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Oszacowania sum wektorów losowych

Piotr Nayar

Autoreferat rozprawy doktorskiej napisanej pod kierunkiem
prof. dra hab. Krzysztofa Oleszkiewicza

W skªad rozprawy wchodz¡ cztery artykuªy naukowe, które powstaªy podczas
moich studiów doktoranckich na Wydziale Matematyki, Informatyki i Mechaniki
Uniwersytetu Warszawskiego. Dotycz¡ one zagadnie« zwi¡zanych z oszacowaniami
momentów i ogonów norm wektorów losowych.

W napisanych wspólnie z Tomaszem Tkoczem (obecnie doktorantem w University
of Warwick) pracach [NT1] oraz [NT2] rozwa»ali±my tzw. problem S-inequality. Mó-
wi¡c ogólnie, rozwi¡zanie tego zagadnienia dla pewnej miary borelowskiej µ prowadzi
do optymalnych nierówno±ci dla momentów norm wektorów losowych o rozkªadzie
µ. Nasze dociekania doprowadziªy do rozwi¡zania zagadnienia dla pewnych szczegól-
nych miar produktowych. Praca [NT1] zostaªa opublikowana w czasopi±mie Israel
Journal of Mathematics. Praca [NT2] zostaªa przyj¦ta do druku i opublikowana w
wersji elektronicznej w czasopi±mie Mathematische Nachrichten.

Artykuª [NO] dotyczy optymalnych staªych w nierówno±ciach typu Chinczyna.
Prac¦ napisaªem wspólnie z prof. Krzysztofem Oleszkiewiczem. De�niujemy w niej
ultra sub-gaussowskie wektory losowe i udowadniamy optymalne oszacowania pomi¦-
dzy parzystymi momentami sum niezale»nych wektorów tego typu. Nasze rozwa»ania
obejmuj¡, jako przypadek szczególny, klasyczn¡ nierówno±¢ Chinczyna dla sum ra-
demacherowych. Praca zostaªa opublikowana w czasopi±mie Positivity.

W pracy [N] rozwa»am niesymetryczn¡ wersj¦ twierdzenia FKN, pochodz¡cego w
swojej pierwotnej wersji od E. Friedguta, G. Kalaia i A. Naora, [FKN]. Udaªo mi si¦
wzmocni¢ pewne oszacowania pochodz¡ce z pracy [JOW] i udowodni¢ analogiczny
wynik w przypadku kostki symetrycznej i funkcji przyjmuj¡cych warto±ci w prze-
dziale [−1, 1]. Uzyskane rezultaty bazuj¡ na nierówno±ciach hiperkontrakcyjnych i
nierówno±ciach dla momentów i ogonów chaosów rademacherowych.

Poni»ej opisz¦ szczegóªowo udowodnione przeze mnie twierdzenia oraz ich zwi¡zki
z istniej¡c¡ literatur¡ przedmiotu.

1



S-inequality Rozwa»my miar¦ borelowsk¡ µ na przestrzeni metrycznej (X, d). Dla
t > 0 i zbioru borelowskiego A de�niujemy t-otoczk¦ zbioru A, At = {x ∈ Rn :
dist(x,A) < t}. Zagadnienie izoperymetryczne dla miary µ polega na wyznaczeniu
wielko±ci ht(s) = inf{µ(At) : µ(A) = s}. W przypadku miary Lebesgue'a i prze-
strzeni euklidesowej Rn powy»sze in�mum przyjmowane jest dla kul euklidesowych
(klasyczna izoperymetria). Je±li zatem |A| oznacza n-wymiarow¡ miar¦ Lebesgue'a
zbioru A, za± vn jest obj¦to±ci¡ kuli euklidesowej o promieniu 1 w Rn, to z warunku
|A| = |B|, gdzie B jest kul¡ euklidesow¡, wynika |At| ≥ |Bt|. �atwo wywnioskowa¢
st¡d nierówno±¢

|At| ≥ vn

(
(|A|/vn)1/n + t

)n
.

Rozwi¡zanie zagadnienia izoperymetrycznego znane jest równie» dla standardowej
miary Gaussa γn na Rn, czyli miary z g¦sto±ci¡ dγn(x) = (2π)−n/2e−|x|

2/2, gdzie | · |
jest norm¡ euklidesow¡. W tym przypadku optymalnymi zbiorami nie s¡ kule, lecz
póªprzestrzenie Hv = {x ∈ Rn : x · v < 1}, gdzie v ∈ Rn i · jest standardowym
iloczynem skalarnym, patrz [SC] oraz [B]. Ze wzgl¦du na rotacyjn¡ niezmienniczo±¢
miary Gaussa mo»emy ograniczy¢ si¦ do rozwa»ania póªprzestrzeni postaci Hs =
{x ∈ Rn : x1 < s}. Zde�niujmy funkcj¦ Φ(s) = γ1((−∞, s)). Z rozwi¡zania
zagadnienia izoperymetrycznego wynika, »e je±li γn(A) = γn(Hs) = Φ(s), to γn(At) ≥
γn(Hs+t) = Φ(s+ t). St¡d

γn(At) ≥ Φ(Φ−1(γn(A)) + t). (1)

Znane jest równie» rozwi¡zanie problemu izoperymetrycznego dla rotacyjnie nie-
zmienniczej miary probabilistycznej σn na euklidesowej sferze jednostkowej Sn−1 w
Rn, patrz [L]. Optymalnymi zbiorami s¡ zbiory postaci Sn−1 ∩ {x ∈ Rn : x · v < 1}.

Oszacowania powy»szego typu s¡ niezwykle wa»ne z punktu widzenia tzw. kon-
centracji miary. Zde�niujmy funkcj¦ koncentracji miary µ,

αµ(t) = sup {1− µ(At) : µ(A) ≥ 1/2} .

Z (1) ªatwo otrzymujemy αγn(t) = 1−Φ(t) ≤ 1
2
e−t

2/2. Powy»sza nierówno±¢ implikuje
koncentracj¦ funkcji 1-lipschitzowskich F : Rn → R,

γn ({|F −MedF | ≥ t}) ≤ e−t
2/2,

gdzie MedF jest median¡ funkcji F . Jest to podstawowe narz¦dzie w wielu zagadnie-
niach analizy i rachunku prawdopodobie«stwa, np. w tzw. lokalnej teorii przestrzeni
Banacha (dowód twierdzenia Dvoretzky'ego). Z zagadnieniem koncentracji miary
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wi¡»¡ si¦ wa»ne nierówno±ci funkcyjne, np. nierówno±¢ Poincaré, logarytmiczna nie-
równo±¢ Sobolewa, nierówno±¢ Cheegera, nierówno±¢ splotu in�mum, czy nierówno±¢
Bobkowa.

Zagadnienie S-inequality jest koncepcyjnie zbli»one do problemu izoperymetrycz-
nego. Niech µ b¦dzie miar¡ borelowsk¡ na Rn. Problem polega na znalezieniu wiel-
ko±ci

gt(s) = inf{µ(tA) : µ(A) = s}, (2)

gdzie zbiór tA = {x ∈ Rn : x = ta, a ∈ A} jest tzw. dylatacj¡ zbioru A. Zatem
zamiast rozwa»ania otoczek zbioru A patrzymy na jego jednokªadne obrazy. Ze
wzgl¦du na jednorodno±¢ miary Lebesgue'a, mamy |tA| = tn|A|, a zatem in�mum we
wzorze (2) jest dla niej przyjmowane przez wszystkie zbiory borelowskie o mierze s.

Z punktu widzenia zastosowa« w powy»szym zagadnieniu wa»ne jest sprecyzo-
wanie klasy zbiorów K, w której postawiony problem chcemy rozwi¡za¢. Bardzo
u»yteczne jest rozwi¡zanie zagadnienia w klasie K wszystkich zbiorów symetrycz-
nych wypukªych. Wprowad¹my nast¦puj¡c¡ de�nicj¦.

De�nicja 1. Niech µ b¦dzie miar¡ borelowsk¡. Powiemy, »e µ speªnia S-inequality
dla klasy zbiorów K , je±li dla ka»dego A ∈ K z warunku µ(A) = µ(P ) wynika
nierówno±¢ µ(tA) ≥ µ(tP ) dla wszystkich t ≥ 1, gdzie P jest pasem, przez co w tym
autoreferacie b¦dziemy rozumie¢ zbiór postaci P = {|x1| < L}.

Zaªó»my dodatkowo, »e pasy P nale»¡ do rodziny K. Wówczas in�mum we
wzorze (2) jest osi¡gane przez pas P maj¡cy miar¦ s. W tej sytuacji pasy nazywamy
zbiorami ekstremalnymi. �atwo wówczas zauwa»y¢, »e je±li µ(A) = µ(P ), to dla
0 < t ≤ 1 mamy µ(tA) ≤ µ(tP ).

Okazuje si¦, »e ekstremalno±¢ pasów w klasie K zbiorów symetrycznych wypu-
kªych implikuje optymalne nierówno±ci dla momentów dowolnych norm wektorów
losowych o rozkªadzie µ. Konkretnie, prawdziwe jest nast¦puj¡ce stwierdzenie.

Stwierdzenie 1. Przypu±¢my, »e probabilistyczna miara borelowska µ na Rn jest ab-
solutnie ci¡gªa wzgl¦dem miary Lebesgue'a i speªnia S-inequality dla klasy K zbiorów
symetrycznych wypukªych. Wówczas dla dowolnej normy ‖·‖ na Rn i dla p ≥ q > 0
prawdziwa jest nierówno±¢(∫

Rn
‖x‖p dµ(x)

)1/p

≤ Cp,q

(∫
Rn
‖x‖q dµ(x)

)1/q

,

gdzie X = (X1, . . . , Xn) jest wektorem losowym o rozkªadzie µ oraz

Cp,q =

(∫
Rn |x1|p dµ(x)

)1/p(∫
Rn |x1|q dµ(x)

)1/q
.
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Chciaªbym tutaj uzasadni¢ to stwierdzenie, jako »e jego dowód nie znajduje si¦
w »adnej z publikacji wchodz¡cych w skªad rozprawy. Przedstawione poni»ej rozu-
mowanie pochodzi od S. Szarka. Niech a ∈ R b¦dzie tak¡ liczb¡ rzeczywist¡, »e
E ‖X‖p = E|aX1|p. Wówczas

p

∫ ∞
0

tp−1P (‖X‖ > t) dt = p

∫ ∞
0

tp−1P (|aX1| > t) dt.

Funkcje t 7→ P (‖X‖ > t) oraz t 7→ P (|aX1| > t) s¡ ci¡gªe, a zatem istnieje t0 > 0,
dla którego P (‖X‖ > t0) = P (|aX1| > t0). Zbiory {‖x‖ ≤ t0} oraz {|ax1| ≤ t0} s¡
symetryczne i wypukªe. Ponadto drugi zbiór jest pasem w Rn. St¡d i z faktu, »e µ
speªnia S-inequality dla symetrycznych zbiorów wypukªych, mamy µ (t{‖x‖ ≤ t0}) ≥
µ (t{|ax1| ≤ t0}) dla t ≥ 1, czyli P (‖x‖ ≤ tt0) ≥ P (|ax1| ≤ tt0) . Wynika st¡d, »e dla
t ≥ t0 jest P (‖x‖ > t) ≤ P (|ax1| > t). Ponadto dla 0 < t ≤ t0 mamy P (‖x‖ > t) ≥
P (|ax1| > t). Zatem dla wszystkich t > 0 prawdziwa jest nierówno±¢((

t

t0

)q
−
(
t

t0

)p)
(P (‖x‖ > t)− P (|ax1| > t)) ≥ 0.

Caªkuj¡c t¦ nierówno±¢ stronami i korzystaj¡c z równo±ci E ‖X‖p = E|aX1|p otrzy-
mujemy E ‖X‖q ≥ E|aX1|q, czyli (E ‖X‖q)1/q ≥ |a|(E|X1|q)1/q. Oczywi±cie mamy
równie» (E ‖X‖p)1/p = |a|(E|X1|p)1/p. St¡d

(E ‖X‖p)1/p ≤ (E|X1|p)1/p

(E|X1|q)1/q
(E ‖X‖q)1/q,

co mieli±my udowodni¢.
Analogicznie mo»emy uzasadni¢ nast¦puj¡ce stwierdzenie, dotycz¡ce optymal-

nych oszacowa« momentów sum niezale»nych zmiennych losowych (jest to tzw. nie-
równo±¢ typu Chinczyna-Kahane'a).

Stwierdzenie 2. Przypu±¢my, »e probabilistyczna miara µ na R jest absolutnie
ci¡gªa wzgl¦dem miary Lebesgue'a i dla wszystkich n ≥ 1 miara produktowa µn

speªnia S-inequality dla klasy K zbiorów symetrycznych wypukªych. Niech S =∑n
i=1 viXi, gdzie X1, X2, . . . , Xn s¡ niezale»ne i maj¡ rozkªad µ oraz v1, v2, . . . , vn

s¡ dowolnymi wektorami w przestrzeni Banacha (E, ‖·‖). Wówczas dla p ≥ q > 0
prawdziwa jest nierówno±¢(

E

∥∥∥∥∥
n∑
i=1

viXi

∥∥∥∥∥
p)1/p

≤ Cp,q

(
E

∥∥∥∥∥
n∑
i=1

viXi

∥∥∥∥∥
q)1/q

,

gdzie Cp,q = (E|X1|p)1/p/(E|X1|q)1/q.
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Rozwi¡zanie problemu S-inequality w klasie zbiorów symetrycznych wypukªych
jest znane jedynie dla standardowej miary Gaussa na Rn. Jest to rezultat pochodz¡cy
od R. Lataªy i K. Oleszkiewicza, [LO]. W tym przypadku S-inequality jest speªnione,
czyli optymalnymi zbiorami s¡ pasy. Prowadzi to do oszacowania

γn(tA) ≥ 2Φ

(
tΦ−1

(
1 + γn(A)

2

))
− 1,

które jest analogiem nierówno±ci (1). Dowód korzysta z rotacyjnej niezmienniczo±ci
miary Gaussa i z tzw. symetryzacji Ehrharda.

Znane s¡ równie» ogólne oszacowania wielko±ci µ(At) dla miar logarytmicznie
wkl¦sªych (log-wkl¦sªych). Miar¦ borelowsk¡ µ na Rn nazywamy log-wkl¦sª¡, je±li

µ(λA+ (1− λ)B) ≥ µ(A)λµ(B)1−λ, λ ∈ (0, 1),

dla dowolnych zbiorów borelowskich A,B. Absolutnie ci¡gªa wzgl¦dem miary Le-
besgue'a miara µ jest log-wkl¦sªa wtedy i tylko wtedy, gdy ma g¦sto±¢ postaci e−Φ,
gdzie Φ : Rn → (−∞,∞] jest funkcj¡ wypukª¡. Jednym z najwa»niejszych przykªa-
dów miar log-wkl¦sªych s¡ rozkªady jednostajne na ciaªach wypukªych, czyli zbiorach
zwartych wypukªych o niepustym wn¦trzu. Innym przykªadem jest standardowy roz-
kªad gaussowski na Rn.

Niech A b¦dzie symetrycznym zbiorem wypukªym i niech µ b¦dzie miar¡ log-
wkl¦sª¡. W pracy [B] C. Borell udowodniª nast¦puj¡ce oszacowanie,

µ(tA) ≥ 1− µ(A)

(
1− µ(A)

µ(A)

) t+1
2

, t ≥ 1.

Nierówno±¢ ta jest ciekawa jedynie dla zbiorów A speªniaj¡cych warunek µ(A) > 1/2.
W pracy [G] O. Guédon udowodniª wzmocnion¡ wersj¦ lematu Borella,

µ(tA) ≥ 1− (1− µ(A))
t+1
2 , t ≥ 1.

