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Abstract

In this dissertation we introduce a new notion of tractability which is called
uniform weak tractability. We give necessary and sufficient conditions on
uniform weak tractability of homogeneous linear tensor product problems
in the worst case, average case and randomized settings. We then turn to
the study of approximation problems defined over spaces of functions with
varying regularity with respect to successive variables. In the worst case
setting we study approximation problems defined over suitable Korobov and
Sobolev spaces. In the average case setting we study approximation problems
defined over the space of continuous functions C([0,1]?) equipped with a
zero-mean Gaussian measure whose covariance operator is given by Euler or
Wiener integrated process. We establish necessary and sufficient conditions
on uniform weak tractability of those problems in terms of their regularity
parameters.

Key words: complexity, tractability, multivariate problems, linear tensor
product problems

AMS Classification: 68Q17, 68Q15, 03D15






Acknowledgments

I would like to thank my supervisor Professor Leszek Plaskota for his invalu-
able help during the process of writing this dissertation. I am also extremely
grateful to Professor Henryk Wozniakowski who introduced me to the beau-
tiful field of Information-Based Complexity and Tractability of Multivariate
Problems. I would like to thank my family for their love, strong support
and encouragement through all those years. And I thank Magdalena, for
everything.






Contents

1 Information-Based Complexity and Tractability of Multivari-

ate Problems 9
1.1 Introduction . . . . . . . . . . ... ... 9
1.2 Information-Based Complexity . . . . . . ... ... ... ... 10
1.3 Tractability of Multivariate Problems . . . . . . . .. ... .. 13
1.4 Research Perspectives . . . . . . . . . .. ... ... .. .... 15
1.5 OurResults . . . .. .. .. ..o 16
2 Uniform Weak Tractability 17
2.1 Introduction . . . . . .. ... ... 17
2.2 Notion of Uniform Weak Tractability . . . . .. ... ... .. 19
2.3 Linear Tensor Product Problems. . . . . . . .. ... ... .. 20
2.3.1 Worst Case Setting . . . . . .. ... ... ... ... . 21
2.3.2 Average Case Setting . . . . . ... ... ... ... .. 22
2.3.3 Randomized Setting . . . ... .. ... ... ... .. 24

2.4 The Class A . . . ... 24
2.4.1 Worst Case Setting . . . . . .. ... ... ... ... 24
2.4.2 Average Case Setting . . . . .. ... ... ... ..., 30
2.4.3 Randomized Setting . . . . ... ... ... ... ... 34

2.5 The Class AS* . . . . . . .. ... 34
2.5.1 Randomized Setting . . .. .. .. ... ... ... .. 35
2.5.2  Average Case Setting . . . . ... ... ... ... ... 36
2.5.3 Worst Case Setting . . . . ... ... ... ... .... 38

3 Uniform Weak Tractability of Multivariate Problems with

Increasing Smoothness 39
3.1 Introduction . . . . . . . . ... ... 39
3.2 Worst Case Setting . . . .. ... ... ... .. ... ..., 43



CONTENTS 8

3.3

3.2.1 Korobov Spaces . . . . . .. ... 45
3.2.2 Sobolev Spaces . . . ... ... ... 49
Average Case Setting . . . . . . . . .. ... ... 54
3.3.1 Euler Integrated Process . . . . . . ... .. ... ... 58

3.3.2  Wiener Integrated Process . . . . . ... .. ... ... 61



Chapter 1

Information-Based Complexity
and Tractability of Multivariate
Problems

1.1 Introduction

The modelling of a real world phenomena, like physical processes, behavior of
financial markets or living cells, yields computations which are used to numer-
ically find approximate solutions of continuous problems. Examples of such
problems include numerical integration of multivariate functions, problems
of function approximation or solving differential equations. Given a problem,
it is desirable to know how fast it can be solved, what is its complexity, and
what is an optimal algorithm. Since a computer is a discrete machine, it is
clear that problems of continuous mathematics cannot be exactly represented
and solved by means of a digital computer. Thus an algorithm performed
on a computer uses only partial information about a continuous problem,
and in general it can only compute its approximate solution. Information-
based complexity (IBC) is a theory that investigates the inherent difficulty of
continuous problems as measured by the minimal amount of computational
resources sufficient to solve the problem within a given accuracy .

Among continuous problems an important role play multivariate prob-
lems. These are problems that are defined on spaces of functions with ‘huge’
number d of variables. Such problems are often very difficult to solve com-
putationally since they suffer from the curse of dimensionality. An example
is multivariate integration where in different financial, physical or chemical
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applications the number of variables can be hundreds or even millions. It
turns out that multivariate integration defined over standard spaces of func-
tions suffers from the curse of dimensionality. Since multivariate problems
frequently occur in practical computations, it is important to better under-
stand their nature and to find ways to solve them in a reasonable time.
Tractability of multivariate problems is a branch of IBC that investigates the
relationship between the information complexity of a multivariate problem
and the number d of variables. In particular, it seeks ways to ‘kill’ the curse
by converting an intractable problem to a tractable problem, that can be
solved by a feasible algorithm. This is done by finding and using an addi-
tional structure of a multivariate problem or by switching to a more lenient
setting in which the error of algorithms is measured.

Despite the fact that tractability of multivariate problems is a relatively
new field, many interesting results are already available. Tractability mea-
sures the lack of an exponential behavior of the complexity. Since there are
various ways of measuring it, we have many notions of tractability including
strong polynomial, polynomial, quasi-polynomial and weak tractability. The
current state of tractability research is presented in the recent three volume
monograph [10, 11, 12].

In this thesis we further pursue research in this direction by introducing
a new notion of tractability called

uniform weak tractability.

This notion generalizes the notion of weak tractability which holds when the
complexity is not exponential in both e~! and d but, in particular, may be ex-
ponential in e~/ or d'/3. Uniform weak tractability holds if the complexity
is not exponential in e~® and d” for all positive o and 3.

We present necessary and sufficient conditions on uniform weak tractabil-
ity and compare them with conditions required for different notions of tracta-
bility. This will be done for linear tensor product problems in the worst case,
average case and randomized settings in Chapter 2. Then we analyze mostly
uniform weak tractability of non-homogeneous multivariate problems in the
worst case and average case settings in Chapter 3.

1.2 Information-Based Complexity

INFORMATION-BASED COMPLEXITY (IBC) is a branch of computational math-
ematics that deals with problems for which information is partial, noisy, and
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priced. IBC has been gradually developed over the past decades and many
important theoretical results have been obtained leading to the construction
of practical (almost) optimal algorithms for solving complicated numerical
problems; see, e.g., monographs [10, 11, 12, 17, 20].

Computational problems can be interpreted as mappings acting between
suitable spaces. Therefore, in IBC, a computational problem is represented
by a solution operator S, that is a mapping

S:F — G,

where F' is a normed space with a norm || - ||¢ (possibly with some additional
structure, like inner product or measure) and G is a normed space with a
norm ||-||g. The problem is to find an approximation of S(f) for every f € F.
The approximation is constructed as follows:

e first we compute information N(f) € IR" about the element f € F

e then we compute ¢(N(f)) € G, where ¢ is a mapping assigning to N (f)
an element of the space G. The element ¢(N(f)) is an approximation

of S(f).

The pair (N, ¢) is understood as an algorithm A, (f) = ¢(N(f)) giving ap-
proximation to S(f) for every f € F. The information operator N : F' — IR"
is built from allowed information functionals. That is, for every f € F we
have

N(f) =[Lrf;- - Laf]

where L; € A for every j =1,...,n, and A C F"*. The functionals L; can be
chosen adaptively, i.e., the choice of L; may depend on the already computed
Ly() Lo(f).- . Lia(F).

We assume that functions ¢ : IR® — G are in general arbitrary. They
combine the computed information to obtain an element of the space G.

To give an example, consider the problem of multivariate integration.
Then F is a normed space of d-variate Lebesgue integrable functions f :
D — IR, where D C IR?, and

s(5)= [ s
D
The information about f may consist of function evaluations, i.e.,
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for some t; € D, 1 <1 < n. A typical algorithm in this case is a quadrature
that linearly combines information N(f).

There are various ways of defining an error of an algorithm A,,, depend-
ing on our needs and the type of additional structures of the sets F' and G,
leading to different settings. The two widely studied and practically impor-
tant settings are the worst case setting and average case setting, where the
errors are defined as:

® worst case error:

" (An) = sup [|S(f) = An(f)lle

1A llp<1

® qverage case error:

eean = ( [ 1) - a0l u(df))m,

provided that F is equipped with a probabilistic measure p. *

The worst case and average case settings are deterministic settings, and we
only consider deterministic information and algorithms. In a nondeterminis-
tic (randomized) settings, information and algorithms are chosen randomly.
A typical example is the classical Monte Carlo for numerical integration,
where the approximation to the integral is given as the average of n function
evaluations at points chosen randomly from its domain.

Formally, in the randomized setting we have a family {(N,,, ¢.,) }weq, with
N, : F — IR" and ¢, : IR" — G, together with a probabilistic measure v
on Q. Then A, ,(f) = ¢ (Nu(f)). Averaging over all possible outcomes of
that random procedure with respect to w we define

o randomized error:

C(A) = sup (B JIS(F) — Anul(H)IE)"

Ifllr<1

Having the notion of an error of an algorithm A,,, we can now define the
information complexity n(e,S) of a problem S as

n(e,S) =min{n : 34, with e(4,) <e}.

LOf course, we assume that the function F — IR : f — ||S(f) — An(f)||¢ is measurable.
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Hence, the information complexity is the minimal number of information
functionals needed to find an approximation with error at most . We stress
that the information complexity depends on the setting in which error is
defined, as well as on the class of allowed information functionals.

Remark 1.1 For the sake of simplicity we consider only information oper-
ators N of fixed cardinality, i.e., only those information operators N which
are functions N : F' — IR" for some n € IN. Since from the point of view
of tractability studies adaption does not help (at least for linear problems),
this restriction does not harm the generality of our investigations. For more
details on the power of adaption see, e.g., [8, 21] and [10, Chapter 4].

1.3 Tractability of Multivariate Problems

Although TRACTABILITY OF MULTIVARIATE PROBLEMS was initiated only
in 1994 in [23], there is already a reach literature on the subject.

Let S be a sequence of solution operators:
S = {Sd Fy— Gd}de]N‘

Usually Fy is a normed space of d-variate functions, and problems Sy are, in
some sense, related to S; and their inherent difficulty is increasing with d.

Tractability of multivariate problems deals with the behavior of the in-
formation complexity n(e, S;) not only with respect to the accuracy demand
e, but also with respect to the number of variables d. Usually n(e,Sy) is
an increasing function of d. For many practical problems, the number d of
variables is large or even huge. In the last 20 years many such problems
appeared, for instance, in mathematical finance, with d in the hundreds or
even in the thousands. Therefore the behavior of the information complexity
n(e, Sq) on d is crucial.

