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Oszacowania sum wektoréw losowych

Piotr Nayar

Autoreferat rozprawy doktorskiej napisanej pod kierunkiem
prof. dra hab. Krzysztofa Oleszkiewicza

W sktad rozprawy wchodza cztery artykuty naukowe, ktére powstaly podczas
moich studiow doktoranckich na Wydziale Matematyki, Informatyki i Mechaniki
Uniwersytetu Warszawskiego. Dotycza one zagadnien zwiazanych z oszacowaniami
momentoéw i ogonéw norm wektorow losowych.

W napisanych wspoélnie z Tomaszem Tkoczem (obecnie doktorantem w University
of Warwick) pracach [NT1| oraz [NT2| rozwazali$my tzw. problem S-inequality. Mo-
wigc ogdlnie, rozwigzanie tego zagadnienia dla pewnej miary borelowskiej u prowadzi
do optymalnych nieréwnoéci dla momentéw norm wektoréow losowych o rozktadzie
1. Nasze dociekania doprowadzily do rozwiazania zagadnienia dla pewnych szczegdl-
nych miar produktowych. Praca [NT1] zostala opublikowana w czasopi$mie Israel
Journal of Mathematics. Praca [NT2| zostata przyjeta do druku i opublikowana w
wersji elektronicznej w czasopismie Mathematische Nachrichten.

Artykut [NOJ| dotyczy optymalnych stalych w nier6wnosciach typu Chinczyna.
Prace napisatem wspoélnie z prof. Krzysztofem Oleszkiewiczem. Definiujemy w niej
ultra sub-gaussowskie wektory losowe i udowadniamy optymalne oszacowania pomie-
dzy parzystymi momentami sum niezaleznych wektorow tego typu. Nasze rozwazania
obejmuja, jako przypadek szczegélny, klasyczna nieré6wno$é Chinczyna dla sum ra-
demacherowych. Praca zostata opublikowana w czasopi$mie Positivity.

W pracy [N]| rozwazam niesymetryczng wersje twierdzenia FKN, pochodzacego w
swojej pierwotnej wersji od E. Friedguta, G. Kalaia i A. Naora, [FKN]|. Udalo mi sie
wzmocnié pewne oszacowania pochodzace z pracy [JOW] i udowodni¢ analogiczny
wynik w przypadku kostki symetrycznej i funkcji przyjmujacych wartosci w prze-
dziale [—1,1]. Ugzyskane rezultaty bazuja na nieréwnosciach hiperkontrakcyjnych i
nier6wnosciach dla momentéw i ogonéw chaoséw rademacherowych.

Ponizej opisze szczegbtowo udowodnione przeze mnie twierdzenia oraz ich zwigzki
z istniejaca literatura przedmiotu.



S-inequality Rozwazmy miare borelowska p na przestrzeni metrycznej (X, d). Dla
t > 0 i zbioru borelowskiego A definiujemy t-otoczke zbioru A, A, = {x € R" :
dist(x, A) < t}. Zagadnienie izoperymetryczne dla miary u polega na wyznaczeniu
wielkosci hy(s) = inf{u(A;) : wu(A) = s}. W przypadku miary Lebesgue’a i prze-
strzeni euklidesowej R"™ powyzsze infimum przyjmowane jest dla kul euklidesowych
(klasyczna izoperymetria). Jesli zatem |A| oznacza n-wymiarowa miare Lebesgue’a
zbioru A, za$ v, jest objetoscia kuli euklidesowej o promieniu 1 w R"™, to z warunku
|A| = | B|, gdzie B jest kula euklidesowa, wynika |A;| > |B;|. Latwo wywnioskowa¢
stad nier6wnos¢

Ay > v, <(]A|/vn)1/" + t)".

Rozwiazanie zagadnienia izoperymetrycznego znane jest réwniez dla standardowej
miary Gaussa 7, na R", czyli miary z gestoscia dy,(z) = (2r)/2e~1#*/2 gdzie | - |
jest normg euklidesowa. W tym przypadku optymalnym: zbiorami nie sg kule, lecz
potprzestrzenie H, = {x € R" : x -v < 1}, gdzie v € R" i - jest standardowym
iloczynem skalarnym, patrz [SC| oraz |B]. Ze wzgledu na rotacyjna niezmienniczo$¢
miary Gaussa mozemy ograniczy¢ sie do rozwazania polprzestrzeni postaci H® =
{zr € R" : x; < s}. Zdefiniujmy funkcje ®(s) = 71((—o0,s)). Z rozwiazania
zagadnienia izoperymetrycznego wynika, ze jesli v, (A) = v, (H®) = ®(s), to v, (A;) >
Yo (H5TH) = ®(s +t). Stad

T(Ap) > (@ (7 (A)) +1). (1)

Znane jest roéwniez rozwigzanie problemu izoperymetrycznego dla rotacyjnie nie-
zmienniczej miary probabilistycznej o, na euklidesowej sferze jednostkowej S™ ! w
R", patrz [L]. Optymalnymi zbiorami sa zbiory postaci S" 'N{z € R": z-v < 1}.

Oszacowania powyzszego typu sa niezwykle wazne z punktu widzenia tzw. kon-
centracji miary. Zdefiniujmy funkcje koncentracji miary pu,

a,(t) = sup {1 — pu(A;) : p(A) > 1/2}.

Z (1) tatwo otrzymujemy «., (t) = 1—®(t) < %e*tz/z. Powyzsza nierd6wnos$¢ implikuje
koncentracje funkeji 1-lipschitzowskich F': R® — R,

Yo ({|F = Med F| > t}) < e /2,

gdzie Med F' jest mediang funkcji F. Jest to podstawowe narzedzie w wielu zagadnie-
niach analizy i rachunku prawdopodobienistwa, np. w tzw. lokalnej teorii przestrzeni
Banacha (dowod twierdzenia Dvoretzky’ego). 7 zagadnieniem koncentracji miary



wigza sie wazne nierownosci funkcyjne, np. nier6wnosé¢ Poincaré, logarytmiczna nie-
rownos$¢ Sobolewa, nieréwnos$¢ Cheegera, nier6wno$c¢ splotu infimum, czy nieréwnosé
Bobkowa.

Zagadnienie S-inequality jest koncepcyjnie zblizone do problemu izoperymetrycz-
nego. Niech p bedzie miara borelowska na R™. Problem polega na znalezieniu wiel-
kosci

g:(s) = inf{p(tA) : u(A) = s}, (2)
gdzie zbior tA = {x € R" : x = ta, a € A} jest tzw. dylatacja zbioru A. Zatem
zamiast rozwazania otoczek zbioru A patrzymy na jego jednokladne obrazy. Ze
wzgledu na jednorodno$¢ miary Lebesgue’a, mamy |tA| = t"|A|, a zatem infimum we
wzorze (2) jest dla niej przyjmowane przez wszystkie zbiory borelowskie o mierze s.

7 punktu widzenia zastosowan w powyzszym zagadnieniu wazne jest sprecyzo-

wanie klasy zbioréw K, w ktorej postawiony problem chcemy rozwigzaé¢. Bardzo
uzyteczne jest rozwiazanie zagadnienia w klasie I wszystkich zbioréw symetrycz-
nych wypuktych. WprowadZzmy nastepujaca definicje.
Definicja 1. Niech p bedzie miara borelowska. Powiemy, ze u spetnia S-inequality
dla klasy zbiorow IC |, jesli dla kazdego A € K z warunku p(A) = u(P) wynika
nieréwnosé pu(tA) > u(tP) dla wszystkich ¢t > 1, gdzie P jest pasem, przez co w tym
autoreferacie bedziemy rozumie¢ zbior postaci P = {|z1| < L}.

Zalozmy dodatkowo, ze pasy P naleza do rodziny K. Wowczas infimum we
wzorze (2) jest osiagane przez pas P majacy miare s. W tej sytuacji pasy nazywamy
zbiorami ekstremalnymi. Latwo wowczas zauwazy¢, ze jesli u(A) = u(P), to dla
0 <t<1mamy p(tA) < u(tP).

Okazuje sie, ze ekstremalnos¢ pasow w klasie IC zbiorow symetrycznych wypu-
ktych implikuje optymalne nieréwnosci dla momentéw dowolnych norm wektorow
losowych o rozkladzie p. Konkretnie, prawdziwe jest nastepujace stwierdzenie.

Stwierdzenie 1. Przypus$émy, ze probabilistyczna miara borelowska p na R™ jest ab-
solutnie ciggla wzgledem miary Lebesgue’a i spetnia S-inequality dla klasy IC zbioréow
symetrycznych wypuklych. Wowczas dla dowolnej normy ||-|| na R"idlap > ¢ >0
prawdziwa jest nieréwnos¢

([ et n)) " < o ([ et )™

gdzie X = (X1,...,X,,) jest wektorem losowym o rozkladzie u oraz

(Jan lal” dpu()) "™
(Jo Lo dpa(2)) ™"

p.q




Chcialtbym tutaj uzasadni¢ to stwierdzenie, jako ze jego dowod nie znajduje sie
w zadnej z publikacji wchodzacych w sklad rozprawy. Przedstawione ponizej rozu-
mowanie pochodzi od S. Szarka. Niech a € R bedzie taka liczba rzeczywista, ze
E | X|” = E|aX;|P. Wowczas

p/ £ (X > 8) dt:p/ PP (jaX| > 1) dt.
0 0

Funkcje ¢ — P (|| X|| > t) oraz t — P (|laX;| > t) sa ciagle, a zatem istnieje ¢, > 0,
dla ktorego P (|| X|| > to) = P (|laXy| > to). Zbiory {||z|| < to} oraz {|azi| < to} sa
symetryczne i wypukte. Ponadto drugi zbiér jest pasem w R"™. Stad i z faktu, ze u
spehia S-inequality dla symetrycznych zbiorow wypuktych, mamy p (¢{||z|| < to}) >
p(t{laz,| <to}) dlat > 1, czyli P(||z|| < tto) > P (Jax:| < tty) . Wynika stad, ze dla
t >ty jest P(||z]| >t) < P(|axy| > t). Ponadto dla 0 < t <ty mamy P (||z| > t) >
P (Jaxy| > t). Zatem dla wszystkich ¢ > 0 prawdziwa jest nier6wnosé

((£) - (£)) @l >0 - (el > 0) 0.

Calkujac te nier6wnosé stronami i korzystajac z rownosci E || X || = ElaX|P otrzy-
mujemy E || XY > ElaX,|9, czyli (E[|X||)"Y > |a|(E|X1|?)Y. Oczywiicie mamy
rowniez (E || X||P)Y/? = |a|(E| X, [?)'/P. Stad

E|X,|P)l/P
(& x|y < B

< (e I

co mielismy udowodnic.

Analogicznie mozemy uzasadni¢ nastepujace stwierdzenie, dotyczace optymal-
nych oszacowan momentoéw sum niezaleznych zmiennych losowych (jest to tzw. nie-
rownosé typu Chinczyna-Kahane’a).

Stwierdzenie 2. Przypu$émy, ze probabilistyczna miara p na R jest absolutnie
ciagta wzgledem miary Lebesgue’a i dla wszystkich n > 1 miara produktowa u"
spelnia S-inequality dla klasy K zbioréw symetrycznych wypuklych. Niech S =
Yo viX;, gdzie Xy, Xs, ..., X, sa niezalezne i maja rozklad p oraz vy, vs,..., v,
sa dowolnymi wektorami w przestrzeni Banacha (£, ||-||). Woéwczas dla p > ¢ > 0

prawdziwa jest nieréwnosc¢
p\ 1/p a\ 1/4

<E

gdzie G,y = (E|X1[P)/7/(E| X, ]9)1.

n

Z Uz'Xi

=1

n

Z Uin'

=1




Rozwigzanie problemu S-inequality w klasie zbioréw symetrycznych wypuklych
jest znane jedynie dla standardowej miary Gaussa na R™. Jest to rezultat pochodzacy
od R. Lataly i K. Oleszkiewicza, [LO]. W tym przypadku S-inequality jest spetnione,
czyli optymalnymi zbiorami sa pasy. Prowadzi to do oszacowania

Ta(tA) > 20 (mpl (HVTWU)) 1

ktore jest analogiem nier6wnosci (1). Dowod korzysta z rotacyjnej niezmienniczosci
miary Gaussa i z tzw. symetryzacji Ehrharda.

Znane sa rowniez ogolne oszacowania wielkosci p(A;) dla miar logarytmicznie
wklestych (log-wklestych). Miare borelowska p na R™ nazywamy log-wklesta, jesli

pAA+ (1= N)B) > u(A)'u(B)' =, A€ (0,1),

dla dowolnych zbior6w borelowskich A, B. Absolutnie ciagta wzgledem miary Le-
besgue’a miara 4 jest log-wklesta wtedy i tylko wtedy, gdy ma gestosé postaci e,
gdzie ® : R" — (—o00, 00| jest funkcja wypukta. Jednym z najwazniejszych przykla-
dow miar log-wklestych sa rozktady jednostajne na ciatach wypuktych, czyli zbiorach
zwartych wypuktych o niepustym wnetrzu. Innym przyktadem jest standardowy roz-
ktad gaussowski na R".