Powy»sze oszacowania prowadz¡ do nierówno±ci typu Chinczyna-Kahane'a dla miar
log-wkl¦sªych. Mówi¡c precyzyjnie, dla dowolnej miary log-wkl¦sªej µ i dla dowolnej
normy ‖·‖ na Rn prawdziwa jest nierówno±¢(∫

‖x‖p dµ(x)

)1/p

≤ 12
p

q

(∫
‖x‖q dµ(x)

)1/q

, 1 ≤ q ≤ p.
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Wspólnie z Tomaszem Tkoczem rozwa»ali±my zespolon¡ wersj¦ zagadnienia
S-inequality dla miary Gaussa. Zespolona miara Gaussa γCn jest miar¡ z g¦sto±ci¡

dγCn(z) =
1

(2π)n
exp

(
−1

2

n∑
i=1

(|<zi|2 + |=zi|2)

)
.

Jest to wi¦c standardowa miara gaussowska na R2n ≈ Cn. Odpowiednikiem zbiorów
symetrycznych s¡ tutaj zbiory zaokr¡glone, czyli zbiory speªniaj¡ce warunek eiθA =
A dla wszystkich θ ∈ R. Cylindrem nazwiemy zbiór postaci C = {z ∈ Cn : |z1| ≤ L}.
Mo»emy sformuªowa¢ nast¦puj¡c¡ hipotez¦, postawion¡ przez A. Peªczy«skiego.

Hipoteza 1. Rozwa»my klas¦ K wszystkich zaokr¡glonych zbiorów wypukªych w
Cn. Dla zbioru A ∈ K rozwa»my cylinder C speªniaj¡cy warunek γCn(A) = γCn(C).
Wówczas γCn(tA) ≥ γCn(tC) dla wszystkich t ≥ 1 oraz γCn(tA) ≤ γCn(tC) dla
wszystkich 0 < t ≤ 1.

W pracy [T] T. Tkocz cz¦±ciowo udowodniª t¦ hipotez¦ pokazuj¡c, »e nierówno±¢
γCn(tA) ≤ γCn(tC), 0 < t ≤ 1 jest speªniona przy dodatkowym zaªo»eniu, »e zbiór A
speªnia warunek γCn(A) ≤ 0, 64. Hipoteza w peªnej ogólno±ci jest wci¡» otwarta.

W artykule [NT1] zaj¦li±my si¦ klas¡ K1 wypukªych zbiorów 1-zaokr¡glonych,
czyli zbiorów wypukªych speªniaj¡cych warunek

(z1, . . . , zn) ∈ A =⇒ (eiθ1z1, . . . , e
iθnzn) ∈ A, θ1, . . . , θn ∈ R.

Jest to oczywi±cie klasa w¦»sza ni» klasa wszystkich zaokr¡glonych zbiorów wypu-
kªych. Klasa ta jest interesuj¡ca, gdy» zawiera ona kule w normach ‖·‖ speªniaj¡cych
warunek ∥∥(eiθ1z1, . . . , e

iθnzn)
∥∥ = ‖(z1, . . . , zn)‖ , θ1, . . . , θn ∈ R.

Udaªo nam si¦ udowodni¢ Hipotez¦ 1 w klasieK1, a nawet w szerszej klasie wszystkich
zupeªnych obszarów Reinhardta, czyli zbiorów speªniaj¡cych warunek

(z1, . . . , zn) ∈ A =⇒ (w1, . . . , wn) ∈ A, gdy |wi| ≤ |zi| dla i = 1, . . . , n.

Konkretnie, prawdziwe jest nast¦puj¡ce twierdzenie.

Twierdzenie 1 ([NT1], Theorem 1). Niech R b¦dzie klas¡ wszystkich zupeªnych
obszarów Reinhardta w Cn. Dla zbioru A ∈ R rozwa»my cylinder C speªniaj¡cy
warunek γCn(A) = γCn(C). Wówczas γCn(tA) ≥ γCn(tC) dla wszystkich t ≥ 1 oraz
γCn(tA) ≤ γCn(tC) dla wszystkich 0 < t ≤ 1.

Strategia dowodu jest nast¦puj¡ca. Korzystamy z prostej obserwacji.
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Stwierdzenie 3 ([NT1], Proposition 1). Niech A ⊂ Cn b¦dzie zbiorem borelowskim
i niech C b¦dzie cylindrem speªniaj¡cym warunek γCn(A) = γCn(C). Wówczas nie-
równo±¢ γCn(tA) ≥ γCn(tC) jest speªniona dla wszystkich t ≥ 1 wtedy i tylko wtedy,
gdy ka»dy jednokªadny obraz Ã zbioru A speªnia d

dt
γCn(tÃ)

∣∣
t=1
≥ d

dt
γCn(tC̃)

∣∣
t=1
,

gdzie C̃ jest cylindrem, dla którego γCn(Ã) = γCn(C̃).

Zatem mo»emy ograniczy¢ si¦ do dowodu nierówno±ci d

dt
γCn(tA)

∣∣
t=1
≥ d

dt
γCn(tC)

∣∣
t=1
.

Nast¦pnie zauwa»amy, »e

d
dt
γCn(tA)

∣∣
t=1

= 2nγCn(A)−
∫
A

|z|2 dγCn(z).

Korzystaj¡c z warunku γCn(A) = γCn(C) i wyra»aj¡c d

dt
γCn(tC)

∣∣
t=1

w terminach
γCn(C) otrzymujemy równowa»n¡ wersj¦ problemu,∫

A

|z|2 dγCn(z) ≤ 2nγCn(A) + 2(1− γCn(A)) ln (1− γCn(A)) . (3)

Kluczowym pomysªem jest sformuªowanie funkcyjnej wersji nierówno±ci (3) i prze-
prowadzenie dowodu indukcyjnego tej nierówno±ci. B¦dzie nam potrzebne poj¦cie
entropii funkcji wzgl¦dem miary. Dla g : X → R+ i miary probabilistycznej µ na X
de�niujemy

Entµ(g) =

∫
X

g(x) ln g(x) dµ(x)−
(∫

X

g(x) dµ(x)

)
ln

(∫
X

g(x) dµ(x)

)
.

Wówczas prawdziwe jest nast¦puj¡ce stwierdzenie.

Stwierdzenie 4 ([NT1], Lemma 2). Niech g : Cn → R+ b¦dzie funkcj¡ ograniczon¡
speªniaj¡c¡ warunki

1) g(eiθ1z1, . . . , e
iθnzn) = g(z) dla z ∈ Cn i θ1, . . . , θn ∈ R,

2) dla dowolnych w, z ∈ Cn warunek |wk| ≤ |zk|, k = 1, . . . , n implikuje g(w) ≤
g(z).

Wówczas

EntγCn g ≤
∫
Cn
g(z)

(
|z|2

2
− n

)
dγCn(z).

Korzystaj¡c z powy»szego stwierdzenia dla g(z) = 1−1A otrzymujemy nierówno±¢
(3). Dowód Stwierdzenia 4 opiera si¦ na jednowymiarowym oszacowaniu entropii.
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Lemat 1. Niech ν b¦dzie probabilistyczn¡ miar¡ borelowsk¡ na R+ i niech f : R+ →
R+ b¦dzie niemalej¡c¡ funkcj¡ ograniczon¡. Wtedy

Entν f ≤ −
∫
R+

f(x) (1 + ln ν((x,∞))) dν(x). (4)

Z Twierdzenia 1 i z dowodu Stwierdzenia 1 mo»emy ªatwo wyprowadzi¢ nast¦pu-
j¡cy wniosek.

Wniosek 1. Zaªó»my, »e ‖·‖ na Cn speªnia warunek∥∥(eiθ1z1, . . . , e
iθnzn)

∥∥ = ‖(z1, . . . , zn)‖ θ1, . . . , θn ∈ R.

Wówczas dla dowolnych p ≥ q > 0 mamy(∫
Cn
‖z‖p dγCn(z)

)1/p

≤ Cp,q

(∫
Cn
‖z‖q dγCn(z)

)1/q

,

gdzie Cp,q =
(∫

C |z|
p dγC(z)

)1/p
/
(∫

C |z|
q dγC(z)

)1/q
.

Okazuje si¦, »e z Twierdzenia 1 wynika rozwi¡zanie problemu S-inequality dla
symetrycznej miary wykªadniczej, czyli miary z g¦sto±ci¡

dνn(x) =
1

2n
exp

(
−

n∑
i=1

|xi|

)
,

i klasy I wszystkich ideaªów w Rn. Zbiór A nazywamy ideaªem, je±li x ∈ A implikuje
[−|x1|, |x1|] × . . . × [−|xn|, |xn|] ⊆ A. W szczególno±ci S-inequality jest speªnione
dla wszystkich 1-symetrycznych zbiorów wypukªych w Rn, czyli zbiorów wypukªych
speªniaj¡cych warunek

(x1, . . . , xn) ∈ A =⇒ (ε1x1, . . . , εnxn) ∈ A, ε1, . . . , εn ∈ {−1, 1}.

Twierdzenie 2 ([NT1], Theorem 2). Niech I b¦dzie klas¡ wszystkich ideaªów w Rn.
Dla zbioru A ∈ I rozwa»my pas P speªniaj¡cy warunek νn(A) = νn(P ). Wówczas
νn(tA) ≥ νn(tP ) dla wszystkich t ≥ 1 oraz νn(tA) ≤ νn(tP ) dla wszystkich 0 < t ≤ 1.

Dowód polega na zamianie zmiennych i skorzystaniu z transportu miary. Ponownie
mo»emy sformuªowa¢ wniosek dotycz¡cy oszacowania momentów norm.
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Wniosek 2 ([NT1], Corollary 2). Zaªó»my, »e ‖·‖ na Rn speªnia warunek

‖(ε1x1, . . . , εnxn)‖ = ‖(x1, . . . , xn)‖ ε1, . . . , εn ∈ {−1, 1}.

Wówczas dla dowolnych p ≥ q > 0 mamy(∫
Rn
‖z‖p dνn(z)

)1/p

≤ Cp,q

(∫
Rn
‖z‖q dνn(z)

)1/q

,

gdzie Cp,q = (Γ(p+ 1))1/p / (Γ(q + 1))1/q .

W pracy [NT2] rozszerzyli±my powy»sze rezultaty na przypadek miar z g¦sto-
±ciami

dνnp (x) = (cp/2)n exp

(
−

n∑
i=1

|xi|p
)
, 0 < p ≤ 1.

Twierdzenie 3 ([NT2], Theorem 1). Niech I b¦dzie klas¡ wszystkich ideaªów w Rn

i niech p ∈ (0, 1]. Dla zbioru A ∈ I rozwa»my pas P speªniaj¡cy warunek νnp (A) =
νnp (P ). Wówczas νnp (tA) ≥ νnp (tP ) dla wszystkich t ≥ 1 oraz νn(tA) ≤ νn(tP ) dla
wszystkich 0 < t ≤ 1.

Ponownie korzystaj¡c z prostej zamiany zmiennych udaªo nam si¦ wywnioskowa¢ ten
sam rezultat dla produktów symetrycznych rozkªadów Weibulla ωα i symetrycznych
rozkªadów Gamma λq,

dωα(x) =
1

2
α|x|α−1e−|x|

α

dx, α > 0, dλq(x) =
q

2Γ(q)
|x|q−1e−|x|dx, q ≥ 1.

Twierdzenie 3 dowodzi si¦ indukcyjnie. �atwo zauwa»y¢ ([NT2], Proposition 1),
»e S-inequality dla miary produktowej i klasy I wszystkich ideaªów w Rn wystarczy
dowodzi¢ w przypadku n = 2. W tym przypadku rozwa»amy ideaªy generowane przez
funkcje nierosn¡ce f : R+ → R+, czyli zbiory postaci {(x, y) ∈ R2 : |y| ≤ f(|x|)}.
Wówczas nietrudno zauwa»y¢, korzystaj¡c ze Stwierdzenia 3 i przeprowadzaj¡c pro-
sty rachunek, »e problem wykazania optymalno±ci pasów równowa»ny jest nast¦pu-
j¡cej nierówno±ci funkcyjnej,∫

Φ(g) dµ+ − Φ

(∫
g dµ+

)
≤
∫ ∞

0

g(x)

(
xp − 1

p

)
dµ+(x), (5)

gdzie

Φ = S ◦ T−1, T (u) = cp

∫ ∞
u

e−x
p

dx, S(u) = cp

∫ u

0

xpe−x
p

dx, g = T ◦ f
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oraz µ+ jest miar¡ na R+ z g¦sto±ci¡ cpe−x
p
. Dla p = 1 nierówno±¢ (5) jest rów-

nowa»na z nierówno±ci¡ (4). Nierówno±¢ (5) jest prawdziwa dla wszystkich funkcji
niemalej¡cych g : R+ → R+. Ze wzgl¦du na to, »e prawa strona (5) jest funkcjona-
ªem liniowym, wystarczy wykaza¢, »e prawa strona jest funkcjonaªem wypukªym, a
nast¦pnie sprawdzi¢ nierówno±¢ dla funkcji postaci g(x) = 1[a,∞)(x), a > 0. Dla tych
funkcji w nierówno±ci (5) mamy równo±¢.

Aby pokaza¢ wypukªo±¢ prawej strony, wystarczy skorzysta¢ z nast¦puj¡cego le-
matu.

Lemat 2 ([LO2], Lemma 4). Niech (Ω,F , ν) b¦dzie przestrzeni¡ probabilistyczn¡.
Zaªó»my, »e Φ : [0, 1]→ R speªnia Φ′′ > 0 oraz (1/Φ′′) jest wkl¦sªa. Dla g : Ω→ [0, 1]
de�niujemy funkcjonaª

ΨΦ(g) =

∫
Ω

Φ(g) dν − Φ

(∫
Ω

g dν

)
.

Wówczas funkcjonaª ΨΦ jest wypukªy, czyli

ΨΦ(λf + (1− λ)g) ≤ λΨΦ(f) + (1− λ)ΨΦ(g).

Nierówno±ci typu Chinczyna Rozwa»my ci¡g liczb a1, . . . , an i niech r1, . . . , rn
b¦dzie ci¡giem niezale»nych symetrycznych zmiennych Bernoulliego, czyli zmien-
nych losowych speªniaj¡cych P (ri = 1) = P (ri = −1) = 1/2. Rozwa»my sum¦
S =

∑n
i=1 airi. Zmienn¡ losow¡ S nazywamy chaosem rademacherowym pierwszego

rz¦du. Dla dowolnych p > q > 0 prawdziwa jest nast¦puj¡ca nierówno±¢, udowod-
niona po raz pierwszy przez Chinczyna, [K],

(E|S|p)1/p ≤ Cp,q(E|S|q)1/q, (6)

gdzie Cp,q jest staª¡ niezale»n¡ od n i ci¡gu a1, . . . , an. B¦dziemy zakªadali, »e staªa
Cp,q jest optymaln¡ staª¡ w nierówno±ci (6). Problem wyznaczenia staªych Cp,q ma
dªug¡ histori¦ i zostaª rozwi¡zany jedynie w kilku specjalnych przypadkach. Staªe
C2,q i Cp,2 s¡ znane. S¡ one wa»ne ze wzgl¦du na fakt, »e drugi moment zmiennej
S ma szczególnie prost¡ posta¢, ES2 =

∑n
i=1 a

2
i . Staªe Cp,2 dla p ≥ 3 wyznaczyª

Whittle, [Wh]. Staªa C2,1 zostaªa wyznaczona przez Szarka w pracy [S]. Staªe Cp,2
dla p ∈ (2, 3) oraz staªe C2,q dla q ∈ (0, 2) zostaªy wyznaczone przez Haagerupa,
[H]. W przypadku gdy p = 2 lub q = 2, optymalne staªe Cp,q zostaªy znalezione w
ogólniejszej sytuacji (gdy zamiast symetrycznych zmiennych Bernoulliego rozwa»amy
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pewn¡ klas¦ rotacyjnie niezmienniczych wektorów losowych w Rn, zawieraj¡c¡ np.
wektory rozªo»one jednostajnie na sferach i kulach euklidesowych) przez Königa i
Kwapienia, [KK], oraz Baernsteina i Culverhouse'a, [BC].

