - Vi, 93p(t)) dt = (uo, ¢)9(0) +/O (f,o9(t) — (Vo, Vy(t)) dt,
(4.2.33)
holds for any ¢ = w1y, w, ..., finite linear combination of the w;. Convergence of the

nonlinear part follows from convergences (4.2.29) and (4.2.31).
O
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4.2.2 Convergence of the solutions of the penalized problem

In this paragraph, we will demonstrate the convergence of the penalized problem
(4.2.34) as the penalization parameter m tends to infinity. At the limit, we recover
the original Navier-Stokes equations. This result is crucial for confirming the penal-
ized problem as a reliable approximation of the Navier-Stokes equations. Recall the
penalized problem

Aty — div x(Dyttyy + 7Dy (U — ) + (- Vi )by
+Vip + m(uy —0) = f  in QT,
div yu,, =0 inQ7, (4.2.34)
Uy =0 onoQl
um(0,-) =ug in Q.

We have obtained uniform a priori estimates (4.2) for the solutions of the penalized
problem that are not dependent on m. However, the m-independent estimate for the
time derivative, which is necessary to apply Aubin-Lions type compactness argu-
ment, holds only in the time-dependent fluid domain. To overcome this difficulty we
use the auxiliary compactness result gained from [14], to show that a subsequence
of the solutions to the penalized problem strongly converges to a limit function.

THEOREM 4.2.3. Let Q) and Qs(t) satisfy the assumption of the Theorem 4.1.1. Assume
T > O0and let f, ug, v satisfy the assumptions of Lemma 4.2.1. Then, the weak approximate
solution uy, to system (4.2.34) converges strongly to the weak solution u of system (4.1.1) in

L*(Q"):

Uy — u strongly in  L*(QT). (4.2.35)
Moreover, (4.2.1) gives
G
[um —oll205) € =773
Yo ml/2 (4.2.36)

G
H]D(”m)HLZ(QS) < 72

with
u=uvin Qs. (4.2.37)

Proof. The proof is based on the result from [14]. From the energy estimate (4.2.1)
the approximate solution u,, is bounded in L?(QT), which allows us to extract a
subsequence u,, that converges weakly to a function u. Let i be a smooth function
vanishing close to Q2 such that Dy = 0 for x € Q)g_, ¢ > 0. We have to prove that

lim [ (@ tty) : D(g)dx dt — / (4 ® 1) : D()dx dt. (42.38)

m—r00 QT T

To pass to the limit with m — co we will utilize the compactness result presented in
Lemma B.0.2. Let us introduce a rigid function 7, Dy = 0, such that y(x, t) = ¥(x,t)
for x € Q)g,. Then

/ (i @ ) = D()dx dt = / (1t @ 1) : D(w)dx dt, (4.2.39)

T
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where w = ¢ + v, w(x,t) = 0 for x € Qg,, w(x,t) = y(x,t) for x € 9Q.

Since uy, is uniformly bounded in L?(0, T; Hé (Q))), by Lemma 7.1 (see [21], ch.1,
p.103), for any § > 0 and any B > 0 there exists a function ¢ € L?(0,T; H}(Q)),
div ¢ = Osuch that g(x,t) = 0forx € Q\ (0Q))s, g(x, ) = y(x,t) for x € 9Q) and

| /Q (it ® ) : D()dxalt| < Bllunl P sy (4.2.40)

Therefore, it is enough to pass to the limit for the test functions w which equal to
zero on d()g, and on dQ).

Let G, = {(x,t) € QT | x € Q\ Qg,, t € [0,T]}. We fix ¢ > 0 and take arbitrary
cylinder E := A X [t1, 1], t1, t2 € [0, T], belonging to G, and based on the set A
with the boundary dA. Let us test the equation (4.2.34) with a function w that is zero
outside of E. Then we have

m [ xD(uw):D(w)dxdt+m | x(uy —v)wdxdt = 0.
Qr Qr

Let us introduce the following notations

V(A) = {u € HY(A)| div u = 0}
J(A) = {u € L*(A)]| div u = 0}.

Let P4 be the orthogonal projector in J(A) on H(A), which means P,J(A) =
H(A). Any function u € V(A) (see (4.1.7), (4.1.8)) can be represented as follows [11]

u=Ppu+Via,

where ( 4 is a harmonic function.

As it follows from (4.2.3) the functions 9 (Psu,,) are uniformly bounded in
L?(t1,t2; V' (A)). Thus, using Lemma B.0.2 with Xy = V(A), X3 = V/(A), X = J(A),
Y = Jo(A), P = P4, we conclude that P4u,, — Pau in L?>(E).

