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Abstract

In this thesis we investigate a part of the theory of fluid dynamics concerning a twodimensional
stationary exterior problems with slip boundary conditions. We show existence of weak solutions
to linear problems and to the Navier-Stokes equations without any assumptions on smallness of
data. Later we present optimal L,-estimates for the Oseen system in an exterior domain, which
allows one to prove, that for a sufficiently small data there exists a solution to the Navier-Stokes
system, which tends to a prescribed vector field at infinity. As a result of a detailed analysis
of the Oseen system in the halfspace we show, that on a local level there exists a substantial
difference between points in front of an obstacle and behind it, in particular we show, that in
front of the obstacle considered problem has a strong elliptic character, while behind the obstacle
one observes a disturbance, which is characteristic for a parabolic problems. In the last Chapter
we present a new approach via the Fourier transform for dealing with a Navier-Stokes system
in the whole plane. This technique allows us to derive a basic asymptotics, which shows an
occurance of a wake region for ¢t > 1 (understood as a region behind an obstacle).
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Streszczenie

Niniejsza rozprawa po$wiecona jest badaniu modeli mechaniki plynéw dla niedcisliwych stacjo-
narnych przepltywéw w dwuwymiarowych obszarach zewnetrznych, rozpatrywanych z warunkami
brzegowymi typu poslizgu. Pokazujemy istnienie stabych rozwigzan dla uktadéw liniowych oraz
uktadu réwnan Naviera-Stokesa bez zatozeri na matos¢ danych. Nastepnie przedstawiamy opty-
malne oszacowania w przestrzeniach L, dla uktadu Oseena, co pozwala na udowodnienie istnienia
rozwigzan dla rownan Naviera-Stokesa, ktore w nieskoriczonodci dazg do ustalonego statego pola
wektorowego. Jako rezultat szczegbdtowej analizy uktadu Oseena w potprzestrzeni pokazujemy,
ze na poziomie lokalnym istnieje wyrazna réznica pomiedzy punktami przed i za przeszkoda, w
szczegblnosci pokazujemy, ze przed przeszkoda warunki brzegowe sa tej klasy regularnosci, jaka
wystepuje przy silnie eliptycznych problemach, natomiast za przeszkoda obserwujemy zaburzenie,
ktére ma charakter paraboliczny. W ostatnim rozdziale przedstawiamy nowe podejscie, uzywa-
jace transformaty Fouriera, do zagadnienia przeptywu w calej przestrzeni. Jako zastosowanie tej
techniki uzyskujemy prosta asymptotyke rozwigzan, ktéra pokazuje istnienie regionu zaburzenia
w obszarze t > 1 (ktory moze by¢ interpretowany jako obszar za przeszkoda).

Stowa kluczowe
réwnania Naviera-Stokesa, uklad Oseena, warunki poslizgu, niejednorodne warunki brzegowe,
duze dane, obszar zewnetrzny, polptaszczyzna, plaszczyzna, maksymalna regularnosé, analiza
jakosciowa, asymptotyka, transformata Fouriera.

Klasyfikacja tematyczna wedlug AMS

35Q30, 35Q35, 76D05, 76DO7
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Chapter 1

Introduction

In the present thesis we are concerned with a part of the mathematical theory of viscous in-
compressible fluid flows. It is devoted to the stationary Navier-Stokes equations in case of an
unbounded two dimensional exterior domain €2, i.e. the domain, which is the complement of
a compact set B C R2, considered with slip boundary conditions. This type of constraints is
complementary to the Dirichlet ones, which have been widely explored during past decades,
where the velocity of the fluid on the boundary is fully prescribed. In the case of slip boundary
conditions there are two equations: one is related to Newton’s second law describing a friction
between the fluid and the boundary, and the second one, describing a flow of the fluid across the
boundary. This type of conditions can be used in approximate models of a perfect gas ([6], [25]),
modeling motion of blood, polymers and liquid metals ([9], [18]).

Systems describing flows past obstacles are of main interest in the thesis. We concentrate on
the two dimensional models, since from the mathematical point of view it is the most challenging
case.

The thesis consists of four main parts — each of them, as a separate chapter, is a standalone
result, which is a basis of an article (see [21], [20], [21]).

In Chapter 2 we are dealing with some linear problems of fluid dynamics. This is usually
the first step to develop tools for nonlinear problems. We follow approach used in 22|, where
authors work with the Navier-Stokes equations expressed in terms of the vorticity of the fluid.
This approach is justified, since slip boundary conditions result in Dirichlet constraints for the
vorticity (see [33]|). A standard method ([24], [17]) to show existence of solutions with finite
energy, i.e. with a finite Dirichlet integral

/ IVol?dz < oo, (1.1)
Q

is to construct a vector field a, which takes into account all information about the velocity on the
boundary, and present the solution v as v = u+a, where u is some new unknown function, which
can be sought in the class H}(2). The construction of a must be nontrivial, since it should not
only be divergence free, but also satisfy an additional inequality, which is needed, if one wants to
show existence without assumptions on smallness of data. Unfortunately, this standard approach
cannot be applied directly for problems considered with slip boundary conditions, since in that
case one is not able to get full information about the velocity on the boundary. This results in
impossibility to present v in the form v = u + a, where u € Hg (). Thus, more subtle analysis
is required.

As it was mentioned earlier, we repeat the approach from [22], where a more detailed con-
struction of an auxiliary vector field has been carried out. To be more precise, the field behaves
different in the direction normal to the boundary than in the tangent direction. This allows us

11



12 CHAPTER 1. INTRODUCTION

to obtain required inequalities for a class of functions, which is different from Hg (), but is more
natural for a problem for rotation.

Besides minor difficulties, which one faces when dealing with an exterior domain, there is a
more substantial one, namely the problem of a kernel of the rot-div operator. The question is,
whether one can recover full information about the velocity from its rotation or not. In case of a
simply connected domain (as in [22]) one can easily show, that the kernel of this operator is trivial.
However, in case of an exterior domain we show, that under additional, but natural, assumption
on the gradient of functions from the kernel, this family of functions is one dimensional (in the
simplest case I1;(Q2) = Z). Even so, taking into account slip boundary conditions, we are able to
show, that this kernel part of the velocity v is trivial. This fact comes from the strong maximum
principle for harmonic functions.