Niech A bedzie symetrycznym zbiorem wypuklym i niech p bedzie miarg log-
wklesta. W pracy |B] C. Borell udowodnit nastepujace oszacowanie,

p(tA) > 1— p(A) (1;(—’“;1(;1)>2, t>1.

Nier6wnos¢ ta jest ciekawa jedynie dla zbiorow A spelniajacych warunek p(A) > 1/2.
W pracy |G| O. Guédon udowodnil wzmocniona wersje lematu Borella,

t+1

p(EA) = 1= (1= p(A)F, 1> 1.
Powyzsze oszacowania prowadza do nieréwnosci typu Chinczyna-Kahane’a dla miar

log-wklestych. Mowiac precyzyjnie, dla dowolnej miary log-wklestej 1 i dla dowolnej
normy ||| na R™ prawdziwa jest nieréwnosé

(/e du(x))w <12 ( [ du(%))l/q, 1<q<p



Wspolnie z Tomaszem Tkoczem rozwazaliSmy zespolona wersje zagadnienia
S-inequality dla miary Gaussa. Zespolona miara Gaussa ycr jest miarg z gestoscia

1 1 ¢
d’}/(cn(z) = (27‘()” exp (-5 Z(’?RZ%P + |%ZZ|2)> .

=1

Jest to wiec standardowa miara gaussowska na R?" ~ C". Odpowiednikiem zbiorow
symetrycznych sg tutaj zbiory zaokrgglone, czyli zbiory speliajace warunek e A =
A dla wszystkich § € R. Cylindrem nazwiemy zbior postaci C' = {z € C" : |z| < L}.
Mozemy sformutowaé nastepujaca hipoteze, postawiong przez A. Peltczyriskiego.

Hipoteza 1. Rozwazmy klase IC wszystkich zaokraglonych zbiorow wypuktych w
C™. Dla zbioru A € K rozwazmy cylinder C' spetiajacy warunek ycn(A) = yen (C).
Wowezas yen(tA) > yen(tC) dla wszystkich t > 1 oraz yen(tA) < e (tC) dla
wszystkich 0 < ¢ < 1.

W pracy [T] T. Tkocz czesciowo udowodnil te hipoteze pokazujac, ze nieréwnosé
Yer (tA) < 4en(tC), 0 < t < 1 jest spetniona przy dodatkowym zatozeniu, ze zbior A
spetnia warunek ~cn(A) < 0,64. Hipoteza w pelnej ogélnosei jest weiaz otwarta.

W artykule [NT1| zajelismy sie klasa Ky wypuklych zbioréw 1-zaokraglonych,
czyli zbiorow wypuktlych spetniajacych warunek

(21,..., ) €EA = (e2y,... €% 2,) €A, 01,...,0, €R.

Jest to oczywiScie klasa wezsza niz klasa wszystkich zaokraglonych zbiorow wypu-
ktych. Klasa ta jest interesujaca, gdyz zawiera ona kule w normach |[|-|| spetniajacych
warunek

(€@ z1,..., e z)|| = (21, 20|l 61,... .00 €R

Udato nam sie udowodnié¢ Hipoteze 1 w klasie Ky, a nawet w szerszej klasie wszystkich
zupetnych obszaréw Reinhardta, czyli zbioréw spetniajacych warunek

(215, 2n) €A = (wy,...,w,) €A, gdy |w| <|z|dlai=1,...,n.
Konkretnie, prawdziwe jest nastepujace twierdzenie.

Twierdzenie 1 ([NT1|, Theorem 1). Niech R bedzie klasq wszystkich zupetnych
obszarow Reinhardta w C". Dla zbioru A € R rozwazmy cylinder C spetniajgcy
warunek yen(A) = yen (C). Wowezas yen(tA) > ven (tC) dla wszystkich t > 1 oraz
Yen (tA) < yen (tC) dla wszystkich 0 <t < 1.

Strategia dowodu jest nastepujaca. Korzystamy z prostej obserwacji.
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Stwierdzenie 3 (|[NT1], Proposition 1). Niech A C C" bedzie zbiorem borelowskim
i niech C bedzie cylindrem spelniajacym warunek vcn(A) = e (C). Wowcezas nie-
rOWnos¢ yen (tA) > yen (tC) jest spetniona dla Wszystklch t>1 Wtedy 1 tylko wtedy,
gdy kazdy jednokladny obraz A zbioru A spelnia dt’Y(Cn tA ‘t L2 dt’}/(Cn tC’ ’t L

gdzie C jest cylindrem, dla ktorego yen(A) = ~en ().

Zatem mozemy ograniczy¢ sie do dowodu nieréwnosci Len (tA) ’t:l > L (tC) ’t:l'
Nastepnie zauwazamy, ze

d

ety = 2men(4) = [ e dnen (2
A

Korzystajac z warunku ycn(4) = e (C) i wyrazajac $cn (t(])‘t:l w terminach
ven (C) otrzymujemy réwnowazna wersje problemu,

/A |2]* dyen (2) < 2nyen(A) +2(1 = yen (A)) In (1 — yen (A)) (3)

Kluczowym pomystem jest sformulowanie funkcyjnej wersji nieréwnosci (3) i prze-
prowadzenie dowodu indukcyjnego tej nieréwnosci. Bedzie nam potrzebne pojecie
entropii funkcji wzgledem miary. Dla g : X — R, i miary probabilistycznej pu na X
definiujemy

Buty(9) = [ ao)tug(e) aute) = ( [ ato) apte) 1o [ o(o) ante) ).

Wowcezas prawdziwe jest nastepujace stwierdzenie.

Stwierdzenie 4 ([NT1|, Lemma 2). Niech g : C" — R, bedzie funkcja ograniczona
spelniajaca warunki

1) glez,... e z,)=g(z)dlazeC"iby,...,0, €R,

2) dla dowolnych w, z € C" warunek |wy| < |z|, £ = 1,...,n implikuje g(w) <

9(2).
Fnt,.. g < / (2) (? _ n) dren ().

Korzystajac z powyzszego stwierdzenia dla g(z) = 1—14 otrzymujemy nier6wnosé
(3). Dowdd Stwierdzenia 4 opiera sie na jednowymiarowym oszacowaniu entropii.

Woéwczas
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Lemat 1. Niech v bedzie probabilistyczng miarg borelowska na R, iniech f: R, —
R, bedzie niemalejaca funkcja ograniczona. Wtedy

Ent, f < — flz)(1+Inv((x,00))) dv(z). (4)
R
Z Twierdzenia 1 i z dowodu Stwierdzenia 1 mozemy tatwo wyprowadzi¢ nastepu-
jacy wniosek.
Whiosek 1. Zalozmy, ze ||-|| na C" spelnia warunek
H(ewlzl, e ei‘g”zn)H =[(z1,...,20)|| O1,...,0, €R.

Wowecezas dla dowolnych p > ¢ > 0 mamy

(L d%“z))l/p < Coo ([ 1 dww)l/q,
gdzie Gy = ([o |217 d%c(z))l/p/ ([, |4l dy(c(z))l/q.

Okazuje sie, ze z Twierdzenia 1 wynika rozwigzanie problemu S-inequality dla
symetrycznej miary wyktadniczej, czyli miary z gestoscia

dv, (z) = 2inexp (—Z |Ii|> :

i=1

i klasy 7 wszystkich ideatow w R™. Zbior A nazywamy idealem, jesli x € A implikuje
[—|z1], |2z1]] X .. X [=|2al, |2za]] € A. W szezegolnosei S-inequality jest spelnione
dla wszystkich 1-symetrycznych zbiorow wypuktych w R"™, czyli zbiorow wypuktych
spetniajacych warunek

(Z1,...,2p) €A = (e121,...,6,2,) € A, €1,...,6n € {—1,1}.

Twierdzenie 2 ([NT1|, Theorem 2). Niech T bedzie klasq wszystkich ideatéw w R™.
Dla zbioru A € T rozwazmy pas P spelniajocy warunek v,(A) = v,(P). Wowczas
Un(tA) > v, (tP) dla wszystkich t > 1 oraz v, (tA) < v,(tP) dla wszystkich 0 <t < 1.

Dowod polega na zamianie zmiennych i skorzystaniu z transportu miary. Ponownie
mozemy sformutowaé¢ wniosek dotyczacy oszacowania momentéw norm.



Whiosek 2 (INT1], Corollary 2). Zal6zmy, ze ||-|| na R™ spelnia warunek

ez, enz)ll = |@1s ey 2)| E1yenryen € {—1,11.

Wowecezas dla dowolnych p > ¢ > 0 mamy

gdzie Cpq = (T(p+1))""/ (T(q +1)"".

W pracy [NT2| rozszerzyliSmy powyzsze rezultaty na przypadek miar z gesto-

Sciami
dvy(z) = (cp/2)" exp (—Z\xﬂ’?) : 0<p<LI
i=1
Twierdzenie 3 ([NT2|, Theorem 1). Niech T bedzie klasq wszystkich ideatow w R™
i niech p € (0,1]. Dla zbioru A € T rozwazmy pas P spetniajgcy warunek v)(A) =
v (P). Wowczas vy (tA) > v (tP) dla wszystkich t > 1 oraz v,(tA) < v, (tP) dla

2
wszystkich 0 <t < 1.

Ponownie korzystajac z prostej zamiany zmiennych udato nam si¢ wywnioskowa¢ ten
sam rezultat dla produktéow symetrycznych rozktadow Weibulla w, i symetrycznych
rozktadéw Gamma A,

_ 7
2I'(q)

Twierdzenie 3 dowodzi sie indukeyjnie. Latwo zauwazy¢ (|[NT2|, Proposition 1),
ze S-inequality dla miary produktowej i klasy Z wszystkich ideatow w R™ wystarczy
dowodzi¢ w przypadku n = 2. W tym przypadku rozwazamy idealy generowane przez
funkcje nierosngce f : R, — R, czyli zbiory postaci {(z,y) € R* : |y| < f(|z])}.
Wowcezas nietrudno zauwazyé, korzystajac ze Stwierdzenia 3 i przeprowadzajac pro-
sty rachunek, ze problem wykazania optymalnoSci paséw réwnowazny jest nastepu-
jacej nierownosci funkcyjnej,

/<I>(g) dpy — @ (/g du+> < /Ooo g9(x) (:v” - %) dps (), (5)

d=S0T7", T(u):cp/ e dx, S(u):cp/ wPe™™ dx, g=Tof
u 0

1 a
dwe(z) = §oz|a:]afle"“| dz, o >0, dA,(z) 2|9 e el de, ¢ > 1.

gdzie

9



oraz pi, jest miara na R, z gestoscia c,e™™ . Dla p = 1 nieréwnosé (5) jest row-

nowazna z nierownoscia (4). Nierownosé (5) jest prawdziwa dla wszystkich funkcji
niemalejacych g : Ry — R,. Ze wzgledu na to, ze prawa strona (5) jest funkcjona-
tem liniowym, wystarczy wykazac¢, ze prawa strona jest funkcjonalem wypuktym, a
nastepnie sprawdzi¢ nieréwnos¢ dla funkeji postaci g(x) = 1j4,00)(¢), @ > 0. Dla tych
funkcji w nier6wnosei (5) mamy roéwnosé.

Aby pokaza¢ wypuklo§é prawej strony, wystarczy skorzystaé z nastepujacego le-
matu.

Lemat 2 (|[LO2|, Lemma 4). Niech (2, F,v) bedzie przestrzenia probabilistyczna.
Zalozmy, ze ® : [0,1] — R spetnia ®” > 0 oraz (1/9”) jest wklesta. Dla g : 2 — [0, 1]
definiujemy funkcjonal

wato) = [ w) v [ gav).

Wowczas funkcjonal Wg jest wypukty, czyli

Ue(Af+(1—=X)g) < AVs(f) + (1 —X)¥s(g).