Optymalne staªe Cp,q w nierówno±ci (6), w przypadku gdy p i q s¡ parzystymi
liczbami naturalnymi oraz q|p, zostaªy wyznaczone przez W. Czerwi«skiego w jego
pracy magisterskiej, [C]. W pracy [NO], któr¡ napisaªem wspólnie z moim promoto-
rem, prof. Krzysztofem Oleszkiewiczem, wyznaczone zostaªy staªe Cp,q dla dowolnych
parzystych p, q.

Twierdzenie 4. Niech p > q > 0 b¦d¡ liczbami caªkowitymi parzystymi i niech
S =

∑n
i=1 airi. Wówczas

(E|S|p)1/p ≤
p
√

(p− 1)!!
q
√

(q − 1)!!
(E|S|q)1/q.

W pracy [NO] de�niujemy ultra sub-gaussowskie wektory losowe i dowodzimy
nierówno±ci typu Chinczyna dla sum niezale»nych wektorów tego typu. Niech ‖·‖
b¦dzie standardow¡ norm¡ euklidesow¡ na Rd i niech G b¦dzie standardowym wek-
torem gaussowskim w Rd.

De�nicja 2. Powiemy, »e wektor losowy X o warto±ciach w Rd jest ultra sub-
gaussowski, je±li X = 0 p.n. lub X jest rotacyjnie niezmienniczy (symetryczny
w przypadku d = 1), ma wszystkie momenty i ci¡g (ai)

∞
i=0, ai = E ‖X‖2n /E ‖G‖2n

jest log-wkl¦sªy, czyli a2
i ≥ ai−1ai+1 dla i ≥ 1.

Nietrudno zauwa»y¢, »e dla ci¡gu liczb dodatnich (ai)
∞
i=0 speªniaj¡cego nierówno±¢

a2
i ≥ ai−1ai+1 dla i ≥ 1 oraz warunek a0 = 1, ci¡g ( 2i

√
ai)
∞
i=1 jest nierosn¡cy. Wynika

st¡d, »e ultra sub-gaussowski wektor X speªnia nierówno±¢

(E ‖X‖p)1/p ≤ (E ‖G‖p)1/p

(E ‖G‖q)1/q
(E ‖X‖q)1/q (7)

dla parzystych liczb caªkowitych p > q > 0. Ponadto, prawdziwy jest nast¦puj¡cy
lemat.

Lemat 3 ([NO], Lemma 2). Niech X, Y b¦d¡ niezale»nymi ultra sub-gaussowskimi
wektorami losowymi w Rd. Wówczas X + Y jest równie» ultra sub-gaussowskim
wektorem losowym.

Dowód powy»szego lematu opiera si¦ na nast¦puj¡cym twierdzeniu, pochodz¡cym
od Walkupa, [W] (w naszej pracy podajemy nowy, krótki dowód tego twierdzenia).
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Twierdzenie 5 ([NO], Theorem 1). Niech (ai)
∞
i=0 oraz (bi)

∞
i=0 b¦d¡ log-wkl¦sªymi

ci¡gami dodatnich liczb rzeczywistych. Wówczas ci¡g (cn)∞n=0 zadany wzorem

cn =
n∑
i=0

(
n

i

)
aibn−i

jest równie» log-wkl¦sªy.

Jako prosty wniosek z Lematu 3 i nierówno±ci (7) otrzymujemy nierówno±¢ typu
Chinczyna dla sum niezale»nych ultra sub-gaussowskich wektorów losowych.

Twierdzenie 6 ([NO], Theorem 2). Niech d b¦dzie dodatni¡ liczb¡ caªkowit¡ i niech
p > q > 0 b¦d¡ parzystymi liczbami caªkowitymi. Rozwa»my ci¡g niezale»nych ultra
sub-gaussowskich zmiennych losowych X1, X2, . . . , Xn w Rd. Wówczas dla S = X1 +
X2 + . . .+Xn prawdziwa jest nierówno±¢

(E ‖S‖p)1/p ≤ (E ‖G‖p)1/p

(E ‖G‖q)1/q
(E ‖S‖q)1/q.

Przykªady ultra sub-gaussowskich zmiennych losowych mo»emy konstruowa¢ przy
pomocy nast¦puj¡cego lematu.

Lemat 4 ([NO], Lemma 3, Corollary 1, 2). Zaªó»my, »e wektor losowy X w Rd i nie-
ujemna zmienna losowa R s¡ niezale»ne i R·X ma rozkªadN (0, Idd). WówczasX jest
ultra sub-gaussowskim wektorem losowym. W szczególno±ci ultra sub-gaussowskimi
wektorami losowymi s¡

a) wektory losowego rozªo»one jednostajnie na sferach euklidesowych r·Sd−1, r > 0
(w przypadku d = 1 mamy symetryczn¡ zmienn¡ losow¡ przyjmuj¡c¡ warto±ci
±r),

b) wektory losowego rozªo»one jednostajnie na kulach euklidesowych r ·Bd, gdzie
r > 0 i Bd jest kul¡ o promieniu 1 i ±rodku w 0 (w przypadku d = 1 mamy
zmienn¡ losow¡ o rozkªadzie jednostajnym na [−r, r]),

c) wektory losowe z g¦sto±ci¡ gX(x) =
Γ( d

2
+1)

Γ( d
α

+1)
π−d/2e−‖x‖

α

, α > 2.

Mamy zatem nast¦puj¡cy wniosek.

Wniosek 3 ([NO], Theorem 3). Niech d b¦dzie dodatni¡ liczb¡ caªkowit¡ i niech
p > q > 0 b¦d¡ parzystymi liczbami caªkowitymi. Rozwa»my ci¡g niezale»nych
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ultra sub-gaussowskich zmiennych losowych X1, X2, . . . , Xn w Rd, rozªo»onych na
kulach lub sferach euklidsowych (niekoniecznie o ±rodku w 0). Wówczas dla S =
X1 +X2 + . . .+Xn prawdziwa jest nierówno±¢

(E ‖S‖p)1/p ≤ (E ‖G‖p)1/p

(E ‖G‖q)1/q
(E ‖S‖q)1/q.

Staªa
(E ‖G‖p)1/p

(E ‖G‖q)1/q
=

(
Γ(p+d

2
)

Γ(d
2
)

)1/p(
Γ( q+d

2
)

Γ(d
2
)

)−1/q

jest optymalna. Mo»na si¦ o tym przekona¢ rozwa»aj¡c ci¡g X1, X2, . . . zmiennych
niezale»nych o tym samym rozkªadzie i korzystaj¡c z Centralnego Twierdzenia Gra-
nicznego przy n→∞. Dla d = 1 otrzymujemy Twierdzenie 4.

Problem wyznaczenia optymalnej staªej Cp,q w nierówno±ci Chinczyna dla dowol-
nych p > q > 0 wydaje si¦ by¢ bardzo trudny. Prawdziwa jest jednak nast¦puj¡ca
nierówno±¢ typu Chinczyna-Kahane'a.

Twierdzenie 7. Niech (F, ‖·‖) b¦dzie przestrzeni¡ unormowan¡ i niech v1, . . . , vn ∈
F . Niech r1, . . . , rn b¦dzie ci¡giem niezale»nych symetrycznych zmiennych losowych
Bernoulliego. Wówczas dla p ≥ q > 1 mamy(

E

∥∥∥∥∥
n∑
i=1

viri

∥∥∥∥∥
p)1/p

≤
√
p− 1

q − 1

(
E

∥∥∥∥∥
n∑
i=1

viri

∥∥∥∥∥
q)1/q

.

Powy»sz¡ nierówno±¢ mo»na udowodni¢ korzystaj¡c z tzw. nierówno±ci hiper-
kontrakcyjnej. Aby poda¢ jej sformuªowanie, rozwa»my kostk¦ dyskretn¡ {−1, 1}n z
miar¡ produktow¡ µn =

(
1
2
δ1 + 1

2
δ−1

)⊗n
. Jest to miara jednostajna na {−1, 1}n.

W przestrzeni liniowej funkcji f : {−1, 1}n → R wprowadzamy struktur¦ prze-
strzeni Hilberta L2 = L2(µn) z iloczynem skalarnym 〈f, g〉 =

∫
fg dµn i z norm¡

‖f‖ =
(∫

f 2 dµn
)1/2

. Jest to przestrze« liniowa wymiaru 2n. Dla S ⊂ {1, . . . , n}
de�niujemy funkcje Walsha, wS(x) =

∏
i∈S xi oraz w∅ ≡ 1. Zbiór funkcji (wS)S ma

moc 2n i jest ukªadem ortonormalnym w L2, a zatem jest baz¡ L2. Wynika st¡d, »e
ka»d¡ funkcj¦ f : {−1, 1}n → R mo»emy przedstawi¢ w postaci f =

∑
S aSwS, gdzie

(aS)S s¡ pewnymi liczbami rzeczywistymi. Zbiór (aS)S nazywamy spektrum funkcji
f . De�niujemy operator Pt wzorem

Pt

(∑
S

aSwS

)
=
∑
S

e−t|S|aSwS,
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gdzie |S| jest moc¡ zbioru S. Bonami, Beckner i Gross udowodnili nast¦puj¡c¡
nierówno±¢ (patrz [Bo, Be, Gr]),

‖Ptf‖p ≤ ‖f‖q , t ≥ 1

2
ln

(
p− 1

q − 1

)
, p > q > 1. (8)

W szczególno±ci, dla wszystkich aS ∈ R prawdziwa jest nierówno±¢∥∥∥∥∥∥
∑
S⊆[n]

(q − 1)|S|/2aSwS

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
∑
S⊆[n]

aSwS

∥∥∥∥∥∥
q

. (9)

Nierówno±¢ ta zostaªa uogólniona w pracy [Ol1] na przypadek niesymetryczny, w
którym rozwa»amy kostk¦ {−γ, γ−1}n z miar¡ µn = (βδ−γ + αδγ−1)⊗, gdzie α+β = 1,
α ∈ (0, 1/2) oraz γ =

√
α/β. Przy tej normalizacji

∫
xi dµn = 0 i

∫
xixj dµn =

δi,j. W szczególno±ci funkcje Walsha tworz¡ ukªad ortonormalny. Prawdziwa jest
nierówno±¢ ∥∥∥∥∥∥

∑
T⊆[n]

cq(α, β)|T |aTwT

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
∑
T⊆[n]

aTwT

∥∥∥∥∥∥
q

, (10)

gdzie

cq(α, β) =

√√√√√ β2− 2
q − α2− 2

q

αβ
(
α−

2
q − β−

2
q

) .
�atwo zauwa»y¢, »e (9) jest szczególnym przypadkiem (10). Faktycznie, mamy√

q − 1 = lim
ε→0

cq

(
1

2
− ε, 1

2
+ ε

)
.

Praca [N] nie dotyczy bezpo±rednio szacowania momentów sum niezale»nych
zmiennych losowych, jednak Twierdzenie 7 oraz nierówno±¢ (10) odgrywaj¡ w niej
kluczow¡ rol¦. W pracy [FKN] Friedgut, Kalai i Naor udowodnili, »e w przypadku
symetrycznym funkcja, której spektrum jest ε-skoncentrowane na pierwszych dwóch
poziomach, czyli

∑
|S|>1 a

2
S < ε2, jest Cε-bliska w normie L2 jednej z funkcji ±xi lub

funkcji staªej. W pracy [JOW] autorzy udowodnili nast¦puj¡c¡ optymaln¡ wersj¦
tego twierdzenia.

Twierdzenie 8 ([JOW], Theorem 5.3 i Theorem 5.8). Niech f : {−1, 1}n → {−1, 1}

i f =
∑

S aSwS. Zde�niujmy ρ =
(∑

|S|>1 a
2
S

)1/2

. Wówczas istnieje podzbiór B ⊆
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{1, . . . , n} speªniaj¡cy |B| ≤ 1 taki, »e
∑
|S|≤1,S 6=B a

2
S ≤ Cρ4 ln(2/ρ) oraz |aB|2 ≥

1− ρ2 − Cρ4 ln(2/ρ), gdzie C jest staª¡ uniwersaln¡.
Ponadto, w przypadku niesymetrycznym, dla f : {−γ, γ−1}n → {−1, 1} istnieje

k ∈ [n] takie, »e
∥∥f − (a∅ + a{k}w{k})

∥∥
L2 ≤ 8

√
ρ.

Dowód powy»szego twierdzenia korzysta z nierówno±ci (9). W pracy [N], ko-
rzystaj¡c z nierówno±ci (10), udowodniªem nast¦puj¡c¡ wzmocnion¡ wersj¦ drugiej
cz¦±ci Twierdzenia 8.

Twierdzenie 9. Niech f : {−γ, γ−1} → {−1, 1} oraz f =
∑

S aSwS. Zde�niujmy

ρ =
(∑

|S|>1 a
2
S

)1/2

. Wówczas istnieje k ∈ {1, . . . , n} oraz staªa uniwersalna c0 > 0

taka, »e dla ρ ln(e/ρ) < c0α mamy∥∥f − (a∅ + a{k}w{k})
∥∥
L2 ≤ 2ρ.

W drugiej cz¦±ci pracy [N] badaªem funkcje okre±lone na symetrycznej kostce
dyskretnej i przyjmuj¡ce warto±ci w przedziale [−1, 1]. Powiemy, »e funkcja f :
{−1, 1}n → R jest a�niczna, je±li f(x) = a0 +

∑n
i=1 aixi, gdzie a0, a1, . . . , an ∈

R. Oznaczmy przez A zbiór wszystkich funkcji a�nicznych okre±lonych na kostce
dyskretnej, za± przez A[−1,1] ⊂ A zbiór funkcji a�nicznych, przyjmuj¡cych na kostce
warto±ci w zbiorze [−1, 1].

W pracy [JOW] autorzy podali nastepuj¡cy przykªad. Niech g : {−1, 1}n → R
b¦dzie dana wzorem g(x) = s−1n−1/2

∑n
i=1 xi. Oczywi±cie g ∈ A. Zde�niujmy

φ(x) = −1(−∞,−1)(x) + x1[−1,1](x) + 1(1,∞)(x) oraz f = φ ◦ g. Funkcja f ma
warto±ci w zbiorze [−1, 1], ale nie musi by¢ a�niczna. Autorzy udowodnili, »e
limn→∞ distL2(f,A) = O(e−s

2/4) oraz limn→∞ distL2(f,A[−1,1]) = Θ(s−1). W [N]
udowodniªem, »e jest to najgorszy przypadek. Konkretniej, prawdziwe jest nast¦pu-
j¡ce twierdzenie.

Twierdzenie 10 ([N], Theorem 3). Niech f : {−1, 1}n → [−1, 1] i niech ρ =
distL2(f,A). Wówczas distL2(f,A[−1,1]) ≤ 18√

ln(1/ρ)
.

W dowodzie wykorzystuj¦ Twierdzenie 7 oraz nast¦puj¡cy lemat.