Chapter 3 is devoted to the existence of weak solutions to the Navier-Stokes system in exterior
domains. As was mentioned before, we extensively use techniques, which were developed in
Chapter 2. As a result we prove existence of solutions without assumptions on the smallness of
data. This outcome is complementary to results for the Navier-Stokes system considered with
Dirichlet boundary conditions and is related to a flux problem ([5]). We follow the approach
from [22] via the system for the rotation of the velocity. However due to results from Chapter 2
on the kernel of the rot-div operator we are able to show, that the solution is in fact a solution
to the original Navier-Stokes system.

Chapter 4 is the core of the thesis. We present there a thorough L,-analysis for the Oseen
system in the half plane, which is then used to show L,-estimates for the Oseen system in an
exterior domain. We follow a different approach than the standard one via the fundamental
solution. For a given solution we use a localization procedure to be able to consider this problem
in the whole plane and in the half plane. Results for the whole plane are well known ([11])
— one needs to use the Lizorkin multiplier theorem. In the half plane, however, one needs to
use different technique. We rewrite the system using the Fourier transform in one direction and
consider the other one as time. In that way we obtain a system of ordinary differential equations,
which can be studied further. To obtain proper estimates in L,-spaces we use the Marcinkiewicz
theorem for multipliers and techniques, which were used in [35], also in [31], [32]. They also have
a common part with the techniques from the famous papers of Agmon, Douglis and Nirenberg
(1), [2)).

Our detailed analysis of eigenvalues, which occur while solving the mentioned system of ODEs,
brings substantial and interesting information about the necessity of choosing a proper regularity
class for boundary data. It appears, that a considered situation, whether we are in front of the
obstacle or behind the obstacle, has a strong influence on the character of the solution. We show,
that in front of the obstacle one needs to have regularity of data, which is natural for strong
elliptic problems, while behind the obstacle one need to consider boundary conditions, which
have a disturbance typical for parabolic problems. Although our system is stationary (elliptic).
One may consider this as a source of a parabolic wake region — a phenomena, which is expected
from flows, which are physically reasonable. This type of results is well known ([11]), however
only for exterior problems. We believe, that our novel result on a local level (the problem in the
half plane) is not so widely studied. This result seems to be the most important achievement of
the presented thesis.

The natural consequence of using Marcinkiewicz’s theorem is the need to use not only inho-
mogeneous Sobolev spaces, but also the homogeneous ones. We also use results in Besov spaces,
since they are a natural choice, when one deals with multipliers in Fourier space. This allows us
to obtain optimal regularity results.

Finally, we apply results from the half plane to show estimates for a flow in an exterior
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domain. The reason why we show L,—estimates for the Oseen system is the fact, that they are
crucial to deal with another famous problem in the Navier-Stokes theory, namely the problem
of prescribing the velocity at infinity. This is a very interesting and still open question, whether
the velocity tends to a prescribed velocity vector field at infinity. Only some partial results,
and for only Dirichlet boundary constraints were obtained ([14], [15], [4], [12]). The reason for
that is that the dimension 2 coincides with the power 2 from (1.1) and one cannot assure, that
¥V — U a8 |z| — oo for some prescribed constant vector field vo.. In fact, there are examples of
solenoidal vector fields, which are unbounded as |z| — oo. Thus a different approach is needed
and the Oseen system its L,-estimates play the fundamental role. We show, that also for slip
boundary conditions one is able to show existence of the solution to the Navier-Stokes equations,
which approaches a prescribed velocity at infinity.

In Chapter 5 we give a different approach to study asymptotic behaviour of the solution to
the nonlinear system. The starting point were the results from the paper of Wittwer [38], where
the author showed existence of solutions and asymptotic behaviour for a symmetric flow in a
half plane behind the obstacle and with artificial (physically unreasonable) boundary conditions.
The method is to use the Fourier transform in one direction and treat the other direction as
time. Hence we are able to apply theory for evolutionary systems, as techniques of the theory of
semigroups, to our stationary equations. We extend these results to the case of non symmetric
flows in the whole plane, but also present a significant simplification of these methods, since in
[38] it is rather difficult and many technical computations are unavoidable. A motivation for a
simpler technique came from results in [30]. Our approach is less complicated, since we work
with the velocity itself, and not with its rotation, as it was the case in [38]. As was mentioned
earlier, when one wants to show asymptotic behaviour of a flow he needs to have nonstandard
tools, since the well known theory of Sobolev spaces (in particular embedding theorems) fails.
That is why we introduce a different Banach space, which is more suitable for our purposes. A
similar point of view has been considered in [33] and [5], which essentially simplified calculations.
Although, problems considered there, are evolutionary.

We show existence of a solution by means of the contraction principle, we also give additional
results on an asymptotic behaviour of the fluid. Using the formula for the solution in the Fourier
space we show that in case of t < —1, which can be treated as a region in front of an obstacle,
one may obtain a uniform estimate of the Fourier transform of the velocity with [t(1 + |€])|~1/2,
while behind an obstacle (i.e. for ¢ > 1) we obtain, that the Fourier transform of the velocity
behaves like |(1+¢|¢]?)|~/2. This in particular results in the presence of the wake region behind
the obstacle. Our goal here was to give basic asymptotics, however it gives us a foretaste of
results, which can be obtained using these methods.

Our main contribution to the theory of the Navier-Stokes are, in our humble opinion, results
from Chapters 4 and 5. In the first one, results about local occurrence of a parabolic disturbance
behind the obstacle are new and interesting. Also the simplification of the whole approach, via
the Marcinkiewicz theorem, might be of interest, since these techniques can be easily used to
investigate different linear problems. In Chapter 5 the whole approach is quite promising and,
since it is new, one may believe, that using it one may obtain in a simple way many interesting,
ane maybe essentially new, results.
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Chapter 2

Linear flow problems in 2D exterior
domain for 2D incompressible fluid
flows

2.1 Introduction

Linear problems play a crucial role in investigations of asymptotic structure of solutions to
the stationary Navier-Stokes equations in exterior domains. Qualitative properties of solutions
follows that the nonlinear term v - Vv does not determine the behaviour of the system in a
neighbourhood of infinity. Thus analysis of a suitable linearization can give us appropriate
information about the analyzed equations.