Additionally, we have V"% — V{4 weakly in L?(E). Thus, we need to show
that

m—00

lim [ (VI ®@ VL) D(w)dxdt = /(VCA ®@ V) : D(w)dxdt.
E E
However, since w = 0 on 0A, we even have
/ (VE" @ V) : D(w)dxdt — / (Via®Via): D(w)dxdt = 0. (4.2.41)
E E

Namely, performing integration by parts twice, we arrive at the desired result

/(V@A ®@VZa): D(w)dx = —/ div(Via®@V(ia) wdx =
A A (4.2.42)

_ —/(AgAng+1V|ng|2)-wdx:/ L VeaPdiv wdx =0,
A 2 A2

and the same holds for (", which gives (4.2.41).
Since E was chosen arbitrarily and G, can be approximated by a countable col-
lection of such cylinders, we can conclude that (4.2.38) holds.
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Therefore, the limit function u satisfies the equation

/T(ut P+ (u-Vu)p+D(u) : Dyp)dxdt = /QTfl/dedt,

for any ¢ from H'(Q) N L?(0, T;K,(x) N HY(Q))), and consequently H!(Q) N
L%(0, T; K(x) N HY(Q)) since ¢ was arbitrary. The space K, represents the set of
rigid motions:

Ke(x) ={v € H}(Q)| divy =0,Dyp =0 for x€Qg,}.
From energy estimates (4.2.1) we obtain that

D(u)(x,t) =0 and wu=wv, forx € Qg(t), t € [0, T].

4.3 Tangential regularity

Motivated by works [7, 8], we prove regularity of the solution in direction of a non-
degerate family of vector fields, consider d = 2. Due to assumed regularity of ) and
Q5(t), there exists a vector field X € C?, such that

X-t=1, X-n=0 onadQg(t)UoQ. (4.3.1)
We are interested in the regularity of a function f along X:
d .
oxf = ZXfax].f.
j=1
We have the identity
dxf = div (fX) — fdiv X. (4.3.2)
Let X(t) be the vector field X transported by the flow associated to v, i.e.
Xi(9i(x)) = 9x e (x) = Vaipr(x) Xo,
where ,
Pi(x) = x+/0 v(s, Ps(x))ds. (4.3.3)

As observed in [8], the family X satisfies certain transport equation. For the sake of
completeness we present a proof of this property, which is a first point in proving
regularity of X. First we differentiate (4.3.3) along Xy

t
Ix, P (x) = ox,x +/O 9x,0 (s, Ps(x)) 0y, s (x)ds. (4.3.4)

Next, we take the material derivative of both sides, which corresponds to time deriva-
tive in Lagrangian coordinate x:

%3)(01/%(94) = aXOU(Sr lPs(x))axil/«’s(x) = XOaI/JU(SI Ps (x))axilps (x)ds. (4.3.5)
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By the definition of X; we get

2 Xu(pu(x)) = X)) 2,0t 9u(x), (43.6)
that is ‘
0 X (Pr(x)) +0- VXi(hr(x)) = Xp(e(x)) 0y, 0(t, 1 (x)). 4.3.7)

Coming back to Euler system of coordinates with 1; ! (x) we get

{(at+U'V)X:axv (438)

X|t:0 — XO.

We assume that Xo = 0 and v = 0 in some neighbourhood of d(). Then (4.3.8)
implies that X = 0 in certain neighbourhood of ().

4.3.1 Regularity of the tangential vector field

Lemma 4.3.1. Assume v € L®(W?®) N LY (W3*) and X is defined by equation (4.3.8).
Then
IVX|lpoqry S CL+1),  [[V?X||po(gry < C(1+£7), (4.3.9)

where C = C(v, Xo).
Proof. Let us define
t
V() = / IV0(s) | 1ds. 43.10)
0
The standard L estimate for equation (4.3.8) (see (4.11) in [8]) gives
1X(8) [l < | Xol|=e” . (4.3.11)

Next we proceed similarly to the proof of Lemma 3.2 in [16]. We first derive the
estimates on L” for finite p, which does not depend on p, therefore we can pass to
the limit p = 0. Differentiating equation (4.3.8) with respect to space variable x;, we
get

We multiply the above equality by |VX|? _Zax].X and integrate over the spatial do-

main. Then dividing both sides of the resulting equation by ||V X|| Z;l and applying
Gronwall’s inequality, we obtain

IVX ()| < VD (| VXo||rr + /Ot e V) |9x V| Lrds). (4.3.13)
We use the inequality (4.3.11) to obtain
I9xVollr < [[X]=[V?0llr < Ce[| X0 1, (43.14)
and implement in (4.3.13) to get bound on the gradient of the vector field

t
||VX(f)||Lp < eCV(t) (HVXOHLP + C/ C_CV(S)EV(S) ||X0HLoodS) < CU(CO + CCot).
0

(4.3.15)
The inequality in (4.3.15) establishes a bound on the norm of the gradient of the
vector field X(t) in the L? space, where 1 < p < o0. We note that the bound does not
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explicitly depend on p (we precisely justify this independence in the second part of
the proof where we estimate the second gradient), which means the inequality holds
for p = oo, which proves the first inequality in (4.3.9).