Nieré6wnosci typu Chinczyna Rozwazmy ciag liczb aq,...,a, i niech rq,... 71,
bedzie ciggiem niezaleznych symetrycznych zmiennych Bernoulliego, czyli zmien-
nych losowych spehiajacych P(r; =1) = P(r; = —1) = 1/2. Rozwazmy sume
S =", a;r;. Zmienng losowa S nazywamy chaosem rademacherowym pierwszego
rzedu. Dla dowolnych p > ¢ > 0 prawdziwa jest nastepujgca nieréwnosé, udowod-
niona po raz pierwszy przez Chinczyna, [K],

(EIS|P)!/? < Gy (EIS|7)1, (6)

gdzie C,, jest stalg niezalezng od n i ciagu a4, ..., a,. Bedziemy zaktadali, ze stata
Cyp,q jest optymalna stata w nier6wnosci (6). Problem wyznaczenia statych C,, ma
dtuga historie i zostal rozwigzany jedynie w kilku specjalnych przypadkach. Stale
Cy4 1 Cpo s3 znane. Sa one wazne ze wzgledu na fakt, ze drugi moment zmiennej
S ma szczegblnie prosta posta¢, ES? = "  a?. Stale Cp» dla p > 3 wyznaczyl
Whittle, [Wh]|. Stala Cy; zostala wyznaczona przez Szarka w pracy [S]. State C,
dla p € (2,3) oraz stale Cy, dla ¢ € (0,2) zostaly wyznaczone przez Haagerupa,
[H]. W przypadku gdy p = 2 lub ¢ = 2, optymalne stale C,, zostaly znalezione w

ogoblniejszej sytuacji (gdy zamiast symetrycznych zmiennych Bernoulliego rozwazamy
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pewng klase rotacyjnie niezmienniczych wektorow losowych w R”, zawierajacg np.
wektory roztozone jednostajnie na sferach i kulach euklidesowych) przez Koniga i
Kwapienia, [KK|, oraz Baernsteina i Culverhouse’a, [BC].

Optymalne state C,, w nieréwnosci (6), w przypadku gdy p i ¢ sa parzystymi
liczbami naturalnymi oraz q|p, zostaly wyznaczone przez W. Czerwinskiego w jego
pracy magisterskiej, [C]. W pracy [NO]J, ktora napisatem wspolnie z moim promoto-
rem, prof. Krzysztofem Oleszkiewiczem, wyznaczone zostaly state C, , dla dowolnych
parzystych p, q.

Twierdzenie 4. Niech p > q > 0 bedq liczbami catkowitymi parzystymi ¢ niech
S=>5" ar;. Wowezas

(p—1N
/(g — 1)!!

W pracy |[NOJ definiujemy ultra sub-gaussowskie wektory losowe i dowodzimy
nier6wnosci typu Chinczyna dla sum niezaleznych wektorow tego typu. Niech |||
bedzie standardowa normg euklidesowa na R? i niech G bedzie standardowym wek-
torem gaussowskim w R

(EIS|)7 < (E[S|7)Ye.

Definicja 2. Powiemy, ze wektor losowy X o wartosciach w R? jest ultra sub-
gaussowski, jesli X = 0 p.n. lub X jest rotacyjnie niezmienniczy (symetryczny
w przypadku d = 1), ma wszystkie momenty i ciag (a;)2,, a; = E|| X" /E ||G||*"
jest log-wklesty, czyli a? > a;_ja;1 dlai > 1.

Nietrudno zauwazy¢, ze dla ciagu liczb dodatnich (a;)$°, spetniajacego nieréwnosé
ai > a;_1a;41 dla ¢ > 1 oraz warunek ag = 1, ciag (3/a;)32, jest nierosnacy. Wynika
stad, ze ultra sub-gaussowski wektor X spetnia nier6wnosé

E |G|P)/P

< & [ B I ™

dla parzystych liczb catkowitych p > ¢ > 0. Ponadto, prawdziwy jest nastepujacy
lemat.

Lemat 3 (|[NO|, Lemma 2). Niech X,Y beda niezaleznymi ultra sub-gaussowskimi
wektorami losowymi w R?. Wowezas X + Y jest rowniez ultra sub-gaussowskim
wektorem losowym.

Dowo6d powyzszego lematu opiera sie na nastepujacym twierdzeniu, pochodzgcym
od Walkupa, [W] (w naszej pracy podajemy nowy, krotki dowod tego twierdzenia).
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Twierdzenie 5 ([NO|, Theorem 1). Niech (a;)2, oraz (b;)2, beda log-wklestymi
ciggami dodatnich liczb rzeczywistych. Wowczas cigg (¢,)2, zadany wzorem

Cp = z": (7;) a;bp_;
i=0

jest rownzez log-wklesty.

Jako prosty wniosek z Lematu 3 i nieréwnosci (7) otrzymujemy nieréwnos¢ typu
Chinczyna dla sum niezaleznych ultra sub-gaussowskich wektoréw losowych.

Twierdzenie 6 (|[NO|, Theorem 2). Niech d bedzie dodatniq liczbg calkowitq i niech
p > q > 0 bedqg parzystymi liczbami catkowitymi. Rozwazmy ciqg niezaleznych ulira
sub-gaussowskich zmiennych losowych X1, X, ..., X,, wR?. Wiwczas dla S = X; +
Xo+ ...+ X, prawdziwa jest nierounosé

&5y < EIGID T

< a1

Przyklady ultra sub-gaussowskich zmiennych losowych mozemy konstruowac przy
pomocy nastepujacego lematu.

Lemat 4 ([NOJ, Lemma 3, Corollary 1, 2). Zal6zmy, ze wektor losowy X w R? i nie-
ujemna zmienna losowa R s niezalezne i R-X ma rozktad N (0, Idy). Wowcezas X jest
ultra sub-gaussowskim wektorem losowym. W szczego6lnosci ultra sub-gaussowskimi
wektorami losowymi sa

a) wektory losowego roztozone jednostajnie na sferach euklidesowych r-S%=1 r > 0
(w przypadku d = 1 mamy symetryczna zmienna losowa przyjmujaca wartosci
+r),

b) wektory losowego rozlozone jednostajnie na kulach euklidesowych r - B¢, gdzie
r > 0i B? jest kula o promieniu 1 i érodku w 0 (w przypadku d = 1 mamy
zmienng losowa o rozkltadzie jednostajnym na [—r,r]),

i _ DGHD /2]
c) wektory losowe z gestoscia gx () r T e , o> 2.

Mamy zatem nastepujacy wniosek.
Whiosek 3 ([NOJ, Theorem 3). Niech d bedzie dodatnia liczba catkowita i niech

p > q > 0 beda parzystymi liczbami catkowitymi. Rozwazmy ciag niezaleznych
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ultra, sub-gaussowskich zmiennych losowych X, Xs,..., X, w R% rozlozonych na
kulach lub sferach euklidsowych (niekoniecznie o $rodku w 0). Wowczas dla S =
X1+ Xo+ ...+ X, prawdziwa jest nieré6wnosé

(E |G

E S| < W(E IS]1%)1e.
Stata y y
E G (e T
(EG7) r'(5) r'($)
jest optymalna. Mozna sie o tym przekona¢ rozwazajac ciag Xi, Xo, ... zmiennych

niezaleznych o tym samym rozktadzie i korzystajac z Centralnego Twierdzenia Gra-
nicznego przy n — oo. Dla d = 1 otrzymujemy Twierdzenie 4.

Problem wyznaczenia optymalnej statej C), ;, w nieréwnosci Chinczyna dla dowol-
nych p > g > 0 wydaje sie by¢ bardzo trudny. Prawdziwa jest jednak nastepujaca
nieré6wno$¢ typu Chinczyna-Kahane’a.

Twierdzenie 7. Niech (F,||-||) bedzie przestrzeniq unormowang i niech vy, ... v, €
F. Niech ryi,...,r, bedzie ciggiem niezaleznych symetrycznych zmiennych losowych
Bernoulliego. Wowczas dla p > q > 1 mamy

q) 1/q

p\ 1/p i
qg—1

Powyzsza nier6wnos¢ mozna udowodnié korzystajac z tzw. nieréwnosci hiper-
kontrakcyjnej. Aby poda¢ jej sformutowanie, rozwazmy kostke dyskretng {—1,1}" z
miarg produktowa p, = (16, + %5_1)®n. Jest to miara jednostajna na {—1,1}".
W przestrzeni liniowej funkcji f : {—1,1}" — R wprowadzamy strukture prze-
strzeni Hilberta L* = L*(u,) z iloczynem skalarnym (f,g) = [ fg dp, i z norma

1l = () f? d,un)l/Q. Jest to przestrzeri liniowa wymiaru 27. Dla S C {1,...,n}
definiujemy funkcje Walsha, wg(z) = [[;cq #: oraz wy = 1. Zbiér funkcji (wg)s ma
moc 2" i jest ukladem ortonormalnym w L?, a zatem jest bazg L% Wynika stad, ze
kazda funkcje f: {—1,1}" — R mozemy przedstawi¢ w postaci f = > ¢ aswg, gdzie
(as)s sa pewnymi liczbami rzeczywistymi. Zbior (ag)s nazywamy spektrum funkcji
f. Definiujemy operator P; wzorem

P (Z asws) => e Plagug,

S S

n

g v;T;

=1

n

g (%A

=1
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gdzie |S| jest mocg zbioru S. Bonami, Beckner i Gross udowodnili nastepujaca
nierownos¢ (patrz [Bo, Be, Gr]),

1 p—1

W szczegodlnodei, dla wszystkich ag € R prawdziwa jest nieréwnosé

Z (q — 1)\3\/2a5w5 < Z asws|| . 9)

SCln) ) |Isc .

Nier6wnos¢ ta zostala uogolniona w pracy |Ol1] na przypadek niesymetryczny, w
ktorym rozwazamy kostke {—v,77'}" z miara p,, = (86_, + ad,-1)?, gdzie a+f = 1,
a € (0,1/2) oraz v = \/a/B. Przy tej normalizacji [ z; dp, = 01 [ zz; dp, =
0;j. W szczegolnodcei funkcje Walsha tworza uklad ortonormalny. Prawdziwa jest
nieré6wnosé

Zcq(avﬁ)‘T‘aTwT < ZCLTUJT ; (10)

TC[n) o, |7 .

gdzie

Cq(av B) =

af (oz_g — ﬁ‘%) '

FLatwo zauwazy¢, ze (9) jest szczegdlnym przypadkiem (10). Faktycznie, mamy
— _ . 11,
Vq =lime, {5 —e5+e).

Praca |N] nie dotyczy bezposrednio szacowania momentéw sum niezaleznych
zmiennych losowych, jednak Twierdzenie 7 oraz nierownosé¢ (10) odgrywaja w niej
kluczowg role. W pracy |[FKN] Friedgut, Kalai i Naor udowodnili, ze w przypadku
symetrycznym funkcja, ktorej spektrum jest e-skoncentrowane na pierwszych dwoch
poziomach, czyli >7,q ., a% < €%, jest Ce-bliska w normie L? jednej z funkeji +; lub
funkcji statej. W pracy [JOW] autorzy udowodnili nastepujaca optymalna wersje
tego twierdzenia.

Twierdzenie 8 ([JOW], Theorem 5.3 i Theorem 5.8). Niech f : {—1,1}" — {—1,1}
1/2
i f =) gasws. Zdefiniujmy p = (Z|S|>1 a%) . Woweczas istnieje podzbior B C
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{1,...,n} spetniajacy |B| < 1 taki, Ze 37 ) 54 a% < Cp*In(2/p) oraz |ag|* >
1—p* = Cp*In(2/p), gdzie C jest stalq uniwersalng.

Ponadto, w przypadku niesymetrycznym, dla f : {—v,7'}" — {=1,1} istnieje
k € [n] takie, zZe Hf — (ag + a{k}w{k})HL2 < 8y/p-

Dowod powyzszego twierdzenia korzysta z nieréwnosci (9). W pracy [N], ko-
rzystajac z nierownosci (10), udowodnitem nastepujaca wzmocniona wersje drugiej
czesci Twierdzenia 8.

Twierdzenie 9. Niech [ : {—v,7 '} = {=1,1} oraz [ = Y gasws. Zdefiniujmy

1/2
p= (Z|S|>1 a%) . Wowczas istnieje k € {1,...,n} oraz stata uniwersalna co > 0

taka, ze dla pln(e/p) < coo mamy

”f — (ap + a{k}w{k})”L2 < 2p.

W drugiej czesci pracy |[N| badatem funkcje okreslone na symetrycznej kostce
dyskretnej i przyjmujace wartosci w przedziale [—1,1]. Powiemy, ze funkcja f :
{=1,1}" — R jest afiniczna, jesli f(z) = ao + Y ., a;z;, gdzie ag,aq,...,a, €
R. Oznaczmy przez A zbior wszystkich funkcji afinicznych okreslonych na kostce
dyskretnej, za$ przez A_; 1) C A zbior funkcji afinicznych, przyjmujacych na kostce
wartosci w zbiorze [—1,1].

W pracy [JOW]| autorzy podali nastepujacy przyklad. Niech g : {—-1,1}" — R
bedzie dana wzorem g(z) = s n V23" 1z, Oczywiscie g € A. Zdefiniujmy
P(x) = =1 —1)(x) + 211 3(2) + Laoo)(z) oraz f = ¢ o g. Funkcja f ma
wartosci w zbiorze [—1,1], ale nie musi by¢ afiniczna. Autorzy udowodnili, ze
lim,, o dist2(f, A) = O(e=>/%) oraz lim, . distz2(f, A1) = O(s™1). W |N]
udowodnitem, ze jest to najgorszy przypadek. Konkretniej, prawdziwe jest nastepu-
jace twierdzenie.