Here we investigate two linear problems. Both come from a linearization of the Navier-Stokes
equations and are expressed in terms of vorticity a of the fluid. We consider these problems in
two-dimensional exterior domain

O =R%\ B,

where B C R? is a simply connected bounded domain with smooth boundary.

Slip boundary conditions
- T(v,p) - T+ f(v-7) =0 (2.1)

(see below for notation) are assumed in both cases, which allows us to show existence of solutions
without assumptions on smallness of the data (see [19]).

What is worth notice is that from (2.1) one cannot directly get full information about velocity
v (only its tangential part), however in terms of vorticity « this condition rewrites as Dirichlet
condition:

OZZ(QX—f/I/)(’U'F),

where x is the curvature of 99 (see [26]).
The first considered problem, which is in fact the Stokes problem expressed in terms of
vorticity of the fluid, we introduce as follows:

—vAa = rot F in Q,
rot v = « in €,
dive =0 in Q,
v-n =20 on 0f), (2.2)
a = 2x— f/v)(v-T) on 09,
V= U as |z| — oo.

15
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For this system we prove the following:

Theorem 2.1.1. Let v > 0, f € L>®(9S) and rot F € (H3(Q))*. Then there exists a unique
weak solution v to problem (2.2) in the sense of Definition 2.5.1, such that

IVoll2() < DATA. (2.3)

One of the most important and difficult questions arising in this problem is if condition (2.2¢)
is fulfilled for weak solution v, since there are examples of solenoidal vector fields, which satisfy
(2.3) and are unbounded at infinity. In [11] the author assumes extra conditions on integrability
of the gradient Vv for p € (1,2), which imply existence of solutions satisfying condition (2.2¢).
In [14], [15], [3] and [4] one can find similar results for restricted version of our problem.

The second system we study is the linearization of the Navier-Stokes problem around defined
vector field 7g. We introduce it as follows:

—vAa+ 1y -Va = rot F in Q
rot v = « in
dive =0 in Q
a = 2x— f/v)(v-T) on 09 (24)
v-in =0 on 0f)
V — U as |z| — oo.

where 9y is a given divergence free vector field, which we define later, satisfying o = 0 on 92
and vy — U as || — oco. This is a modification of the Oseen system — with 4 in place of ve.
Our second theorem states the existence of solutions to (2.4):

Theorem 2.1.2. Given v >0, f € L®(9) and rot F € (H3(Q))*. There exists a unique weak
solution v € D' (Q) to problem (2.4) in the sense of Definition 2.4.2 such that

”VUHLz(Q) < DATA.

One of the problems one faces in proofs of both theorems is the question about the kernel
part of the rot-div operator. Indeed, since we consider problems in terms of the vorticity of the
fluid, then taking back information about the velocity itself is not straightforward for non-simply
connected domains, since the kernel of the mentioned operator is not trivial. We deal with this
problem in Section 2.2. The reasoning there shows, that in case of slip boundary conditions the
kernel part of this operator may be assumed to be trivial.

Notation. In the above we use the following notation: v is a velocity vector field, p -
the corresponding pressure, v - viscous positive constant coefficient, f - nonnegative friction
coefficient, T (v, p) is Cauchy stress tensor, i.e. T(v,p) = vD(v)+pl, where D(v) = {v; ; +vj7i}?7j:1
is the symmetric part of the gradient Vv, and I is the identity matrix. Moreover 7,7 are
respectively normal and tangential vector to boundary 0f2.

Function space H3(Q) is introduced in Section 2.2.

Our chapter is organized as follows. In Section 2.2 we deal with a rot-div problem, which is
fundamental in our considerations, introduce basic definitions and auxiliary lemmas used in next
sections. In Section 2.3 we give a weak formulation of the problem (2.2) and prove Theorem 2.1.1.
Similar arrangement is for system (2.4) in Section 4. As a result of the previous considerations
in Section 2.4.2 we show existence of a solution to the standard Oseen system.



2.2. THE ROT-DIV PROBLEM 17

2.2 The rot-div problem

In this section we focus on properties of the rot-div problem in two types of domain — bounded
and exterior, however both non-simply connected. Namely, we consider the following system:

rot v = o in
dive =0 in Q (2.5)
v-n =0 on 0f)

Our goal is to get precise information about the kernel of this operator. We will need to consider
a proper function space for solutions.

First let us notice that from (2.523) and Poincare Lemma we may conclude existence of a
scalar stream function ® such that

v=V+o,
where V1 ® = (-0,,®,0,,®). From (2.53) we see that
VO.7=V+id.i=v-7=0  ondNQ,

SO

® = const

on each connected component of 9).
We decompose & as

S =+

where 9 is the kernel part of the operator (2.5).
From (2.51) we easily see that ¢ and v fulfill the following equations in :

Ap=a and AyYp=0 in Q.

Further requirements on ¢ and v, e.g. value on the boundary, will differ in case of bounded and
unbounded domain, that is why we state them in separate subsections.

2.2.1 Case of a bounded non-simply connected domain

In this subsection we study system (2.5) in a bounded non-simply connected domain €2, as in
the picture:

Domain
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Let us assume that boundary 92 decomposes into I'g and I';, where I'g is inner boundary
and I'y is outer boundary.
Since we are only interested in the gradient of ¢ and v we assume that

p=9Y=0 on I'g,
since ¥ = const on I'y and I1'(Q) = Z we may set
Yv=1 on I'y

and then, since Ay =0 in Q, we conclude that the kernel of operator (2.5) has one dimension,
i.e. every vector field V14 from the kernel can be represented as

Vi = 0,V

for a proper constant Ci.
For a non-kernel function ¢ we may set

p=0 on I'y.