We say that a problem S is ntractable, if its information complexity
n(e,Sq) is an exponential function of e~! and/or d. We say that S suffers
from the curse of dimensionality if there are positive numbers C, ¢ and g
such that

n(e,Sy) > C(14+c)* forall e<eg

for infinitely many d. The phrase curse of dimensionality was coined in 1957
by R.E. Bellman [1]. Such problems cannot be practically solved, at least for
large d.
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Tractable problems are classified according to the behavior of their in-
formation complexity. The most known notions of tractability are strong
polynomial tractability, polynomial tractability, quasi-polynomial tractabil-
ity and weak tractability. Specifically, a multivariate problem S is:

e strongly polynomially tractable iff n(e, Sq) can be bounded by a poly-
nomial in e~ which does not depend on d, i.e., there are non-negative
numbers C' and p such that

n(e,Sq) < Ce™  forall e€(0,1), deN.

e polynomially tractable iff n(e, S;) can be bounded by a polynomial in

e~ and d, i.e., there are non-negative C,p and ¢ such that

n(e,Sqg) < Ce™d?  forall e€(0,1), de IN.

e quasi-polynomially tractable iff In n(e, S;) can be bounded by a product
of 1+1In et and 1+1In d, i.e., there are non-negative C' and ¢ such that

n(e, Sq) < Cexp (t(14+Ine~")(1+Ind)) forall e€(0,1), de IN.

o weakly tractable iff n(e, Sy) is not exponential in e~! and/or d, i.e.,

1 S,
(S
e ltd—voo 714+ d

There is also a new notion of tractability recently introduced by the author
in [18]. Namely, we say that a problem is

o uniformly weakly tractable iff n(e, Sy) is not exponential in any positive
power of e~! and/or d, i.e., iff for all a, 3 > 0 we have

Inn(e, Sy)
1 ——==0.
L = A

There are also many other tractability notions and they can be found in
[10, 11, 12].
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1.4 Research Perspectives

A theoretical study of multivariate problems shows that many of them are in-
tractable and suffer from the curse of dimensionality. This holds especially if
multivariate problems are defined over standard classes of functions of finite
or even infinite smoothness. Such problems cannot be solved in a reasonable
time for large d. On the other hand, it was observed, see, e.g., [16], that
integrals involving hundreds of variables that occur in financial mathematics
can be successfully evaluated using (deterministic) quasi-Monte Carlo algo-
rithms. This discrepancy between the theory and practice stimulated new
research in the area. Explaining this strange phenomenon has been a major
challenge and motivation for tractability of multivariate problems studies.

During the development of this field it has became apparent that one of
the crucial factors affecting tractability of a multivariate problem is the role
of successive variables of the space. If all variables are equally important then
usually the multivariate problem is intractable and suffers from the curse of
dimensionality. If, however, the role of variables varies and is monitored
by weights then the problem’s tractability depends on the decay of these
weights and we may obtain even strong polynomial tractability if the decay
of weights is sufficiently fast. Other factors disrupting the homogeneity of
a problem also might ensure its tractability. For example, the impact of
regularity of a problem with respect to successive variables on its tractability
was studied in [6, 7, 15] and conditions on (strong) polynomial tractability,
quasi-polynomial tractability, and weak tractability were found.

In this thesis we seek necessary and sufficient conditions on uniform weak
tractability. It is done for linear tensor product problems in the worst case,
average case and randomized settings in Chapter 2, whereas the increasing
regularity of the problem with respect to successive variables is done for
the worst case and average case settings in Chapter 3. Obtaining such a
characterization leads to a better understanding of the tractability hierarchy.

Uniform weak tractability may also be studied for other multivariate prob-
lems. We believe that the next step should be the study of weighted spaces
and finding necessary and sufficient conditions on uniform weak tractability
in terms of weights. It would be of interest to compare such conditions on
weights for various notions of tractability.
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1.5 Our Results

The notion of uniform weak tractability is obviously stronger than the no-
tion of weak tractability, and weaker than the notion of quasi-polynomial
tractability. We prove that, in general, uniform weak tractability is differ-
ent than weak and quasi-polynomial tractabilities. It is done by presenting
problems which are uniformly weakly tractable but not quasi-polynomially
tractable, and problems that are weakly tractable but not uniformly weakly
tractable.

In Chapter 2, we mostly study the class A®" of all linear functionals. We
study uniform weak tractability in the worst case, average case and random-
ized settings. For the class A, we derive necessary and sufficient conditions
for a linear tensor product problem to be uniformly weakly tractable. For
the class AS'! of function values, we relate the uniform weak tractability of
approximation problems to already known results for weak tractability.

In Chapter 3, we study d-variate approximation problems with varying
regularity with respect to successive variables. The varying regularity is
described by a sequence of real numbers {7y }ren satisfying

0§7’1§7’2§7‘3§... .

We mainly consider algorithms that use finitely many continuous linear func-
tionals. In the worst case setting we investigate uniform weak tractability
and quasi-polynomial tractability of approximation problems defined over
suitable Korobov and Sobolev spaces. In the average case setting we inves-
tigate uniform weak tractability of approximation problems defined over the
space of continuous functions equipped with a zero-mean Gaussian measure
whose covariance operator is given by Euler or Wiener integrated process. We
establish necessary and sufficient conditions on uniform weak tractability in
terms of regularity parameters {1y tremw. We stress that these conditions are
quite different for Euler and Wiener integrated processes.



Chapter 2

Uniform Weak Tractability

2.1 Introduction

Information based complexity deals with continuous problems for which avail-
able information is partial and given by a finite number of linear functionals.
Let n(e,d), called the information complexity, be the minimal number of
linear functionals or function values which are necessary to find the solution
of a d-variate problem to within an error threshold . The error and n(e, d)
have been considered in various settings such as the worst case, average case,
and randomized settings. Tractability studies when n(e, d) is not exponential
in e and d. Since there are various ways of measuring the lack of expo-
nential behavior, we have various notions of tractability. Examples include
weak, quasi-polynomial, polynomial, strong polynomial, restricted and un-
restricted T-tractability. The current state of tractability research can be
found in [10, 11, 12].

In this thesis we introduce a new notion of tractability which is called
uniform weak tractability. This notion is stronger than weak tractability and
weaker then quasi-polynomial tractability. More precisely, weak tractabil-
ity means that In n(e,d) is o(e™! + d), or equivalently that n(e,d) is not
exponential in e~! and/or d. However, a weakly tractable problem may
have n(e,d) which is exponential in, say, e~/2 and/or d'/?. Uniform weak
tractability means that n(e, d) is not exponential in any positive power of e~}
and/or d. Hence, a problem for which the information complexity depends
exponentially on 7'/ and/or d'/? is weakly tractable but not uniformly
weakly tractable. Quasi-polynomial tractability means that In n(e,d) is of
order (1 +1n e71)(1 + In d). Clearly, uniform weak tractability does not, in

17
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general, imply quasi-polynomial tractability. This proves that the notion of
uniform weak tractability does not coincide, in general, with the notions of
weak or quasi-polynomial tractability.

We give necessary and sufficient conditions on uniform weak tractability
for linear (unweighted) tensor product problems in various settings and for
the absolute and normalized error criteria. These results imply that the class
of uniformly weakly tractable problems is a proper subclass of the already
known class of weakly tractable problems and contains the class of quasi-
polynomially tractable problems as a proper subclass.

We now summarize the known and new tractability results for linear ten-
sor product problems in the worst case setting and for the class A?! of all
continuous linear functionals and for the absolute and normalized error crite-
ria. These results indicate the place of uniformly weakly tractable problems
in the tractability hierarchy of multivariate problems. They are expressed
in terms of the ordered eigenvalues A; for the univariate case of the linear
tensor product problems. To make the linear tensor product non-trivial we
assume that A\; > Ay > 0. For the absolute error criterion we assume that
A =1land Ay < 1,0r 1 > A\; > A9, whereas for the normalized error criterion
we assume that A; > Ag. If these conditions are not satisfied then n(e,d) is
exponential in d which is called the curse of dimensionality. Assuming for
simplicity that Ay =1 > Ay > 0, we have the following conditions on various
types of tractability:

Weak Tractability < A, = o([Inn]?),
Uniform Weak Tractability < A, = o([Inn]™?) for all p > 0,
Quasi-Polynomial Tractability < A, = o(n™?) for some p > 0,
Polynomial Tractability never,
Strong Polynomial Tractability never.

The conditions for weak tractability were obtained in [13], for quasi-polynomial
tractability in [3], and for polynomial and strong polynomial tractability in
[23]. As already mentioned much more can be found in [10, 11, 12].

It is clear that for every non-increasing sequence {\;};en of non-negative
real numbers satisfying

hm)\J:O and )\1:1>)\2>0,

J]—00
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there exists a linear tensor product problem that has this sequence as a
corresponding sequence of eigenvalues. For

Aj = eXP(—\/E)

the corresponding problem is uniformly weakly tractable, but not quasi-
polynomially tractable. On the other hand, taking

M=1, =09 and \; =[lnj]™® for j>2

we have weakly tractable, but not uniformly weakly tractable problem. Thus
the class of uniformly weakly tractable problems is a proper subclass of the
class of weakly tractable problems and it is strictly larger than the class of
quasi-polynomially tractable problems.

2.2 Notion of Uniform Weak Tractability

We will use terminology from [10, 11, 12]. Assume we are given a sequence
of solution operators

Sqg:Fy— Gy forall deIN.

Here, F; and G4 are normed spaces.

We investigate the (information) complexity of problems Sy in three set-
tings: worst case, average case and randomized for the absolute or normalized
error criteria.

For e € (0,1) and d € IN, let
n(s, Sd)

be the information complexity which is defined as the minimal number of per-
missible linear functionals which are necessary to obtain an e-approximation
of S, in the worst case, average case or randomized setting for the absolute
or normalized error criteria. Let

S = {Sa}den
Definition 2.1 We say that a problem S is uniformly weakly tractable iff
In n(e, Sy)

=0 forall «,0>0.

lim
e ltdsoo €%+ dF
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It may happen that n(e,Sy) = 0. In this case, we take In 0 = 0 by
convention.

Uniform weak tractability is a generalization of the notion of weak tractabil-
ity which is defined if we take only a = f = 1. Weak tractability of S means
that the information complexity n(e,S;) is not exponential in e~! and d.
However, it may be exponential in, say, e~/ and/or d'/3. The notion of
uniform weak tractability is stronger since we require that n(e,Sy) is not
exponential in any power of e~ ! or d.

We now check that it is enough to take only a@ = § in the definition of
uniform weak tractability.