Twierdzenie 10 (|N|, Theorem 3). Niech f : {—1,1}" — [—1,1] i niech p =

distz2(f, A). Wowczas distp2(f, Aj—117) < _/—1;(81/p)'

W dowodzie wykorzystuje Twierdzenie 7 oraz nastepujacy lemat.

Lemat 5. (|[HK]|, Theorem 1 i [O12], Theorem 1) Niech a1 > as > ... > a, > 0
i niech S = >0  a;r;, gdzie r,...,r, sa symetrycznymi niezaleznymi zmiennymi
Bernoulliego. Wowczas dla ¢ > 1 mamy

1 t\1/t 1 21/2
B(IS| > |ISl2) > 15 oraz  (EIS]") zzﬂ(;ai).
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The unconditional case of the complex
S-inequality

Piotr Nayar * Tomasz Tkocz

Abstract
In this note we prove the complex counterpart of the S-inequality for
complete Reinhardt sets. In particular, this result implies that the com-
plex S-inequality holds for unconditional convex sets. As a by-product we
also obtain the S-inequality for the exponential measure in the uncondi-
tional case.

2010 Mathematics Subject Classification. Primary 60G15; Secondary
60E15.

Key words and phrases. S-inequality, Gaussian measure, Exponential mea-
sure, Dilation, Complete Reinhardt set, Unconditional complex norm, Entropy.

1 Introduction

Studying various aspects of a Gaussian measure in a Banach space one often
needs precise estimates on measures of balls and their dilations. This gives raise
to the question how the function (0, 00) > t — p(tB) behaves. Here B is a con-
vex and symmetric subset of some Banach space, i.e. an unit ball with respect
to some norm, and p is a Gaussian measure. Thanks to certain approximation
arguments we may only deal with the simplest spaces, namely R™ or C™. In the
former case the issue is well understood due to R. Latata and K. Oleszkiewicz.
Denote by +, the standard Gaussian measure on R", i.e. the measure with
the density at a point (z1,...,2,) equal to ﬁ exp (—2}/2—...—22/2). In
[LO1] it is shown that for a symmetric convex body K C R™ and the strip
P ={z € R" | |z1] < p}, where p is chosen so that 7, (K) = v,(P), we have

W(tK) Zm(@P),  t=>1.

This result is called S-inequality. The interested reader is also referred to the
concise survey [Lat].

In the present note we would like to focus on S-inequality for sets which
correspond to unit balls with respect to unconditional norms on C". Some
partial results concerning the general case has been recently obtained in [Tko].

Definitions and preliminary statements are provided in Section 2. Section
3 is devoted to the main result. It also contains a proof of a one-dimensional
inequality, which bounds entropy, and seems to be the heart of the proof of our
main theorem.

*Research partially supported by NCN Grant no. 2011/01/N/ST1/01839.
TResearch partially supported by NCN Grant no. 2011/01/N/ST1/05960.



2 Preliminaries
We define the standard Gaussian measure v,, on the space C™ via the formula
Un(A) = y2,, (T(4)), for any Borel set A C C",
where C™ — R2?™ is the bijection given by
T(21, ..y 2n) = (PRezy, Tmzy, ..., Rezy,, Imz,).

We adopt the notation R = [0, +00). Later on we will also extensively use the
notion of the entropy of a function f: X — R, with respect to a probability
measure y on a measurable space X

Ent, f = /f )In f(2)dp(z (/f )du(a )m(/f Eme: ) (1)

We say that a closed subset K of C" supports the complex S-inequality,
SC-inequality for short, if any its dilation L = sK, s > 0, and any cylinder
C ={zeC" | |zx| < R} satisfy

Un(L) =v,(C) = wv,(tL) > v, (tC), fort > 1. (2)

Note that the natural counterpart of S-inequality in the complex case is the fol-
lowing conjecture due to Prof. A. Pelczyniski, which has already been discussed
in [Tko].

Conjecture. All closed subsets K of C™ which are rotationally symmetric, that
is €YK = K for any 6 € R, support SC-inequality.

In the present paper we are interested in the class R of all closed sets in
C™ which are Reinhardt complete, i.e. along with each point (z1,...,2,) such a
set contains all points (wy, ..., w,) for which |wg| < |zx|, K = 1,...,n (consult
for instance the textbook [Sh, I.1.2, pp. 8-9]). The key point is that this class
contains all unit balls with respect to unconditional norms on C™. Recall that
a norm || - || is said to be unconditional if ||(e?%1zy,...,e"%2,)|| = ||z|| for all
z€C" and 04,...,0, € R.

The goal is to prove that all sets from the class R support SC-inequality.
Now we establish some general yet simple observations which allow us to reduce
the problem to a one-dimensional entropy inequality.

Proposition 1. A closed subset K of C™ supports SC-inequality if and only if
for any its dilation L and any cylinder C we have

Un(L) =1,(C) = iz/n(tL)

d

t=1 t=1

Proof. We are only to show the interesting part that (3) implies (2) following
the proof of [KS, Lemma 1]. Fix a dilation L of K and a cylinder C' such that
V(L) = v,(C). Let a function h be given by v, (tL) = v,,(h(t)C), t > 1. Then,
by the assumption, we find

< iVn(stL)

ht) L <

d
P Un (sC) = —Sun(sh(t)C)

s=h(t)

s=1



Yet, differentiating the equation which defines the function h we get %l/n (sL) ’

s=t
h’(t)%yn(sC)L:h(t), thus h(t) < th/(t). It means that the function h(t)/t is

nondecreasing, so 1 = h(1) < h(t)/t for t > 1. O

For any closed set A the derivative of the function ¢ — v, (tA) is easy to

compute. Indeed,
_ i/ —l22g,| E/ p2n = 2lwl2/2 g,
ey dt Jia ; dt J4

= 2nv,(A) — /A |z2dv, (2).

d

t=1

Moreover, the integral of |z|? over a cylinder C' may be expressed explicitly in
terms of the measure v, (C). Namely,

/ |22dv, (2) = 2(1 — 1,(C)) In (1 — v, (C)) + 201, (O).
c
Combining these two remarks with the preceding proposition we obtain an

equivalent formulation of the problem.

Proposition 2. A closed subset K of C™ supports SC-inequality if and only if
for any its dilation L

/L |2[2dvp (2) < 2nvpn (L) 4 2(1 — vy (1)) In (1 — vy (L)) . (4)

3 Main result

We aim at proving the aforementioned main result, which reads as follows
Theorem 1. Any set from the class R supports SC-inequality.
We begin with a one-dimensional entropy inequality.

Lemma 1. Let u be a Borel probability measure on Ry and suppose f: Ry —
R4 is a bounded and non-decreasing function. Then

B s < [ ) (14 1 (.00) ). 5)

Proof. Using homogeneity of both sides of (5), without loss of generality, we
can assume that fR+ fdp = 1. Then we may rewrite the assertion of the lemma

[ w (f(x) / dﬂ(t)>f($)dﬂ($)<—1~
Ry (w,00)

Introduce the probability measure v on Ry with the density f with respect to
. Thanks to the monotonicity of f we can bound the left hand side of the last
inequality by

/ﬂh In (u ((, OO)))du(:r) = - /Ooo /01 %1{u2,((m))}(u,x)dy(x).

as follows



Define the function
H(y) :=inf{t | v((t,00)) <y},
which is the inverse tail function, and observe that
{(w,2) | uzv((z,00))} D{(u,z) | H(u) <z},
as u > v ((H(u),00)) > v ((x,00)). This leads to

s} 1 o) 1
du du
- / A (s vy (1 2) () < — / S a2y (s ) (2)

o U 0
du
"

-/ ([ ), )

Since u < v ([H(u),00)), we finally get the desired estimation. O

Now, for a certain class of functions, we establish the multidimensional ver-
sion of inequality (5). For the simplicity, we formulate this result for the Gaus-
sian measure.

Lemma 2. Let g: C* — Ry be a bounded function satisfying
1) g((e%121,... e 2,)) = g(2) for any = € C" and 61,...,0, €R,
2) for anyw, z € C™ the condition |wy| < |zk|, k = 1,...,n implies g(w) < g(z).
Then
|22
Bt 0 < [ o2) (- —n) (o). (6)

Proof. One piece of notation: for a fixed vector r = (r1,...,7r,) € (R4)™ we de-
note ¥ = (ry,...,7h_1,7ks1,---,7n) € (R4)"71, and then define the functions
k
gp (X)) =g(r1, .o Tl 1, &y g1y e -y Tn), k=1,...,n.

Notice that for a function h: C — R obeying the property 1) we get

/(Ch(z)dz/l(z) = % /027r /000 h(rew)e*ﬁ/zrdrde = /OOO h(r)du(r),

where p denotes the probability measure on R with the density at r given by
re~""/2. Therefore

0@ (B ) = [ ) (k) aueni
Lo (5 [0 (5

- /() ; [ / 5w (9”2 -1) du<x>] apn ().

Applying Lemma 1 for the function g;-j and the measure p we obtain the esti-
mation

Z|2 - T‘. n
/ 9(2) (2 - n) dvn(2) 2/ > Ent,, gj du®"(r)
" R4)™ =1
> Ent,en g = Ent,, g,

where the last inequality follows from subadditivity of entropy (for example see
[Led, Proposition 5.6]). O



Proof of Theorem 1. Fix K € . In order to show (4) we introduce the function
g(z) =1 —1k(z). We adopt the standard convention that 0ln0 = 0, hence the
desired inequality is equivalent to (6). Thus the application of Lemma 2 for the
function g finishes the proof. O

Theorem 1 immediately implies that the Cartesian products of cylinders sup-
port SC-inequality. As a consequence, SC-inequality possesses a tensorization

property.

Corollary 1. Assume sets K1 € C", ..., K, C C™ support SC-inequality.
Then the set K1 X ... x Ky also supports SC-inequality.

Another consequence of the main theorem concerns the standard exponential
measure )\, on R", i.e.
d\, (z) = L -tehgg reR"
n - 27l ) )
where we denote |(z1,...,2n)[1 = D.iy |z;]- It turns out that certain subsets of
R™ support the S-inequality for A\, with strips as the optimal sets. To state the
result a few definitions will be useful. We say that a set K C (Ry)™ is an ideal
if along with any its point « € K it contains the cube [0, z1] X ... X [0, z,]. A set
K C R"™ is called unconditional if (e1x1,...,€e,2,) € K whenever (z1,...,z,) €
K and €1,...,¢, € {—1,1}. By an unconditional ideal K in R™ we mean the
unconditional set K such that the set K N (R;)™ is an ideal. For instance, any
unconditional convex set is also an unconditional ideal.

Theorem 2. For any closed unconditional ideal K C R™ and for any strip
P={x € R" | |v:] <p}, p >0, we have

M(K) =M (P) = Vt>1 A (tK) > M\, (tP), (7)
and, equivalently,
M(K) =M\ (P) = Vt<1M\(K)<M\(tP). (8)

Proof. The equivalence between (7) and (8) is straightforward. For instance,
assume the latter does not hold. Then, there is ¢y < 1 such that A\, (tcK) >
An(toP). We can find sg < 1 for which A, (sotoK) = A, (toP). Using (7) we get
a contradiction

1 1
0 0
Consider the mapping F': C* — (R4)"™ given by the formula

F(z1y.oovzn) = (21]s -+ s |2n])-

Observe that for an ideal A C (R )™, the set F~!(A) is Reinhardt complete
and integrating using the polar coordinates we find that

Uy, (F_l(A)) = /A Hrie_Tiz/erl ...dry,.
i=1



Now, let us change the variables according to the mapping G: (R4+)" — (Ry)™,
Lo o 2
G(xz1,...,xy) = i(ml’”' x2).

We obtain
v (F1(4)) = / e~ Tl vidy,
G(A)

Since G(A) is an ideal iff so is A, we infer that for any unconditional ideal
K CR"®

M (K)=vn(K), where K: =G 'F 1 (Kn(Ry)").

Moreover, for a strip P = {x € R" | |z1| < p}, the set P C C" is a cylinder.
Note also that tK = v/tK. These observations combined with Theorem 1 yield
the assertion. O

Following the method of [LO1, Corollary 3] we obtain the result concerning
the comparison of moments.

Corollary 2. Let || - || be a norm on R™ which is unconditional, i.e.
l(erzt, ... enxn)|l = (1, .-, x0)]l,

for any x; € R and €; € {—1,1}. Then forp>¢g>0

</R ||x||pd)m(x))1/p < Chg </R |ac||qd)\n(x))1/q, )

where the constant

(e [2lPan () _ Cp+1)tr
(Je |$|qd)\1($€))1/q (T(q+ 1))/

p,q —

is the best possible.