Lemat 5. ([HK], Theorem 1 i [Ol2], Theorem 1) Niech a1 ≥ a2 ≥ . . . ≥ an ≥ 0
i niech S =

∑n
i=1 airi, gdzie r1, . . . , rn s¡ symetrycznymi niezale»nymi zmiennymi

Bernoulliego. Wówczas dla t ≥ 1 mamy

P (|S| ≥ ‖S‖L2) >
1

10
oraz (E|S|t)1/t ≥ 1

4

√
t
(∑

i>t

a2
i

)1/2

.
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The unconditional case of the complex

S-inequality

Piotr Nayar ∗, Tomasz Tkocz †

Abstract

In this note we prove the complex counterpart of the S-inequality for
complete Reinhardt sets. In particular, this result implies that the com-
plex S-inequality holds for unconditional convex sets. As a by-product we
also obtain the S-inequality for the exponential measure in the uncondi-
tional case.

2010 Mathematics Subject Classification. Primary 60G15; Secondary
60E15.
Key words and phrases. S-inequality, Gaussian measure, Exponential mea-
sure, Dilation, Complete Reinhardt set, Unconditional complex norm, Entropy.

1 Introduction

Studying various aspects of a Gaussian measure in a Banach space one often
needs precise estimates on measures of balls and their dilations. This gives raise
to the question how the function (0,∞) 3 t 7→ µ(tB) behaves. Here B is a con-
vex and symmetric subset of some Banach space, i.e. an unit ball with respect
to some norm, and µ is a Gaussian measure. Thanks to certain approximation
arguments we may only deal with the simplest spaces, namely Rn or Cn. In the
former case the issue is well understood due to R. Lata la and K. Oleszkiewicz.
Denote by γn the standard Gaussian measure on Rn, i.e. the measure with
the density at a point (x1, . . . , xn) equal to 1√

2π
n exp

(
−x21/2− . . .− x2n/2

)
. In

[LO1] it is shown that for a symmetric convex body K ⊂ Rn and the strip
P = {x ∈ Rn | |x1| ≤ p}, where p is chosen so that γn(K) = γn(P ), we have

γn(tK) ≥ γn(tP ), t ≥ 1.

This result is called S-inequality. The interested reader is also referred to the
concise survey [Lat].

In the present note we would like to focus on S-inequality for sets which
correspond to unit balls with respect to unconditional norms on Cn. Some
partial results concerning the general case has been recently obtained in [Tko].

Definitions and preliminary statements are provided in Section 2. Section
3 is devoted to the main result. It also contains a proof of a one-dimensional
inequality, which bounds entropy, and seems to be the heart of the proof of our
main theorem.
∗Research partially supported by NCN Grant no. 2011/01/N/ST1/01839.
†Research partially supported by NCN Grant no. 2011/01/N/ST1/05960.
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2 Preliminaries

We define the standard Gaussian measure νn on the space Cn via the formula

νn(A) = γ2n (τ(A)) , for any Borel set A ⊂ Cn,

where Cn τ7−→ R2n is the bijection given by

τ(z1, . . . , zn) = (Rez1, Imz1, . . . ,Rezn, Imzn).

We adopt the notation R+ = [0,+∞). Later on we will also extensively use the
notion of the entropy of a function f : X −→ R+ with respect to a probability
measure µ on a measurable space X

Entµ f =

∫
X

f(x) ln f(x)dµ(x)−
(∫

X

f(x)dµ(x)

)
ln

(∫
X

f(x)dµ(x)

)
. (1)

We say that a closed subset K of Cn supports the complex S-inequality,
SC-inequality for short, if any its dilation L = sK, s > 0, and any cylinder
C = {z ∈ Cn | |z1| ≤ R} satisfy

νn(L) = νn(C) =⇒ νn(tL) ≥ νn(tC), for t ≥ 1. (2)

Note that the natural counterpart of S-inequality in the complex case is the fol-
lowing conjecture due to Prof. A. Pe lczyński, which has already been discussed
in [Tko].

Conjecture. All closed subsets K of Cn which are rotationally symmetric, that
is eiθK = K for any θ ∈ R, support SC-inequality.

In the present paper we are interested in the class R of all closed sets in
Cn which are Reinhardt complete, i.e. along with each point (z1, . . . , zn) such a
set contains all points (w1, . . . , wn) for which |wk| ≤ |zk|, k = 1, . . . , n (consult
for instance the textbook [Sh, I.1.2, pp. 8–9]). The key point is that this class
contains all unit balls with respect to unconditional norms on Cn. Recall that
a norm ‖ · ‖ is said to be unconditional if ‖(eiθ1z1, . . . , eiθnzn)‖ = ‖z‖ for all
z ∈ Cn and θ1, . . . , θn ∈ R.

The goal is to prove that all sets from the class R support SC-inequality.
Now we establish some general yet simple observations which allow us to reduce
the problem to a one-dimensional entropy inequality.

Proposition 1. A closed subset K of Cn supports SC-inequality if and only if
for any its dilation L and any cylinder C we have

νn(L) = νn(C) =⇒ d

dt
νn(tL)

∣∣∣∣
t=1

≥ d

dt
νn(tC)

∣∣∣∣
t=1

. (3)

Proof. We are only to show the interesting part that (3) implies (2) following
the proof of [KS, Lemma 1]. Fix a dilation L of K and a cylinder C such that
νn(L) = νn(C). Let a function h be given by νn(tL) = νn(h(t)C), t ≥ 1. Then,
by the assumption, we find

h(t)
d

ds
νn(sC)

∣∣∣∣
s=h(t)

=
d

ds
νn(sh(t)C)

∣∣∣∣
s=1

≤ d

ds
νn(stL)

∣∣∣∣
s=1

= t
d

ds
νn(sL)

∣∣∣∣
s=t

.
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Yet, differentiating the equation which defines the function h we get d
dsνn(sL)

∣∣
s=t

=

h′(t) d
dsνn(sC)

∣∣
s=h(t)

, thus h(t) ≤ th′(t). It means that the function h(t)/t is

nondecreasing, so 1 = h(1) ≤ h(t)/t for t ≥ 1.

For any closed set A the derivative of the function t 7→ νn(tA) is easy to
compute. Indeed,

d

dt
νn(tA)

∣∣∣∣
t=1

=
d

dt

∫
tA

e−|z|
2/2dz

∣∣∣∣
t=1

=
d

dt

∫
A

t2ne−t
2|w|2/2dw

∣∣∣∣
t=1

= 2nνn(A)−
∫
A

|z|2dνn(z).

Moreover, the integral of |z|2 over a cylinder C may be expressed explicitly in
terms of the measure νn(C). Namely,∫

C

|z|2dνn(z) = 2(1− νn(C)) ln (1− νn(C)) + 2nνn(C).

Combining these two remarks with the preceding proposition we obtain an
equivalent formulation of the problem.

Proposition 2. A closed subset K of Cn supports SC-inequality if and only if
for any its dilation L∫

L

|z|2dνn(z) ≤ 2nνn(L) + 2(1− νn(L)) ln (1− νn(L)) . (4)

3 Main result

We aim at proving the aforementioned main result, which reads as follows

Theorem 1. Any set from the class R supports SC-inequality.

We begin with a one-dimensional entropy inequality.

Lemma 1. Let µ be a Borel probability measure on R+ and suppose f : R+ −→
R+ is a bounded and non-decreasing function. Then

Entµ f ≤ −
∫
R+

f(x)

(
1 + lnµ ((x,∞))

)
dµ(x). (5)

Proof. Using homogeneity of both sides of (5), without loss of generality, we
can assume that

∫
R+
fdµ = 1. Then we may rewrite the assertion of the lemma

as follows ∫
R+

ln

(
f(x)

∫
(x,∞)

dµ(t)

)
f(x)dµ(x) ≤ −1.

Introduce the probability measure ν on R+ with the density f with respect to
µ. Thanks to the monotonicity of f we can bound the left hand side of the last
inequality by∫

R+

ln

(
ν ((x,∞))

)
dν(x) = −

∫ ∞
0

∫ 1

0

du

u
1{u≥ν((x,∞))}(u, x)dν(x).
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Define the function

H(y) := inf {t | ν ((t,∞)) ≤ y} ,

which is the inverse tail function, and observe that

{(u, x) | u ≥ ν ((x,∞))} ⊃ {(u, x) | H(u) ≤ x},

as u ≥ ν ((H(u),∞)) ≥ ν ((x,∞)). This leads to

−
∫ ∞
0

∫ 1

0

du

u
1{u≥ν((x,∞))}(u, x)dν(x) ≤ −

∫ ∞
0

∫ 1

0

du

u
1{H(u)≤x}(u, x)dν(x)

= −
∫ 1

0

ν ([H(u),∞))
du

u
.

Since u ≤ ν ([H(u),∞)), we finally get the desired estimation.

Now, for a certain class of functions, we establish the multidimensional ver-
sion of inequality (5). For the simplicity, we formulate this result for the Gaus-
sian measure.

Lemma 2. Let g : Cn −→ R+ be a bounded function satisfying

1) g((eiθ1z1, . . . , e
iθnzn)) = g(z) for any z ∈ Cn and θ1, . . . , θn ∈ R,

2) for any w, z ∈ Cn the condition |wk| ≤ |zk|, k = 1, . . . , n implies g(w) ≤ g(z).

Then

Entνn g ≤
∫
Cn

g(z)

(
|z|2

2
− n

)
dνn(z). (6)

Proof. One piece of notation: for a fixed vector r = (r1, . . . , rn) ∈ (R+)n we de-
note rk = (r1, . . . , rk−1, rk+1, . . . , rn) ∈ (R+)n−1, and then define the functions

gr
k

k (x) = g(r1, . . . , rk−1, x, rk+1, . . . , rn), k = 1, . . . , n.

Notice that for a function h : C −→ R+ obeying the property 1) we get∫
C
h(z)dν1(z) =

1

2π

∫ 2π

0

∫ ∞
0

h(reiθ)e−r
2/2rdrdθ =

∫ ∞
0

h(r)dµ(r),

where µ denotes the probability measure on R+ with the density at r given by

re−r
2/2. Therefore∫

Cn

g(z)

(
|z|2

2
− n

)
dνn(z) =

∫
(R+)n

g(r)

(∑n
k=1 r

2
k

2
− n

)
dµ⊗n(r)

=

∫
(R+)n

n∑
k=1

[∫
R+

gr
j

j (x)

(
x2

2
− 1

)
dµ(x)

]
dµ⊗n(r).

Applying Lemma 1 for the function gr
j

j and the measure µ we obtain the esti-
mation ∫

Cn

g(z)

(
|z|2

2
− n

)
dνn(z) ≥

∫
(R+)n

n∑
k=1

Entµ g
rj

j dµ⊗n(r)

≥ Entµ⊗n g = Entνn g,

where the last inequality follows from subadditivity of entropy (for example see
[Led, Proposition 5.6]).
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Proof of Theorem 1. Fix K ∈ R. In order to show (4) we introduce the function
g(z) = 1− 1K(z). We adopt the standard convention that 0 ln 0 = 0, hence the
desired inequality is equivalent to (6). Thus the application of Lemma 2 for the
function g finishes the proof.

Theorem 1 immediately implies that the Cartesian products of cylinders sup-
port SC-inequality. As a consequence, SC-inequality possesses a tensorization
property.

Corollary 1. Assume sets K1 ⊂ Cn1 , . . . ,K` ⊂ Cn` support SC-inequality.
Then the set K1 × . . .×K` also supports SC-inequality.

Another consequence of the main theorem concerns the standard exponential
measure λn on Rn, i.e.

dλn(x) =
1

2n
e−|x|1dx, x ∈ Rn,

where we denote |(x1, . . . , xn)|1 =
∑n
i=1 |xi|. It turns out that certain subsets of

Rn support the S-inequality for λn with strips as the optimal sets. To state the
result a few definitions will be useful. We say that a set K ⊂ (R+)n is an ideal
if along with any its point x ∈ K it contains the cube [0, x1]× . . .× [0, xn]. A set
K ⊂ Rn is called unconditional if (ε1x1, . . . , εnxn) ∈ K whenever (x1, . . . , xn) ∈
K and ε1, . . . , εn ∈ {−1, 1}. By an unconditional ideal K in Rn we mean the
unconditional set K such that the set K ∩ (R+)n is an ideal. For instance, any
unconditional convex set is also an unconditional ideal.

Theorem 2. For any closed unconditional ideal K ⊂ Rn and for any strip
P = {x ∈ Rn | |x1| ≤ p}, p ≥ 0, we have

λn(K) = λn(P ) =⇒ ∀t ≥ 1 λn(tK) ≥ λn(tP ), (7)

and, equivalently,

λn(K) = λn(P ) =⇒ ∀t ≤ 1 λn(tK) ≤ λn(tP ). (8)

Proof. The equivalence between (7) and (8) is straightforward. For instance,
assume the latter does not hold. Then, there is t0 < 1 such that λn(t0K) >
λn(t0P ). We can find s0 < 1 for which λn(s0t0K) = λn(t0P ). Using (7) we get
a contradiction

λn(K) > λn(s0K) = λn

(
1

t0
(s0t0K)

)
≥ λn

(
1

t0
(t0P )

)
= λn(P ) = λn(K).

Consider the mapping F : Cn −→ (R+)n given by the formula

F (z1, . . . , zn) = (|z1|, . . . , |zn|).

Observe that for an ideal A ⊂ (R+)n, the set F−1(A) is Reinhardt complete
and integrating using the polar coordinates we find that

νn
(
F−1(A)

)
=

∫
A

n∏
i=1

rie
−r2i /2dr1 . . . drn.

5



Now, let us change the variables according to the mapping G : (R+)n −→ (R+)n,

G(x1, . . . , xn) =
1

2
(x21, . . . , x

2
n).

We obtain

νn
(
F−1(A)

)
=

∫
G(A)

e−
∑n

i=1 xidx.

Since G(A) is an ideal iff so is A, we infer that for any unconditional ideal
K ⊂ Rn

λn(K) = νn(K̃), where K̃ := G−1F−1 (K ∩ (R+)n) .

Moreover, for a strip P = {x ∈ Rn | |x1| ≤ p}, the set P̃ ⊂ Cn is a cylinder.

Note also that t̃K =
√
tK̃. These observations combined with Theorem 1 yield

the assertion.

Following the method of [LO1, Corollary 3] we obtain the result concerning
the comparison of moments.

Corollary 2. Let ‖ · ‖ be a norm on Rn which is unconditional, i.e.

‖(ε1x1, . . . , εnxn)‖ = ‖(x1, . . . , xn)‖,

for any xj ∈ R and εj ∈ {−1, 1}. Then for p ≥ q > 0(∫
Rn

‖x‖pdλn(x)

)1/p

≤ Cp,q
(∫

Rn

‖x‖qdλn(x)

)1/q

, (9)

where the constant

Cp,q =

(∫
R |x|

pdλ1(x)
)1/p(∫

R |x|qdλ1(x)
)1/q =

(Γ(p+ 1))1/p

(Γ(q + 1))1/q

is the best possible.

Proof. The proof hinges on the fact that a ball K = {x ∈ Rn ‖x‖ ≤ t} with
respect to the norm ‖ · ‖ is a closed convex unconditional set, so that Theorem
2 can be applied.
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S-inequality for certain product measures

Piotr Nayar ∗, Tomasz Tkocz †

Abstract

In the paper we prove the S-inequality for certain product prob-
ability measures and ideals in Rn. As a result, for the Weibull and
Gamma product distributions we derive concentration of measure type
estimates as well as optimal comparison of moments.

2010 Mathematics Subject Classification. Primary 60G15; Secondary
60E15.
Key words and phrases. S-inequality, Dilation, Exponential distribution,
Weibull distribution, Gamma distribution, Concentration of measure, Com-
parison of moments.