Let us introduce the following function space:

3(0) = {F € C=(@)  fir, = 0,V2 € L2@)} 1@
which is a Banach space with respect to the norm
£l gz = 192 Fll2(0)-
Since we are interested in velocity vector v we introduce the following appropriate function space:
DY Q) ={V*[: f € H}()}

which is also a Banach space with respect to the norm ||V - || 2(q)-

It is easily seen that the class C§°(€2) of smooth functions with compact support in € is not
dense in this space. To be precise: no function from the kernel of the operator (2.5) can be
approximated in space HZ(Q) with functions from Cg°(f).

2.2.2 Case of a unbounded non-simply connected domain

In this subsection we will state some results in unbounded domain, needed for further calculations.
From the case of bounded domain we see that we may assume, that ¢ and v fulfill the
following system:
Ap = a, Ay =0 in Q,
p =0, P =0 on 0f),

From the physical point of view (we recall that v = V14 V+4) we may assume that Vip+ Vi —
0 as |x| — oo, however later we approximate ¢ with smooth functions of compact support in
that is why we assume that V¢ — 0 as |z| — co. Finally we write:

Vo —0 and V¢ —0 as |z| — oo.

Basic function spaces. Similarly to fIg(Q) in case of bounded domain we introduce space

H3(Q) = TF € C () : fion = 0, V2 € L@} * 12
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which is a Banach space with respect to the norm ||V?2 - || r2(Q)- Similarly we introduce a proper
space for velocity vector v as:

DY Q) ={V"'f: feH;Q)}

which is a Banach space with respect to the norm ||V - || 2(q).

Kernel function . Now we find some information about the kernel of the operator (2.5) in
case of unbounded domain. Let us recall the system for ¢:

AyY =0 in Q,
v =0 on 012,
Vi — 0 as |x| — oo.

Notice that we have no explicit information about the behaviour of ¥ at infinity.
We show now that in the class of tempered distributions the above system has one-parameter
family of solutions.

Lemma 2.2.1. Given system
A =0 in €,
v =0 on 010, (2.6)

Vi — 0 as |xz| — oo.
There exists one-dimensional space of solutions in the class of tempered distributions.

Proof . Existence of a solution is obvious. Let ¢ be a solution to (2.6). Introducing a
smooth cut-off function 1 : R? — R such that

n =0 in Bg,, n=1in R?\ Bp,,

where Br, C R? is a ball containing the hole Q and R; < Rs.
Then we see that ¢n satisfies the following conditions:

A(pn) = 2V - Vn+ pAn in R?

Vien) — 0  as|z| — oc. 27)

Denoting 2V - Vi + ¢An =: F we find that F has compact support in R? and we may take
p=ExF,

where E is the fundamental solution for Laplace operator, as a solution to (2.7). Properties of ¢
are well known since support of F' is compact. Thus — ¢ has logarithmic growth and its gradient
tends to 0 like 1/|z| as |z| — oc.
Further we get a system for pn — ¢:
Alpn—¢) =0  inR?
Vign—¢) — 0 as |z[ — oo.

Taking Fourier transform (°) of the first equation we get:
[€1*(en — @y =0,

hence
supp (¢n — @) C {0},
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which implies
(¢n — @) = p(z),

where p(z) is a polynomial. Since we have assumption (2.8) we conclude that p(z) = ¢, for some
constant c.

This shows that every solution in the class of tempered distributions to problem (2.6) has
logarithmic growth at infinity and its gradient behaves like 1/|x].

To finish the proof we need to show, that two solutions 1,12 to (2.6) such that

(I 5 P2

1 = =
|z|—oo In|z|  |2]—o0 In|z]

for some constant ¢, are equal. It is however simple, since this property (in R?) implies analycity
of ©1 — 19 at infinity and thus ¥ — ¥y = 0, since ¥1 — 2 = 0 on 9. I

Application to a flow problem — a trivial kernel. We would like to combine previous
results with the slip boundary conditions. From the proof of Lemma 2.2.1 we know, that the
kernel function has a constant sign. Indeed, since ¢ = 0 on 92 and lim|,_,o ¥/ In |z| = ¢, then
1 has the same sign in all 2 as ¢. This implies, that on the boundary 0f) function 3 has either
its maximum or minimum. Using strong maximum principle for a nontrivial ¢ we get, that in
that points % # 0. This however, stays in contrary with the slip boundary conditions. Indeed,
since rot v = 0 then

rot v=(2x — f/v)v-T=0.

Since it is impossible that (2x — f/v) = 0 on all 92 (because of the positivity of f and v) it has
to be

oY
5 =

v-T = 0,
but we have just shown, that for a nontrivial ¢ this cannot be satisfied.

This conclusion might be used to extend results from [22] to the case where the domain is
non simply-connected. In this paper authors are considering simply-connected domains because
in this case the kernel of the rot-div operator is obviously trivial and one may recover full
information about the velocity of the fluid from its rotation.

2.3 Stokes Problem

In this section we investigate the Stokes problem gathered by the system (2.2). First we give its
weak formulation. The following picture shows the considered situation.
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2.3.1 vy construction

For the sake of further considerations we need to construct a vector field vy € H'(€2) which for
given € > 0 fulfills the following requirements:

div vg =0 n S,

Vo= —Veo -1 on O (2.9)

and for every ¢ € Hg(Q) the following inequality holds:

[ (00 90)? da| < Az (210)

Moreover, the following estimate is valid

[voll 1) < Cllves * 7ill grr2a0)-

This construction is the subject of Lemma 2.5.1 with —v,, - 7@ in place of d.

2.3.2 Reformulation
To show existence first we introduce a decomposition of v as:
v=vy" + u,

where v3° = vg + vVso. Then for u we get the following system:

rot v = a —rot vg® in €,

divu =0 in £,

u-n =0 on 0,

u—0 as |z| — oo.

For u satisfying this conditions we may assume existence of ¢ such that ¢ € Hg(Q) and:

u=Vtp. (2.11)

Here we know, that the kernel part of u is trivial.