In order to show the estimate for V2X we differentiate equation (4.3.12) with
respect to the spatial variable x;. We obtain the following expression for the second-
order spatial derivatives of the X:

910,05, X + 9,0 - VAy X + 0 Vydx, X + 05,05,0 - VX + 93,0 - VO, X

(4.3.16)
= 0,0, 0x0.

In line with the approach used in (4.3.15), we establish bounds on the second deriva-
tives of X. For this puporpose we multiply (4.3.16) by |V2X |p_2V§i,x],X. We begin
by addressing the most challenging term in the resulting expression:

— -1
I/axiaij'VX\VZX!” Vi X dx| < ClIV20| [ VX VX

By estimating the remaining terms in (4.3.16) in a similar manner, we arrive at the
following result

d —1
LI92X12, < p (190l 12X, + IVl [V X e + 92030l I 2
4.3.17)

Now, applying the bound from (4.3.15) to the above inequality and dividing both
sides by || V2X]|| z;l, we obtain

;tnvzxnm <C (|szJy|Loo||v2X\|Lp + (1+0)||V?0|| 1~ + ||vzaxv\|Lp) . (43.18)
For the last term on the RHS of the above inequality we have the relation
axl.axjaxv = axiaxl.x -Vo+ Bx].X -VOy,v 40y, X - Vaxjv + axaxiaxjv, (4.3.19)
forall 1 <i,j < d, which allows to estimate
IV20x0llr < VX[ VOl + CIVX | V20l o + [ X[ Vo0l . (43.20)
Therefore we can rewrite (4.3.18) as
219Xl < € (Vo) [92Xlls, + (@ + )1Vl + [P0l ), @321)
which by Gronwall inequality gives

t
IV2X(0) < &0 (192Xl + [ (1 DI T0ll -+ [ F0lr) ds).
0
(4.3.22)

Therefore the assumed regularity of v implies
IV2X (1) ||r < C(1+#7) (4.3.23)

with some universal constant C, for fixed time with 1 < p < co. Again, the constant
does not depend on p, which completes the proof of (4.3.9). O



4.3. Tangential regularity 73

4.3.2 Estimate of first order tangential derivative

To simplify the notation, we write u instead u,,. Let us differentiate (4.1.2) along the
vector field X, we get

9¢(oxu — 9xv)— div (uuD(9xu — dxv)) + VOoxp + fm(dxu — dxv)

‘ (4.3.24)

= axf + div ]D(axv) — 0:0x0 + R,

d ) d ) d )

div (9xu) = Y 9y X0, 1" + )" X0, (div u) = Y 9y, XIouf, (4.3.25)
=1 kj=1

k,j=1 ]

where R is a reminder

Ry =0;X' 0y 1 — %div [ym (V(u—0) VX +VIXVT(u - v))]

— X' 0, (D (1 — ) + X40x,p — X0x, (Do) — % div (VoVX + VIXVTo)

—dx [(u- V)u]. a0
4.3.26

The last term in the second line of the above expression corresponds to the nonlinear
propagated convection term of Navier-Stokes equations, that is

Ox [(u - V)u] := (Oxu - V)u + (u- V)oxu — u'dy, X', ur.
By using (4.3.8) we can rewrite R as follows
R1 =(0x0 —v-VX) - Vu —div (4 (V(u —0) VX + VIXVT (1 - v)))
— X' 0, (D (1 — ) + X0y, p — X0y, (IDv) — %div (VoVX + VTXVTo)

+ (- VX) - Vu— (dxu-V)u— (u-V)(dxu —oxv) — (u-V)oxv).
(4.3.27)

Proof of Theorem 4.1.1. Recall that by (4.3.8) we have X = 0 close to the boundary of
Q). Therefore we can test equation (4.3.24) by dx(u — v) € H}(Q), getting

;;t /Q |oxu — dxv|*dx +/],tm]D(8Xu —9x0)? — /anp div 9x(u — v)
+ / Nm(Oxu — 8X0)2dx = / (0xf + div (IDdxv) — 9:dxv + R1)(dxu — dxv) dx.
: ; (4.3.28)
For the nonlinear component of the term R, we will apply the standard approach to

nonlinear forms and utilize a Ladyzhenskaya-type inequality (B.0.10). Additionally,
we will use the bounds from (4.3.11) and (4.3.15)
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‘/()((u VX)- Vu—(u-V)BXU)(axu—axv)dx’
< ullps I Vull 2 | VX[ e [[0x (4 = 0) |14 + [[u]| 14| VOx©] 12| 0x (4 — ©) [ 4
< [CxlIVull 2 + x| [[ull 722 Va | 53 19x (u — o) |22 Vox (u — 0) |15
< Clen) [COONVullf + [ Voxolf.]
+erf|ull 2l Vull2fox (u — 0) || 12| VOx (u — ) [|12.
(4.3.29)

We use Ladyzhenskya inequalities for the nonlinear term of the reminder R4

| [ —(@xu- V)u(ox(u—v) x| < [ox(u =) | V.
195 = o) | 120l 3| V] 2
< 19 (a = )12 V3x (1 = 2) 2|Vt 2 + 1952t — o) x| Va2
< (Jx(u = )2 |Vl 2 + [P0l s |Vl 12) | V3 (1 — 0)] .
(4.3.30)