Proof. The proof hinges on the fact that a ball K = {z € R" ||z| < t} with

respect to the norm || - || is a closed convex unconditional set, so that Theorem
2 can be applied. O
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S-inequality for certain product measures

Piotr Nayar * Tomasz Tkocz |

Abstract

In the paper we prove the S-inequality for certain product prob-
ability measures and ideals in R™. As a result, for the Weibull and
Gamma product distributions we derive concentration of measure type
estimates as well as optimal comparison of moments.
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60E15.

Key words and phrases. S-inequality, Dilation, Exponential distribution,
Weibull distribution, Gamma distribution, Concentration of measure, Com-
parison of moments.

1 Introduction

The standard Gaussian measure 7, on R"™ has been thoroughly studied in
a context of dilations of convex and symmetric sets (see [CEFM, LO1]). For
example, it is known that for such a set K in R™ we have the estimate

V(LK) > 1 (tP), t>1,

where the set P = {z € R", |z1| < p} is a strip chosen so that 7,(P) =
Yn(K). This result is due to R. Latala and K. Oleszkiewicz [LO1] and it is
called the S-inequality. A natural task is to find other examples of measures
for which this type of bounds hold (cf. [Lat, Conjecture 5.1])7 As a by-
product of the investigations on the S-inequality in the complex case for the
Gaussian measure initiated in [Tko], the authors have recently shown in [NT,

*Research partially supported by NCN Grant no. 2011/01/N/ST1/01839.
TResearch partially supported by NCN Grant no. 2011/01/N/ST1/05960.



Theorem 2| that the exponential measure satisfies the S-inequality for ideals
in R™ (for the definition of an ideal see Section 2). The aim of the present
paper is to extend this result for the measures v on R™ with densities

dvl(z) = (cp/2)"e "hdz,  x e R", (1)

where we denote |(z1,...,2,), = (3 |z:[P)/P and ¢, = 1/T(1 + 1/p) is a
normalization constant.

In Section 2 we present our main results. Section 3 is devoted to their
proofs.

2 Results

We begin with a few definitions. For a Borel measure p on R its product
measure 4 ® ... Q p = p®" is denoted by ™. We say that such a product
measure " on R™ supports the S-inequality for a Borel set L C R™ if for any
its dilation K = sL, s > 0, and any strip P = {z € R", |z;| < p} we have
WK) = iM(P) = pMIK) = pMEP),  fort=1. (2)

If we assume that the function ¥(z) = p ([—z,z]) is invertible for > 0, we
can write (2) as

W) > \I/[t\lf_l(u(K))], for t > 1. (3)

A set K C R" is called an ideal if along with any its point « € K it contains
the cube [—|zq], |z1]] X ... X [=|xa], |2al]-
Now we are able to state the main result.

Theorem 1. Let p € (0,1]. Then the measure v} defined in (1) supports the
S-inequality for all ideals in R™.

Thanks to simple coordinate-wise transport of measure argument we ob-
tain the following corollary.

Corollary 1. Let a > 0 and ¢ > 1. Define on R the symmetric Weibull
measure W, with the parameter a and the symmetric Gamma measure A,
with the parameter q by

1 «@
dw, () = §a|x|°‘_16_‘x| dz, (4)

gz e dz. (5)

Palr) = 50y



Then the product measures wy and Ay support the S-inequality for all ideals
mn R™.

The measures w] provide the examples of distributions supporting the
S-inequality and having both log-concave and log-convex tails. Indeed, the
tail function of the Weibull distribution is w, ({|z| > t}) = e which is
log-convex for a € (0,1) and log-concave for o € (1, 00).

The fact that a measure support the S-inequality for all ideals yields also
the comparison of moments (see [NT, Corollary 2]). Here, the relevant result
reads as follows.

Corollary 2. Let || - || be a norm on R™ which is unconditional, i.e.

||(61ZL'1, e 7€nxn)” = ||(f1317 S 7le)||

foranyxz; € R ande; € {—1,1}. Suppose a product Borel probability measure
u" = u®" supports the S-inequality for all ideals in R™. Then for p > q¢ >0

(/R Ha:!l”du”(x))l/p < Cpg (/R |y:c||Qdu”(x))1/q, (6)

where the constant Y
 (fp lldp(x))
(f;, lcldpa(x))

Pg =
is the best possible. In particular, we might take pn = v, wq, Ay, for p € (0,1],
a>0,qg>1 (see (1), (4), (5)).

3 Proofs

3.1 Proof of Theorem 1

The theorem is trivial in one dimension. For higher dimensions the strategy
of the proof is to reduce the problem to the two dimensional case where
everything can be computed. This is done in the following proposition.

Proposition 1. Let i be a Borel probability measure on R. Let p" = p®™
be its product measure on R™. If u* supports S-inequality for all ideals on R?
then for any n > 2 the measure u" supports S-inequality for all ideals on R™.



Proof. We proceed by induction on n. Let us fix n > 2 and assume that u"
supports S-inequality for all ideals in R™. We would like to show that p"*!
supports S-inequality for all ideals in R™*!. To this end consider an ideal
K c R and set ¢t > 1. Thanks to Fubini’s theorem

P tK) = /

[ i(@R)0n() = [ WK, i)

where A, = {y € R", (y,z) € A} is a section of a set A C R"™ at a level
x € R. For a set A let P, denote a cylinder with a width w, such that
p*(A) = pu*(Pys). Since the section K is an ideal in R™, by the induction
hypothesis we obtain

Pt (K) > /

R

" (tPKM) du(z) = /R,u <[—twKx/t,twKx/t]) du(z).

For the simplicity denote the function z — wg, by f. If we put G; C R? to
be an ideal generated by f,ie. Gy = {(z,y) € R? |y| < f(z),z € R}, then
its dilation tGy is generated by the function x +— tf(z/t). Therefore

/Ru ([—twKz/t,twKz/t]) dp(z) = 2 (tGy).

Yet, p*(Gy) = u"t(K), so taking the strip P = [—w, w] x R™ with the same
measure as /{ we see that the strip [—w, w] x R has the same measure as Gy.
Now the fact that p? supports S-inequality implies p?(tGy) > p?(t([—w, w] X
R)) = p""(tP). Thus we have shown that p" ™ (tK) > p"*1(tP), which
completes the proof. O

Thus it suffices to show the theorem when n = 2. Notice that any ideal
K C R? can be described by a nonincreasing function f : Ry — R, namely

K ={(z,y) e R | [y| < f(lz])} .

Fix such a function and take a strip P = {|z1] < w} such that v2(K) =

Vz(P). To prove that I/z supports S-inequality for the ideal K it is enough

to show that (see [NT, Proposition 1])

d
VI% (tK)

d
_ > 2 P
at Z 3 (tP)

t=1 =1



Let

AMKw5£GW+WMdﬁmw.

We have

p

2 2
V(LK) = C_P/ e~ 2IP+ W) qrdy = C_P/ 2Pl Hl) qgdy,
4 Jix 4 Jk

hence
2 _ 9,2
=V (tK)LZl = 22(K) — pM,(K).
Therefore we are to prove that M,(K) < M,(P). Define the functions T :
R, — [0,1], S: Ry — [0, 1]

T(u) = cp/ e du, S(u) = cp/ e dx
U 0

and let i, be the probability measure with density c,e™" on R,. Note that
1

1 [“ c
Su:c—/a:—e_wp'dx:——pue_“p+—1—Tu.
(u) ), ( ) ) p( (u))

Thus §(c0) = 1/p. We have
My(K) =c, /0°° /Ofu) (2P + yP)e™ " dy da

, /OOO e (1 = T(f(2))) de + ¢, /OOO S(f(@))e da
— - [P TU@) o)+ [ S0 dne (o),

Taking f(z) = oo for x < w and f(z) = 0 for x > w we obtain

wa+wmd@mw:%—(%—ﬂw)+%u—ﬂw>
1 1
- 1—9 + S(w) — ]—)T(w).

Let ®:[0,1]] >R, ®=SoTtand g: R, — [0,1], g =T o f. We would
like to prove
1

/¢@NM+—Amﬂm@dm@ﬂ§ﬂw—5TW)

5



Observe that

—c/ / e V"7 dy dx

—/0 T(7()) dpe(w) =1 [ g s

Our assumption 2(K) = v2(P) yields [ g duy = T'(w). Moreover,

() = a(rw) = ( [ gan.).

Our inequality can be therefore expressed in the following form

/<1>(9) dpy — @ (/gdu+) < /Ooog(fr) (w”— %) dpiy(2).

Note that ¢g : R, — [0, 1] is nondecreasing. Summing up, to establish Theo-
rem 1 it suffices to prove the following lemma.

Lemma 1. Let p € (0,1] and let uy be a measure with density c,e™" sup-

ported on Ry. Then for all nondecreasing functions g : R, — [0, 1] we have

/‘I)(g) dpy — @ (/g du+) < /OOO 9(x) (xp - %) dyi4 (). (7)

In order to prove Lemma 1 we shall need a lemma due to R. Latala and
K. Oleszkiewicz (see [LO2, Lemma 4] or [Wol, Theorem 1]). For convenience
let us recall this result.

Lemma 2 (Latala—Oleszkiewicz). Let (§2,v) be a probability space and sup-
pose that ® : [0,1] — R has strictly positive second derivative and 1/®" is
concave. For a nonnegative function g : ) — [0, 1] define a functional

va() = [ alg) dv o ( X du) | )

Then V¢ is convex, namely

Ugp(Af + (1= N)g) < AVs(f) + (1 — M) Va(g).



Now we show that our function ® = S o 7! satisfies the assumptions of
Lemma 2.

Lemma 3. The function ® = So T~ ! :[0,1] — R satisfies ®’ > 0 and
(1/@//)// S 0

Proof. Let T™! = F. Note that F’' = T,%F) = —éer. We have

' = S (F)F = c,FPe™ (—le“> = —F?

Cp
and
o = pFrip = Lpriorr S g
Cp
Moreover,
C !
1 <I>H r_ =P Fl—pe—FP
(1/@7) » ( )
p 1 -
— 2 (1 =p)F P —pF PP e " =1 - —Lpr
p p
and )
(1/2")" = (1 — p)F P F' = —=—Lp=1=1" <,
Cp

We are ready to give the proof of Lemma 1.

Proof of Lemma 1. Combining Lemmas 2 and 3 we see that the left hand
side of (7) is a convex functional of g. The right hand side is linear in g
and therefore we see that Ag; + (1 — A)gy satisfies (7) for every A € [0,1]
whenever g1, go satisfy (7). Due to an approximation argument it suffices to
prove our inequality for nondecreasing right-continuous piecewise constant
functions having finite number of values. Every such a function is a convex
combination of a finite collection of functions of the form g,(z) = 1{00) (),
where a € [0, 00]. Therefore it suffices to check (7) for the functions g,. Since
®(0) = S(c0) = 1/p and ®(1) = 0 we have

JEr ( [ du+) ~ (1= T@) - (0



and

p
thus we have equality in (7). O

[ k) (= 2) o) = L = 500 - 210

The proof of Theorem 1 is now complete.

3.2 Proof of Corollary 1

The idea behind Corollary 1 is that once a measure supports S-inequality for
all ideals then so does its image under properly chosen transformation (cf.
proof of [NT, Theorem 2]). Fix p € (0,1] and a > 0. Consider the mapping
F: (Ry)" — (Ry)™ given by the formula

F(xy,...,x,) = (27,...,20).

rn

We will use it to change the variables. So, take an ideal K C R", the strip
P C R" such that v)(K) = v} (P), and compute the measure of the dilation
tK for somet > 1

v (tK) = (C—p> / eIl dy = CZ/ e~ LT dx
2 K tKA(R )"

S .
Y k@) I1

In the first equality we have used the symmetries of ideals, while in the
last one we have changed the variables putting = F(y). Introducing the
measure fi, o on R with density

djipa(®) = acylal* e da,

we thus have seen that .
V;}(tK) = fpo (LK),

where for an ideal A in R” the set A denotes an ideal such that AN (Ry)" =
F71(AN (Ry)") (note it makes sense as F' is monotone with respect to each

coordinate). The point is that due to the homogeneity of F' we have tK =
t'/* K. Moreover, strips are mapped onto strips. Therefore

Nna(tl/af() =1, (tK) 2 v, (tP) = ﬂp,a(tl/aﬁ)a

8



which means that j,, supports the S-inequality for the ideal K. Since the
ideal K is arbitrary, we conclude p, , supports the S-inequality for all ideals.
To finish the proof notice that we recover Weibull and Gamma distribution
setting respectively p = 1, o = 1/p, i.e. Wa = 1,0, Ag = H1/g,q-

Remark. We might use more general change of variables y; = V(x;) for some
increasing function V: Ry — Ry, V(0) = 0 and ask whether we will derive
the S-inequality for other measures than p, . exploiting the above technique.
Since we would like to have tK = u(t)l? for a monotone function u, we check

it would imply that V(st) = CV(s)V(t), and C is a constant. So V' should
be a power function yet this case has been studied in the above proof.
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KHINCHINE TYPE INEQUALITIES WITH OPTIMAL
CONSTANTS VIA ULTRA LOG-CONCAVITY

P10TR NAYAR AND KRZzYSZTOF OLESZKIEWICZ!