1 Introduction

The standard Gaussian measure γn on Rn has been thoroughly studied in
a context of dilations of convex and symmetric sets (see [CFM, LO1]). For
example, it is known that for such a set K in Rn we have the estimate

γn(tK) ≥ γn(tP ), t ≥ 1,

where the set P = {x ∈ Rn, |x1| ≤ p} is a strip chosen so that γn(P ) =
γn(K). This result is due to R. Lata la and K. Oleszkiewicz [LO1] and it is
called the S-inequality. A natural task is to find other examples of measures
for which this type of bounds hold (cf. [Lat, Conjecture 5.1])? As a by-
product of the investigations on the S-inequality in the complex case for the
Gaussian measure initiated in [Tko], the authors have recently shown in [NT,

∗Research partially supported by NCN Grant no. 2011/01/N/ST1/01839.
†Research partially supported by NCN Grant no. 2011/01/N/ST1/05960.
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Theorem 2] that the exponential measure satisfies the S-inequality for ideals
in Rn (for the definition of an ideal see Section 2). The aim of the present
paper is to extend this result for the measures νnp on Rn with densities

dνnp (x) = (cp/2)ne−|x|
p
pdx, x ∈ Rn, (1)

where we denote |(x1, . . . , xn)|p = (
∑
|xi|p)1/p and cp = 1/Γ(1 + 1/p) is a

normalization constant.
In Section 2 we present our main results. Section 3 is devoted to their

proofs.

2 Results

We begin with a few definitions. For a Borel measure µ on R its product
measure µ ⊗ . . . ⊗ µ = µ⊗n is denoted by µn. We say that such a product
measure µn on Rn supports the S-inequality for a Borel set L ⊂ Rn if for any
its dilation K = sL, s > 0, and any strip P = {x ∈ Rn, |x1| ≤ p} we have

µn(K) = µn(P ) =⇒ µn(tK) ≥ µn(tP ), for t ≥ 1. (2)

If we assume that the function Ψ(x) = µ ([−x, x]) is invertible for x ≥ 0, we
can write (2) as

µn(tK) ≥ Ψ
[
tΨ−1

(
µ(K)

)]
, for t ≥ 1. (3)

A set K ⊂ Rn is called an ideal if along with any its point x ∈ K it contains
the cube [−|x1|, |x1|]× . . .× [−|xn|, |xn|].

Now we are able to state the main result.

Theorem 1. Let p ∈ (0, 1]. Then the measure νnp defined in (1) supports the
S-inequality for all ideals in Rn.

Thanks to simple coordinate-wise transport of measure argument we ob-
tain the following corollary.

Corollary 1. Let α > 0 and q ≥ 1. Define on R the symmetric Weibull
measure ωα with the parameter α and the symmetric Gamma measure λq
with the parameter q by

dωα(x) =
1

2
α|x|α−1e−|x|

α

dx, (4)

dλq(x) =
1

2Γ(q)
q|x|q−1e−|x|dx. (5)
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Then the product measures ωnα and λnq support the S-inequality for all ideals
in Rn.

The measures ωnα provide the examples of distributions supporting the
S-inequality and having both log-concave and log-convex tails. Indeed, the
tail function of the Weibull distribution is ωp ({|x| > t}) = e−t

α
which is

log-convex for α ∈ (0, 1) and log-concave for α ∈ (1,∞).
The fact that a measure support the S-inequality for all ideals yields also

the comparison of moments (see [NT, Corollary 2]). Here, the relevant result
reads as follows.

Corollary 2. Let ‖ · ‖ be a norm on Rn which is unconditional, i.e.

‖(ε1x1, . . . , εnxn)‖ = ‖(x1, . . . , xn)‖

for any xj ∈ R and εj ∈ {−1, 1}. Suppose a product Borel probability measure
µn = µ⊗n supports the S-inequality for all ideals in Rn. Then for p ≥ q > 0(∫

Rn
‖x‖pdµn(x)

)1/p

≤ Cp,q

(∫
Rn
‖x‖qdµn(x)

)1/q

, (6)

where the constant

Cp,q =

(∫
R |x|

pdµ(x)
)1/p(∫

R |x|qdµ(x)
)1/q

is the best possible. In particular, we might take µ = νp, ωα, λq, for p ∈ (0, 1],
α > 0, q ≥ 1 (see (1), (4), (5)).

3 Proofs

3.1 Proof of Theorem 1

The theorem is trivial in one dimension. For higher dimensions the strategy
of the proof is to reduce the problem to the two dimensional case where
everything can be computed. This is done in the following proposition.

Proposition 1. Let µ be a Borel probability measure on R. Let µn = µ⊗n

be its product measure on Rn. If µ2 supports S-inequality for all ideals on R2

then for any n ≥ 2 the measure µn supports S-inequality for all ideals on Rn.

3



Proof. We proceed by induction on n. Let us fix n ≥ 2 and assume that µn

supports S-inequality for all ideals in Rn. We would like to show that µn+1

supports S-inequality for all ideals in Rn+1. To this end consider an ideal
K ⊂ Rn+1 and set t ≥ 1. Thanks to Fubini’s theorem

µn+1(tK) =

∫
R
µn((tK)x)dµ(x) =

∫
R
µn(tKx/t)dµ(x),

where Ax = {y ∈ Rn, (y, x) ∈ A} is a section of a set A ⊂ Rn+1 at a level
x ∈ R. For a set A let PA denote a cylinder with a width wA such that
µn(A) = µn(PA). Since the section Kx/t is an ideal in Rn, by the induction
hypothesis we obtain

µn+1(tK) ≥
∫
R
µn
(
tPKx/t

)
dµ(x) =

∫
R
µ
(

[−twKx/t , twKx/t ]
)

dµ(x).

For the simplicity denote the function x 7→ wKx by f . If we put Gf ⊂ R2 to
be an ideal generated by f , i.e. Gf = {(x, y) ∈ R2, |y| ≤ f(x), x ∈ R}, then
its dilation tGf is generated by the function x 7→ tf(x/t). Therefore∫

R
µ
(

[−twKx/t , twKx/t ]
)

dµ(x) = µ2(tGf ).

Yet, µ2(Gf ) = µn+1(K), so taking the strip P = [−w,w]×Rn with the same
measure as K we see that the strip [−w,w]×R has the same measure as Gf .
Now the fact that µ2 supports S-inequality implies µ2(tGf ) ≥ µ2(t([−w,w]×
R)) = µn+1(tP ). Thus we have shown that µn+1(tK) ≥ µn+1(tP ), which
completes the proof.

Thus it suffices to show the theorem when n = 2. Notice that any ideal
K ⊂ R2 can be described by a nonincreasing function f : R+ → R+, namely

K =
{

(x, y) ∈ R2 | |y| ≤ f(|x|)
}
.

Fix such a function and take a strip P = {|x1| ≤ w} such that ν2
p(K) =

ν2
p(P ). To prove that ν2

p supports S-inequality for the ideal K it is enough
to show that (see [NT, Proposition 1])

d

dt
ν2
p(tK)

∣∣∣
t=1
≥ d

dt
ν2
p(tP )

∣∣∣
t=1
.
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Let

Mp(K) =

∫
K

(|x|p + |y|p) dν2
p(x, y).

We have

ν2
p(tK) =

c2
p

4

∫
tK

e−(|x|p+|y|p) dxdy =
c2
p

4

∫
K

t2e−t
p(|x|p+|y|p) dxdy,

hence
d

dt
ν2
p(tK)

∣∣∣
t=1

= 2ν2
p(K)− pMp(K).

Therefore we are to prove that Mp(K) ≤ Mp(P ). Define the functions T :
R+ → [0, 1], S : R+ → [0, 1]

T (u) = cp

∫ ∞
u

e−x
p

dx, S(u) = cp

∫ u

0

xpe−x
p

dx

and let µ+ be the probability measure with density cpe
−xp on R+. Note that

S(u) = cp
1

p

∫ u

0

x(−e−xp)′ dx = −cp
p
ue−u

p

+
1

p
(1− T (u)).

Thus S(∞) = 1/p. We have

Mp(K) = c2
p

∫ ∞
0

∫ f(x)

0

(xp + yp)e−x
p−yp dy dx

= cp

∫ ∞
0

xpe−x
p

(1− T (f(x))) dx+ cp

∫ ∞
0

S(f(x))e−x
p

dx

=
1

p
−
∫ ∞

0

xpT (f(x)) dµ+(x) +

∫ ∞
0

S(f(x)) dµ+(x).

Taking f(x) =∞ for x < w and f(x) = 0 for x ≥ w we obtain∫
P

(|x|p + |y|p) dν2
p(x, y) =

1

p
−
(

1

p
− S(w)

)
+

1

p
(1− T (w))

=
1

p
+ S(w)− 1

p
T (w).

Let Φ : [0, 1] → R, Φ = S ◦ T−1 and g : R+ → [0, 1], g = T ◦ f . We would
like to prove∫

Φ(g) dµ+ −
∫ ∞

0

xpg(x) dµ+(x) ≤ S(w)− 1

p
T (w).

5



Observe that

ν2
p(K) = c2

p

∫ ∞
0

∫ f(x)

0

e−y
p−xp dy dx

=

∫ ∞
0

(1− T (f(x))) dµ+(x) = 1−
∫
g dµ+.

Our assumption ν2
p(K) = ν2

p(P ) yields
∫
g dµ+ = T (w). Moreover,

S(w) = Φ(T (w)) = Φ

(∫
g dµ+

)
.

Our inequality can be therefore expressed in the following form∫
Φ(g) dµ+ − Φ

(∫
g dµ+

)
≤
∫ ∞

0

g(x)

(
xp − 1

p

)
dµ+(x).

Note that g : R+ → [0, 1] is nondecreasing. Summing up, to establish Theo-
rem 1 it suffices to prove the following lemma.

Lemma 1. Let p ∈ (0, 1] and let µ+ be a measure with density cpe
−xp sup-

ported on R+. Then for all nondecreasing functions g : R+ → [0, 1] we have∫
Φ(g) dµ+ − Φ

(∫
g dµ+

)
≤
∫ ∞

0

g(x)

(
xp − 1

p

)
dµ+(x). (7)

In order to prove Lemma 1 we shall need a lemma due to R. Lata la and
K. Oleszkiewicz (see [LO2, Lemma 4] or [Wol, Theorem 1]). For convenience
let us recall this result.

Lemma 2 (Lata la–Oleszkiewicz). Let (Ω, ν) be a probability space and sup-
pose that Φ : [0, 1] → R has strictly positive second derivative and 1/Φ′′ is
concave. For a nonnegative function g : Ω→ [0, 1] define a functional

ΨΦ(f) =

∫
Ω

Φ(g) dν − Φ

(∫
Ω

g dν

)
. (8)

Then ΨΦ is convex, namely

ΨΦ(λf + (1− λ)g) ≤ λΨΦ(f) + (1− λ)ΨΦ(g).

6



Now we show that our function Φ = S ◦ T−1 satisfies the assumptions of
Lemma 2.

Lemma 3. The function Φ = S ◦ T−1 : [0, 1] → R satisfies Φ′′ > 0 and
(1/Φ′′)′′ ≤ 0.

Proof. Let T−1 = F . Note that F ′ = 1
T ′(F )

= − 1
cp
eF

p
. We have

Φ′ = S ′(F )F ′ = cpF
pe−F

p

(
− 1

cp
eF

p

)
= −F p

and
Φ′′ = −pF p−1F ′ =

p

cp
F p−1eF

p

> 0.

Moreover,

(1/Φ′′)′ =
cp
p

(
F 1−pe−F

p)′
=
cp
p

(
(1− p)F−p − pF 1−pF p−1

)
e−F

p

F ′ = 1− 1− p
p

F−p

and

(1/Φ′′)′′ = (1− p)F−p−1F ′ = −1− p
cp

F−p−1eF
p ≤ 0.

We are ready to give the proof of Lemma 1.

Proof of Lemma 1. Combining Lemmas 2 and 3 we see that the left hand
side of (7) is a convex functional of g. The right hand side is linear in g
and therefore we see that λg1 + (1 − λ)g2 satisfies (7) for every λ ∈ [0, 1]
whenever g1, g2 satisfy (7). Due to an approximation argument it suffices to
prove our inequality for nondecreasing right-continuous piecewise constant
functions having finite number of values. Every such a function is a convex
combination of a finite collection of functions of the form ga(x) = 1[a,∞)(x),
where a ∈ [0,∞]. Therefore it suffices to check (7) for the functions ga. Since
Φ(0) = S(∞) = 1/p and Φ(1) = 0 we have∫

Φ(ga) dµ+ − Φ

(∫
ga dµ+

)
=

1

p
(1− T (a))− S(a)
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and ∫ ∞
0

ga(x)

(
xp − 1

p

)
dµ+(x) =

1

p
− S(a)− 1

p
T (a),

thus we have equality in (7).

The proof of Theorem 1 is now complete.

3.2 Proof of Corollary 1

The idea behind Corollary 1 is that once a measure supports S-inequality for
all ideals then so does its image under properly chosen transformation (cf.
proof of [NT, Theorem 2]). Fix p ∈ (0, 1] and α > 0. Consider the mapping
F : (R+)n −→ (R+)n given by the formula

F (x1, . . . , xn) = (xα1 , . . . , x
α
n).

We will use it to change the variables. So, take an ideal K ⊂ Rn, the strip
P ⊂ Rn such that νnp (K) = νnp (P ), and compute the measure of the dilation
tK for some t ≥ 1

νnp (tK) =
(cp

2

)n ∫
tK

e−|x|
p
pdx = cnp

∫
tK∩(R+)n

e−
∑
xpi dx

= (αcp)
n

∫
F−1(tK∩(R+)n)

∏
yα−1
i e−y

αp
i dy.

In the first equality we have used the symmetries of ideals, while in the
last one we have changed the variables putting x = F (y). Introducing the
measure µp,α on R with density

dµp,α(x) = αcp|x|α−1e−|x|
αp

dx,

we thus have seen that
νnp (tK) = µp,α(t̃K),

where for an ideal A in Rn the set Ã denotes an ideal such that Ã∩ (R+)n =
F−1(A ∩ (R+)n) (note it makes sense as F is monotone with respect to each

coordinate). The point is that due to the homogeneity of F we have t̃K =

t1/αK̃. Moreover, strips are mapped onto strips. Therefore

µp,α(t1/αK̃) = νnp (tK) ≥ νnp (tP ) = µp,α(t1/αP̃ ),

8



which means that µp,α supports the S-inequality for the ideal K̃. Since the
ideal K is arbitrary, we conclude µp,α supports the S-inequality for all ideals.
To finish the proof notice that we recover Weibull and Gamma distribution
setting respectively p = 1, α = 1/p, i.e. ωα = µ1,α, λq = µ1/q,q.

Remark. We might use more general change of variables yi = V (xi) for some
increasing function V : R+ −→ R+, V (0) = 0 and ask whether we will derive
the S-inequality for other measures than µp,α exploiting the above technique.

Since we would like to have t̃K = u(t)K̃ for a monotone function u, we check
it would imply that V (st) = CV (s)V (t), and C is a constant. So V should
be a power function yet this case has been studied in the above proof.
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KHINCHINE TYPE INEQUALITIES WITH OPTIMAL

CONSTANTS VIA ULTRA LOG-CONCAVITY

Piotr Nayar and Krzysztof Oleszkiewicz1

Abstract. We derive Khinchine type inequalities for even moments with op-

timal constants from the result of Walkup ([15]) which states that the class of
log-concave sequences is closed under the binomial convolution. log-concavity

and ultra log-concavity and Khinchine inequality and factorial moments

1. Introduction

Let α1, α2, . . . , αn ∈ R and let r1, r2, . . . , rn be independent symmetric ±1 ran-
dom variables. The classical Khinchine inequality, [8], states that for any positive
p > q there exists a constant Cp,q (which does not depend on n, α1, α2, . . . , αn)
such that

(E|S|p)1/p ≤ Cp,q · (E|S|q)1/q,
where S =

∑n
i=1 αiri.