Combining estimates (4.3.29) and (4.3.30), we obtain the following estimate

‘ /()((u -VX)-Vu— (axu-V)u— (u- V)B;w) (dxu — dxv) dx‘

< e Vax(u = 0)|[7 + (Cllul| 2l Vulfz + | Vull32) |9x (4 — 0) 172 + Cp,
(4.3.31)

we denote by C,, a term that is well-defined due to the assumptions on v and the
estimate in (4.2.1), and which is integrable in time:

Cp := ClIVullfz + Clloxvl3allullz

Next, we apply integration by parts to the terms involving discontinuities and
the pressure term in 1. Then, by applying Holder’s inequality and using the esti-
mates (4.3.30)-(4.3.31), we get

| [ R0 — dx0)dx] <Cullph{9 (= o) 12>V — o)

+ Colpllr2 [ Vox (u — v) 12 (4.3.32)
+e2|Vox(u —v) |72 + (Cllull 7| Vul £
+IVulliz)0x (u = 0)[I72 + Cp.

We use Bogovskii approach (see Appendix (B.0.1)), where the functional (B.0.4 )
in our case will take a form

F) =5 (@ — x0,) + (kD (@1t — 950), D) + (1 (Bt — 0x0), 9)

; (4.3.33)
+(9xf, ¢) + (Doxo, Dy) + —(9xv, ) + (R1, §),
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for any ¢ € H}(D). The pressure dxp satisfies the following inequality ([23])

/8Xpdx = ‘—/ pdiVde+/ X'n'pds
0 0 a0

On the other hand,
F(p) = (oxp,div ). (4.3.34)

According to [11], there exists a function i that satisfies the following problem

< [|div X[ 2| pll 2.

. 1
d1V1’D = axp — |Q|/ani9/

¥ € H, () (4.3.35)
9]l < Clloxplla-

We estimate separately R4, recall
1
Ry = (9x0 =0 VX) - Vit = 5 div (un (V (1 —0) VX + VIXVT(u—v)))

— Xy, (oD (1t — 0)) + X1,y p — X'y, (Do) — % div (VoVX + VTXVT0)

— (Oxu - V)u — (u-V)xu + u'dy, X0y, u".
(4.3.36)

We begin by addressing the challenging part of the nonlinear term in the final line
of the above expression. By applying integration by parts, we obtain the following
result:

- / [(Oxu - V)up — ujaijiE)xiuk Prdx = — / [Xiaxiujaxjuklpk - ujax].Xiaxiuk K dx
0 0

= — /Q[—aijiaxiujuklPk — u(dxu - V)l[J + aijiBXiujukwk

+ ujaxiaxj(Xi)uk P*+ ujax].Xaxil/)kuk] dx.
(4.3.37)

The first and third terms of the above expression cancel out. For the remaining non-
linear term, applying integration by parts once again, we obtain:

/ —(u-V)oxupdx = / (u-V)poxudx. (4.3.38)
o) o)
Combining (4.3.37)-(4.3.38) we get

) / (Oxu - V)pu —u - ax,.ax,.(xi) uP — ufax].xax,.gbkuk + (u-V)ypoxu) dx‘
0
< Noxull sVl allull s + CO Nl Za (Nl 2 + 1Vl 2)
+ llullpslloxull s [Vl

< (20ull 21Tl 2 axul 21V axu] L2 + COOul 2| Va2 [Tl

< (26(6)HuHLzHWHLzHaquLz + e[| Voxul| 2 + C<X)HuHLzHWHLz) IVl 2.
(4.3.39)
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Final bound for the the reminder term R with test function ¢ will take the form

| [ Rupea] < (X0 109 (1= 0) i+ C(X,0)
+20(0)lull 2 [Vl 2 [0l 2+ €[ Vaxalz + CX, o) Jull 2 [Vl ) |V

= Rpress HVl/’HLZ-
(4.3.40)

Following the same steps as in the proof of Lemma B.0.1, we deduce that the
pressure term can be estimated as follows:

19xplliz < |90xull -1 + [V (Ixu — 9xV)|[ 12 + [[7m (Ix1t — Ix0) |12

(4.3.41)
+[0xfll2 + 19x0rv| 12 + [[VOxD[ 12 + Rpress.