ABSTRACT. We derive Khinchine type inequalities for even moments with op-
timal constants from the result of Walkup ([15]) which states that the class of
log-concave sequences is closed under the binomial convolution. log-concavity
and ultra log-concavity and Khinchine inequality and factorial moments

1. INTRODUCTION

Let a1, a9,...,a, € Rand let rq, 79,..., r, be independent symmetric +1 ran-
dom variables. The classical Khinchine inequality, [8], states that for any positive
p > ¢ there exists a constant Cp , (which does not depend on n, o, g, ..., ay,)
such that

(EISP)P < Cpyq - (EIS|9)Y,
where S =>"" | a7

There was a long pursuit for the optimal values of the constants C), ;. The best
values of Cp o for p > 3 were established by Whittle, [16] while the optimal C5
constant was proved to be equal to /2 by Szarek, [14] (see also [12] for a short proof
which extends to the normed linear space setting; this approach was later extended
in [10] and [13]). Finally, Haagerup, [6], found best values of C, o for all p € (2, 3),
and of Cy, for all ¢ € (0,2), thus solving the part of the problem which is most
important for applications since ES? = >""" | o2 is a quantity particularly easy to
deal with. However, the general problem of finding optimal values of the constants
Cp,q is open and probably quite difficult. Its special case when both p and ¢ are
even numbers, and p is divisible by ¢, was settled by Czerwinski in his unpublished
Master thesis, [4]. His method was based on some algebraic-combinatorial identities
and does not seem to generalize to other situations. On the other hand, Konig and
Kwapien, [9], and Baernstein and Culverhouse, [1], have obtained comparison of
moments inequalities with best constants, similar in spirit to Haagerup’s result but
with the symmetric Bernoulli random variables replaced by some multidimensional
rotationally invariant random vectors of special form (for example, uniformly dis-
tributed on spheres or balls). Again, as in Haagerup’s approach, it was crucial for
their main argument to work to have p = 2 or ¢ = 2. In the present paper we

establish the optimal values of C, 4 for even p > ¢ > 0 (the assumption of ¢|p no

longer needed) both in the classical Khinchine inequality and its high-dimensional
counterparts.

The main tool in our approach is Walkup’s theorem (Theorem 1 of [15]) which
states that the binomial convolution of two log-concave sequences is also log-
concave:

Definition 1. A sequence (a;)32, of non-negative real numbers is called log-concave

if a2 > aj_1a;41 for i > 1 and the set {i > 0| a; > 0} is an interval of integers.

IResearch of the second author partially supported by Polish MNiSzW Grant N N201 397437.
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2 KHINCHINE TYPE INEQUALITIES

Theorem 1 (Walkup, [15]). Let (a;)2, and (b;)$2, be two log-concave sequences
of positive real numbers. Define

i=0
Then the sequence (c,,)22 s log-concave.

Using Liggett’s terminology ([11]) we may also rephrase this to another state-
ment: the class of ultra log-concave sequences is closed under standard convolution
operation, where a sequence of positive numbers (a;)$2, is called wltra log-concave
if and only if the sequence (! - a;)$2, is log-concave.

There are at least three proofs of this theorem in the literature. Walkup’s orig-
inal proof is a bit difficult for non-experts whereas Liggett’s proof, [11] is very
elementary but quite long, as it covers a more general result than just Theorem
1. Recently, Gurvits, [5], published a short proof which, however, relies on the
powerful Alexander-Fenchel inequalities for mixed volumes of convex bodies. For
reader’s convenience we provide yet another proof, more similar to Liggett’s than
to Walkup’s, but shorter than Liggett’s proof and very direct. We postpone it till
Section 3.

2. MAIN RESULTS

Now we will present an application of Theorem 1. Let us denote the standard
Euclidean norm on R? by || - ||. In what follows we consider rotation invariance
with respect to the same standard Fuclidean structure. Furthermore, let G be a
Gaussian random variable with the standard A(0,1) distribution while by G we
denote an R%-valued Gaussian vector with the standard N(0, Idy) distribution.

Lemma 1. Let II : R? — R be the projection to the first coordinate. For p > 0
assume that X is a rotation invariant R%-valued random wvector with finite p-th
moment. Then

EILX|P _ E[X][?

EGP — E|G|r
Proof. Let 6 be a random vector uniformly distributed on the unit sphere of
(R, || - ||) and independent of X. Since X is rotation invariant it has the same
distribution as || X ||-6 and thus IIX has the same distribution as || X ||-TI6. Therefore
E[IIX|? = E||X|” - E|IIA|P. The same argument used for G instead of X yields

E|GPP = E[IGP = E|G|? - E[II9]?. O

Definition 2. We will say that an R%-valued random vector X is ultra sub-
Gaussian if either X =0 a.s., or X is rotation invariant (i.e. symmetric if d =1),
has all moments finite, and the sequence (a;)2, defined by
a; = E|| X||*/E||G||** fori>1, and ag = 1, is log-concave.

Lemma 2. If X and Y are independent ultra sub-Gaussian R?-valued random
vectors then X +Y is also ultra sub-Gaussian.

Proof. If X or Y is equal to zero a.s. then the assertion is obvious. Let
a; = E[| X||*'/E[|G[* = E(ILX)* /EG™,
bi = E|[Y[]*/E|G|*" = E(IlY)* /EG*,
c; = E|X +Y|*/E|G|* = E(TIX +1IY)* /EG*
for i > 1, and let ag = by = ¢y = 1. It remains to notice that

CE(IIX 1Y) 1 — (2n 2 on—2i _
‘T 7RG (2n- 1) ; (21>E(HX) E()™ =
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” (2n)!! " (n
= e Gibn—i = . )aibn—i,
;(21')!!(27%2@')!!& ; i)?
where we have used the fact that IIX and IIY are independent and symmetric.
The double factorial N!! denotes the product of all positive integers which have the
same parity as IV and do not exceed N. We adopt the standard convention that
(=) = 0!l = 1. The assertion immediately follows from Theorem 1. O

Lemma 3. Assume that an R?-valued random vector X and a non-negative random
variable R are independent, and that R - X has distribution N'(0,Idg). Then X is
ultra sub-Gaussian.

Proof. Clearly, X is rotation invariant. Note that for p > 0 we have
E[X]”-ER” = E[|G” € (0, 00),

so that X has all moments finite and strictly positive. Let a; = E||X||?/E|G|*.
By the Schwarz inequality for i > 1 we have

1/a? = (ER*)? <ER*"D . ER*Y = 1/(a;_1a:41)
which proves that the sequence (a;)$2, is log-concave. O

Corollary 1. Assume that X is a random vector uniformly distributed on
i) the Buclidean sphere v - S1 (if d = 1 this is symmetric +r distribution)
or

ii) the Euclidean ball r - B¢

for some r > 0. Then X is ultra sub-Gaussian.

Proof. Distribution of any R?-valued random vector which is rotation invariant
and unimodal (i.e. it has a rotation invariant density which is non-increasing as
a function of distance to zero) can be expressed as an integral mean of measures
uniformly distributed on balls with center in zero. Since the standard normal
distribution A/ (0, Idy) is rotation invariant and unimodal the corollary is established
in the case ii).

For the reader’s convenience, however, we provide an explicit description of this
factorization. Let us denote the volume of the unit ball B by vy = 7%2/T'(4 + 1)
and let p4(s) = (2m)~Y2e5°/2 i.e. py(||z||) is a density of N'(0, Idy). Furthermore,
for s > O0set ug(x) = 'Ud_ls_dl{zeRd:”z”SS}, so that ug is a density of a random vector
uniformly distributed on s - BY. Hence

eallz]) = /| " (Cly(s)) ds = / st <y sal(s) ds

z||
:/ vas™ gus)us(x) ds.
0

Thus the product of a random vector uniformly distributed on B¢ with an indepen-
dent positive random variable R with density vas®™'¢4(s)1(g,00)(s) has distribution
NN(0,Idy). Setting R = R/r ends the construction.
The case 1) is simpler, it just suffices to note that
_lGll G

,
r Gl

where the factors are independent, and the second of them is uniformly distributed
onr-S41. O
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Corollary 2. For o > 0 let X be an R¥*-valued random vector with density

d
PGE+D a2 ol
L(g+1)
If a > 2 then X is ultra sub-Gaussian.

gx(x) =

Proof. Let 8 € (0,a) and let Y be an R%-valued random vector with density

DE+1)  m  pen®
gy(x):%w 42 lo
I(g+1)
It is a well-known fact that Y is a mixture of dilatations of X and thus (for

B = 2 < «) the assertion follows. For the sake of completeness we provide a
detailed argument. Let Z be a standard positive 8/a-stable random variable, so

that Ee=vZ = ¢=v"'" for every w > 0. Note that for y > 0 we have

1 [ 1 [
EZ‘“:E—/ e el dt = —/ " Ee™ 7 dt =
L(u) Jo L(p) Jo
1 /°° 1 4Bl al' (ap/B)
— [ e dt =
T'(u) Jo AL (k)

Let gz denote the density of Z and let W be a positive random variable independent
of X with density

Br(d/a) —d/a
gw (t) = ——==5t" gz (t).
al'(d/B)
We will prove that W—1/®X has the same distribution as Y. Since both ran-
dom vectors are rotation invariant it suffices to prove that W~=1/¢||X|| has the
same distribution as ||Y|| which immediately follows from the fact that the Laplace
transforms of logarithms of these random variables are equal:

EW-Ye XD = EW MBI X|* = E|Y|]*
for every A > 0. Indeed, by a standard and direct computation we obtain

E||X||* = [(2£4)/T(d/a) and E[|Y||* = T(252)/T'(d/B), whereas

EW—Me — MEZ—O\_’.@/Q . F(d/a)l“()‘gd)

al'(d/B) - D(d/B)r (254

(e

Now we are in position to state and prove our main results:

Theorem 2. Let n and d be positive integers and let p > q > 2 be even integers.

Let X1, Xo,..., X,, be independent R*-valued ultra sub-Gaussian random vectors.
Then
E||G[?)'/»
]ESpl/p<( CE(|1S||9) e
©ISIP)” < &G - BUSIY)

where S = X1+ Xo+ ...+ X,,.

Theorem 3. Letn and d be positive integers and let p > q > 2 be even integers. Let
X1, Xa,..., X, be independent R*-valued random vectors and assume that each of
them is either uniformly distributed on a Euclidean sphere or uniformly distributed
on a Fuclidean ball. Then

E|s|)r < EIGID

= @iegm 2S

where S = X1+ Xo+ ...+ X,.
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2 2
obviously optimal, as indicated by the example of i.i.d. centered X;’s with n — oo
(by the Central Limit Theorem). For d = 1 this is the classical Khinchine inequality.

The constant (E[GI17)'//(E|GIe = (r(244))” (reg) (07 i

Proof of Theorems 2 and 3. Without loss of generality we may and will assume
that all the spheres and balls mentioned in the assumptions of Theorem 3 are
centered at zero, i.e. X;’s are rotationally invariant. Indeed, it suffices to notice
that S —ES = 3" | (X; — EX;) is rotation invariant and thus ||S|| has the same
distribution as ||(S — ES) + ||ES|| - 0|, where 6 is uniformly distributed on the
unit sphere and independent of S. Thus by increasing number of variables by one
we have reduced the problem to the case of rotationally invariant random vectors.
Corollary 1 allows us to deduce Theorem 3 from Theorem 2.

Now it is enough to note that .S is ultra log-concave by Lemma 2, so that the
sequence (ag)72, given by a, = E||S||?*/E||G||?* (with ap = 1) is log-concave. By

multiplying inequalities af® > af_,af,, for k = 1, 2,..., s we deduce that the
sequence (a./ )2 | is non-increasing. In particular, aig < azfg which is equivalent

to the assertion of Theorem 2. O

3. PROOF OF WALKUP’S THEOREM

We assume that (}) =0 for k < 0 and k > n, where n > 0, k,n € Z. Let us also

set a; =b; =0 for i < 0,7 € Z.

Lemma 4. Letn > 1 and k < n be non-negative integers. Then

W (TG = ()G

for 0 <i<|k/2].

Proof. For i = 0 the inequality (1) is obvious. For ¢ > 0 it is equivalent to

m—k+i)(k—i+1)>i(n+1—1).

Since n > k and 7 < k/2 we have

m—k+ik—i+1)—iln+1—di)=Mn—-k)(k—2i+1)>0. O

Lemma 5. Forn>1,k<n and 0 <i < |k/2] consider a sequence

o™ n _(n—=1\( n+1\ (n+1\/ n—-1
) k= i J\k—i i J\k—i)
Then the sequence (sgn(si))iié2J is non-decreasing.