Corollary 2.1 A problem S = {S;} is uniformly weakly tractable iff

1
lim M =0 forall «a>0.
e~ l4+d—oo E7 %+ de

Proof: Obviously, it is enough to show that

|
lim M =0 for all a>0
e~ l4d—oo 7% 4 de

implies that

In n(g, Sd)

a_lizrioo e =0 forall «a,8>0.

Note that
Inn(e, Sy) Inn(e, Sy)

- €—a+dﬁ - 6—min(o¢,,3)_|_dmin(a,ﬁ)'

The right-hand side goes to zero when ¢! +d approaches infinity. Therefore
the middle term also goes to zero, as claimed. U

2.3 Linear Tensor Product Problems

We will now briefly recall the definitions of a linear tensor product problem
in various settings.
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2.3.1 Worst Case Setting

Definition 2.2 A linear tensor product problem in the worst case setting is
a problem

S = {Sa}aen
for which there is a separable Hilbert space Fy and a Hilbert space Gy such
that Sy : F1 — Gy is a compact linear operator and Sy = ®?:1 S1: Fy— Gy,
where Fy = ®;l:1 Fy and G4 = ®§l:1 Gy for every d € IN.

Note that the operator
Wl = STSI : Fl — Fl

is positive semi-definite, self-adjoint and compact. By {);};en we denote the
sequence of its non-increasing eigenvalues, and by {(\;,7;)}jenw we denote

the sequence of its eigenpairs. To omit the trivial cases we assume that
dim(F}) = oo and

)\12)\2>0.

That is, for all j > 3 we have A\; > 0, and lim; A\; = 0.
For d > 1, let

Wd = S;Sd : Fd — Fd.

Due to the tensor product structure of Sy and Fy, the eigenpairs of the posi-
tive semi-definite, self adjoint and compact operator Wy are {(Aa,;, 7a;) }jemd
with

{Aagtiend = {0 Ajs - Aju o jueN
and
{nd,j}je]Nd = {773'1 ® Nja Q- njd}jl,jz 77777 Ja€IN-

It is well known that in the worst case setting,
TL(&, Sd) = #{j S IN? - )\d,j > g2 CRId},

where CRI; = 1 for the absolute error criterion, and CRI; = ||.S,]|?* for the
normalized error criterion.
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2.3.2 Average Case Setting

Definition 2.3 A linear tensor product problem in the average case setting
1 a problem

S = {Si}den

for which there is a sequence {Fy}qe of separable Banach spaces, a sequence
{pataen such that pg is a zero-mean Gaussian measure on Fy for every
d € IN, and a separable Hilbert space G such that Gy = ®?:1 Gy and
Sy Fy — Gy is a continuous linear operator for every d € IN.

We also assume that the sequence of zero-mean Gaussian measures {jtq } gemn
is compatible with the tensor product structure of the spaces {Gg4} e in the
following sense. Let

{n;}jen

denote a complete orthonormal system of GG; and for d € IN define
Naj =15 @@y, forevery j=[j,...,j €N

Note that {74} emne is a complete orthonormal system in the Hilbert space
G, for every d € IN. For d € IN let

Vg ‘= ,LLde71.

That is, v4 is a Gaussian measure induced by Sy on the Hilbert space GG4. Let
C,, denote its covariance operator. For every d € IN, let {(Aa;,7d;)}jeme
be the set of eigenpairs of the operator C,,. Note that 7;; = n;, and let
Aji= A1 ; > 0 for j € IN. For Gaussian measures we have

Z Aj = trace(C,,) < o0
j=1

and, without loss of generality, we order {\;};en such that
AM> A > >0

In order to preserve the tensor product structure we also assume that for
d € IN we have

d
Aig =[N, forall j=[ji.....jd € N
k=1
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Observe that

- d
trace(C,,) = Z Aij = (Z )\j) :
j=1

jeINd

Since for every d € IN the set of eigenpairs {(Agj,74,;)} e is countable
we now re-index it using natural numbers:

{(Nags mag) tjewe = {(Nar 1ag) bjen
in such a way that we have

Adg = Agz > ... > 0.

It is known that the algorithm

n

Aan(f) = (Saf,naj)ma;

j=1

is the optimal algorithm among all algorithms using n information operations
from the class A*, and its error is

o 1/2
™8 (Agn) = < > Ad,j) ,
Jj=n+1

see [20] for more details. The information complexity of the problem S =
{S4} is for the class A*!' given by

n(e, Sq) = min {n : Z Aij < 62CRI§} ,

j=n+1

1/2
where CRI; = 1 for the absolute error criterion, and CRIz = (Zj’;l )\d,j>
for the normalized error criterion.

To omit the trivial cases we assume that for all d € IN we have

Ad1 > Mgz > 0.
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2.3.3 Randomized Setting

In the randomized setting we use the same definition of a linear tensor prod-
uct problem S = {S;} as in the worst case setting. However, we now allow
randomized algorithms as defined in [10], Section 4.3.3 of Chapter 4.

For the class A the information complexity n**(e, S,;) in the random-
ized setting is closely related to the information complexity nV' (g, Sy) since
we have

T(n""(22,584) +1) < n'™ (g, S) < (e, Sq) (2.1)
for all e € (0,1) and d € IN.

In fact, the relation (2.1) holds for all linear problems which do not have
to be tensor product. This relation easily yields that for the class A®! all
tractability results in the randomized setting are the same as in the worst
case settings. Details can be found in [10], Chapter 7.

2.4 The Class A%

In this section, we present necessary and sufficient conditions for uniform
weak tractability of linear tensor product problems in the worst case, average
case, and randomized settings. It will be done for arbitrary spaces F; and
operators S7 which generate linear tensor product problems. By permissible
linear functionals we mean in this section the class A" of all continuous
linear functionals. Without loss of generality we may assume that Ay > 0
since otherwise n(e, S;) < 1 and the problem S = {S4} is trivial for the class
Aall.

2.4.1 Worst Case Setting

We first consider the worst case setting for both the absolute and normalized
error criteria.

Absolute Error Criterion

We begin our study with the absolute error criterion.

It is known that the information complexity n(e, Sy) is exponentially large
indif \y >1orif A = Ay =1, see [10], Theorem 5.5.
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Hence, the problem S = {S;} might be uniformly weakly tractable only
when
AM=1> X or A < A < 1.

Before presenting the main theorem of this subsection we state two technical
lemmas. Recall that {)‘j}jeIN is a non-increasing sequence of nonnegative
real numbers which are the eigenvalues of W; = 575, such that lim; \; = 0.

Lemma 2.1

An 2
=0 forall p>0 ff limg—:O for all p>0.

y
ar =0 [nn(e, )7

n—00 [ln n] P

Proof: Suppose that lim,, =0 for all p > 0. From

[ln)r\Lﬁ
n(e,S1) = min{n : A\, <%},
it is easy to see that
Mesnil <€ < Aesy = o([lnn(e,51)]7)  as  e—0.

Therefore, for every p > 0, we have €2 = o([lnn(e, S;)]™?) as € — 0, as
claimed.

Conversely, assume that lim._.q m
ues {\;}jenw may have arbitrary finite multiplicities. By {8k }remw we denote
the (ordered) set of values of the sequence {);};ew and by pj, we denote the

multiplicity of §; for £ € IN. That is, we have

= 0 for all p > 0. The eigenval-

Bi=Ai=- =y
52 = )‘p1+1 == )‘p1+p2
Bk = Apittproatl = 0 = Apiipy

For every € € (0, \;) there is j € IN such that

2
Bit1 < e” < Bj.

This implies that
n(e,S1) =p1+--- +pj.
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Observe that for every n; € [Bgl , 1> we have
J

Bivr < ;B < Bj.

Therefore
B;
n(\/n;0;,51) =p1+---+p; forevery n;€ [ JB+1 1.
J
For sequences {n;}je~ satistying n; € [ﬂgl, 1) and n; > 3 for every j € IN,

we have lim;_,o \/7;8; = 0. Since €2 = o([lnn(e, S1)]? then for £; = \/1;5;

we have
lim n;5;[ln(py +--- +p;)]? =0 for every p > 0.
j—o0

Since )
S8 < mibi < B
we also have

lim g;[ln(py +---+p;)]P =0 for every p > 0.
j—o0

Let
nj:=p +---+p; for jeIN.
Observe that
)\njfl'f‘]- = /\p1+'“+pj71+1 = ﬂj'

For every n € IN there is j(n) € IN such that
Mjtn)—1 < 1S ()
Of course, lim,, ,, j(n) = oo, and for every p > 0,

A[lnnf? <A, o0 )” = Bimy [In(pr + - + D)) 1P
Since limy, o0 By [In(p1 + - - - + pj(n) )P = 0 we conclude that

lim A,[lnn]” = 0.
n—oo
O
It is worth noting that Lemma 2.1 was used on p. 178 in [10] as an
obvious fact without providing its proof. We believe that it is not entirely
trivial and therefore its proof is presented here.
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Lemma 2.2

g2 . .. Inn(e,S)
61—I>I€)W_O fOT'(lll p>0 Zﬁ lli%gT

=0 forall p>D0.
Proof: Since lim. o e*[Inn(e, S1)]” = 0 for all p > 0 holds if and only if
lim. o e?Inn(e, S1)[" = 0 for all p, ¢ > 0 our claim is obvious. O

We are now ready to state a theorem giving a necessary and sufficient
condition for a problem to be uniformly weakly tractable.

Theorem 2.1 Consider the linear tensor product problem S = {S;} in the
worst case setting for the absolute error criterion and for the class A, As-
sume that \y = 1> Ay or1 > A\ > Xy, Then

An
S is uniformly weakly tractable iff lim =0 forall p>0.
n—00 [ln n] P

Proof: Assume first that the problem S = {S;} is uniformly weakly tractable,
that is

im M:O forall a > 0.
e=ltd—soo €7% 4 d

Taking d = 1, this yields that

lim Inn(e, Sy)

e~1s00 o

=0 for all o > 0.

In other words, for all & > 0 we have Inn(e, S;) = o(e7) as ¢ — 0. Com-
bining Lemma 2.1 and Lemma 2.2 we find out that indeed for all p > 0 we
have A\, = o([lnn]™?) as n — oc.

We now prove the converse implication. Let’s start by noticing that it
suffices to prove it for problems S = {S;} for which 1 = A\; > Ay > 0. Indeed,
it is true since the problem with 1 = A\; > A, is harder than the problem
with 1 > A > Ay. We will need some estimates on the value of

n(e,Sa) = #{[j1, ..., ja) € IN® 1 X ...\, >}

From [13] we know that

n(e, Sq) < < adc(lg) ) (n(g%,Sl)>ad(a)—1n(s,51)d
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1 -1
a4(c) = min (d, [zh?;_lw = 1> .