We have

T
/o Riress At < C(X,m,0) [V (1 = 0) [T212) + C(X,0) [Pl T2,

+ (C(X,0) + C(G)HBX“H%M(U)) H””Zw(LZ)HV“H%Z(Lz) +€HV8X”H%2(L2)-

(4.3.42)

The estimate for the 9;0xu in L?(0, T; H~1(Q))) follows from that fact the we use in
(4.3.33) test function ¢(x) € H}(Q), which is divergence-free. As a result, we obtain
(oxp,div ¢) := 0. By (4.3.33) and (4.3.34), this implies

10:0x ]| 1 <[V (Oxu = Ix0) |12 + (|7 (Oxu — Ix0) |12

(4.3.43)
+ ||aXf||L2 + ”VaXUHLZ + Rpress.
Plugging this estimate into (4.3.41), we get
Jaxpllis <Clpn¥ @xt = 3x0) 12 + g (@x1t = 2x0) 2 e

+ ||aXf||L2 + HaXathB + ||V8X’UHL2 + Rpress)-

By applying Holder, Poincaré and Korn inequalities we can further simplify and
bound the terms in (4.3.28):

1d
2 dt
<(1ox iz + C(©) [Vx(u = )llz + | | Ra(ax(u = o))
+[[oxp| 2| div ox (4 —v) || 2
< ([xflliz + C@) Vox(u =)z +| [ Ra(ox(u—0))d]

+lloxpl 21V (4 = )| 2,

/|8Xu—8Xv|2dx~|—/ym|V(8Xu—8XU)|2+/nm|axu—axv|2dx
0 0 o

(4.3.45)

where in the second inequality we used (4.3.25). By using the estimates (4.3.44) and
(4.3.32) to the above inequality, we obtain
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1d/ |8Xu—axv|2dx+/ ym|V(axu—axv)|2+/ m|dxu — dxv|*dx

<(lloxfll2 +C(v)) [Vox(u — 0)]| 12
+ Collpnd >V (1 = 0) || 2|0 2V Ox (1 — 0) || 12 + Cal | pll 21| VOx (1 — 0) | 12
+ €| Vax(u — o) |17 + (Cllull 7 [IVull 72 + I Vull72) 0x (u — 0) |72 + Co
+ G [V (9xu — 9x0) |12 + 117m (9xtt — 9x0) 12 + [|0x f | 12
+ C(0) + Ropress] |V (1t — 0) | 2.
(4.3.46)

Applying Young’s inequality with a small parameter € to the above expression,
we obtain:

d
dt/ |8Xu—8xv|2dx+/ym]V(axu—8XU)|2—|—/ N |Oxu — dxv|*dx
0 0

< Cles) (ll9xflI72 + C(v)) + esl| Vax (u — v) |7

+ Callpa >V (1 = 0) |72 + €3l *Vax (u = v) |72 + Cs || pll 7= + €3/ Vax (u — 0)||7

+ea| Vax(u — o)1z + (Cllull 2 [ Vullz: + | Vullf2) [0x (u — v) |7 + Cy

+ Cae[ | pm Vax (u = v) |72 + l[m0x (u — 0) |72 + 19x 1172

+C(0) + C(X)||pmV (1 = 0) |7 + C(X) | pII 72

+2c(eq) ||| 22 | Vul|72110xul|7 + eal VOxulF2 4+ C(X) [[u]| 22| Vuel|72]

+ GV = 0) .

(4.3.47)

The terms involving €; for i = 1,..4 in equation (4.3.47) are absorbed by the left-

hand side. We select a specific ¢ that depends on m in such a way that the term
|14 VOx (u — v)|2, is also absorbed by the left-hand side. As a result, we derive:

d
g l19xu = ol T + [[pa/ 2V (0xu — 9x0) 72 + |17 (9x1 — 9x0) |12

< Cles) (I9xfllf> + C(2)) + +(m'"2)
+ (CllullZ [ Vullz + [ VulE) [0x (u = 0) 172 + Co (4.3.48)
+ llaxflz2 + ClIf Iz
+2c(ea) [l f2 I VallZ2 ll0xulF2 + CX) el 2l VullZ2
+Cn(e)[IV (1 = 0) 72
Applying Gronwall’s inequality to the above equation, we get

[9xtt — x|+ (12) + [lpnd >V (Oxtt — 9x0) | 212) + 1174 > (Oxtt — 3x0) [ 1212

T 172 (4.3.49)
< C(lIaxmolli + 19xfllaqee) + 1 ll2iz) + M) | exp( / p(t)dr)|

7

where ¢(t) := (1+ [[u(t)|7.) [ Vu(£)||7., and

M i= C(0) + [l ity IVl 1202) + Cnll V(1 = 0) 202
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which gives the estimate for the first three terms on the RHS of (4.1.11).
By squaring both sides of (4.3.43), integrating over time, and applying the energy
estimate (4.2.1) we obtain that 9;0xu € L?(0, T; H-1(Q)) with the estimate

94t 20 15012y < Cm) (1290 (1 = 2) 22y + 7222t = )l o))
+ 10x fllr212) + C(X, m, Q, uo, f,0) + (C(X) + C(e)HaquLw(Lz))C(Q, up, f,0)
+ €Hvaxl4HL2(L2),
(4.3.50)
where we have used (4.2.1) to estimate the RHS of (4.3.42). This completes the proof

of (4.1.11).
O
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Appendix A

Supplementary proofs for
Chapter 2

A.0.1 Preliminaries

We recall the particular case of Sobolev embedding theorem [30], which will be used
throughout Chapter 2. Let Q) be a Lipschitz open bounded set in IR, then for u €
H}(Q) we have

[l Loy < elg, D) lull ) (A.0.1)

Vg, 1<g<oo,incased =2,and1 < g < 6incased = 3.