2.3.3 Weak formulation and existence

Let us multiply (2.21) by a function 6, such that § = 0 on 02, and integrate by parts. We get
the weak formulation of our problem

Definition 2.3.1. We say that ¢ € Hg(Q) is a weak solution to problem (2.2) iff the following
identity holds for all € HZ(S):

Y.
—v [ Apa0+y [ (v (Vo) Pl
00

:V/Qrot UOAH—/QF-VJ‘G—V/(?Q(Q)(—f/V)(vO~%')8T_i (2.12)
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Proof of Theorem 2.1.1. To show existence of weak solutions first we introduce a scalar
product in HZ(2) as follows:

(1, 0) gy :/Q]D)(u):Vv+ A7), (2.13)

To show that this is indeed a scalar product one can use Korn inequality, which proof can be
found in [26].
Next we introduce an orthonormal basis with respect to this scalar product:

span({p1, ¢2,...}) = HS(Q)

We look for a solution u in the form (2.11), where ¢ € span{y1, ¢2,...}.
Further we need the following identity:

/9042:/9}1])(1)):V(v)+/692x(v-7')2.

Using it we find that (2.12) is equivalent to the following:

. 1 .7 % - _ Rvas
I//Q]D)(U).Vv 0+ mf(”u )<8ﬁ)_ /QF V0.

Having vy we show existence of ¢ in the way of Galerkin method.
We introduce the following approximation space V¥ () = span{¢1, ..., ¢n}. Then we search
for approximate solution " € V¥(Q) in the form:

N
N =3 e
=1

Identity (2.12) must be fulfilled for § = ¢1,...,py. To show existence of coefficients ¢’ such
that (2.12) is valid for 6 = ¢1,..., N we use the following Lemma:
Lemma 2.3.2. Having continuous mapping P : VN(Q) — VN(Q). If the condition

(P(e™), M)yn(g) > 0

is fulfilled for all o™ € VN such that ngNHVN(Q) = M, then there exists p}} € VN(Q) such that
P(p)) =0 and || v < M.

To use this lemma we define mapping P : VY (Q) — VN (Q) as follows: first we define u”:

N
N N
u =U0+§ Ci Pi,
i=1

next:

P(p") = (i”/ D(u) ; VVL%Jr/an(uNF) (%pﬁi) +/QF~VL%> e
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Since {¢;} is orthonormal basis we easily find that:

(P(wN),sON)VN(Q) = V/QD(UN) VN +
N

Fd 7 (22 +/F-VL¢N
0 on Q

= (@™, oM)yr o) +/QF'VL90N

= (¢™, My (o) + (W0, 9™ )y +/QF-VL<PN

> [leM3n ) — Cwo, F)ll¢™lvn () > 0

for all "V such that ||<,0N||VN(Q) > C(vg, F'), where C(vg, F') does not depend on N.

Using Lemma (2.3.2) we get that there exists ¢ (i.e. coefficients ¢) such that ¢} is a
solution to (2.12) and H(péVHVN(Q) < C(vo, F'). Since all these solutions are bounded we are able
to choose weakly convergent in Hg subsequence (for simplicity we do not add another index)
{ph}2, for which a limit function @y € HZ(Q): o = w-lim; o @} satisfies (2.12) in the sense
of distributions.

To complete the proof of Theorem 2.1.1 we need to show uniqueness of this solution. This is
however straightforward, since one may rearrange previous estimates for ¢, i.e. terms Ay and
V4t in a way, that they will become estimates for A + rot vg and V¢ + vg. In that case one
may obtain:

IV (V¢ +v0)ll 120 < Clrot Fll 22y

hence for F' = 0 we get V¢ = —uvg, i.e. v = 0. This completes the proof of Theorem 2.1.1. [

2.4 Linearization of the N-S problem.

In this section we investigate problem (2.4): where 9y = vy + Voo, Up has compact support and
the system (2.9)-(2.16) is fulfilled. The system comes from a linearization of the Navier-Stokes
system on a rotation level. The domain in this case is the same as before, i.e.

2.4.1 Weak formulation

A weak formulation of the system (2.4) can be obtained similarly as for the Stokes problem.
First we recall that sought solution v can be stated in the following form:

v =1+ Vi,

where v is the vector field constructed in Section 2.3.1 and ¢ € HZ(9).
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The first approach in defining weak solutions might be as follows: we say that ¢ € HOQ(Q) is
a weak solution to problem (2.4) iff the following identity holds for all € H3():

—V/A@Aﬁ—i—l// (2x—f/l/)(vlg0~7_")8€—/170~V0a:
Q o0 o Jo
06

:V/rotvoAQ—/F'VJ‘Q—V/ (2x = f/v)(vo - T) 5=,
Q Q oQ oni

however we encounter difficulties with defining the meaning of the term fQ v - VO, in particular
the term voo [, 0.1A¢. As we shall see we can replace it by the term — [, Abp 1+ [, 01V -1i.
In the next lemma we show this and the fact that ¢ ; € L*(Q).

Lemma 2.4.1. For § € HZ(Q) and ¢ € H3(Q) - a solution to (2.15), the following term is well

defined:
/ 01Ap

Proof . First let us assume that 6 € C5°(€2). Then the following calculations are valid:

/e,lAgo /velw+/ 6.V i
Q
_/Ae,1<p+/ e,lw-ﬁ—/ (V0. - 7i)p
Q o0 o0

= —/A9¢,1+/ 0,Vo-i+ [ Ao
Q o0 o0

—/ Aego,ﬁ/ 0.1V -ii.
Q o0

We rewrite above term as follows:

/Msm = —/ 9,1As0+/ 01V - . (2.14)
Q Q 0N

Now since ¢ is a solution (in the sense of distributions) we find:

/ Abp 1 = 1// (A + rot vy)AG + / vo - VO(Ap + rot vg)—
Q Q Q
n _ 00 ~
S N D T AN ES LA R )
o9 o Jaq

In this form we are able to get estimates on L?(Q2) norm of ¢, that is using the following
definition of a norm:

Q) = sup (.15 F)r2()-
FECE D lfll 2 <1

We use it together with (2.14). First for arbitrary f € C§°(€2) we solve the following system:

AO=f in Q,
6=0 on 0.