Note that a4(e) = © (min(d,Ine')) where factors in the ©-notation depend
on Ag. The logarithm of n(e, S;) was bounded in [13] from above:

where

Inn(e, Sy) < aq(e) Ind + aq(e) lnn(sé, S1) + Inn(e, Sy) + Ind.
Take an arbitrary a > 0. Let

, Inn(e, Sy)
a = lim —_—.
e ltdooo €74+ d™

Then

4< lim aqg(e)Ind  aq(e) lnn(&:%,Sl) Inn(e, S) Ind |
hdoroo |20+ d° et de eotde | eotde

Let z = max(d,e™'). Then 2% = max(d®,e~*) and
min(d,Ine” ) <Ine ™' <Inz.

We have . , )
lim min(d,Ine~")Ind < lim (Inx)

=0.
e~ l4d—oo e+ d™ T z—ooo ¢

The combined use of Lemma 2.1 and Lemma 2.2 yields

min(d, Ine!) Inn(ez, S) Ine'Inn(ez, ;)

im < lim
e~ l4+d—oo e~ 4 do e~ l4+d—oo e~ 4
~ Inellnn(e2, S ~ Ine ! Inn(e2, S
< lim (2, 51) = lim ——— lim i~ ) =0
) g™« e=0 72 &0 €72
and
. Inn(e, S . Inn(e, S . Inn(e, S
lim M < lim M — lim M —0.
e ltd—soo €7% 4+ d e~ 1300 e« e—0 e«

Notice that
) Ind
lim —=0.
e 1td—oo €7 4 d@
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Since ag4(e) = O(min(d,Ine™1)) we deduce that

aq(e)Ind  aq(e)Inn(ez,S))  Inn(e, S) Ind

li =0
e—liglﬁoo o + e +d~ + e+ d> * e 4 d~
Hence | g
i nn(e,Sy) o,
e £ 4 dO
and therefore the problem S = {S;} is uniformly weakly tractable. O

Normalized Error Criterion

We now turn to the normalized error criterion.

Recall that the problem S = {5y} is intractable if the eigenvalues {A; },
of the operator W; = S75; are such that A\; = Ay > 0. Details can be found
in [10], Theorem 5.6. Again, we consider only those problems S = {S;} for
which Ay > 0 because otherwise the problem degenerates and can be solved
exactly with one permissible information operation.

The following theorem gives necessary and sufficient conditions for a prob-
lem to be uniformly weakly tractable.

Theorem 2.2 Consider the linear tensor product problem S = {S;} in the
worst case setting for the normalized error criterion and for the class A*.
Assume that \y > Xy > 0. Then

An
S is uniformly weakly tractable iff lim =0 forall p>0.
n—00 [ln n] P

Proof: The information complexity of a problem S = {S;} for the normalized
error criterion is

n(e, Sa) = #{ljr, -, Ja € INT: X L Ay, > €2A0)
Define /\;- = \;/A1. We can express n(e, Sy) in terms of )\;»’s:
n(e, Sq) = #{[j1.. ... ja) € N2 X, ..\, >}

This corresponds to the absolute error criterion for the univariate eigenvalues
{A;}jenw with A} = 1 and Ay = A3/A; < 1. We now apply Theorem 2.1 which
states that uniform weak tractability holds iff

A

n1—>oo [ln n] -p

’

=0 forall p>0.
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Notice that

A
lim

n—oo [Inn]=?

/
n

=0 foral p>0 iff lim An

n—o0 [ln n]_

p:O for all p>0.

Therefore the problem S = {S,;} is uniformly weakly tractable iff

An
lim =0 forall p>0.
n—oo [Inn]=P

2.4.2 Average Case Setting

Since all linear tensor product problems with Ay > 0 are intractable in the
average case setting for the normalized error criterion, see [10] Theorem 6.6,
we deal only with the absolute error criterion in this subsection.

Recall that the problem S = {S;} is intractable for the absolute er-
ror criterion if the eigenvalues of the covariance operator C,, are such that
Z;; A; > 1, see [10], Theorem 6.6. Hence, we assume that

i )‘j < 1.
j=1

Before proceeding to the main theorem of this subsection we recall a lemma
from [14].

Lemma 2.3 Consider the eigenvectors of C,, given by

Ndj = Mjr @ -+ @ Nj,

where j = [j1,J2,.--,Ja) for jp = 1,....,m, and k = 1,...,d. The average
error of the algorithm

Gama(f) = | > (Salf)snagnag
satisfies

where a =322 Aj and t, = 3777 N

j=m+1
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Note that if m is large enough and the algorithm ¢,,,« gives an e-
approximation of the problem operator Sy, then n(e,Sy) < m? since G me
uses exactly m? information operations from the class A?!.

A necessary and sufficient condition on uniform weak tractability of the
problem S = {S;} will be expressed in terms of the properties of the sequence

tn = Z]o'inJrl Aj-

Theorem 2.3 Consider the linear tensor product problem S = {S;} in the
average case setting for the absolute error criterion and for the class A,
Assume that 372 Aj < 1. Then

tn
S is uniformly weakly tractable iff lim =0 forall p>0.
n—00 [ln n]*p

Proof: Assume first that the problem S = {S;} is uniformly weakly tractable,
that is

1
im Inn(e, Sa) =0 forall «a>0.
e~ ltd—soo €7+ d®

Taking d = 1, this yields that

|
lim M:O for all o > 0.
e~ 1500 g«
Therefore |
p
i 2PESIP g a0,
el o0 e—ap

Taking o = 2/p we obtain

62

im —°— —0  forall |
A sy 0 forall 220

We know that

€ 2> e™8(A1ne,91)) = Vin(e,s))

So .
. TL(E,S1)
1 ——>~— =0 forall 0.
e*%r—{loo [lnn(é‘, Sl)]_p ora b=
Therefore ;
lim "_ =0 foral p>0.

n—oo [Inn]=?
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Conversely, assume that lim,, . [hlf%ﬁ = 0 for all p > 0. We will show
that the problem S = {S;} is uniformly weakly tractable.
From Lemma 2.3 it follows that for every p > 0 the algorithm ¢g,,q

satisfies

avg — _ — Sm(p)
€% (P ma))* < da®'t,, = da’ 1—[ln(m P

where
Sm(p) = tm[In(m + 2)]7.

Note that lim,, ,« Sy (p) = 0 for every p > 0. Let
m(e, Sy) := min{m >0 : da® 't <%}

Observe that we can use the dth power of m(e, Sq) + 1 to estimate the infor-
mation complexity n(e, S;) from above, namely

n(e, Sq) < [m(e, Sq) + 1]

As a consequence of the definition of m(e, Syq) observe that if m(e, S4) > 0
then

dad_ltm(&sd) > g2,

This is equivalent to

Smie,54) (D) 5

S TCTER AR TR

which yields
In(m(e, Sq) +1) < [dad’lsm(e,sd)(p)]%s_% for every p > 0.

Note that the last inequality is true also if m(e,S;) = 0, in that case the
left hand side of that inequality is equal to 0, and the right hand side is a
positive number since so(p) = a[ln2]? > 0.

Now take any a > 0. We see that

12
Inn(e, Sy) < dln(m(e, Sq) + 1) d[dad_lsm(e,sd)(p)]pg ]
gema 4 do — g~ 4 do e~ 4 do

IN

holds for every p > 0. Let p = 2/a. Using the above inequalities we conclude

that
Inn(e, Sy) <

e+ do —

6—0&

A% (@) (sm(ei50)(2/ @)
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We will prove that
1 S,
i mleSa) (2.2)
e~ lidsoco €%+ d
using a simple reductio ad absurdum argument.
Suppose that (2.2) does not hold, i.e., there are sequences {&y}remn and
{dk}kG]N satisfying
klirn (e + di) = oo,
—00

and a positive number 7 such that

In n(sk Sd )
by = ————F~ > 2.3
for infinitely many numbers k. By passing to a subsequence if necessary, we
can assume that (2.3) holds for all £ € IN. Let

1+5, avg,— a
o= @8 o (2f0) =

Observe that if limy_,,, di, = oo then

lim d,"? (a%)%! =0,
k—o0
which yields limy_, cx = 0 and thus limy_,., by = 0, contradicting (2.3).
Now suppose that it is not true that lim,_ .. d, = oo, i.e., there is a
positive number M such that d, < M for infinitely many numbers k. By
passing to a subsequence if necessary, we can assume that d, < M for all
k € IN. Then limy_,o ;' = 0o since limy_ o (g, + di) = oco.
If t,, > 0 only for finitely many numbers m, then for every d € IN the

function
(0,1) = {0,1,2,...} : e — n(e, Sq)

takes only finitely many values. Hence the function
IN — {0, 1,2, .. } k= n(ek,Sdk)

is bounded. Thus limy_,, by = 0, contradicting (2.3).
If t,,, > 0 for every number m, then limg_,o, m(ex, Sy, ) = oo and

lim sn(z,,5,,)(2/a) = 0.

k—o00
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Hence limy_, ¢x = 0, which yields limy_, bx = 0, contradicting (2.3).
Therefore the assumption that (2.2) does not hold is false. Hence

In n(E, Sd)

im =0 forevery a>0,
e~ ltd—soo €74+ d®

and thus the problem S = {S;} is uniformly weakly tractable, as claimed. O

2.4.3 Randomized Setting

From (2.1) we easily obtain the following corollary.

Corollary 2.2 Consider the linear tensor product problem S = {Sg} for
the absolute or normalized error criterion and for the class A™. Then S =
{Sq} is uniformly weakly tractable in the randomized setting iff S = {Sy} is
uniformly weakly tractable in the worst case setting.

2.5 The Class A%

For the class A®* of function values, we restrict our attention to multivariate
approximation. This problem is defined as follows. Let F; be a normed linear
space of d-variate functions defined (almost everywhere) on a set D; C IR?
of positive Lebesgue measure and G4 = Lo(Dy, pg) is the space of square
integrable functions with a probability density pg; over Dy for every d € IN.
We assume that Fj is continuously embedded in GG4. Then the multivariate
approximation problem APP = {APP,}4e is defined by APP, : Fy — Gy,
where APPy is given as the continuous linear embedding

APPdf =f forall feF,

This section is based on results from [12] which relate the power of the
class A*" with the power of the class A**d for multivariate approximation.
For our purposes, the most relevant results are for weak tractability. It
turns out that in many cases weak tractability for the class A®! implies weak
tractability for the class A*'d. Interestingly enough, the same proofs can be
also applied for uniform weak tractability since they rely on estimates of the
form

Inn(e, APPg; A**) < Oy lnn(e/Cy, APP g A™) + (e, APP,),
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where C7 > 0, Cy > 1 and r(e, APP,) is a known function. That is why we
can present relations between uniform weak tractability for the classes A"
and A® with very brief proofs. This will allow us to keep this section short.

2.5.1 Randomized Setting

In the randomized setting, we additionally assume that Fj is a separable
infinite dimensional Hilbert space. The class A*" is now understood as the
class of all linear functionals, and for the class A%'Y we use function values
which are well-defined only almost everywhere.