Let us define a trilinear and continuous form b : V x V x V — R, where V is
defined in (2.2.2)

(u,0,w) Z u;(0x,0)w; dx. (A.0.2)
i,j=1

Then there holds

Lemma A.0.1. For any open set () C RY,

b(u,v,0) =0,Yu € V, v € H}(Q) N LY Q) (A.0.3)
b(u,v,w) = —b(u,w,v), Yu € V, v, w € HY(Q) N L (Q). (A.0.4)

Proof. Foru €V (see (2.2.1)-(2.2.2)) and v € D(Q)), we have

/u-a .v-vdx:/ u;0 .(v]-)z dx
o iOx;Ujlj o iOx; 2

1
= —Z/QBxl.ui(vj)zdx.

The second equality is obtained by integration by parts and the fact that v vanished
at the boundary of the domain, which proves (A.0.3) since

(A.0.5)

b(u,v,v) = —= Z d1V ul(v]) dx = 0. (A.0.6)
] 1

Since V is dense in V conclusion follows. Property (A.0.4) is a consequence of (A.0.3)
when we replace v by v 4+ w, and we use the multilinear properties of b. O
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A.0.2 Proof of Theorems 2.2.1 and 2.2.2

Proof of Theorem 2.2.1. The existence of u,, is proved by Galerkin method (Temam
[30]): we construct the approximate solution of (2.1.5) and then pass to the limit.
Since m is fixed, we denote u,, and v, by u and v, respectively.

Since the space V is separable and V is dense in V, there exists a sequence
w1, Wy, ..., wn... of linearly independent elements of V which is total in V. For each n
we define an approximate solution N of (2.1.5) by

N
= E c]-Nw]- (A07)
j=1
with unknown coefficients ¢;y € R, satisfying

(vDu ]I)w])+b(u ul ,w;j) = (f(t),w;) (A.0.8)

for j = 1,2...,N. The equations (A.0.7) and (A.0.8) are a system of nonlinear equa-
tions for cin, ..., cnN, the existence of a solution of this system follows from the
Lemma 1.4 ([30]) Ch.Il, Lemma 1.4.), that is consequence of the Brouwer Fixed Point
Theorem:

Lemma A.0.2. Let X be finite a dimensional Hilbert space with scalar product [-,-] and
norm [-] and let P be a continuous mapping from X into itself such that for some k > 0

[P(¢),¢] >0 for [¢] =k.
Then there exists € X, [¢] < k, such that
P(&) =0.

We apply this lemma for proving the existence of u" as follows:
Let X be the space spanned by wy, wy, ..., wy; the scalar product on X is the scalar
product induced by V, and P = Py, where Py : X — X, is defined by

[Pn(u),v] = (vDu,Dv) 4+ b(u,u,v) — (f,v), Yu,v € X.
Let us check that scalar product |-, -] is positive
[Pr (1), u] = [lvDul|* + b(u, u,u) = (f,u) = |[vDul* = (f,u) = c)[ull® = || f[[[]ull-

In the last inequality were used the Korn and Cauchy-Schwartz inequalities. There-
fore

[Pn(u), u] > HMH(C(V)HMH = I£1D)- (A.09)
It follows that [Pyu, u] > 0 for ||ul| = k,and k > || fI- It follows that, there exists
a solution u" of (A.0.7)-(A.0.8). We multiply (A.0. 8) by cjn, this gives

[vDuMN |72 + b (™, ul, uN) = (f,u™).
We know that, trilinear form b(uN, uN, MN) = 0 by (A.0.3), and get

[vDuM |22 = (f,u™) < || fll2]/u™ | 2. (A.0.10)
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By Korn inequality we get a priori estimate
™y < £l (A.0.11)

Hence the sequence remains bounded in V, there exists a subsequence k — oo
such that u™M — u in V. From compact embedding of V < L2, so we have also
uNe — uin L2(Q)).

If uN converges to u in W' weakly and in L? strongly, then we need to show that

b(uN,uN,v) — b(u,u,v), Yo e V.

Then we can pass to the limit in (A.0.8) with the subsequence k — oo, we find
that
(vDu, Do) + b(u, u,v) = (f(t),v)

for any v = wy, ..., wy.... The above equation is also true for any v which is the linear
combination of wy, ..., wy.... Since this combination are dense in V, a continuity
argument shows that the above equation holds for each v € V and that u is a solution
of (2.1.5).

From the properties of trilinear form we have

d
b(uN,uN,v) = —b(uN,v,uN) = — ) ulNujNaxl.vj dx.
i,j=1/Q

We know that ulN — u; converges strongly in L?(Q), since 9,0 € L®(Q2), so we have

/Quf\]ujz\laxivj%/ﬂuiujaxivjdx.