There was a long pursuit for the optimal values of the constants Cp,q. The best
values of Cp,2 for p ≥ 3 were established by Whittle, [16] while the optimal C2,1

constant was proved to be equal to
√

2 by Szarek, [14] (see also [12] for a short proof
which extends to the normed linear space setting; this approach was later extended
in [10] and [13]). Finally, Haagerup, [6], found best values of Cp,2 for all p ∈ (2, 3),
and of C2,q for all q ∈ (0, 2), thus solving the part of the problem which is most
important for applications since ES2 =

∑n
i=1 α

2
i is a quantity particularly easy to

deal with. However, the general problem of finding optimal values of the constants
Cp,q is open and probably quite difficult. Its special case when both p and q are
even numbers, and p is divisible by q, was settled by Czerwiński in his unpublished
Master thesis, [4]. His method was based on some algebraic-combinatorial identities
and does not seem to generalize to other situations. On the other hand, König and
Kwapień, [9], and Baernstein and Culverhouse, [1], have obtained comparison of
moments inequalities with best constants, similar in spirit to Haagerup’s result but
with the symmetric Bernoulli random variables replaced by some multidimensional
rotationally invariant random vectors of special form (for example, uniformly dis-
tributed on spheres or balls). Again, as in Haagerup’s approach, it was crucial for
their main argument to work to have p = 2 or q = 2. In the present paper we

establish the optimal values of Cp,q for even p > q > 0 (the assumption of q
∣∣∣p no

longer needed) both in the classical Khinchine inequality and its high-dimensional
counterparts.

The main tool in our approach is Walkup’s theorem (Theorem 1 of [15]) which
states that the binomial convolution of two log-concave sequences is also log-
concave:

Definition 1. A sequence (ai)
∞
i=0 of non-negative real numbers is called log-concave

if a2i ≥ ai−1ai+1 for i ≥ 1 and the set {i ≥ 0 | ai > 0} is an interval of integers.

1Research of the second author partially supported by Polish MNiSzW Grant N N201 397437.
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2 KHINCHINE TYPE INEQUALITIES

Theorem 1 (Walkup, [15]). Let (ai)
∞
i=0 and (bi)

∞
i=0 be two log-concave sequences

of positive real numbers. Define

cn =

n∑
i=0

(
n

i

)
aibn−i.

Then the sequence (cn)∞n=0 is log-concave.

Using Liggett’s terminology ([11]) we may also rephrase this to another state-
ment: the class of ultra log-concave sequences is closed under standard convolution
operation, where a sequence of positive numbers (ai)

∞
i=0 is called ultra log-concave

if and only if the sequence (i! · ai)∞i=0 is log-concave.
There are at least three proofs of this theorem in the literature. Walkup’s orig-

inal proof is a bit difficult for non-experts whereas Liggett’s proof, [11] is very
elementary but quite long, as it covers a more general result than just Theorem
1. Recently, Gurvits, [5], published a short proof which, however, relies on the
powerful Alexander-Fenchel inequalities for mixed volumes of convex bodies. For
reader’s convenience we provide yet another proof, more similar to Liggett’s than
to Walkup’s, but shorter than Liggett’s proof and very direct. We postpone it till
Section 3.

2. Main results

Now we will present an application of Theorem 1. Let us denote the standard
Euclidean norm on Rd by ‖ · ‖. In what follows we consider rotation invariance
with respect to the same standard Euclidean structure. Furthermore, let G be a
Gaussian random variable with the standard N (0, 1) distribution while by G we
denote an Rd-valued Gaussian vector with the standard N (0, Idd) distribution.

Lemma 1. Let Π : Rd → R be the projection to the first coordinate. For p > 0
assume that X is a rotation invariant Rd-valued random vector with finite p-th
moment. Then

E|ΠX|p

E|G|p
=

E‖X‖p

E‖G‖p
.

Proof. Let θ be a random vector uniformly distributed on the unit sphere of
(Rd, ‖ · ‖) and independent of X. Since X is rotation invariant it has the same
distribution as ‖X‖·θ and thus ΠX has the same distribution as ‖X‖·Πθ. Therefore
E|ΠX|p = E‖X‖p · E|Πθ|p. The same argument used for G instead of X yields

E|G|p = E|ΠG|p = E‖G‖p · E|Πθ|p. �

Definition 2. We will say that an Rd-valued random vector X is ultra sub-
Gaussian if either X = 0 a.s., or X is rotation invariant (i.e. symmetric if d = 1),
has all moments finite, and the sequence (ai)

∞
i=0 defined by

ai = E‖X‖2i/E‖G‖2i for i ≥ 1, and a0 = 1, is log-concave.

Lemma 2. If X and Y are independent ultra sub-Gaussian Rd-valued random
vectors then X + Y is also ultra sub-Gaussian.

Proof. If X or Y is equal to zero a.s. then the assertion is obvious. Let

ai = E‖X‖2i/E‖G‖2i = E(ΠX)2i/EG2i,

bi = E‖Y ‖2i/E‖G‖2i = E(ΠY )2i/EG2i,

ci = E‖X + Y ‖2i/E‖G‖2i = E(ΠX + ΠY )2i/EG2i

for i ≥ 1, and let a0 = b0 = c0 = 1. It remains to notice that

cn =
E(ΠX + ΠY )2n

EG2n
=

1

(2n− 1)!!

n∑
i=0

(
2n

2i

)
E(ΠX)2iE(ΠY )2n−2i =



KHINCHINE TYPE INEQUALITIES 3

=

n∑
i=0

(2n)!!

(2i)!!(2n− 2i)!!
aibn−i =

n∑
i=0

(
n

i

)
aibn−i,

where we have used the fact that ΠX and ΠY are independent and symmetric.
The double factorial N !! denotes the product of all positive integers which have the
same parity as N and do not exceed N . We adopt the standard convention that
(−1)!! = 0!! = 1. The assertion immediately follows from Theorem 1. �

Lemma 3. Assume that an Rd-valued random vector X and a non-negative random
variable R are independent, and that R ·X has distribution N (0, Idd). Then X is
ultra sub-Gaussian.

Proof. Clearly, X is rotation invariant. Note that for p > 0 we have

E‖X‖p · ERp = E‖G‖p ∈ (0,∞),

so that X has all moments finite and strictly positive. Let ai = E‖X‖2i/E‖G‖2i.
By the Schwarz inequality for i ≥ 1 we have

1/a2i = (ER2i)2 ≤ ER2(i−1) · ER2(i+1) = 1/(ai−1ai+1)

which proves that the sequence (ai)
∞
i=0 is log-concave. �

Corollary 1. Assume that X is a random vector uniformly distributed on
i) the Euclidean sphere r · Sd−1 (if d = 1 this is symmetric ±r distribution)
or
ii) the Euclidean ball r ·Bd
for some r > 0. Then X is ultra sub-Gaussian.

Proof. Distribution of any Rd-valued random vector which is rotation invariant
and unimodal (i.e. it has a rotation invariant density which is non-increasing as
a function of distance to zero) can be expressed as an integral mean of measures
uniformly distributed on balls with center in zero. Since the standard normal
distributionN (0, Idd) is rotation invariant and unimodal the corollary is established
in the case ii).

For the reader’s convenience, however, we provide an explicit description of this
factorization. Let us denote the volume of the unit ball Bd by vd = πd/2/Γ(d2 + 1)

and let ϕd(s) = (2π)−d/2e−s
2/2, i.e. ϕd(‖x‖) is a density ofN (0, Idd). Furthermore,

for s > 0 set us(x) = v−1d s−d1{x∈Rd:‖x‖≤s}, so that us is a density of a random vector

uniformly distributed on s ·Bd. Hence

ϕd(‖x‖) =

∫ ∞
‖x‖

(−ϕ′d(s)) ds =

∫ ∞
0

1{x∈Rd:‖x‖≤s}sϕd(s) ds

=

∫ ∞
0

vds
d+1ϕd(s)us(x) ds.

Thus the product of a random vector uniformly distributed on Bd with an indepen-
dent positive random variable R̃ with density vds

d+1ϕd(s)1(0,∞)(s) has distribution

NN(0, Idd). Setting R = R̃/r ends the construction.
The case i) is simpler, it just suffices to note that

G =
‖G‖
r
· r G

‖G‖
,

where the factors are independent, and the second of them is uniformly distributed
on r · Sd−1. �



4 KHINCHINE TYPE INEQUALITIES

Corollary 2. For α > 0 let X be an Rd-valued random vector with density

gX(x) =
Γ(d2 + 1)

Γ( dα + 1)
π−d/2e−‖x‖

α

.

If α > 2 then X is ultra sub-Gaussian.

Proof. Let β ∈ (0, α) and let Y be an Rd-valued random vector with density

gY (x) =
Γ(d2 + 1)

Γ( dβ + 1)
π−d/2e−‖x‖

β

.

It is a well-known fact that Y is a mixture of dilatations of X and thus (for
β = 2 < α) the assertion follows. For the sake of completeness we provide a
detailed argument. Let Z be a standard positive β/α-stable random variable, so

that Ee−wZ = e−w
β/α

for every w ≥ 0. Note that for µ > 0 we have

EZ−µ = E
1

Γ(µ)

∫ ∞
0

e−tZtµ−1 dt =
1

Γ(µ)

∫ ∞
0

tµ−1Ee−tZ dt =

1

Γ(µ)

∫ ∞
0

tµ−1e−t
β/α

dt =
αΓ(αµ/β)

βΓ(µ)
.

Let gZ denote the density of Z and let W be a positive random variable independent
of X with density

gW (t) =
βΓ(d/α)

αΓ(d/β)
t−d/αgZ(t).

We will prove that W−1/αX has the same distribution as Y . Since both ran-
dom vectors are rotation invariant it suffices to prove that W−1/α‖X‖ has the
same distribution as ‖Y ‖ which immediately follows from the fact that the Laplace
transforms of logarithms of these random variables are equal:

E(W−1/α‖X‖)λ = EW−λ/α · E‖X‖λ = E‖Y ‖λ

for every λ ≥ 0. Indeed, by a standard and direct computation we obtain
E‖X‖λ = Γ(λ+dα )/Γ(d/α) and E‖Y ‖λ = Γ(λ+dβ )/Γ(d/β), whereas

EW−λ/α =
βΓ(d/α)

αΓ(d/β)
EZ−(λ+d)/α =

Γ(d/α)Γ(λ+dβ )

Γ(d/β)Γ(λ+dα )
. �

Now we are in position to state and prove our main results:

Theorem 2. Let n and d be positive integers and let p > q ≥ 2 be even integers.
Let X1, X2, . . . , Xn be independent Rd-valued ultra sub-Gaussian random vectors.
Then

(E‖S‖p)1/p ≤ (E‖G‖p)1/p

(E‖G‖q)1/q
· E(‖S‖q)1/q

where S = X1 +X2 + . . .+Xn.

Theorem 3. Let n and d be positive integers and let p > q ≥ 2 be even integers. Let
X1, X2, . . . , Xn be independent Rd-valued random vectors and assume that each of
them is either uniformly distributed on a Euclidean sphere or uniformly distributed
on a Euclidean ball. Then

(E‖S‖p)1/p ≤ (E‖G‖p)1/p

(E‖G‖q)1/q
· E(‖S‖q)1/q

where S = X1 +X2 + . . .+Xn.
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The constant (E‖G‖p)1/p/(E‖G‖q)1/q =
(

Γ(p+d2 )
) 1
p
(

Γ( q+d2 )
)− 1

q
(

Γ(d2 )
) 1
q−

1
p

is

obviously optimal, as indicated by the example of i.i.d. centered Xi’s with n→∞
(by the Central Limit Theorem). For d = 1 this is the classical Khinchine inequality.

Proof of Theorems 2 and 3. Without loss of generality we may and will assume
that all the spheres and balls mentioned in the assumptions of Theorem 3 are
centered at zero, i.e. Xi’s are rotationally invariant. Indeed, it suffices to notice
that S − ES =

∑n
i=1(Xi − EXi) is rotation invariant and thus ‖S‖ has the same

distribution as ‖(S − ES) + ‖ES‖ · θ‖, where θ is uniformly distributed on the
unit sphere and independent of S. Thus by increasing number of variables by one
we have reduced the problem to the case of rotationally invariant random vectors.
Corollary 1 allows us to deduce Theorem 3 from Theorem 2.

Now it is enough to note that S is ultra log-concave by Lemma 2, so that the
sequence (ak)∞k=0 given by ak = E‖S‖2k/E‖G‖2k (with a0 = 1) is log-concave. By
multiplying inequalities a2kk ≥ akk−1a

k
k+1 for k = 1, 2, . . . , s we deduce that the

sequence (a
1/s
s )∞s=1 is non-increasing. In particular, a

2/p
p/2 ≤ a

2/q
q/2 which is equivalent

to the assertion of Theorem 2. �

3. Proof of Walkup’s theorem

We assume that
(
n
k

)
= 0 for k < 0 and k > n, where n ≥ 0, k, n ∈ Z. Let us also

set ai = bi = 0 for i < 0, i ∈ Z.

Lemma 4. Let n ≥ 1 and k ≤ n be non-negative integers. Then

(1)

(
n+ 1

i

)(
n− 1

k − i

)
≥
(

n+ 1

k − i+ 1

)(
n− 1

i− 1

)
for 0 ≤ i ≤ bk/2c.

Proof. For i = 0 the inequality (1) is obvious. For i > 0 it is equivalent to

(n− k + i)(k − i+ 1) ≥ i(n+ 1− i).

Since n ≥ k and i ≤ k/2 we have

(n− k + i)(k − i+ 1)− i(n+ 1− i) = (n− k)(k − 2i+ 1) ≥ 0. �

Lemma 5. For n ≥ 1, k ≤ n and 0 ≤ i ≤ bk/2c consider a sequence

si = 2

(
n

i

)(
n

k − i

)
−
(
n− 1

i

)(
n+ 1

k − i

)
−
(
n+ 1

i

)(
n− 1

k − i

)
.

Then the sequence (sgn(si))
bk/2c
i=0 is non-decreasing.

Proof. After some simple reductions we get

sgn(si) = sgn

[
2n

n+ 1
− n− i
n− k + i+ 1

− n− k + i

n+ 1− i

]
.

Let m = n− k ≥ 0. We have

n− i
n− k + i+ 1

+
n− k + i

n+ 1− i
=
m+ n+ 1

m+ i+ 1
−1+

m+ n+ 1

n+ 1− i
−1 =

(m+ n+ 1)(m+ n+ 2)

(m+ i+ 1)(n+ 1− i)
−2

therefore it suffices to notice that the function i 7→ (m+ i+ 1)(n+ 1− i) is positive
and non-decreasing on [0, k/2]. �

Lemma 6. Let (si)
n
i=0, (li)

n
i=0 be two sequences of real numbers. Assume that

0 ≤ l1 ≤ l2 . . . ≤ ln,
∑n
i=0 si = 0 and the sequence (sgn(si))

n
i=0 is non-decreasing.

Then
∑n
i=0 sili ≥ 0
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Proof. Let i0 = min{0 ≤ i ≤ n | si ≥ 0}. Then
n∑
i=0

sili =
∑
i<i0

sili +
∑
i≥i0

sili ≥ li0
∑
i<i0

si + li0
∑
i≥i0

si = 0. �

Before we give a proof of Theorem 1, let us make some remarks. Let (ai)
∞
i=0, (bi)

∞
i=0

be log-concave. Fix 1 ≤ i ≤ j. Observe that

(2) aiaj ≥ ai−1aj+1, for 0 ≤ i ≤ j.
Indeed, it suffices to consider the case when ai−1 and aj+1 are positive. Then
{i − 1, i, . . . , j, j + 1} ⊂ {k ≥ 0 | ak > 0}. By multiplying the inequalities a2k ≥
ak−1ak+1 for k = i, . . . , j and dividing by aia

2
i+1 · . . . a2j−1aj > 0 we arrive at (2).