Theorem 2.4 Consider multivariate approximation in the randomized set-
ting for the normalized error criterion. Then uniform weak tractability for
the class A is equivalent to uniform weak tractability for the class A**Y, and
both of them are equivalent to uniform weak tractability of multivariate ap-
prozimation in the worst case setting for the class A* and for the normalized
error criterion.

Proof: This theorem corresponds to Theorem 22.5 in [12] for weak tractabil-
ity. It is enough to show that uniform weak tractability in the worst case
setting for the class A®! implies uniform weak tractability in the randomized
setting for the class A**Y, both defined for the normalized error criterion. This
implication holds since for the normalized error criterion we have

Inn"" (e, APP4; A™) < Inn"(/v2, APPg; A™") + 2Ine™! + In 3,
as shown in the proof of Theorem 22.5 in [12]. O

By {\4;}je~ we denote the ordered set of the eigenvalues of the operator
Wy = APPZAPPd :F;— Fy.

Theorem 2.5 Consider multivariate approximation in the randomized set-
ting for the absolute error criterion. Assume that

In max(Ag1,1
lim (a1, 1)

d—o0 de

=0 forall «a>0.

Then uniform weak tractability for the class A is equivalent to uniform weak
tractability for the class A**Y, and both of them are equivalent to uniform
weak tractability of multivariate approximation in the worst case setting for
the class A* and for the absolute error criterion.
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Proof: This theorem corresponds to Theorem 22.6 in [12] for weak tractability.
It is enough to show that uniform weak tractability for the class A*! in the
worst case setting implies uniform weak tractability for the class AS*¢ in
the randomized setting, both defined for the absolute error criterion. This
implication holds since for the absolute error criterion we have

In n™" (e, APPg; A%) < 2Inn""(/v/2, APP4; A

+Inmax(e™* 1) + 2Inmax(A\g1, 1) + In8,
as shown in the proof of Theorem 22.6 in [12]. O

Corollary 2.3 Consider multivariate approximation for unweighted linear
tensor product spaces in the randomized setting. Then for both the absolute
and normalized error criteria uniform weak tractability for the class A is
equivalent to uniform weak tractability for the class A*, and both of them
are equivalent to uniform weak tractability of multivariate approximation in
the worst case setting for the class A*.

Proof: This corollary corresponds to Corollary 22.7 in [12] for weak tractabil-
ity. For the normalized error criterion the equivalence is a straightforward
consequence of Theorem 2.4. For the absolute error criterion the equivalence
is a consequence of Theorem 2.5. Indeed, even for the class A*!, uniform
weak tractability of a linear tensor product problem implies that A\; < 1.
But then A\;; <1 and the assumption of Theorem 2.5 trivially holds. U

2.5.2 Average Case Setting

In the average case setting, we additionally assume that Fj is a separable
Banach space equipped with a zero-mean Gaussian measure py. For the
class A**, we assume that linear functionals given by function values are
continuous on the Banach space Fy. By {\4;}jen we denote the ordered set
of eigenvalues of the covariance operator C,, of the measure v := udAPPgl.

Theorem 2.6 Consider multivariate approximation in the average case set-
ting.

e For the normalized error criterion, uniform weak tractability for the
class A is equivalent to uniform weak tractability for the class A9,
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e For the absolute error criterion, we assume that

 max(X55 Ay, 1)
lim J

d—o0 de

=0 forall «o>0.

Then uniform weak tractability for the class A* is equivalent to uniform
weak tractability for the class A**9.

Proof: This theorem corresponds to Theorem 24.6 in [12] for weak tractability.
For the normalized error criterion it is enough to show that uniform weak
tractability for the class A*! in the average case setting implies uniform weak
tractability for the class AS*d in the average case setting. This implication
holds since for the normalized error criterion we have

Inn® (e, APP4; A*) < Inn™8(c/v/2, APPg; A*Y) + 2Ine~! +1n 3,

as shown in the proof of Theorem 24.6 in [12].

For the absolute error criterion (under the additional assumption) it is enough
to show that uniform weak tractability for the class A®! in the average case
setting implies uniform weak tractability for the class A**? in the average
setting. This implication holds since for the absolute error criterion we have

In n™8(e, APP4; A%) < 21n navg(s/\/ﬁ, APPg; A

+Inmax(e* 1) + 2In max (Z Adjs 1) +1In8,

j=1
as shown in the proof of Theorem 24.6 in [12]. O

Corollary 2.4 Consider multivariate approximation for unweighted linear
tensor product spaces in the average case setting. Then for both the absolute
and normalized error criteria, uniform weak tractability for the class A is
equivalent to uniform weak tractability for the class A9,

Proof: This corollary corresponds to Corollary 24.7 in [12] for weak tractabil-
ity. For the normalized error criterion the equivalence is a straightforward
consequence of the first part of Theorem 2.6. For the absolute error cri-
terion the equivalence is a consequence of the second part of Theorem 2.6.
Indeed, even for the class A, uniform weak tractability of a linear tensor
product problem implies that 37, A; < 1. But then >, Ag; < 1 and the
assumption of the second part of Theorem 2.6 trivially holds. O
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2.5.3 Worst Case Setting

In the worst case setting, we additionally assume that Fj is a separable
reproducing kernel Hilbert space.

It is known that if the operator W; = APP;APP, has infinite trace for
some d € IN, then there is no relation between tractabilities for the classes
A and As) see Theorem 26.1 and Corollary 26.2 in [12]. Therefore we
assume that

trace(W,;) < oo for every d € IN.

Theorem 2.7 Consider multivariate approximation in the worst case setting
for the absolute and normalized error criteria.
Assume that the trace of Wy is finite for all d € IN, and

In trace(VQVd)
dlim ;jld =0 forall «o>0,
—00

where CRIg = 1 for the absolute error criterion, and CRIy = ||Sq|| for the
normalized error criterion. Then uniform weak tractabilities of APP for the
class A* and for the class A are equivalent.

Proof: This theorem corresponds to Theorem 26.11 in [12] for weak tractabil-
ity. Let us fix the error criterion. It is enough to show that uniform weak
tractability for the class A*" implies uniform weak tractability for the class
A%, This implication holds since we have

In n" (e, APP4; A%) < Inn"(/v/2, APP4; A

trace(Wy)
CRI3
as shown in the proof of Theorem 26.11 in [12]. O

+2Ine ' +1n + In 4,



Chapter 3

Uniform Weak Tractability of
Multivariate Problems with
Increasing Smoothness

3.1 Introduction

Tractability of multivariate problems studies the intrinsic difficulty of prob-
lems defined on spaces of d-variate functions. By a problem we understand
a sequence S = {Sy}4emn of operators, such that for every d the operator Sy
acts on a suitable space of d-variate functions. The intrinsic difficulty of a
problem S is measured by its information complexity, n(e, S;), which is de-
fined as the minimal number of information operations needed to obtain an
g-approximation of the solution of the d-th instance of the problem S. By one
information operation we mainly mean one continuous linear functional. We
also briefly mention the case when one information operation is given by one
function value. If the function n(e, Sy) depends exponentially on e~! or d we
say that the problem S is intractable. The tractable problems, that is those
problems S with the information complexity n(e, Sy) not exponential in =+
and/or d, are subject of further classification. Depending on the behavior of
their information complexity with respect to € and d, problems occupy an
adequate place in the tractability hierarchy of multivariate problems. As in
[10], we say that the problem S is:

e strongly polynomially tractable (SPT) iff there are non-negative num-

39



3.1. INTRODUCTION 40

bers C' and p such that
n(e,Sq) < Ce forall € (0,1), de IN.
The infimum of such p is called the exponent of SPT and denoted by p*.

e polynomially tractable (PT) iff there are non-negative numbers C, p
and ¢ such that

n(e,Sq) < Ce?d? forall € (0,1), de IN.

As in [3], we say that S is

e quasi-polynomially tractable (QPT) iff there are non-negative numbers
C and t such that

n(e,Ss) <Cexp(t(l+me')(1+1Ind) forall £€(0,1),deIN.
The infimum of such ¢ is called the exponent of QPT and denoted by t*.
As in [18], we say that S is

e uniformly weakly tractable (UWT) iff

lim In n(e, Sq)

=0 f 11 > 0.
e l4d—oo €% + dP ora % /8

We add in passing that it is enough to check the last condition for all
a=/p>0.

As in [10], we say that S is
o weakly tractable (WT) iff the last condition holds for a = = 1.
Clearly,
SPT — Pl — QPT — UWT =— WT.

More on tractability including the motivation of tractability studies can be
found in [10, 11, 12].

Multivariate problems for which all the variables are equally important
are often intractable. In particular, many multivariate problems suffer from
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the curse of dimensionality, i.e., their information complexity is an exponen-
tial function of the number d of variables. One of the ways of vanquishing the
curse of dimensionality is the introduction of non-homogeneity to the struc-
ture of the problem. The non-homogeneity may be introduced to a problem
by means of weights associated with importance of variables and groups of
variables, or by means of varying regularity of a problem with respect to suc-
cessive variables. Those approaches have been recently subject to an intense
research.

In this thesis we further investigate the relationship between tractability
of a problem and its increasing regularity with respect to successive variables.
We study problems with unknown UWT, and sometimes with unknown QPT.
The relationship between the other notions of tractability and increasing
regularity of a problem have already been studied in [15] in the worst case
setting, and in [6, 7] in the average case setting.

We deal with the problems of approximation of functions with increasing
regularity with respect to successive variables. In the worst case setting the
problem is the approximation of functions from suitable Korobov spaces or
Sobolev spaces. In the average case setting the problem is the approximation
of continuous functions equipped with a zero-mean Gaussian measure with
covariance operator given by integrated Euler process or integrated Wiener
process. Those zero-mean Gaussian measures are concentrated on spaces
of functions with suitably increasing regularity with respect to successive
variables.

In both settings the specification of regularity properties is given by the
sequence of regularity parameters {7y }ren satisfying

O§T1§T2§T‘3§... .

Our objective is the characterization of tractability properties of the approx-
imation problems in terms of the properties of the sequence of regularity
parameters.

We now summarize the known and new results concerning the relationship
between the regularity of a problem and different degrees of its tractability
for the class A! of all continuous linear functionals.

We start with the worst case setting. We analyze the approximation
problem for the Korobov spaces and two kinds of Sobolev spaces which differ
in the choice of an inner product. We have the following conditions on various
types of tractability:
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e For the Korobov spaces:

WT < UWT & QPT < ri >0,

In k
PT < SPT (:)lirnsupn—<oo.
k—woo Tk

e For the first kind of Sobolev spaces:

Wl & UWT & QPT & r;=1forall j €N,
pPT never,
SPT never.

e For the second kind of Sobolev spaces:

WT < UWT <& QPT < ri>1,
PT never,
SPT never.