Proof. After some simple reductions we get
2n n—1 n—k+1
n+l n—-k+i+1 n+1-—1

sgn(si) = sgn [

Let m =n —k > 0. We have

n—1 +n—k+i_m+n+1 ] m+n+1 (m+n+1)(m+n+2)
n—k+i+1l n+l—i m+i+l n+l—i =~ (m+i+1)(n+1-1i)

therefore it suffices to notice that the function i — (m+¢+1)(n+ 1 — 1) is positive
and non-decreasing on [0, k/2]. O

Lemma 6. Let (s;), (l;)", be two sequences of real numbers. Assume that
0<l <ly...<ly, Yoiysi =0 and the sequence (sgn(s;))l—, is non-decreasing.
Then Y i o sili >0
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Proof. Let ip = min{0 <i <n|s; >0} Then

zn:sllz = Zszlz+ Zszll > lig Zsi+li0 Zsi =0. O
1=0

i<io i>ig i<io i>io

Before we give a proof of Theorem 1, let us make some remarks. Let (a;)32,, (b;)$2,
be log-concave. Fix 1 <14 < j. Observe that

(2) a;Q; 2 A;—10j541, for 0 § 7 S ]
Indeed, it suffices to consider the case when a;_; and ajy; are positive. Then
{i—1,4,...,5,j+1} € {k > 0| ax > 0}. By multiplying the inequalities a? >
ap—1ak4+1 for k =4,...,7 and dividing by aia?H . ...a?_laj > 0 we arrive at (2).
Note that we have used the fact that {k > 0| ax > 0} is an interval of integers.

If 0<i<jand 0 <k <! then from (2) we get

(asa; — ai—1a;41)(brby — bp—1bi41) > 0,

therefore

(3) o

a;a;bpbita;—10j41bp_1bi41 > a;abi_1bp14+a;—1a;410kby, 0<i<j,0<k<I
For fixed k,n, & < n we will use the notation L; = a;ag—;bn—;bp—x+; and

Ri = aiak,ibn,iJrlbn,kJri,l. Note that L,L = kai and L,1 =0.

Proof of Theorem 1. It is easy to check that the set {¢ > 0| ¢; > 0} is an interval
of integers. Therefore, for n > 1 we have to prove the inequality

n\ (n n+1\/n—-1
i 'bnfibnf' Z . . i bn 7ibn7 —7-
¥ () mersz 2 (T meateor

1=0,...,n 1=0,....,n+1
7=0,...,n j=0,...,n—-1

It suffices to prove that

“ .
n n n-+1 n—1
Z <z> (k B z) @0k —ibp—ibp_k1i > Z ( ; ) (k - i>aiak—ibn+1—ibn—l—k+i

i=0 i=0
for k=0,...,2n. Inequality (4) for k > n and a pair ((a;)$2,, (b;)$2,) is equivalent
to (4) for k = 2n—k < n and a pair ((;)52, (a:)$2,), so we can consider only k < n.

Fori=0,...,|k/2] we have i <k —iand n — k+ i < n — i, therefore (3) yields

n—+1 n—1
(k i 1> <Z B 1) (@iak—ibn—ibpn—k+i + Gi—10k—it1bn—it1bn—k+i—1)

n—+1 n—1
> (k iy 1) (z _ 1) (@iak—ibn—it1bn—gti—1 + Gi—10k—i+10n—ibp—k+i)-

Moreover, using Lemma 4 and (2) we have
n+1\/n-1\ [ n+l n—1
i J\k—i) \k—it1)i-1
n+1\/n—-1\ [ n+l n—1 war b b '
i J\k—i k—it1)\i—1) |

We can rewrite these inequalities in the form of

O (L) ()0

ik —ibn—it1bn—k4i—1
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and

(6)

n+1\/n-1\ ( n+1l n—1 n+1\/n-1\ ( n+l n—1
i k—1 k—i1+1/\i—-1 1 k—1 k—i+1/\i—1

for i = 0,...,[k/2]. Note that if k is odd then L 2] = R|p/2)4+1. In order to

estimate the RHS of (4) we add (5) and (6) for i = 0,..., |k/2], and the equality

(o) (g = () (e ey s

in the case of k odd. We arrive at

"1\ n—1 e NI N
(Vi I S (o [F4) R o[ ]

O kaﬁj) <k . E}c}%) § (fk%ﬁ) (k . L_k}QJﬂ Liwray

where 0, = 1/2if k is even and 6, = 1 when k is odd. Since the LHS of (4) is equal

to
Lki ? (ZL) (k . z) Lot 20 (LJ?J) (k - T’f/ QJ)LWJ’

it suffices to prove the inequality

L; > R;

Lk/2)—1
Z sili + Oks\kj2 Lk = 0.
i=0

We have
|k/2]—1 1 k
Z S; + kaWgJ 25282‘2 0
i=0 i=0

and 0 < Lo < Ly < ... < Lig/2)- To finish the proof it suffices to use Lemma 5
and Lemma 6. [

Remark 1. Consider sequences (an)2>, = (1,0,0,1,0,0,...) and (b,)22, = (1,1,1,...)
and note that the binomial convolution of this sequences is not log-concave. There-
fore, without the second assumption in the Definition (1) it is impossible to prove
Walkup’s Theorem.

4. INEQUALITIES FOR FACTORIAL MOMENTS

For a positive integer n and any real number x we define the Pochhammer symbol
() =z(x—=1)-... - (x =n+1), with (z)g = 1, and in a standard way we put
(%) = (z)n/n!. Let n be a non-negative integer and let X be a nonnegative random

variable X with E|X|" < co. Then E(X),, is called the nth factorial moment of X.

Definition 3. Let k € R. We will say that a nonnegative integer-valued random
variable X is k-good if the sequence Ee"X (X),, forn > 0 is log-concave (we assume
that all the expectations are finite).

Lemma 7. If X and Y are independent k-good random variables then X +Y is
also Kk-good.

Proof. Multiplying the obvious identity

k
X+Y X Y
r(X4Y) _ kX L RY

=0
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by k! we arrive at

k
k
K(X4+Y) X4Y) = KX X). - RY ) AT
AN 3= 32 ()G
To finish the proof it suffices to take expectation of both sides of this equality, use
Theorem 1 and independence of X and Y. [

Now we can conclude with the following inequality:

Theorem 4. Let k € R and let X1, Xs,..., X, be independent k-good random

variables (e.g. {0,1} Bernoulli random variables) and let p be a positive integer.
Then for S = X1+ Xo + ...+ X,, we have

(Ee™(S),)? > Ee™(S)p—1 - Ee"5(S)ps1.

Since lim,_, o e "PEe"X (X), = p! - P(X = p) the case of K — —oc refers to
the ultra log-concavity of the sequence P(X = p) which was carefully investigated
and successfully applied for example in a recent paper of Johnson, [7]. In fact, the
log-concavity of the sequence Ee®°(S), may be easily deduced from the ultra log-
concavity of the sequence P(S = p), which in particular covers the case of Bernoulli
sums. However, sometimes the sequence E(X),, or, more generally, E(X),e"* may
be log-concave even though the sequence P(X = p) is not ultra log-concave.

5. TAIL TO MOMENTS LOG-CONCAVITY TRICK

We finish with a discussion of a result of Borell ([3], formulated there in a slightly
different and more general setting) which, in fact, can be traced back to the work
of Barlow, Marshall, and Proschan ([2], p. 384) although there it appears with a
slighlty restricting additional assumption. It is very standard by now and has many
different proofs, some of them very simple, but still we think that it may be of some
interest to provide yet another argument, especially because it is quite similar in
spirit to the one we used in our proof of Walkup’s theorem.

Theorem 5 ([2], [3]). Assume that ¢ : (0,00) — (0,00) is a log-concave function
(i.e. logy is concave). Then also ¥ : (0,00) — (0,00) defined by

V) = [

is log-concave.

Proof. It suffices to prove that ¥(q)? > W(q —&)¥(q + ¢) for ¢ > € > 0, which
obviously follows from

b tsqfl _ a1yl s
F(q)2/0 (t—5)"p(s)p(t — 5) ds >

1

t
qg—e—17y  \qt+e—1 o
> RSN CES) /0 s (t—s) w(s)p(t —s)ds
by integration over ¢ > 0 and using the Fubini theorem.
Since ¢ is log-concave the function s — (s)p(t — s) is non-decreasing on (0, ¢/2]
and non-increasing on [t/2,t). Also, it is obviously symmetric with respect to t/2.
Hence it suffices to prove that

1 /ta -1 . 1 /ta . B
—_— S t—sq d5>— qu t_5q+5 1d$
el A Vo= s ) ) (t=s)
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for 0 < a < t/2, which upon using the homogeneity reduces to proving that
11—«

f(a) = B(Q*S,qué?)/ wqfl(l—w)lI*ldwiB(q’q)/ wqfefl(liw)qug,ldw

e [e3%

l—a

is non-negative for a € [0,1/2]. Obviously, f(0) = f(1/2) = 0. Now it is enough to
notice that f’(a) > 0 if and only if

7) (+22) + () > 2B~ c.0+9)/Bla.a).

l1—«

The left hand side of (7) is decreasing in «, so that there exists some ag € (0,1/2)
such that f is increasing on [0, ap] and then decreasing on [ag, 1/2]. Thus f > 0 on
[0,1/2] and the proof is finished. O

The following well known corollary follows (note that it reveals some intriguing
similarity to a way in which we used Walkup’s theorem to derive the Khinchine
inequalities):

Corollary 3. Assume that Z is a positive random variable with log-concave tails,
i.e. the function (t) =P(Z > t) is log-concave on (0,00). Let NE be an exponen-
tial random variable with parameter 1. Then

ENEP)'/P
(Ezz))l/p < EEJ\/'E‘?;U‘I . (Ezq)l/q

forallp >q > 0.

The constant (EN EP)'/? /(EN'EY)Y/? = T(p+1)'/? /T (q+1)'/9 obviously cannot
be improved in general since N'E has log-concave tails.

Proof. From Theorem 5 we infer that ¥ : [0,00) — (0, 00) defined by

1 R ~ Ez¢
V) = g [ e =

for ¢ > 0, and by ¥(0) = 1, is log-concave (it is an easy exercise to check that ¥
is right-continuous at zero). Hence g(q) = log ¥(q) is concave with ¢g(0) = 0, so
that ¢ — g(q)/q is a non-increasing function on (0, 00), which is equivalent to the
assertion of Corollary 3. O

Acknowledgements. We are grateful to Matthieu Fradelizi and Olivier Guédon
for pointing to us the article of Walkup, and for their help in tracing some other
references.
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FKN Theorem on the biased cube

Piotr Nayar *

Abstract

In this note we consider Boolean functions defined on the discrete
cube {—v,771}" equipped with a product probability measure p®",
where i = 30_,+ad, -1 and v = \/a /. We prove that if the spectrum
of such a function is concentrated on the first two Fourier levels, then
the function is close to a certain function of one variable.

Moreover, in the symmetric case @ = § = % we prove that if
a [—1,1]-valued function defined on the discrete cube is close to a
certain affine function, then it is also close to a [—1, 1]-valued affine

function.

2010 Mathematics Subject Classification. Primary 42C10; Secondary
60E15.

Key words and phrases. Boolean functions, Walsh-Fourier expansion,
FKN Theorem

1 Introduction and notation

Let a, 8 > 0 with a+ 3 =1 and «a € (0, %) We consider the discrete cube
{—~,771}" equipped with the Ly structure given by the product probability
measure p,, = p®", where p = $6_, + ad,-1 and v = \/a/B. For f,g :
{—v,77'}" — R the standard scalar product (f,g) = [ fg du, induces the
norm || f|| = /(f, f). We also define the L, norm, ||f|, = ([ |f[" dun)l/p.
Let [n] = {1,2...,n}. For T" C [n] and = = (21,...,x,) let wp(z) =
[l,cr i and wy = 1. Note that we have [z; du, = 0 and [ z;2; dp, =
d;j. It follows that (wr)rcpy is an orthonormal basis of Lo({—v, 7'}, in).

*Research partially supported by NCN Grant no. 2011/01/N/ST1,/01839.



Therefore, every function f : {—v,7!}" — R admits the unique expansion
f= ZTC[n] arwr. The functions wr are sometimes called the Walsh-Fourier
functions. If the function f is {—1, 1}-valued then it is called Boolean.