Hence b(u",v,uN) converges to b(u,v,u) = —b(u,u,v).
]

Proof of Theorem 2.2.2. Using energy estimates from (A.0.15) we deduce that for the
domain ()s we get

[ D) dx < [1f ]zl (A.0.12)

Specifically, as m — oo, we have Du,, — 0 in Q)g, and u,, converges strongly to u in
L2(Q)), where u is a weak solution of (1.2.3). Thus, in the limit as m — oo, we obtain
rigid motion.

O
A.0.3 Energy and Bogovskii type estimates

We need to derive some energy estimates for Stokes system of equations for the
(2.3.1) case, to show that the velocity vector field is in Hilbert space.
From Korn inequality (A.0.22) for Stokes system (2.3.1) we have:

/ v(x)[Dul?dx > ¢ / |V ul2dx. (A.0.13)
Q Q
Using Holder and Poincaré inequalities we get:

/()V(X)!Dulzdx < I lleallullze < epll fllr2l Va2 (A.0.14)
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We get energy estimate:
Vil < Cul £l 2 (A.0.15)

The Definition 2.3.1 has no information about the pressure field. Since u is a weak
solution, we know from [[30], Lemma 2.1] that there exists p € L?(Q)) such that

(vDu,Dy) = —(f, ) + (p,div ) (A.0.16)

holds for ¢ € C°(Q). So, to every weak solution we are able to associate a pressure
p in such a way that equation (A.0.16) holds. We formulate the following result for
our case.

Lemma A.0.3. Let Q C R? be an open bounded domain of class C2, and let f € L2(Q)).
A vector field u € W2(Q)) satisfies equation (2.3.4) for all ¢ € V(Q) if and only if there
exists a pressure p € L?(Q) such that equation (A.0.16) holds for every i € C§°(QY). Then

p € L*(Q).

Finally, if we normalize p by the condition

/ p=0, (A.0.17)
0
then the following estimate holds

IPlle < e ([vDul[2 + [ fll12) - (A.0.18)

Proof. The existence of pressure p follows from Temam ([30], Lemma 2.1). Let us
consider the functional

F(p) = (vDu, D) + (f, )

for ¢ € H}(Q). By assumption, F is bounded in H}(Q) and is identically zero in
V(Q)). Consider the problem

divyp =p
¥ € H}(Q) (A.0.19)
¢l < callpllz

with () bounded and satisfying the cone condition. Since

=0
Q

from Theorem II1.3.1 (in [[11]]) we deduce the existence of ¢ solving equation (A.0.16).
If we replace such a i into equation (A.0.16) and use equation (A.0.17) together with
the Holder inequality and Poincaré inequality we have

IpllZz < llvDul|2 D¢l 2 + [ fll 21l 2

(A.0.20)
< Dul| [ Vipllz + (| fll2[9ll2 < erl[vDul[2pllz + c2l fllz2 Ml pll 2,

Il < cllvDull2 + el fll.2
The proof is therefore completed. O
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A.0.4 Korn inequality

Lemma A.0.4 (Korn inequality). Let QO C R? be an open bounded domain of class C>.
Then there exists constant ¢ > 0 such that

/Q v(x) Duldx > c1(vo) ull (A.0.21)
forallu e V.

Proof. The proof is based on the results from [25], Lemma 2.1. We will prove it in
general case where viscosity is bounded v(x) > vy, where 1y is a fixed constant.
Without loss of generality we could assume that u € C2(Q)). Consider,

2 ;

1 ; 1
Du)* dx = / u+ ) dx = Z (|| Vul?, +
L uyar =3 [ 3 i+ ax = S (19ulfs + |

2
Y waldx).  (A022)
iji=1

ij=1

Integration by parts of the last term on the RHS of (A.0.22) gives us

2 ; 2 . 2
i i R R
/ Z i, —/ Z u,iu,]-—k/ Z (u,ju]nl u/iufn]>. (A.0.23)
Q=1 Q 9 jj=1

i,j=1

As u is compactly supported in (), it follows that the second term of the RHS of
(A.0.23) is zero, so we get (A.0.22).

O]






85

Appendix B

Supplementary proofs for
Chapter 4

B.0.1 Bogovskii type estimates

Introduction of the pressure. The Definition 4.1.1 has no information about the
pressure field. Since m is fixed, we use the notation u instead u,,. The motivation is
to introduce the pressure using basic theory [30], let us set

t £ t t
u(t) — / u(s)ds, B(t) = / W (s)Vu(s)ds, E(t) = / F(s)ds, V() = / o(s)ds
0 0 0 0
u is a weak solution of 4.1.1 then, forany d = 2,3,
u, B, F e c([o,T); V).
Integrating, we see

(hmD(U(t) = V (1)), IDP) + (1m(U(t) = V (1)), 9) = (8(t),¢), ¢ €V, te[0;T]

with
g(t) = F(t) — B(t) — u(t) + up + div DV (#).