The conditions for WT, PT and SPT were obtained in [15]. As we see, for
the problems studied in the worst case setting the notion of UWT is the same
as the notions of WT and QPT.

We now turn to the average case setting. We have the following conditions
on various types of tractability:

e For the Euler integrated process:

WT < lim rp = oo,

k—o0

.. . Tk 1
T lminf % >
UWT < liminf oo > o7,

ZZ—l (14 7g)372
PT & »
@ 2;1111\)1 max(1,Ind)

< 00,

.. TL 1
PT PT < liminf —% .
& SPT < liminfy o > o0
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e For the Wiener integrated process:

WT <«  lim r, = oo,

k—o0

Inr, _ 1
T liminf —— > —
UWT < liminf =8> 5,

Zzzl(l + rk)_Q max(1,Inry)

QPT < sup

deIN max(1,Ind) ’
1
PT < SPT & li}gninfr—k > ( for some s > 7
—00 s

The conditions for WT, QPT, PT and SPT were obtained in [7]. As we see,
for the problems studied in the average case setting the notion of UWT is
different from WT and QPT. For the Euler integrated process, WT requires
that limg_,o 7 = 00, whereas UW'T requires more, namely that r; increases
at least as fast as (Ink)/(21n 3). However, UWT requires less than QPT. For
instance, for rp, = (Ink)/(21n3) we have UWT but not QPT. Indeed,

d —2r d 1
1 3-2rk . +Ilnk
sup Zk:l( +7k) ya) (sup Zk—l—kn) -0 (sup In d) = 0.

d>2 Ind d>2 Ind d>2

For the Wiener integrated process, UWT requires again more than W'T' | but
less than QPT. Indeed, for r, = k'3 we have WT, but not UWT. On the
other hand, for r;, = k2 we have UWT, but not QPT since

d ) d 1
1 1 gk
sup Zk:l( -+ 'I"k) nrg e <sup Zkl_kn) =0 (Sup lnd> = OQ.

d>2 Ind d>2 Ind d>2

3.2 Worst Case Setting

We start this section by recalling the definition of a general, possibly non-
homogeneous, linear tensor product problem in the worst case setting. Later
we will investigate two classes of linear tensor product problems defined on
Korobov and Sobolev spaces of d-variate functions. For both classes the
non-homogeneity is introduced by varying regularity with respect to succes-
sive variables. We study the class A®! consisting of all continuous linear
functionals.
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Definition 3.1 A linear tensor product problem in the worst case setting is
a sequence of linear operators

S = {Sd}dE]N

such that for every j € IN there exists a separable Hilbert space F¢;, a Hilbert
space 9; and a continuous linear operator . : 7; — 9; such that

d
Sd:®,%:Hd_>Gd7

Jj=1

where Hy = ®?:1 6 and Gq = ®?:1 ; for every d € IN.
If 4, = 74, 9, = % and & = S then the linear tensor product problem

15 called homogeneous.

Without loss of generality we consider .#; such that ||.7|| = 1. Then,
obviously, [|Sy|| =1 for all d € IN.

Let n(e,S;) be the information complexity of a linear tensor product
problem S = {S;}4ew. This is defined as the minimal number of functionals
from A needed to obtain an approximation of Sy with the worst case error
at most ¢ € (0,1), see e.g. [10, 20].

Without loss of generality we assume that all operators #; = ..} are
compact, since otherwise n(e, S;) = oo for sufficiently small £ and sufficiently
large d.

It is known how n(e,S;) depends on the eigenvalues of compact, self-
adjoint and non-negative definite linear operator

Wd = S;Sd : Hd — Hd.

For a linear tensor product problem the eigenvalues of W, are given in terms
of the eigenvalues of its univariate counterparts

W = S7Sy 0 5 — I forall j7=1,2,...,d,

which are also self-adjoint and non-negative definite linear operators.
Namely, let {)\1(7 )}ie]N be the ordered eigenvalues of the operator %/,

1=A >0 > >\ > >0
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Due to the tensor product structure of the problem S, the ordered eigenval-
ues \g; of the operator W, are products of the eigenvalues of the operators

WMy, ... W, ie.,

d
{Mditiew = {H A§j>}
j=1

[i1,2,...,q] EIN?

Then

n(a,Sd) = #{ZEIN )\di>52}

= #{[ilai%"'a ENd H)\ >5}

In the following subsections we specify the problem S = {S;}4en as
approximation of multivariate functions with non-decreasing regularity with
respect to successive variables. We find necessary and sufficient conditions
on the regularity parameters for which UWT and QPT hold. We consider
two classes of multivariate approximation problems defined over Korobov
and Sobolev spaces with different smoothness parameters for each variable.

3.2.1 Korobov Spaces

Let {rr}ren be a sequence of real numbers such that

O§T1<T2§T3§... .

For every 7 € IN, let
% = <%ﬂl,7‘j

be a Korobov space of univariate complex valued functions f defined on [0, 1]
such that

1f 1z, = 1FOP +@0)* Y P51 < o,

hEZ,h=£0

with Fourier coefficients

f(h) = /1 exp(—2mihzx) f(z)dx for all h € Z.
0
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The linear space J ., is equipped with the inner product

<f,g>3%:f(o>g(0)+(27r>% > nfrif(R)g(0) for every f.g € S,
h€Z,h#0

The space J,, is a separable Hilbert space. It is known that if r; is a
positive integer then the Hilbert space 7], consists of 1-periodic functions f
such that £~ is absolutely continuous and f"7) belongs to L?([0,1]). For
r; = 0 we have 54, = L*([0,1]), i.e., the standard L* space of complex
valued functions defined on [0,1]. More details on Korobov spaces can be
found in, e.g., [10, 15].

Let
¢, = L2((0,1)).

Note that . is continuously embedded in ¥;. Furthermore,
[fll2 <\ fll  forall fe £ and jeIN.
That is why the embedding
Sy — L((0,1]) : fr f

is well defined and is a continuous linear operator.

Let .
Si=Q) -7 : Hi— G,
j=1
where H, := ®j:1 € and G4 = ®?:1 ¢, for every d € IN. This completes

the definition of the linear tensor product problem S which is called mul-
tivariate approzimation over Korobov spaces. To stress that we deal with
multivariate approximation we use APP; and APP instead of Sy and S.

Note that if r; = 0 then 4 = L?*([0,1]) and APP; is the identity oper-
ator. Then )\5-1) = 1 for all j € IN and n(e, APP;) = oo for all € € (0,1).
Hence the problem APP is intractable. It is known, see [15, Thm. 1], that
the problem APP = {APP,}sew is weakly tractable iff r; > 0. It is also
known that strong polynomial tractability of the problem APP is equivalent
to its polynomial tractability and holds iff lim sup,_,. (In k) /rx < oo, which
obviously is equivalent to

.. Tk
liminf — > 0.
k—oo 1N
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The notions of quasi-polynomial and uniform weak tractability had not yet
been introduced when [15] was written. We now find out necessary and suffi-
cient conditions on quasi-polynomial tractability and uniform weak tractabil-
ity of the problem APP.

Theorem 3.1 Consider the multivariate approximation problem APP de-
fined over Korobov spaces Hy for the class A*'. Then

QPT & UWT & WT < r;>0.
Furthermore, the exponent of QPT is

* _ —1
t"=r".

Proof: Assume that APP = {APP;}sen is QPT. Then APP is also WT,
so that [15, Thm. 1] implies that r; > 0. Conversely, assume that r; > 0.
Consider the problem APP" = {APP)}4eN, where

APP, : A, — L¥[0,1]): f— f,

APP, = (APP))®: % - L*([0,1]%) for d>2.

1,m
Note that APP" = {APP)}4ev is a homogeneous linear tensor product prob-
lem with eigenvalues {)\; }iew of W, = APP|"APP) satisfying

/ / / ].
Ay =1, Ay =A

’ 2l = —(27r)2” j2_r1 for all j € IN,

see [10, p. 184] and [15, proof of Thm. 1].

From [3, Thm. 3.3] we know that any homogeneous linear tensor product
problem with the ordered eigenvalues for the univariate case {;} with ; = 1
is QPT iff 8y < 1 and decayg > 0, where

decayz = sup{p > 0 : lim j3; j* = 0}.
J
If so then the exponent of QPT is

. 2 2
= max , — 0.
decayy’ In By

In our case, §; = )\;-, By = (2m)721 < 1 with In ;' = 2, - 1.83..., and
decays = 2r1. Therefore QPT holds and

R e

riy’ 7 ln 27 T
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Our original problem APP = {APP;} e is no harder than the problem
APP' = {APP;}dE]N. Indeed, for every 7,7 € IN the eigenvalue )\1(]) is no
greater than )\El) =\, since

1

G) _ () _\0)  _
)‘1 =1, )‘21‘ - )‘2i+1 - (27T)2Tj ZQ_TJ

for all ¢ € IN,

see [10, p. 184] and [15, proof of Thm. 1]. Thus for every d € IN the ordered
sequence {Ag;}jen of eigenvalues of the operator W, = APP;APP, is not
greater than the ordered sequence {)‘;l,j}jG]N of eigenvalues of the operator

W, = APP;*APP; and the largest eigenvalues in both cases are 1. Hence
the problem APP is not harder than APP’ and therefore APP is also QPT
and

NG

< (t) =l
On the other hand, APP; = APP| and
n(e, APP;) = n(e, APP)) = min{n: \,,, <&’} =0 (Efl/m) .

Hence t* > ri', yielding t* = r;i'. Since WT < r; > 0 then QPT < WT.
On the other hand the notion of UWT lies between WT and QPT and

therefore

QPT < UWT & WT < r; >0,

as claimed. ]

Note that for the class of approximation problems APP = {APP;}4en
defined over Korobov spaces the notions of quasi-polynomial tractability,
uniform weak tractability and weak tractability coincide in the worst case
setting for the class A

We now briefly discuss the case of the class AS* consisting only of func-
tion values. First of all, function values are well defined only if J7 ,, is a
reproducing kernel Hilbert space which holds iff r; > 1/2. Assume then that
> 1/2.

For 7; = r; the problem APP for the class A% suffers from the curse
of dimensionality. The reason is that APP is no easier than the integration
problem INT = {INT;}4en where

INTd : Hd — IR : f — f(t)dt

[0,1)¢
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It is known that INT suffers from the curse of dimensionality, see [11, Thm.
16.16], which is based on [5] and [9]. Hence the curse of dimensionality also
holds for APP and, in particular, WT does not hold.

Assume now that r;’s are not necessarily equal to 71 > 1/2. Then

trace(W,) = li[l (1 + (2;)Tj ¢ (%)) :

where ( is the Riemman’s zeta function (z) = Z;o 1 11 for x > 1. Conditions
for WT, QPT, PT and SPT of APP for the class AStd can be found in [12,
Sect. 26.4.1].