It is well known that there exists a solution @ to this problem in the class HZ(£2) (we do not need
uniqueness) which, since || f||z2(q) < 1, satisfies the following inequality:

101l 20y < €
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It is then easily seen that in (2.14) the right hand side is well defined and can be estimated with
a constant C, independent of f. Thus

p1 € L)
and the term fQ 0 1Ap is well defined. O

We are now ready to give proper definition of weak solution to problem (2.4):

Definition 2.4.2. We say that ¢ € H3(Q) is a weak solution to problem (2.4) iff the following
identity holds for all € HZ(S):

00
- I// ApAf + I// 2x — f/V) (Ve 7)=— — /(170 - VO(rot vg) + vo - VOAY)
Q on on Q

Jr/ Aﬁgo,l / 0,1V<,0 =
Q o0
00

_ R vAY: _ =2 Yl
_V/th UOAQ—/QF V=0 1//(99(2)( f/v)(vo T)aﬁ. (2.15)

Proof of Theorem 2.1.2. To show existence of this solution we proceed as earlier, i.e. we
compute proper estimates for ||| H2(Q)" However in this case we have additional term [, 7p- V6.
All steps from the proof of Theorem 2.1.1 can be repeated with simple modifications if one uses
the following lemma to estimate the additional term:

Lemma 2.4.3. For every e > 0 there exists compactly supported vo, which satisfies the following

conditions:
V- vy = 0 in Q,
V9 = —VUso on 09,

such that the following inequality holds

[ o0+ v) - Vs da| < il (2.16)
for every o € H3 ().
Proof . First we transform the term
/ vo - VeAedz, (2.17)
Q

using integration by parts, to get a term without vy in it. This is because the term
/voo -VoApdr = / v 1Apdx
Q Q

could cause some difficulty in estimate, since a’priori we do not know whether or not 1 € L?(Q).
Remark: in the following calculations we boundary integrals vanish, since vg = 0 on 0f2,

ie. v(()l) =0 and v(()z) + Voo = 0. We split (2.17) as follows:

/ 0o - VoApdr = /(vo + Vo) - VoApdx
Q Q

— /Qv(gl)go,lAgo +/Q(v(()2)+voo)<p72Ag0 dx
=L+ 1
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and
I, = / (U(()Q) + Voo )@ 29 11dx + /( @ 4 Voo )P 2 22dx =: Io1 + Ioo.
Q Q

Recalling that vg = 0 on 92 we calculate:
I — (2) de — (2) d
21 (vg” + Vo) 10 ,200,1dT (Vg + Voo)p210,1dT
Q Q

= /v[() Jpapade + 2/”(()22)@ 14
0 Q
Similarly Iso:
1 1
Iz = 5 / (U((JQ) + voo)(%@,z2)72d$ = _2/ ”8?2)90722613;'
Q Q

Next we split I;:
I = / vél)w,up,ndx +/ Uél)80,1tp,22d$ =: 111 + I1o.
Q Q

and use the fact that v(()l) = 0 on 0f2 to obtain:
1 1

I = 2AU61)(¢?1),1d$ = —2/9”5,11)90,21%

and for 112:
1
Ip = —/ véﬁs@,up,zdm - / v(()l)w,m@,zdx = —/ vé,lz)cp,w,zdx + / vé,ll)sﬂ?zdl‘-
Q Q Q 2 Ja

Finally, summing up all above calculations we get:

1 1

I = —2/ v((fl)gp,zldx — / vé?%govlgogdx + 2/ v(()}l)wédx
Q Q Q

2 1 2 1
_/087290,1@,261.?6—1—2/Uéé«p?ﬂx— 2/0(()2)<p2d:17
Q Q Q

Now, since V - vg = 0 we may write:

P [ il [ ol [ pagatl) o
Q Q Q
Q

In this form we see, that there is no term with vy, but its structure does not allow us to
go into more subtle analysis of its behavior near the boundary of the domain. That is why we
transform it into more appropriate term. This is not straightforward since simple calculation by
parts would lead us to the point we have started with. This is because there is still information
about v, in this term — it occurs in vg on the boundary. Thus an auxiliary vector field is needed
to take away v from the boundary. We proceed as follows:

——/w-wo-w=—/W-V(vo+m-w+/w-vv;-w,
Q (9] (9]



2.4. LINEARIZATION OF THE N-S PROBLEM. 27

where V¢ is constructed as follows: let us introduce a vector field V' in (t1,t2) coordinates (see
Appendix):

0
Vi(p(t1,t2)) == (1150[1 + cos((W/C)tz)})

for which the following conditions are valid:

Voo = (). veeo = ().

Voo

where ¢ = ((£2) is a constant from the construction of the mapping p(t1,t2).
Similar conditions are fulfilled by a vector field

Vilplns ) = { g PO e = (218)

From the construction of V, it is easily seen that
1

Hv‘/GHLZ(Q) < C(Q7 V) 61/2 .

(2.19)
Indeed, from the definition (2.18) we calculate:
L pCe
[Ivve <cw) [ [T 194V ottta/0)Pdtadn
Q 0o Jo
L pe ) 1
<o) [ [ 19 bl tofe) P dradn
0 Jo
Lore 1 C
0 0 € €
We may now estimate the integral I:
I:—/ ch-V(vo—i-Ve)‘Vgodx—i-/ Vo -VV.-Vodr =: I + Is.
Q Q
Since vg + V. = 0 on 002 we may integrate I; by parts and get:

1
I = / V(vo + Vo) Apdz + 2/((1)0 + Vo) - V)(IVel)de = Iy + 1o
Q Q

Now, from the Stokes theorem and since V - vg = 0 in 2

hy =3 [ (V- Vo(Vel)is

Gathering all these calculations we get:

1
I= / wqugoder/ VoV.Apdx — 2/(V-V€)(]Vg0]2)dx+
Q Q Q
+/V<,0~VV€-V<,0d:E=: Ji+Jo+ J3+ J.
Q
Before we estimate these integrals let us introduce the following notation for a tubular neigh-

bourhood of 9€2:
Qe = {z € Q: dist(z,00) < eC}.
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Integrals J3 and J, are similar and we estimate them first. Since supp V. C Q.:

1/2 1/2
Js+Ji<C </ yvv6|2> (/ \wr‘) | (2.20)
Qe Qe

We use the following interpolation inequality:
Vel < el oo, IVl o, (2.21)
Since ¢ =0 on 9Q and ¢ € H?(Q.) we use embedding theorem
H*(Q) Cc C*(Qe), a<l

to conclude that
1+2a

lellrz@.) < CQIV@lr2q,) - € 2
Indeed:

L pCe
Il < [ [ lettnta) Plapldnaes
boree 2 112
< C(Q)/o /0 vV ‘P||L2(Q€)dt1dt2
< OOV a0,
Inserting this inequality to (2.21) we get:
1t2a
1961210, < COIT2I, 0, - €7 (2.22)
Now from (2.19), (2.20) and (2.22) we conclude:
2a—1
J3+Js < CQ,V)e T V20l -
Since 0 < o < 1 (in particular « can be taken o > 1/2) we may choose e small enough to get
1
Js +J1 < SVl 0

The estimate of the integral Jo is similar:

1/4 1/4 1/2
n= [ woviaes ([ witas) ([ iwartas) ([ ver) (2.23)
Q Qe Qe Q

and since
1/4 1/4
(/ \Ak dx) < </ V|4 dm) =C(V) < (2.24)
Qe Q

we may combine (2.22) with (2.24) and (2.23), to get, for € small enough, desired estimate:

1
Ja < §||V2S0||%2(Q)

For integral J; we refer the Reader to Section 2.3.1, which states that for every ¢ > 0 the vector
field vy can be constructed in such a way that the following inequality holds:

< eHAtpH%g(Q) for all ¢ € HZ(Q).

[ - Vraa
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Thus integral J; can be estimated using Schwarz inequality and above lemma:

1
‘/ VouApdz| < 2 V20|72
Q

This completes the proof. [J

Note on existence: As was mentioned before, having (2.16) one can repeat all steps from
the proof of Theorem 2.1.1 to obtain existence. Also the reasoning for uniqueness can be repeated.

2.4.2 The Oseen system.

Here we give a note, that above results can be used to show existence of a solution to the Oseen
system. As was mentioned earlier, the kernel of the rot-div operator is trivial, thus we may
consider the following equivalent system for the rotation of the velocity:

—VvAa + Uy - Va = rot F in Q
rot v = « in Q
dive =0 in Q
o = (2x — f/v)(v-7) on 99 (2.25)
v-ii =0 on Jf)
V= Vs as |z| — oo.

We add the term vy - Va to both sides of (2.251) to obtain the following equivalent identity:
—vAa+ vy Va=rot F+vy-Va in Q. (2.26)

In this form it is easy to use previous results, since on the left hand side we have the modified

Oseen system, which was the subject of Theorem 2.1.2. We modify the right side of (2.26)

replacing vg - Va with vy - Vrot w, for some vector field w, to obtain the following system for v:

—vAa+ vy -Va = rot '+ vg- Vrot w in Q

rot v = « in Q2
dive =0 in

a= 2x—f/v)(v-T) on o2 (2.27)
v =0 on 0f2

V= U as |z| — oo.

This system defines a mapping P such that P(w) = v. It is then straightforward, that we will
show existence to the Oseen system 2.25, when we show, that the mapping P is a contraction
and use the Banach fixed point theorem. This is however simple, since we have an estimate:

Vo]l g2 < C <||r0t F + v - Vot w||(H3(Q))*) . (2.28)
Indeed, for given two vector fields wi, wg and corresponding solutions v, v we have:

||V(Ul - ’U2)||L2(Q) S CHUO - Vrot (w1 - wQ)H(Hg(Q))* (229)



30 CHAPTER 2. LINEAR FLOW PROBLEMS IN 2D EXTERIOR DOMAIN
The term on the right hand side estimates as follows:

C||vo - Vrot (wy — ’ll)g)H(Hg(Q))* =C sup /Qvo - Vrot (w1 — ws)d

16117120 <1

=C sup / vo - VO(rot (w1 — we))
Q

0| - <1
” ”HS(Q),

<C sup (/ lvo - V9|2> </ rot (wy — w2)>

< Ce?||V (w1 — w2)l| 2.

where in the last step we used result from Section 2.3.1. Since the choice of vy did not influence
constant C' we may choose vy properly, to get that Ce < 1. This shows that P is a contraction
mapping on a suitable space and hence has a fixed point, which is the solution to the Oseen
system (2.25).

2.5 Appendix

Below we present a construction of a vector field vy, which is used to obtain a’priori estimates
for our solution. As was mentioned earlier — this construction is in a correspondence to the Hopf
construction of a solenoidal vector field, which is prescribed on the boundary and has a small
support. Our analysis additionally takes into account the fact, that the singularity, which occurs
when one wants to have small support, should only take place in the direction tangential to the
boundary.

Additionally, at the beginning of the proof of the following lemma, we introduce a (t1,t2)-
coordinates, which were used in the previous considerations.

Lemma 2.5.1. Let Q be bounded domain with 9Q € C?. Given d € HY?(9Q) satisfying com-
patibility condition
/ ddo = 0.
o0

Then for any € > 0 there exists vector field vg such that vg € H* () and

div vg =0 in £,

vo-n=d on 0f (2.30)
and for every ¢ € Hg(Q) the following inequality holds:
[ w00 ] < el (231

Moreover, the following estimate is valid

lvoll o) < Clldll g/2a0) -

Proof. (t1,t2)-coordinates. Let s : [0, L] — R? be a normal parameterization of boundary
09, i.e.

s([0,L]) = 09, s(0) =s(L) =29 € 0Q, and §'(t)=1
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for a fixed point z¢p and L — the length of 9Q. Next we introduce the following map p : [0, L] x
[0,¢] — R? such that
p(t1,t2) = s(t1) — tari(s(t1)),

where 77 is the outer normal vector to boundary 9€2. If ¢ is small enough (comparing to curvature
X of boundary d€2), then the map is one-to-one and p € C'. Moreover

dist(p(tl, tz), 89) = t9.
Using the definition we compute the gradient of map p as follows
Py = (1 —t2x)7(s(t1)), P = 7i(s(t1))-

Then we see that 1
piLlps and (Vp)~' = ( 7 )T (2.32)

By coordinates (t1,t2) we denote coordinates obtained using mapping p.
We proceed with the construction of the extension. Introduce a function D : [0, L] — R such
that D € H3/2((0,L)) and

D(t) = % /0 d(p(s,0)) ds.