from Proposition I.1.1 and Proposition 1.1.2.[30], we get for each t € [0; T] there exists
P(t) € L? such that

—div (umD(U(t) = V(1)) + 1 (U(t) = V(t)) + VP = g(t)
The gradient operator is an isomorphism from L?/R into H~!(D). Observing that

VP = g(t) + div (pnD(U(t) = V(£))) — m(U(t) = V(1))

we have VP € C(0,T; H '(Q)), and P € C([0,T];L?). So, we can differentiate the
above equation in the distribution sense in QT = [0, T| x (), setting

ng,

we obtain (4.1.2). We want to obtain some regularity for p. Let us test (4.2.4) in such
a way that

(ur, ) + (D (4 = 0), DY) + (4 - V)i, ) + (17w (4 = 0), 9)

= (f,¢) + (p,div ) + (Do, Dy) (B.0.1)
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holds for ¢ € C(Q2). So, to every weak solution we are able to associate a pressure
p in such a way that equation (B.0.1) holds. We formulate the following result for
our case.

Lemma B.0.1. Let Q) C R? be an open bounded domain of class C?, and let f € L*(QT).
A vector field u € W2(QT) satisfies equation (4.1.1) for all ¢ € V(QT) if and only if there
exists a pressure p € L2(QT) such that equation (B.0.1) holds for every ¢ € C*(QT). Then

p e L*(Q").

Finally, if we normalize p by the condition

/ p=0 forae. (B.0.2)
Q

The following estimate holds

IPllr2zy SClpm Y (u = 0) [ 12(12) + l[7m (1 = 0) [ 12(12) (B03)
F llull oy 1l 2oy + 1 f 122y + Co)

Proof. Let us consider the functional

F(¥) Z;t(u =0, ) + (D (u = 0), DY) + (g (u —0), ) + (- V)u, ) = (f,9)

— (v, ) + (Vo, V)
(B.0.4)

for ¢ € H}(Q). By assumption, F is bounded in H}(Q)) and is identically zero in
V(Q)). Consider the problem for fixed t

divyp =p
¥ € H(Q) (B.0.5)

[l < alpllr2

with 2 bounded and satisfying the cone condition. Since

/Q p=0, (B.0.6)

from Theorem II1.3.1 (in [[11]) we deduce the existence of 1 solving equation (A.0.16).
If we replace such a ¢ into equation (A.0.16) and use equation (B.0.6) together with
the Holder inequality and Poincaré inequality we have

IplI72 < e(llor( = o)1 + [V (1 = 0) [ 2 + g (1 = 0) [l 12 + 1
+ 0wl + IVollz + 1 fll2) 1]
< Cz(llat(u =)l + [V (4 = 0) |12 + [l7m (0 = 0) [ 12 + [[ue]| 2 Ve 2

+ 100 2 + [Vl 2 + HfHLz) 1Pl 2
(B.0.7)
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After dividing both sides of the above inequality by ||p||;2, we get

1pll2 <ca(l[oe(u — o) |51 + [[um V (1 = 0) || 12 + [[17m (1 — ©) |2 + [Jul| 2 ]]1e]| g
+ [ fll2 + Co).
(B.0.8)

We apply the energy estimate from (4.2.2), square both sides of the expression, and
then integrate over time:

HPHLZ(LZ) < oo (|9 (u — U)HLZ(H”) + || V (1 — U)||L2(L2)
+ llull o2y el 2 ey + gm0 — ) |22y + 11 fll212) + Co)

(B.0.9)
< ClpmV (u = 0) | p2(2) + [l oo 2y el 120y
+ (= 0) [ 2(02) + 12 12) + Co)-
We obtained Bogovskii type estimate the proof is therefore completed. ]

B.0.2 Generalization of Lions-Aubin compactness result

In this subsection, we revisit the Lions-Aubin argument applied to an appropriate
projection of the velocity field onto the "space of rigid velocities," as established in
[14](see Lemma 3.4).

Let X be a Hilbert space with an inner product (-, -), and Y be its closed subspace.
Y is also a Hilbert space with the inner product (-, -). We denote by P the orthogonal
projector in X on Y, that is PX := Y. Let Xy and X; are Banach spaces such that
Xo C X, with the compact embedding, and Y C Xj, with the embedding being
dense.

Lemma B.0.2. Let {vy} be a sequence of functions such that
kllLro,7:x0),  19¢Pokll Lo (0,7%,) < C,

for 1 < p < co. Then the sequence Py is compact in L2(0, T; X).

B.0.3 Inequalities

Ladyzhenskaya inequalities: For any u € WS’Z(Q), and open bounded domain
Q c R? we have [18],

inthecased =2
lutll sy < IVullpsi lull 25, (B.0.10)

and in the cased = 3

leellsoy < IVl lleli5)- (B.0.11)
Young’s inequality
1 A A 1 _/\/ /\/
ab < 1€ +W€ b (B.0.12)

1 1
where 4, b, € any positive numbers with 1 + i 1.
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