It is known from [18, Thm. 7] that UWT of APP for the classes A and

A®* are equivalent if
In(trace(W,)) = o(d®) for all o > 0.

It is easy to check that the last condition holds iff

lim inf — 1
imin lnk: = nor

The question whether the last inequality is also a necessary condition for
UWT of APP for the class A** is open.

3.2.2 Sobolev Spaces

Let 4 o = L*([0,1]) be the standard L* space of real valued functions. For
a positive integer r, let 77 , be a set of univariate functions defined on [0, 1]
such that =Y is absolutely continuous and f{") belongs to L?([0,1]).

We will consider two kinds of Sobolev spaces for » > 1. Both of them
have the same underlying set 7 ,, but they are equipped with different
inner products. That is for x € {1, 2}, the Sobolev space 7" is the set J4 .
equipped with an inner product (-,-) = such that

(,9) 1 = fo t)dt + f FO () g™ (t)dt

o (F19) =", fJ FO(£)g9)(t)dt.

Both of these Sobolev spaces are separable Hilbert spaces. They are the same
for » = 1 and differ for » > 1.
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It was pointed out in [15] that although the spaces ! and J#? are
algebraically the same, their unit balls behave differently if » > 1. The
sequence of spaces {J?}, e is nested and the unit ball of the space 2
is a subset of the unit ball of the space £

Ay C AP and || fllge < [fllz, forall fe A

Note that analogous relations are not true for the previous sequence {7}, e
of Sobolev spaces. Indeed, the unit balls of those spaces are expanding while
the smoothness is increasing. More details can be found in [15].

Let {rr}remw be a sequence of integers such that
0§7’1§T2§7’3§... .
Let
H(x) =7 and ¥ = L([0,1]).
Note that . (x) is continuously embedded in ¥; for x € {1,2}. Furthermore,

[flle2 <[ fllg@ forall fe sZ(x) and j € IN.
That is why the embedding

ST (x) — L2H[0,1) : f — f

J

is well defined and is a continuous linear operator for all z € {1,2} and
Jj € IN.
For z € {1,2} let

d
Sy = ®§”f : Hy(z) — Gy,

Jj=1

where Hy(z) := ®j:1%?(x) and Gy = ®j:1£4j for every d € IN. This
completes the definition of two classes of linear tensor product problems
called multivariate approrimation over Sobolev spaces. As before, we use

APPj and APP” instead of . and .7*.

We first consider x = 1. Note that for 7 = 0 we have H;(1) = L*([0,1])
and APP% is the identity operator which obviously is not compact. Hence, the
problem APP! is intractable. From [15, Thm. 3] we know that the problem
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APP! = {APP}}4e suffers from the curse of dimensionality if 7, > 2 for
some k € IN. Moreover, it is polynomially intractable for every sequence
{ri}re. It is also known that APP! is weakly tractable iff r, = 1 for every
k € IN.

Again, QPT and UWT have not been studied in [15]. The following
theorem states that for the problem APP! the notions of QPT, UWT and
WT coincide.

Theorem 3.2 Consider the multivariate approzimation problem APP! de-
fined over Sobolev spaces Hy(1). Then

QPT & UWT < WT < r,=1 for all k € IN.
Furthermore, the exponent of QPT is
=1

Proof: Assume that APP! = {APP}} e is QPT. Then it is also WT, so
[15, Thm. 3] implies that ry = 1 for every k& € IN. Conversely, assume that
rr = 1 for every k € IN. Then

APP! A1) — L¥([0,1]): f — f,
APP, = (APP)®: (A4 (1))% — L*([0,1]) for d>2.

Thus APP' = {APP}} 4eiv is a homogeneous linear tensor product prob-
lem with the eigenvalues {\!}jen of the operator Wi = (APP{)*(APP})
given by

1
A=
I 1)

see [22, Lem. 4.1]. In particular, we have

forall 7 >1,

A =1, A} <1 and In(\)'=238....

:1+7r2

Obviously, decay,: = 2. Therefore [3, Thm. 3.3] yields that APP' is QPT
with the exponent of QPT

2 2
tr = =1.
o { decay " In( (\}) 1) }

Since QPT implies UWT and W', the proof is complete. ]
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We now turn to x = 2. Again, for r; = 0 we have J4(2) = L*([0,1]),
APP? = id;2 is not compact, and hence the problem APP? is intractable.
From [15, Thm. 3] we know that the problem APP? = {APP2},c is weakly
tractable iff r, > 1 for every k € IN, and is polynomially intractable for every

sequence {7k }reN-
The following theorem states that for the problem APP? the notions of
QPT, UWT and WT coincide.

Theorem 3.3 Consider the multivariate approzimation problem APP? de-
fined over Sobolev spaces Hy(2). Then

QPT & UWT & WT < ri > 1.

Furthermore, the exponent of QPT satisfies

th e 2 1
25 |13’ |-

Proof: Assume that APP? = {APPZ} e is QPT. Then it is also WT, so
that [15, Thm. 3] implies that ;1 > 1. Conversely, assume that r; > 1. Define
the following homogeneous linear tensor product problem S = {S;}4en:

Svoo AT L0 f e f,
Sq = SP(H)E — L*([0,1]%) for d>2.

Note that

d
Hy(2) = Q) 42 C (A7)%" forall deIN,
j=1

and
[fllrzyea < [ flla@)  forall  f € Hq(2).

Hence the unit ball of the space H,(2) is a subset of the unit ball of the space
(#2)%. Therefore the problem APP? is no harder than the problem S. The
eigenvalues A% = {A7} ;e of the operator W) = S;S are such that Ay = 1,
A5 =1/(1+ %) < 1and X} = ©(j7?), see [22, Lem. 4.1]. Therefore 3,
Thm. 3.3] yields that the problem S is QPT, hence the problem APP? is
also QPT.
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From [3, Thm. 3.3] we know that the exponent of QPT of the problem
S ={Si}den is

15 = ma 2 2 ma 2 2 1
= X = X _— =
S decayys " In((A\S) ™) 27 In(1 + 72) ’

since
decay,s =sup{p > 0: limA7;j” =0} = 2.
J

The problem APP? is no harder than the problem S with the same norm
|APP3|| = ||S4|| = 1 for all d € IN. Therefore the exponent of QPT of the
problem APP? = {APP3} e, i.e., t3, is bounded by t% from above:

£ <th=1.

We turn to a lower bound on ¢;. Let

er(x) =1 and es() :2\/% <x— %) for e 0,1]

Consider the Hilbert space ## = span(ey, e2) equipped with an inner product
given by the restriction of the inner product of the space J#? to its linear
subspace span(e;, e2). Note that 7 is a closed linear subspace of the space

A2 and
<€i,€j>% = <€i,€j>%2 :5“ fOI‘ Z,j = 1,2
for every non-negative integer r. Define the following homogeneous linear
tensor product problem S = {5, }4sen:
S, = LA[0,1]): f s f,
S, = (S)%: % - L2([0,1]%) for d>2.

Note that .
AP C Hy(2) = ®,%’j3 for all d e 1IN,
j=1

and
1fla@) < || fllpsa forall  f e %

so that the unit ball of the space #®¢ is a subset of the unit ball of the
space Hy(2). Obviously ||S;|| = 1 for all d € IN. Therefore the problem S’ is
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no harder than the problem APP?. Of course S’ is QPT since APP? is QPT,
and its exponent of QPT, i.e., ey, bounds ¢5 from below:

ty <t

Let A% = {A? },;en denote the ordered eigenvalues of the operator Wlsl =

S;*Si. Note that /\f/ = 1 is the eigenvalue associated with the eigenvector

ef =e; =1, and

M= s [l
e, ||Ifllwr<i
Observe that if we set f(z) = es(z) = 24/5(x — 3) for z € [0,1], then

f e, ||fllw=1and (f, 6‘15/>3f = 0, hence

' 1
N> 2 = —
2 = 5
and 5 9
=0.779... .

In (()\5’)’1) = In13

From [3, Thm. 3.3] we conclude that the exponent of QPT of the problem
S" = {9} e satisfies

Therefore 5
>ty > ——
2= = 13’
as claimed. This completes the proof. U

The case of AS*d for APP defined over the Sobolev spaces considered in
this section has not yet been studied.

3.3 Average Case Setting

We start this section by recalling the definition of a linear problem in the
average case setting. Later we will investigate two classes of such problems.
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For both classes we study approximation of functions from the space C/([0, 1]¢)
of continuous functions defined on the cube [0, 1]¢. For the first class the space
C([0,1]%) is equipped with the zero-mean Gaussian measure whose covariance
operator is given by the Euler integrated process with parameters r;, while for
the second class the space C([0, 1]¢) is equipped with the zero-mean Gaussian
measure whose covariance operator is given by the Wiener integrated process
with parameters r;. Those measures are concentrated on the subspaces of
C([0,1]%) containing all functions with suitably increasing regularity with
respect to successive variables depending on the parameters r,. We consider
the normalized error criterion. It is enough to consider only the class A,
Indeed, the results are the same for the class A**d. This was shown in [4, 7, 12]
for WT, PT and SPT. For UWT the proof is identical (with obvious changes)
as the proof for WT, see [12, Thm. 24.6].

Definition 3.2 A linear problem in the average case setting is a sequence of
continuous linear operators

S = {Si}den,

such that Sy : Fy — Gy, where Fy is a separable Banach space equipped with a
zero-mean Gaussian measure jiqg, and Gg s a Hilbert space for every d € IN.

Let n(e,S4) be the information complexity of a linear problem S =
{Sa}aew. This is defined as the minimal (average) number of functionals
from A*! needed to obtain an approximation of S; with average case error
at most € € (0, 1).

Let vqg = paSy ! be a zero-mean Gaussian measure induced on the Hilbert
space G4 by the continuous linear operator Sy : F; — G4 and the measure
tqg on Fy, and let C,, : G4 — G4 be its covariance operator. Then C,, is
self-adjoint, nonnegative-definite and has finite trace. Let {\y,};en denote
its ordered sequence of eigenvalues:

Mg > N2> > Ag; > >0,

It is known how n(e, S4) depends on the sequence {\g;}je~. That is, for the
normalized error criterion we have

n(e, Sq) = # {n € IN: Z Adj > 522)\“}.
j=1

j=n+1
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More details about linear problems in the average case setting can be found
in [10].

The following lemma is an analog of [6, Thm. 8] for uniform weak
tractability. It will be used to establish sufficient conditions on uniform
weak tractability of the approximation problems.