Note that we have used the fact that {k ≥ 0 | ak > 0} is an interval of integers.
If 0 ≤ i ≤ j and 0 ≤ k ≤ l then from (2) we get

(aiaj − ai−1aj+1)(bkbl − bk−1bl+1) ≥ 0,

therefore
(3)
aiajbkbl+ai−1aj+1bk−1bl+1 ≥ aiajbk−1bl+1+ai−1aj+1bkbl, 0 ≤ i ≤ j, 0 ≤ k ≤ l.

For fixed k, n, k ≤ n we will use the notation Li = aiak−ibn−ibn−k+i and
Ri = aiak−ibn−i+1bn−k+i−1. Note that Li = Lk−i and L−1 = 0.

Proof of Theorem 1. It is easy to check that the set {i ≥ 0 | ci > 0} is an interval
of integers. Therefore, for n ≥ 1 we have to prove the inequality∑
i = 0, . . . , n
j = 0, . . . , n

(
n

i

)(
n

j

)
aiajbn−ibn−j ≥

∑
i = 0, . . . , n+ 1
j = 0, . . . , n− 1

(
n+ 1

i

)(
n− 1

j

)
aiajbn+1−ibn−1−j .

It suffices to prove that
(4)
k∑
i=0

(
n

i

)(
n

k − i

)
aiak−ibn−ibn−k+i ≥

k∑
i=0

(
n+ 1

i

)(
n− 1

k − i

)
aiak−ibn+1−ibn−1−k+i

for k = 0, . . . , 2n. Inequality (4) for k ≥ n and a pair ((ai)
∞
i=0, (bi)

∞
i=0) is equivalent

to (4) for k̃ = 2n−k ≤ n and a pair ((bi)
∞
i=0, (ai)

∞
i=0), so we can consider only k ≤ n.

For i = 0, . . . , bk/2c we have i ≤ k− i and n− k+ i ≤ n− i, therefore (3) yields(
n+ 1

k − i+ 1

)(
n− 1

i− 1

)
(aiak−ibn−ibn−k+i + ai−1ak−i+1bn−i+1bn−k+i−1)

≥
(

n+ 1

k − i+ 1

)(
n− 1

i− 1

)
(aiak−ibn−i+1bn−k+i−1 + ai−1ak−i+1bn−ibn−k+i).

Moreover, using Lemma 4 and (2) we have[(
n+ 1

i

)(
n− 1

k − i

)
−
(

n+ 1

k − i+ 1

)(
n− 1

i− 1

)]
aiak−ibn−i+1bn−k+i−1

≤

[(
n+ 1

i

)(
n− 1

k − i

)
−
(

n+ 1

k − i+ 1

)(
n− 1

i− 1

)]
aiak−ibn−ibn−k+i.

We can rewrite these inequalities in the form of

(5)

(
n+ 1

k − i+ 1

)(
n− 1

i− 1

)
(Li + Li−1) ≥

(
n+ 1

k − i+ 1

)(
n− 1

i− 1

)
(Ri +Rk−i+1)
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and
(6)[(

n+ 1

i

)(
n− 1

k − i

)
−
(

n+ 1

k − i+ 1

)(
n− 1

i− 1

)]
Li ≥

[(
n+ 1

i

)(
n− 1

k − i

)
−
(

n+ 1

k − i+ 1

)(
n− 1

i− 1

)]
Ri

for i = 0, . . . , bk/2c. Note that if k is odd then Lbk/2c = Rbk/2c+1. In order to
estimate the RHS of (4) we add (5) and (6) for i = 0, . . . , bk/2c, and the equality(

n− 1

bk/2c

)(
n+ 1

k − bk/2c

)
Lbk/2c =

(
n− 1

bk/2c

)(
n+ 1

k − bk/2c

)
Rbk/2c+1

in the case of k odd. We arrive at

k∑
i=0

(
n+ 1

i

)(
n− 1

k − i

)
Ri ≤

bk/2c−1∑
i=0

[(
n− 1

i

)(
n+ 1

k − i

)
+

(
n+ 1

i

)(
n− 1

k − i

)]
Li

+ θk

[(
n− 1

bk/2c

)(
n+ 1

k − bk/2c

)
+

(
n+ 1

bk/2c

)(
n− 1

k − bk/2c

)]
Lbk/2c,

where θk = 1/2 if k is even and θk = 1 when k is odd. Since the LHS of (4) is equal
to

bk/2c−1∑
i=0

2

(
n

i

)(
n

k − i

)
Li + 2θk

(
n

bk/2c

)(
n

k − bk/2c

)
Lbk/2c,

it suffices to prove the inequality

bk/2c−1∑
i=0

siLi + θksbk/2cLbk/2c ≥ 0.

We have
bk/2c−1∑
i=0

si + θksbk/2c =
1

2

k∑
i=0

si = 0

and 0 ≤ L0 ≤ L1 ≤ . . . ≤ Lbk/2c. To finish the proof it suffices to use Lemma 5
and Lemma 6. �

Remark 1. Consider sequences (an)∞n=0 = (1, 0, 0, 1, 0, 0, . . .) and (bn)∞n=0 = (1, 1, 1, . . .)
and note that the binomial convolution of this sequences is not log-concave. There-
fore, without the second assumption in the Definition (1) it is impossible to prove
Walkup’s Theorem.

4. Inequalities for factorial moments

For a positive integer n and any real number x we define the Pochhammer symbol
(x)n = x(x − 1) · . . . · (x − n + 1), with (x)0 = 1, and in a standard way we put(
x
n

)
= (x)n/n!. Let n be a non-negative integer and let X be a nonnegative random

variable X with E|X|n <∞. Then E(X)n is called the nth factorial moment of X.

Definition 3. Let κ ∈ R. We will say that a nonnegative integer-valued random
variable X is κ-good if the sequence EeκX(X)n for n ≥ 0 is log-concave (we assume
that all the expectations are finite).

Lemma 7. If X and Y are independent κ-good random variables then X + Y is
also κ-good.

Proof. Multiplying the obvious identity

eκ(X+Y )

(
X + Y

k

)
=

k∑
i=0

eκX
(
X

i

)
· eκY

(
Y

k − i

)
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by k! we arrive at

eκ(X+Y )(X + Y )k =

k∑
i=0

(
k

i

)
eκX(X)i · eκY (Y )k−i.

To finish the proof it suffices to take expectation of both sides of this equality, use
Theorem 1 and independence of X and Y . �

Now we can conclude with the following inequality:

Theorem 4. Let κ ∈ R and let X1, X2, . . . , Xn be independent κ-good random
variables (e.g. {0, 1} Bernoulli random variables) and let p be a positive integer.
Then for S = X1 +X2 + . . .+Xn we have

(EeκS(S)p)
2 ≥ EeκS(S)p−1 · EeκS(S)p+1.

Since limκ→−∞ e−κpEeκX(X)p = p! · P(X = p) the case of κ → −∞ refers to
the ultra log-concavity of the sequence P(X = p) which was carefully investigated
and successfully applied for example in a recent paper of Johnson, [7]. In fact, the
log-concavity of the sequence EeκS(S)p may be easily deduced from the ultra log-
concavity of the sequence P(S = p), which in particular covers the case of Bernoulli
sums. However, sometimes the sequence E(X)p or, more generally, E(X)pe

κX may
be log-concave even though the sequence P(X = p) is not ultra log-concave.

5. Tail to moments log-concavity trick

We finish with a discussion of a result of Borell ([3], formulated there in a slightly
different and more general setting) which, in fact, can be traced back to the work
of Barlow, Marshall, and Proschan ([2], p. 384) although there it appears with a
slighlty restricting additional assumption. It is very standard by now and has many
different proofs, some of them very simple, but still we think that it may be of some
interest to provide yet another argument, especially because it is quite similar in
spirit to the one we used in our proof of Walkup’s theorem.

Theorem 5 ([2], [3]). Assume that ϕ : (0,∞) → (0,∞) is a log-concave function
(i.e. logϕ is concave). Then also Ψ : (0,∞)→ (0,∞) defined by

Ψ(q) =
1

Γ(q)

∫ ∞
0

tq−1ϕ(t) dt

is log-concave.

Proof. It suffices to prove that Ψ(q)2 ≥ Ψ(q − ε)Ψ(q + ε) for q > ε > 0, which
obviously follows from

1

Γ(q)2

∫ t

0

sq−1(t− s)q−1ϕ(s)ϕ(t− s) ds ≥

≥ 1

Γ(q − ε)Γ(q + ε)

∫ t

0

sq−ε−1(t− s)q+ε−1ϕ(s)ϕ(t− s) ds

by integration over t > 0 and using the Fubini theorem.
Since ϕ is log-concave the function s 7→ ϕ(s)ϕ(t−s) is non-decreasing on (0, t/2]

and non-increasing on [t/2, t). Also, it is obviously symmetric with respect to t/2.
Hence it suffices to prove that

1

Γ(q)2

∫ t−a

a

sq−1(t− s)q−1 ds ≥ 1

Γ(q − ε)Γ(q + ε)

∫ t−a

a

sq−ε−1(t− s)q+ε−1 ds
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for 0 < a < t/2, which upon using the homogeneity reduces to proving that

f(α) = B(q−ε, q+ε)
∫ 1−α

α

wq−1(1−w)q−1dw−B(q, q)

∫ 1−α

α

wq−ε−1(1−w)q+ε−1dw

is non-negative for α ∈ [0, 1/2]. Obviously, f(0) = f(1/2) = 0. Now it is enough to
notice that f ′(α) > 0 if and only if

(7)
( α

1− α

)ε
+
(1− α

α

)ε
> 2B(q − ε, q + ε)/B(q, q).

The left hand side of (7) is decreasing in α, so that there exists some α0 ∈ (0, 1/2)
such that f is increasing on [0, α0] and then decreasing on [α0, 1/2]. Thus f ≥ 0 on
[0, 1/2] and the proof is finished. �

The following well known corollary follows (note that it reveals some intriguing
similarity to a way in which we used Walkup’s theorem to derive the Khinchine
inequalities):

Corollary 3. Assume that Z is a positive random variable with log-concave tails,
i.e. the function ϕ(t) = P(Z > t) is log-concave on (0,∞). Let NE be an exponen-
tial random variable with parameter 1. Then

(EZp)1/p ≤ (ENEp)1/p

(ENEq)1/q
· (EZq)1/q

for all p > q > 0.

The constant (ENEp)1/p/(ENEq)1/q = Γ(p+1)1/p/Γ(q+1)1/q obviously cannot
be improved in general since NE has log-concave tails.

Proof. From Theorem 5 we infer that Ψ : [0,∞)→ (0,∞) defined by

Ψ(q) =
1

Γ(q)

∫ ∞
0

tq−1ϕ(t) dt =
EZq

ENEq

for q > 0, and by Ψ(0) = 1, is log-concave (it is an easy exercise to check that Ψ
is right-continuous at zero). Hence g(q) = log Ψ(q) is concave with g(0) = 0, so
that q 7→ g(q)/q is a non-increasing function on (0,∞), which is equivalent to the
assertion of Corollary 3. �

Acknowledgements. We are grateful to Matthieu Fradelizi and Olivier Guédon
for pointing to us the article of Walkup, and for their help in tracing some other
references.
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[4] Czerwiński, W.: Khinchine inequalities (in Polish), University of Warsaw, Master Thesis, 2008
[5] Gurvits, L.: A short proof, based on mixed volumes, of Liggett’s theorem on the convolution

of ultra-logconcave sequences, Electron. J. Combin. 16, Note 5 (2009)

[6] Haagerup, U.: The best constants in the Khintchine inequality, Studia Math. 70, 231-283
(1982)

[7] Johnson, O.: Log-concavity and the maximum entropy property of the Poisson distribution,
Stoch. Process. Appl. 117, 791-802 (2007)
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FKN Theorem on the biased cube

Piotr Nayar ∗

Abstract

In this note we consider Boolean functions defined on the discrete
cube {−γ, γ−1}n equipped with a product probability measure µ⊗n,
where µ = βδ−γ+αδγ−1 and γ =

√
α/β. We prove that if the spectrum

of such a function is concentrated on the first two Fourier levels, then
the function is close to a certain function of one variable.

Moreover, in the symmetric case α = β = 1
2 we prove that if

a [−1, 1]-valued function defined on the discrete cube is close to a
certain affine function, then it is also close to a [−1, 1]-valued affine
function.

2010 Mathematics Subject Classification. Primary 42C10; Secondary
60E15.
Key words and phrases. Boolean functions, Walsh-Fourier expansion,
FKN Theorem

1 Introduction and notation

Let α, β > 0 with α + β = 1 and α ∈ (0, 1
2
). We consider the discrete cube

{−γ, γ−1}n equipped with the L2 structure given by the product probability
measure µn = µ⊗n, where µ = βδ−γ + αδγ−1 and γ =

√
α/β. For f, g :

{−γ, γ−1}n → R the standard scalar product 〈f, g〉 =
∫
fg dµn induces the

norm ‖f‖ =
√
〈f, f〉. We also define the Lp norm, ‖f‖p =

(∫
|f |p dµn

)1/p
.

Let [n] = {1, 2 . . . , n}. For T ⊆ [n] and x = (x1, . . . , xn) let wT (x) =∏
i∈T xi and w∅ ≡ 1. Note that we have

∫
xi dµn = 0 and

∫
xixj dµn =

δij. It follows that (wT )T⊆[n] is an orthonormal basis of L2({−γ, γ−1}n, µn).

∗Research partially supported by NCN Grant no. 2011/01/N/ST1/01839.
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Therefore, every function f : {−γ, γ−1}n → R admits the unique expansion
f =

∑
T⊂[n] aTwT . The functions wT are sometimes called the Walsh-Fourier

functions. If the function f is {−1, 1}-valued then it is called Boolean.
The Fourier analysis of Boolean functions plays an important role in many

areas of research, including learning theory, social choice, complexity theory
and random graphs, see e.g. [O1] and [O2]. One of the most important an-
alytic tools in this theory is the so-called hypercontractive Bonami-Beckner-
Gross inequality, see [Bo], [Be], [G1] and [G2] for a survey on this topic. This
inequality has been used in the celebrated papers by J. Kahn, G. Kalai and
N. Linial, [KKL], and E. Friedgut, [F]. It can be stated as follows. Take
α = β = 1

2
and q ∈ [1, 2]. Then we have∥∥∥∥∥∥

∑
T⊆[n]

(q − 1)|T |/2aTwT

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
∑
T⊆[n]

aTwT

∥∥∥∥∥∥
q

(1)

for every choice of aT ∈ R. This inequality has been generalized in [Ol1] to
the non-symmetric case. Namely, the following inequality holds true,∥∥∥∥∥∥

∑
T⊆[n]

cq(α, β)|T |aTwT

∥∥∥∥∥∥
2

≤

∥∥∥∥∥∥
∑
T⊆[n]

aTwT

∥∥∥∥∥∥
q

, (2)

where

cq(α, β) =

√√√√√ β2− 2
q − α2− 2

q

αβ
(
α−

2
q − β−

2
q

) .
One can easily check that (1) is a special case of (2), namely

√
q − 1 =

limε→0 cq(
1
2
− ε, 1

2
+ ε). Moreover, it is easy to see that cq(α, β) ∈ [0, 1].