The Fourier analysis of Boolean functions plays an important role in many
areas of research, including learning theory, social choice, complexity theory
and random graphs, see e.g. [O1] and [O2]. One of the most important an-
alytic tools in this theory is the so-called hypercontractive Bonami-Beckner-
Gross inequality, see [Bo|, [Be|, [G1] and [G2] for a survey on this topic. This
inequality has been used in the celebrated papers by J. Kahn, G. Kalai and
N. Linial, [KKL], and E. Friedgut, [F]. It can be stated as follows. Take
a= =13 and ¢q € [1,2]. Then we have

> (= D" Pagwr| < | agpwr (1)

TCln) ) .

for every choice of ap € R. This inequality has been generalized in [Ol1] to
the non-symmetric case. Namely, the following inequality holds true,

Z cq(a,6)|T|aTwT < Z arwrl| , (2>

TCln)

2 = q
where
BQ—% . a?—%
cqla, ) = — —5
af (a a—f3 q>

One can easily check that (1) is a special case of (2), namely /g —1 =
lim._,0 ¢(3 — €, 2 4+ ¢). Moreover, it is easy to see that ¢,(c, 8) € [0, 1].

In [FKN] the authors proved the following theorem, which is now called
the FKN Theorem. Suppose a = [ = % and we have a Boolean func-
tion f whose Fourier spectrum is concentrated on the first two levels, say
> T a% < 2. Then f is Ce-close in the Ly norm to the constant function
or to one of the functions +x;. The authors gave two proofs of this theorem.
One of them contained an omission which was fixed by G. Kindler and S.
Safra in their unpublished paper, [KS], see also [K]|. In [JOW] the authors

gave a proof of the following version of the FKN Theorem.



Theorem 1 ([JOW], Theorem 5.3 and Theorem 5.8). Let f = > ,arwy
be the Walsh-Fourier expansion of a function f : {—=1,1}" — {—1,1} and

1/2
let p = (Z|T|>1a2T> . Then there exists B C [n] with |B| < 1 such that

D oT|<1. 748 az < Cp*In(2/p) and |ag|* > 1 — p?> — Cp*In(2/p), where C is a
universal constant.

Moreover, in the non-symmetric case, f : {—vy,7 '}* — {=1,1}, there
exists k € [n] such that || f — (ap + agywi) || < 84/p-

This theorem is sharp, up to the universal constant C'. In the proof
the inequality (1) has been used. However, in the non-symmetric case one
can ask for a better bound involving bias parameter . In this note we use
inequality (2) to prove such an extension of the FKN Theorem. Namely, we
have

Theorem 2. Let f =) . arwr be the Walsh-Fourier expansion of a function

1/2
[ A=y = {=1,1} and let p = <Z|T|>1a?p> . Then there exists
k € [n] and a universal constant co > 0 such that for pln(e/p) < coav we have

”f — (ap + a{k}w{k})” < 2p.

Our proof of Theorem 2, which is given in the Section 2, is a straightfor-
ward application of the ideas used in the proof of Theorem 5.3 in [JOW].

In the Section 3 we consider the case v = 1 and we deal with the prob-
lem concerning [—1, 1]-valued functions defined on the cube {—1,1}" with
uniform product probability measure. A function f: {—1,1}" — R is called
affine if f(z) = ap+> ., a;z;, where ag, ay,...,a, € Rand z = (z1,...,z,).
We will denote the set of all affine functions by .A. Moreover, let Aj_; 3 C A
stands for the set of all affine [—1, 1]-valued functions. Note that f € Aj_q 1
if and only if " j|a;] < 1. The function f(z) = z; will be denoted
by r;, ¢ = 1,...,n. Let us also notice that if f is [—1, 1]-valued then
lar| = [Bwr f| < Elwrf| < 1.

In [JOW] the authors gave the following example. Take g : {—1,1}" —
R given by g(z) = s7'n7Y/23°" 2;. Note that g € A. Define ¢(z) =
—1 ooy (@) + 2L _11)(2) + 11 ,00)(2) and take f = ¢pog. Clearly, fis[—1,1]-
valued but may not be affine. The authors proved that lim,, ., distz2(f,.A) =
O(e="/*) and lim,, o, dist 2 (f, A_1.1) = O(s71).

Here we prove that this is the worst case. Namely, we have the following
theorem.



Theorem 3. Let us take f : {—1,1}" — [—1,1] and define p = dist2(f, A).

Then dist B < 18
en dis L2<f7 A[ 1’1}) - ]n(l/p)

In this paper we use the {—1,1}-valued function sgn(z) = —I(_o0)(x) +
I0,00)(z). By C' we denote a universal constant that may vary from one line
to another.

2 Proof of Theorem 2

Here we give a proof of Theorem 2.

Proof. Let k be given by Theorem 1. Let h = f — (ap + agyxi) and h =
[ —sgn(ag + aggyzy). Moreover, let d = ||h||. Note that for every u € R and
e € {—1,1} we have |u — sgn(u)| < |u — g|. Therefore,

le —sgn(u)| < le —ul+ |u—sgn(u)| < 2|u—¢.

It follows that |k| < 2|h|. Thus, using the fact that h is {—2,0,2}-valued,
we have

- 1 -
P(h # 0) = LIhI < [l =

Let us consider the expansion h = Y parwr. Clearly, ar = ap for T # 0, {k}.
Using (2) we obtain

2

| |5lTwT

1447 > 4B (£ )17 = |2 =
2
= e, B)Mag > cyla 6)2 > a%,
T IT|<1
where ¢ € [1,2]. We arrive at
P
Z TS Z 5)2 =4daf - —— 52
|T|<1, T#0,{k} |T|<1 pTe —a
Let p = g € (1,00) and x = p*9 € [p,p?]. Then we have
O./i% — 673 2lnz 1 l €T — 1 p2 — 1
4d* 03— = 4d v af — 4dw P < Ad 5 p—.
52_5—042_4 g —a2 p2 p:—x



Without loss of generality, taking sufficiently small ¢y > 0, we can assume

that p < w5. From Theorem 1 we obtain d < 8,/p < 3 < 1. Therefore,
ln(l/d) € [0,1] and we can take z = p2_m, Then
2 1 1 1
4w pp _ 4€2d4p .
P p 1 — e W/d

For ¢y € (0,1) the condition pln(e/p) < coar clearly implies p < . Since
d < 8/p < min{%,8\/_ }, then one can easily check that there exists a

constant ¢; such that 0 < 187 d) < ¢;. There exists a constant ¢y such that

for all s € [0, ¢;] we have _i, < 2. Thus,

21 1 —1 d*In(1/d
ge2dt . — o <8c?d*E—n(1/d) < o n(1/d)
p 1 — ¢ WO/ Inp aln(l/a)

We arrive at
d*In(1/d
>, ars C% < — - d'In(1/d).
ITI<1, T0,{k} aln(l/a) =~ a
We have
2 2
= £ = (oo + o] = LA + oo + gyl =270 + gy
=1+4aj+ a%k} — 2(aj + a%k}) =1-aj+ a%k}.

Thus, af + af;,, = 1 — d” and we can write

C C
>} <ap+apy + E-dﬂn(l/d) —1-d*+ — d*In(1/d).

|T|<1
It follows that
2 2 s C
=) ap=1-) aj>d - = d'In(1/d).
T|>1 |T|<1 @
Since from Theorem 1 we know that p < d < 8,/p, we obtain

4
& e/ < om0 < 6aceo < 2,
8] (e}

W



assuming that pln(e/p) < cpar and ¢y > 0 is sufficiently small. Therefore,

C 3 1
2>d* — = -d*In(1/d) > d* — ~d* = ~d*.
p° > d*In(1/d) > 4d 4d

It follows that d < 2p. O

Remark. The condition pln(e/p) < cpa cannot be replaced by p < a. Indeed,
if we take f: {—v,77'}? — {—1,1} given by

f(w1,20) = 2(8 — /Bax)(B — v/ Baxy) — 1,

see the remark after the proof of Theorem 5.8 in [JOW], then we obtain
p=2aB and d = 23%2a!/?. Thus d = /2pB > \/p/2.

3 Proof of Theorem 3

We need the following lemma due to P. Hitczenko and S. Kwapien.

Lemma 1. ([HK], Theorem 1 and [Ol2], Theorem 1) Let a1 > as > ... >
an > 0 and let us take S : {—1,1}" — R given by S = ", a;r;. Then for
t > 1 we have

P (1] > |IS]) > - Q

and

Isll > 2vi(at)" (1

it
We give a proof of Theorem 3.
Proof of Theorem 3 . Step 1. If f =", apwy then disty,(f, A) = f -S|,

where S = 37, arwr. For every u € [—1, 1] we have [z —u| > [v—¢(z)] for
all z € R. Taking z = S and u = f we obtain E(|S| —1)2 = ||S — o(9)|* <
IS — fI|”> < p?. Forall g € Aj-1,1] we have

lg = fIl <llg =Sl + 115 = fll < llg = Sl + p.

Therefore,

diStL2 (f, A[flyl]) S diStL2 (S, A[71,1}) + P (5)



It suffices to prove that E(|S| — 1)3 < p? implies an appropriate bound on
distr, (S, A_11]), whenever S = ag+ >\, a;r;, where ag, a1, ..., a, € R.
Step 2. Suppose that for all n > 1 we can prove that E(|S| — 1)3 < p?
implies disty, (S, Aj-11) < M for some M > 0, assuming that ag = 0. Then
we can deal with the case ag # 0 as follows. Let us take S : {—1,1} x
{~1,1}" — R given by S = agzo+ 3.1, a;z;. Clearly, E(|S|—1)2 = E(|S| -
1)2 < p*. We can find a [—1, 1]-valued function Sy = bowo + >y bix; such
that HS — gOH < M. Take Sy = bo+> ., byxr;. Now it suffices to observe that

5= 53|| = 1S = Soll.

Step 3. Take S = """ a;r;. Without loss of generality we can assume
that 1 > a; > as > ... > a, > 0. Let 7 = max{t > 1 : Zzzlai < 1}
Clearly, 7 > 1. If f is already in A_; ) then there is nothing to prove.
Therefore we can assume that 7 < n. We can also assume that p < 1/3,

since otherwise we have

the function Sy is [—1, 1]-valued and to notice that

18

distr, (f, -A[—l,l]) <distg,(f,0) = ||f]| <1< m

Let A= {|S| > 1 |5],}. For ¢ > 1 we have
1
E|S|" = E|S['14 + E|S|"14c < /E|S[2/P(A) + §]E|S]t.

Since by the Khinchine inequality we have (E|S|*)"/? <, /2=L(E[S|)Y!, we

obtain

| 1\ (E[S[)? _ 1(EIS|)? _1/t=1Y'
> - >(1-— > - > Z .
P <|S| =9 HSHt) = <1 2t> E|S|2t — 4 E|S|2t — 4 \2t—1

By the Chebyshev inequality we obtain
E(S|-1)%

e2

p

2
P(|S| >1+¢) < <=, (6)

™

for all e > 0. Let t > 1 and assume that ||S||, > 2. Take e = 1 ||S]|, =1 > 0.

We obtain
1/t—1\" 1 2
1(5=1) =p (125081 <
(5 HSHt o 1)

7




It follows that

2t — 1\"/?
S]], <2+4p (t——l)

which is also true in the case ||S||, < 2. From inequality (4) we obtain

1 1/2 o — 1\ 2
Z\/E(Zaf) §H5||t§2—|—4p(t_1) . (7

i>t

~—

We consider the case 7 > 2z In(1/p) > 1. Let us now take ¢ = %5 In(1/p)
2 > 1 and define S; = E <2 In(1/p) GiTi- Notice that > <2 In(1/p) Gi

> icr @i < 1. Thus, S; € A1 1. Moreover, since t > 2, we havep (2= 1)t/2
p3!/? = 1 and therefore by (7) we have

IN IV

IN

1/2
‘ 24
distz, (S, Aj—11)) < [[S =S| = Z a; <
i>-2 In(1/p) i hl(l/P)

In this case (5) yields

18
distz, (f, Aj—1,1]) —_—
" ,/ 5 In( 1/p vln(l/p)

Step 4. We are to deal with the case 7 < 25 In(1/p). Let us take Sy =
> isryo @i From inequality (3) we have

1 1 1 1 21n2
P <|5| > ) ait |152H> 2 5o P52 2 19:M]) 2 57 - 75 2 592 ™ -

i<T+1

Note that ) a; > 1. Therefore, from inequality (6) we obtain

i<r+1

P{|S]|> a; Sy < r
<|| > ai+| ||> 5

5.
i<r+1 i<rp1 @+ [[Sall = 1)

It follows that -
D ai+[|Sa] — 1< v20p!ws.

1<7T+1



Take S; = >, a;ri+(1—(a1+. . .4a;))r-41. Clearly, Sy € A_1,1. Moreover,

IS =il = (1= (ar -+ 00) —ar)? 4 52))

< ‘(11 + ...+ ar +ar41 — ].| + ||SQH < 20p1_m.
Therefore, from (5) we have

18

Vin(1/p)

distz, (f, A_11)) < V20p' 15 4 p <

]

Remark. If we perform our calculation with In(2.03) instead of In3 we will
obtain the theorem with a constant 14,5 instead of 18.
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