Lemma 3.1 Consider a linear problem S = {S;}qew. Assume that for every
k € IN there is a sequence {\(k, j)}jen of nonnegative real numbers satisfying

Ak 1) > Ak, 2) > > Ak f) > .. >0,

such that for every d € IN we have

d
{Adj}jen = {H A(k,jk)}
k=1

If for every sufficiently small number o« > 0 there is a number T € (0,1) such

that .
1 ORI
1 _— =
Jm 2D , ()\(k:, 1)) 0
k=1 j=2

[J1,--57a] €EINE

then S is UWT.
Proof: Note that
d oo
S =11 Ak )" forall 7>0,
jeN k=1 j=1

this formula allows us to use all estimates of n(e, Sq) obtained in [6] for linear
tensor product problems. Let A(k,j) := A(k,j)/A(k, 1).
From the proof of [6, Thm. 8] we know that

For all a > 0, the estimate above yields

Inn(e, Sq) < 1 22:1 > e S‘(kaj)T+ 1 Ine?
eTv4d* — 1—71 £ 4 l—7e>+do

for all 7€ (0,1).
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To obtain UWT it is obviously enough to consider sufficiently small o« > 0.
For a given sufficiently small o > 0 we take 7 € (0, 1) for which

This implies
lim Inn(e, Sy) _
e lqtd—soo 7Y + 4%
Hence S is UWT. O

The next lemma will be used to establish necessary conditions on uniform
weak tractability of the approximation problems.

Lemma 3.2 Consider a linear problem S = {S;}aew. Assume that for every
k € IN there is a sequence {\(k, j)}jen of nonnegative real numbers satisfying

AME, D) > MNE,2) > 0. > Ak, j) > ... >0,
such that for every d € IN we have

{Aaj}jemn = {H A(/ﬁjk)}
[

k=1 J15-rda) NG

Then the following estimate for the information complexity of the problem S

holds:
d
n(e, 8a) > (1-e)]] (1 v ig:i;) |

k=1

Proof: From [6, Lem. 5] it follows that

n(e, Sq) > (1 —¢€%) (i %)
Note that L Jd: -
S-SR = 1 (1 56)
Thus
n(e, S0 > (11— ] (1 + ig:f;) ,

as claimed. O
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3.3.1 Euler Integrated Process

Let Fy = C([0,1]?) be the space of continuous real-valued functions defined
on [0,1]¢. The space Fy is equipped with the norm

[ fllz = sup |f(z)] forall fe Fy

z€[0,1]¢

Additionally, we equip the space Fy with a zero-mean Gaussian measure 4.
As in [7], in this subsection we assume that the covariance operator of ji4
is given by Euler integrated process with parameters ry, i.e., its covariance
kernel is given by

d
Kd('r7y> - HKI,Tk<xk7yk> for all T,y € [07 1]d7
k=1

where for » € IN
K, (z,y) = / min(z, s1) min(sy, $2) ... min(s,, y)dsidss . . . ds,
[0,1]"

for all z,y € [0, 1], and {r}remw is a sequence of nonnegative non-decreasing
integers
0§7’1§7"2§7’3§... .

The measure p4 is concentrated on a set of those continuous functions which
are 1 times continuously differentiable with respect to the k-th variable for
k=1,2,...,d.

Let G4 = L*([0,1]¢) be the standard Hilbert space of real-valued square-
integrable functions defined on [0, 1]<.

We define multivariate approximation of Euler integrated process as a
linear problem

APP = {APP;}ie,
where for every d € IN

APP,;: Fy — L*([0,1]%) : f > f.

The eigenvalues of the problem APP are known:

{)‘d,j}jelN = {A(lyjl))‘(2>j2) S )\(d7 jd>}[j1,j2 ..... jq)€ING 5
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where

1 2r+2
Mk, j)=| —= for all 7 € IN.
(k,7) (W(j—l/Q)) or a Jj €

The numbers {A(k, j)},en are the eigenvalues of the univariate case of the
problem APP with the smoothness 7.

Note that
Ak, 2) 1

1) = i for all k€ IN.

More details on the multivariate approximation of Euler integrated pro-
cess can be found in [7]. In particular, necessary and sufficient conditions for
WT, QPT, PT and SPT of multivariate approximation of Euler integrated
process can be found there.

Theorem 3.4 Consider the multivariate approzimation problem APP for
the Fuler integrated process. Then

1
BLEEN
UWT < liminf = = o7 .

Proof: Assume that APP is UWT. Lemma 3.2 and the fact that In(1+x) > %
for z € [0, 1] yield

d
Inn(e, APP;) > lnH <1 + Alk, 2)

IV

N —

[]=
=
&
\)
N~—

v
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Hence

. o . e Td
lim d'™* 3724 = lim d'""* w23 =0  forall a>0.
d—o0 d—o0

This implies that for all & > 0 we have

for sufficiently large d. Hence
li LI !
llgggol lnk: ~ 2In3’

as claimed.

Conversely, assume that liminfy_, lg—’“k > 21 5. That is, for every 6 > 0
there is a number N5 € IN such that for all £k > N5 we have
Tk 1-96

LIS ’
In 2In3

le.,
Ink
> 1-9).
Tk_21n3( )

We want to apply Lemma 3.1. For all « € (0,1) and all 7 € (1/2,1) we have

27’k+2 x—(27‘k+2)7'dx)

d oo . T [eS)
1 )‘(ka j) _ 1 —(2rp+2)7
e (Gen) - anye
k=1 j=2 =2
< i ( —(2rp+2)T +Z~7 2rk+2)>
de par
< wx(

—(2rp+2)T 3 1=@rit2)r )

1
de LT

IN

>3
i
dii
> (:
>

31—(2rk+2)7-
27"k+2)’7'
< (2’/“1 + 2)7’ — 1)

1

e
< 2’!’kT
- ( 2r1—|—27—1>d°‘23
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Now, fix a € (0,1) and set § := a?/2 and 7 := 1 — o?/2. Obviously § > 0
1)

and 7 € (1/2,1). Observe that for d > N5 we have
1 d 1 N 1 d
—2rET —2ryT —27rLT
D LD DL D DI B
k=1 k=1 k=N5+1
| N T
- —2rpT - —(1-0)7
S R 2k
k=1 k=Ns+1
Ns

1 d
- —l——a/ =07y
d= Jo
da2—a4/4—a

1
- 3—27’k’r .
de ; * a? —at/4

VAN
ISH
Q|’_‘
™
w
=
\‘

Hence .
- —2rpT _
i g 23 0
k=1
and .
1 Ak, )\
lim — =0
in 233 (3
Lemma 3.1 implies that APP is UWT. U

3.3.2 Wiener Integrated Process

We take the same spaces F; and G4 as in subsection 3.1. The space Fj is now
equipped with a zero-mean Gaussian measure p; whose covariance operator
is given by Wiener integrated process with parameters ry, i.e., its covariance
kernel is given by

d

Ky(z,y) = HKLTk(xk,yk) for all z,y € [0,1]%
k=1

where for r € IN

min(z,y) T —u) y—u r
Kl,r<x7?/) _/ ( 7l ) ( 7! ) du
0 . .
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for all x,y € [0, 1], and {ry}reN is a sequence of nonnegative non-decreasing
integers
0§7’1§7’2§7‘3§... .

As for the Euler case, the measure puy is concentrated on a set of those con-
tinuous functions, which are r; times continuously differentiable with respect
to the k-th variable for k =1,2,...,d.

We define multivariate approximation of Wiener integrated process as a

linear problem
APP = {APP;}ie,

where for every d € IN
APP,: Fy;— L*([0,1]%) : f = f.

The eigenvalues of the problem APP are not exactly known, however their
asymptotic behavior was established in [2]. Namely, they satisfy

{Adjtiem = {1, J0)A2,52) .- A(d, Ja) by, o jujema s

where

1 2Tk+2
N '7(27’]@4»3) .
Ak, 7) <—7r(j — 1/2)> + O(j ) as  j — oo.

The numbers {A(k, j)}jen are the eigenvalues of the univariate case of the
problem APP with the smoothness 7.

For the purpose of tractability studies the knowledge of the asymptotic
behavior of the sequence of eigenvalues is not enough since the two largest
eigenvalues play a crucial role. It was also established in [7] that

1 1 »
Ak, 1) = (ri!)? ((Zrk +2)(2rp + 1) + 0, )) ’

Ak 2) = © <m) ,

where the factors in the big O and © notations do not depend on 7.

Note that
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More details on the multivariate approximation of Wiener integrated pro-
cess can be found in [7]. In particular, necessary and sufficient conditions for
WT, QPT, PT and SPT of multivariate approximation of Wiener integrated
process can be found there.

Theorem 3.5 Consider the multivariate approximation problem APP for
the Wiener integrated process. Then

Inr, _ 1
T liminf —— > —.
UWT & lminf 755 > 5

Proof: Assume that APP is UWT. As before, Lemma 3.2 yields

d
Inn(e, APP;) > lnH <1 + )\(k72)) +1In(1 — &%)

. Ak, 1)
d A, 2 )
— ;hl )\Ek71;>+1 (1—6)
> %kz:; ié:: 3 +1In(1 — £%)
d
= 0 Zer) +1In(1 — &?),
k=1

where the factors in the © notation do not depend on r;’s. Hence

d—oo

d
1
lim —Zr,f =0 forall «a>0.
k=1
From this, it follows that
lim d'=0r7% = lim d'°2%4 =0 forall o> 0.
d—o0 d—o00

This implies that for all a > 0 we have

for sufficiently large d. Hence

1
lim inf il > —,
k—o0 nk 2
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as claimed.

Conversely, assume that liminf,_, 11‘:1—2“ > % That is, for every 6 > 0

there is a number N5 € IN such that for all & > Ns we have

Inr, _ 1
> -
Ink — 2

0,

ie.,
T > ]{3(%_5).

We want to apply Lemma 3.1. For all « € (0,4/5) and all 7 € (3/5,1) we
have

FEE () - A

1 & Ak 2)\T > e g(A(k, )T
w2 )l“ (M. 2)" ]

Ak, 2)\T D52k, 5))7
(A(k,n) ARy ]

M. =
ren (AR, 2))7
Therefore
NG S AN 1 O
) _ —27\ __ —27
23 () - o o (g3 ).
k=1 j=2 ’ k=1 k=1
Now, fix a € (0,4/5) and set 0 := «/4 and 7 := 1 — /2. Obviously 6 > 0
and 7 € (3/5,1). Observe that for d > N5 we have
1 d 1 N d
d_a Z 7,];27’ — % Z Tk—27' 4 d_a Z T];QT
k=1 k=1 k=Nj+1
Ny d
—27 —T+270
< S Ao Dk
k=1 k=Nj+1
N d
1 1
< —27 —T+2T(5d
S el T e /O v
k=1
1 N L dia2/4
T oge e T a?/4
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Hence

M e
k=1
and
1 d oo
R |
k=1 j=2
Lemma 3.1 implies that APP is UWT.

—27

Tk

Ak,
A,

)
D)

0,

‘7>:0.
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