In [FKN] the authors proved the following theorem, which is now called
the FKN Theorem. Suppose α = β = 1

2
and we have a Boolean func-

tion f whose Fourier spectrum is concentrated on the first two levels, say∑
|T |>1 a

2
T < ε2. Then f is Cε-close in the L2 norm to the constant function

or to one of the functions ±xi. The authors gave two proofs of this theorem.
One of them contained an omission which was fixed by G. Kindler and S.
Safra in their unpublished paper, [KS], see also [K]. In [JOW] the authors
gave a proof of the following version of the FKN Theorem.
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Theorem 1 ([JOW], Theorem 5.3 and Theorem 5.8). Let f =
∑

T aTwT
be the Walsh-Fourier expansion of a function f : {−1, 1}n → {−1, 1} and

let ρ =
(∑

|T |>1 a
2
T

)1/2
. Then there exists B ⊆ [n] with |B| ≤ 1 such that∑

|T |≤1,T 6=B a
2
T ≤ Cρ4 ln(2/ρ) and |aB|2 ≥ 1− ρ2 −Cρ4 ln(2/ρ), where C is a

universal constant.
Moreover, in the non-symmetric case, f : {−γ, γ−1}n → {−1, 1}, there

exists k ∈ [n] such that
∥∥f − (a∅ + a{k}w{k})

∥∥ ≤ 8
√
ρ.

This theorem is sharp, up to the universal constant C. In the proof
the inequality (1) has been used. However, in the non-symmetric case one
can ask for a better bound involving bias parameter α. In this note we use
inequality (2) to prove such an extension of the FKN Theorem. Namely, we
have

Theorem 2. Let f =
∑

T aTwT be the Walsh-Fourier expansion of a function

f : {−γ, γ−1}n → {−1, 1} and let ρ =
(∑

|T |>1 a
2
T

)1/2
. Then there exists

k ∈ [n] and a universal constant c0 > 0 such that for ρ ln(e/ρ) < c0α we have∥∥f − (a∅ + a{k}w{k})
∥∥ ≤ 2ρ.

Our proof of Theorem 2, which is given in the Section 2, is a straightfor-
ward application of the ideas used in the proof of Theorem 5.3 in [JOW].

In the Section 3 we consider the case γ = 1 and we deal with the prob-
lem concerning [−1, 1]-valued functions defined on the cube {−1, 1}n with
uniform product probability measure. A function f : {−1, 1}n → R is called
affine if f(x) = a0+

∑n
i=1 aixi, where a0, a1, . . . , an ∈ R and x = (x1, . . . , xn).

We will denote the set of all affine functions by A. Moreover, let A[−1,1] ⊂ A
stands for the set of all affine [−1, 1]-valued functions. Note that f ∈ A[−1,1]
if and only if

∑n
i=0 |ai| ≤ 1. The function f(x) = xi will be denoted

by ri, i = 1, . . . , n. Let us also notice that if f is [−1, 1]-valued then
|aT | = |EwTf | ≤ E|wTf | ≤ 1.

In [JOW] the authors gave the following example. Take g : {−1, 1}n →
R given by g(x) = s−1n−1/2

∑n
i=1 xi. Note that g ∈ A. Define φ(x) =

−1(−∞,−1)(x)+x1[−1,1](x)+1(1,∞)(x) and take f = φ◦g. Clearly, f is [−1, 1]-
valued but may not be affine. The authors proved that limn→∞ distL2(f,A) =
O(e−s

2/4) and limn→∞ distL2(f,A[−1,1]) = Θ(s−1).
Here we prove that this is the worst case. Namely, we have the following

theorem.
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Theorem 3. Let us take f : {−1, 1}n → [−1, 1] and define ρ = distL2(f,A).
Then distL2(f,A[−1,1]) ≤ 18√

ln(1/ρ)
.

In this paper we use the {−1, 1}-valued function sgn(x) = −I(−∞,0)(x) +
I[0,∞)(x). By C we denote a universal constant that may vary from one line
to another.

2 Proof of Theorem 2

Here we give a proof of Theorem 2.

Proof. Let k be given by Theorem 1. Let h = f − (a∅ + a{k}xk) and h̃ =
f − sgn(a∅ + a{k}xk). Moreover, let d = ‖h‖. Note that for every u ∈ R and
ε ∈ {−1, 1} we have |u− sgn(u)| ≤ |u− ε|. Therefore,

|ε− sgn(u)| ≤ |ε− u|+ |u− sgn(u)| ≤ 2|u− ε|.

It follows that |h̃| ≤ 2|h|. Thus, using the fact that h̃ is {−2, 0, 2}-valued,
we have

P(h̃ 6= 0) =
1

4
‖h̃‖2 ≤ ‖h‖2 = d2.

Let us consider the expansion h̃ =
∑

T ãTwT . Clearly, ãT = aT for T 6= ∅, {k}.
Using (2) we obtain

4d4/q ≥ 4P(h̃ 6= 0)2/q = ‖h̃‖2q =

∥∥∥∥∥∑
T

ãTwT

∥∥∥∥∥
2

q

≥

∥∥∥∥∥∑
T

cq(α, β)|T |ãTwT

∥∥∥∥∥
2

2

=
∑
T

cq(α, β)2|T |ã2T ≥ cq(α, β)2
∑
|T |≤1

ã2T ,

where q ∈ [1, 2]. We arrive at

∑
|T |≤1, T 6=∅,{k}

ã2T ≤
∑
|T |≤1

ã2T ≤
4d4/q

cq(α, β)2
= 4d4/qαβ · α

− 2
q − β−

2
q

β2− 2
q − α2− 2

q

.

Let p = β
α
∈ (1,∞) and x = p2/q ∈ [p, p2]. Then we have

4d4/qαβ
α−

2
q − β−

2
q

β2− 2
q − α2− 2

q

= 4d
2 ln x
ln p αβ

1− 1
x

β2

x
− α2

= 4d
2 ln x
ln p p

x− 1

p2 − x
≤ 4d

2 ln x
ln p p

p2 − 1

p2 − x
.
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Without loss of generality, taking sufficiently small c0 > 0, we can assume
that ρ ≤ 1

64·9 . From Theorem 1 we obtain d ≤ 8
√
ρ ≤ 1

3
≤ 1

e
. Therefore,

1
ln(1/d)

∈ [0, 1] and we can take x = p2−
1

ln(1/d) . Then

4d
2 ln x
ln p p

p2 − 1

p2 − x
= 4e2d4

p2 − 1

p
· 1

1− e−
ln p

ln(1/d)

.

For c0 ∈ (0, 1) the condition ρ ln(e/ρ) ≤ c0α clearly implies ρ ≤ α. Since
d ≤ 8

√
ρ ≤ min{1

3
, 8
√
α}, then one can easily check that there exists a

constant c1 such that 0 ≤ ln p
ln(1/d)

≤ c1. There exists a constant c2 such that

for all s ∈ [0, c1] we have 1
1−e−s ≤ c2

s
. Thus,

4e2d4
p2 − 1

p
· 1

1− e−
ln p

ln(1/d)

≤ 8c0e
2d4

p− 1

ln p
ln(1/d) ≤ C

d4 ln(1/d)

α ln(1/α)
.

We arrive at ∑
|T |≤1, T 6=∅,{k}

ã2T ≤ C
d4 ln(1/d)

α ln(1/α)
≤ C

α
· d4 ln(1/d).

We have

d2 =
∥∥f − (a∅ + a{k}xk)

∥∥2 = ‖f‖2 +
∥∥a∅ + a{k}xk

∥∥2 − 2
〈
f, a∅ + a{k}xk

〉
= 1 + a2∅ + a2{k} − 2(a2∅ + a2{k}) = 1− a2∅ + a2{k}.

Thus, a2∅ + a2{k} = 1− d2 and we can write

∑
|T |≤1

a2T ≤ a2∅ + a2{k} +
C

α
· d4 ln(1/d) = 1− d2 +

C

α
· d4 ln(1/d).

It follows that

ρ2 =
∑
|T |>1

a2T = 1−
∑
|T |≤1

a2T ≥ d2 − C

α
· d4 ln(1/d).

Since from Theorem 1 we know that ρ ≤ d ≤ 8
√
ρ, we obtain

C

α
· d2 ln(1/d) ≤ 64C

α
ρ ln(1/ρ) ≤ 64Cc0 ≤

3

4
,
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assuming that ρ ln(e/ρ) ≤ c0α and c0 > 0 is sufficiently small. Therefore,

ρ2 ≥ d2 − C

α
· d4 ln(1/d) ≥ d2 − 3

4
d2 =

1

4
d2.

It follows that d ≤ 2ρ.

Remark. The condition ρ ln(e/ρ) ≤ c0α cannot be replaced by ρ ≤ α. Indeed,
if we take f : {−γ, γ−1}2 → {−1, 1} given by

f(x1, x2) = 2(β −
√
βαx1)(β −

√
βαx2)− 1,

see the remark after the proof of Theorem 5.8 in [JOW], then we obtain
ρ = 2αβ and d = 2β3/2α1/2. Thus d =

√
2ρβ ≥

√
ρ/2.

3 Proof of Theorem 3

We need the following lemma due to P. Hitczenko and S. Kwapień.

Lemma 1. ([HK], Theorem 1 and [Ol2], Theorem 1) Let a1 ≥ a2 ≥ . . . ≥
an ≥ 0 and let us take S : {−1, 1}n → R given by S =

∑n
i=1 airi. Then for

t ≥ 1 we have

P (|S| ≥ ‖S‖) > 1

10
(3)

and

‖S‖t ≥
1

4

√
t
(∑

i>t

a2i

)1/2
. (4)

We give a proof of Theorem 3.

Proof of Theorem 3 . Step 1. If f =
∑

T aTwT then distL2(f,A) = ‖f − S‖,
where S =

∑
|T |≤1 aTwT . For every u ∈ [−1, 1] we have |x−u| ≥ |x−φ(x)| for

all x ∈ R. Taking x = S and u = f we obtain E(|S| − 1)2+ = ‖S − φ(S)‖2 ≤
‖S − f‖2 ≤ ρ2. For all g ∈ A[−1,1] we have

‖g − f‖ ≤ ‖g − S‖ + ‖S − f‖ ≤ ‖g − S‖ + ρ.

Therefore,
distL2(f,A[−1,1]) ≤ distL2(S,A[−1,1]) + ρ. (5)
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It suffices to prove that E(|S| − 1)2+ ≤ ρ2 implies an appropriate bound on
distL2(S,A[−1,1]), whenever S = a0 +

∑n
i=1 airi, where a0, a1, . . . , an ∈ R.

Step 2. Suppose that for all n ≥ 1 we can prove that E(|S| − 1)2+ ≤ ρ2

implies distL2(S,A[−1,1]) ≤ M for some M > 0, assuming that a0 = 0. Then

we can deal with the case a0 6= 0 as follows. Let us take S̃ : {−1, 1} ×
{−1, 1}n → R given by S̃ = a0x0 +

∑n
i=1 aixi. Clearly, E(|S̃|−1)2+ = E(|S|−

1)2+ ≤ ρ2. We can find a [−1, 1]-valued function S̃0 = b0x0 +
∑n

i=1 bixi such

that
∥∥∥S̃ − S̃0

∥∥∥ ≤M . Take S0 = b0+
∑n

i=1 bixi. Now it suffices to observe that

the function S0 is [−1, 1]-valued and to notice that
∥∥∥S̃ − S̃0

∥∥∥ = ‖S − S0‖.
Step 3. Take S =

∑n
i=1 airi. Without loss of generality we can assume

that 1 ≥ a1 ≥ a2 ≥ . . . ≥ an ≥ 0. Let τ = max{t ≥ 1 :
∑t

i=1 ai ≤ 1}.
Clearly, τ ≥ 1. If f is already in A[−1,1] then there is nothing to prove.
Therefore we can assume that τ < n. We can also assume that ρ ≤ 1/3,
since otherwise we have

distL2(f,A[−1,1]) ≤ distL2(f, 0) = ‖f‖ ≤ 1 ≤ 18√
ln(1/ρ)

.

Let A = {|S| ≥ 1
2
‖S‖t}. For t ≥ 1 we have

E|S|t = E|S|t1A + E|S|t1Ac ≤
√

E|S|2t
√

P(A) +
1

2t
E|S|t.

Since by the Khinchine inequality we have (E|S|2t)1/2t ≤
√

2t−1
t−1 (E|S|t)1/t, we

obtain

P
(
|S| ≥ 1

2
‖S‖t

)
≥
(

1− 1

2t

)2
(E|S|t)2

E|S|2t
≥ 1

4

(E|S|t)2

E|S|2t
≥ 1

4

(
t− 1

2t− 1

)t
.

By the Chebyshev inequality we obtain

P (|S| ≥ 1 + ε) ≤
E(|S| − 1)2+

ε2
≤ ρ2

ε2
, (6)

for all ε > 0. Let t ≥ 1 and assume that ‖S‖t > 2. Take ε = 1
2
‖S‖t − 1 > 0.

We obtain

1

4

(
t− 1

2t− 1

)t
≤ P

(
|S| ≥ 1

2
‖S‖t

)
≤ ρ2(

1
2
‖S‖t − 1

)2 .
7



It follows that

‖S‖t ≤ 2 + 4ρ

(
2t− 1

t− 1

)t/2
which is also true in the case ‖S‖t ≤ 2. From inequality (4) we obtain

1

4

√
t
(∑

i>t

a2i

)1/2
≤ ‖S‖t ≤ 2 + 4ρ

(
2t− 1

t− 1

)t/2
. (7)

We consider the case τ ≥ 2
ln 3

ln(1/ρ) ≥ 1. Let us now take t = 2
ln 3

ln(1/ρ) ≥
2 > 1 and define S1 =

∑
i≤ 2

ln 3
ln(1/ρ) airi. Notice that

∑
i≤ 2

ln 3
ln(1/ρ) ai ≤∑

i≤τ ai ≤ 1 . Thus, S1 ∈ A[−1,1]. Moreover, since t ≥ 2, we have ρ
(
2t−1
t−1

)t/2 ≤
ρ3t/2 = 1 and therefore by (7) we have

distL2(S,A[−1,1]) ≤ ‖S − S1‖ =

 ∑
i> 2

ln 3
ln(1/ρ)

a2i

1/2

≤ 24√
2

ln 3
ln(1/ρ)

.

In this case (5) yields

distL2(f,A[−1,1]) ≤
24√

2
ln 3

ln(1/ρ)
+ ρ ≤ 18√

ln(1/ρ)
.

Step 4. We are to deal with the case τ < 2
ln 3

ln(1/ρ). Let us take S2 =∑
i≥τ+2 airi. From inequality (3) we have

P

(
|S| ≥

∑
i≤τ+1

ai + ‖S2‖

)
≥ 1

2τ+1
P (|S2| ≥ ‖S2‖) ≥

1

2τ+1
· 1

10
≥ 1

20
ρ

2 ln 2
ln 3 .

Note that
∑

i≤τ+1 ai > 1. Therefore, from inequality (6) we obtain

P

(
|S| ≥

∑
i≤τ+1

ai + ‖S2‖

)
≤ ρ2(∑

i≤τ+1 ai + ‖S2‖ − 1
)2 .

It follows that ∑
i≤τ+1

ai + ‖S2‖ − 1 ≤
√

20ρ1−
ln 2
ln 3 .

8



Take S1 =
∑τ

i=1 airi+(1−(a1+. . .+aτ ))rτ+1. Clearly, S1 ∈ A[−1,1]. Moreover,

‖S − S1‖ =
(
(1− (a1 + . . .+ aτ )− aτ+1)

2 + ‖S2‖2
)1/2

≤ |a1 + . . .+ aτ + aτ+1 − 1|+ ‖S2‖ ≤
√

20ρ1−
ln 2
ln 3 .

Therefore, from (5) we have

distL2(f,A[−1,1]) ≤
√

20ρ1−
ln 2
ln 3 + ρ ≤ 18√

ln(1/ρ)
.

Remark. If we perform our calculation with ln(2.03) instead of ln 3 we will
obtain the theorem with a constant 14, 5 instead of 18.
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