Next, we define a function D : S' — R (where St is the unit circle) such that

D(r(z)) = D(z) forze[0,L] and }|D||H3/2(Sl) < C Dl gsr2(0,1) +

where 7 : [0, L] — [0, 27] is a simple parameterization: r(s) = 2¥s. Let E : St x Rt — R be an
extension of function D such that E € H2_.(S! x R") (see Lemma 2.5.2 with ug = D below).

(loc)

Now we take & : [0, L] x [0,(] — R defined as follows:

E(t1,t2) = E(r(t1), t2)ne(t2),

where a smooth function 7,(t) is defined as follows:

1 for t < ~%(e),
Ne(t) = ¢ eln @ for v2(e) <t < v(e), (2.33)
0 for t > 72(e),

where y(e) = exp (—1). Then & € H%([0, L] x R™).
For e < ¢ we use the mapping p : [0, L] x [0, (] — R? to define £ on

£(z) = E(p~Y(x)) for z € p([0,L] x [0,¢]) and &(z) =0 otherwise.

To avoid misunderstandings we will denote V; as a gradient in (¢1,?2) coordinates, and V,
as a gradient in (z1,x2) coordinates. Then we have:

Vi€-T7T=d on 012,

since V€ - 7= Vi€ - (Vp)™h- 7= Vi - [1,0] = £, = D'(t)r'(t) = d(p(t,0)).
Our sought field will be given as follows

vo=Vié inQ. (2.34)
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By the construction conditions (2.30) are satisfied.
Let us show inequality (2.31). Taking ¢ € HZ(£) we have

L ¢
/(vo-Vs0)2 dx = / / (voVp)?|Jp| dt1dts
Q 0 0

L r¢
<0 [7 [ paVe p0)* + (- paVio paldndes
o Jo
=11 + I.
Recalling (2.32) and (2.34) we calculate the first integral

L ¢
h=C [ [ (Vi (1= tr0p) (Ve o) Pt
0 0
Introducing the following notation:

fi(tr,t2) = (1 — tax)* Vi€ - pa, g1(t1,t2) = Vo - 7, (2.35)

we calculate
filti, ) = (1 —tax)? Vi€ - (Vp) ! po = (1 — tax)? Vi€ - 0, 1]
= (= 2020 = (1= ta0)? (Gt + Bl ) )

and since (1 — t2x)? is bounded we rewrite integral I7 as follows

L ¢

L = C// |figr|? dtidts
0Jo
L

2 L p¢
|gl|2dt1dt2—|—0// Bt £2)0,(t2) 2] g1 [2dt 1t
0J0

oF

——n(t

T (t2)
= Ii1 + Lio.

To estimate integral I;; we recall that supp 1. C [0, L] x [0, €] and the fact H((0,L) x (0,¢)) C

Loo(0,¢; Ly(0, L)), then we get

Iq

IA

ne (t2) |gl|2dt1dt2

IN

e HEHHQ(Q) /Q Apl? da.

To consider I12 we apply the Hopf estimate (see [11],[19]): for each u € H}(2) the following
bound is valid u
15020 < C el (2.36)

where 0(z) = dist(x, 02) and constant C' does not depend on u. By (2.33) we see that

nL(ty) = ti for to € [v2(€),v(€)] and 7.(t2) = 0 otherwise.
2

Moreover from the definition g € H3(Q2), hence with the help of (2.36), recalling (2.35) we
conclude

iy < € |Elfn) [ |80l da,
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since ||91||H§(Q) < C||Ad||1y(0)- The integral I is estimated similarly to the integral I11, choos-

ing support of 7. small enough. Lemma 2.1 is proved. [J

In the above proof we had to use the following result about existence of an extension of

boundary data in a proper class of functions.

Lemma 2.5.2. Given the following problem:

2 2\ 2
(;&2—%;302) uw = 0inS'xRY,
gu _ 0 on S' x {0}
ot ’
u(z,0) = ug(z) for x € S,

u — 0 ast— oo,

(2.37)

where ug € H3?(SY). There exists a solution u € H? (S x R) to this problem, satisfying the

following estimate
||U”H2(31><(0 1) = < C'luo /2 (81) -
Proof . We define E : Z x [0,27] — R as follows:

sinkz for k >0
E(k, z) = {cos kz for k < 0.

We have 0,E(k,z) = kE(—k,z) and span{{E(k‘,z)}kez}”.“ﬂ(sl) = Ly(S'). We require u :

S! x RT — R to be in the following form:

u(z,t) =Y cr(t)E(k, x),

keZ

where ¢ (t) are sought functions with initial data given by

uo(z) =Y ex(0)E(k, ).

kEZ

Since ug(z) € H3?(S') and {E(k,x)},y is an orthogonal basis of Ly(S*) we have:

ch (14 [k[*)* < C fluolFgaa -
From (2.37); and (2.38) we get ordinary differential equations for coefficients ¢y (t):

0° 2
(8752 k:2> ck(t) =0 for every k € Z.

Taking into account the initial condition (2.39) and (2.374) we find a solution to (2.40)
er(t) = (1+ |k|t)cr(0)eIFE,
Let us show that v € H?(S! x (0,1)). First
2w
s = [ [ SO0+ KOGO80 e a

keZ
< CZ + ’k‘ )<C ||U0HH3/2 (81 -

(2.38)

(2.39)

(2.40)
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Next, we prove uy € L?(S! x (0,1)):
1
uge||72 < C/O D RO 1+ (k) dr < O (14 k) (0) = Clluol7gs/2s1y -
k k

Other derivatives can be estimated similarly. [J



Chapter 3

On nonhomogeneous slip boundary
conditions for 2D incompressible
exterior fluid flows

3.1 Introduction

One of the most difficult problems in the theory of the Navier-Stokes equations are related to a
stationary two dimensional flow in an exterior domain, namely to the problem

v-Vo—vAv+Vp = F in Q, (3.1)
Vo=0 in Q, (3.2)

B(v) =0 on 052, (3.3)

lim v(x) = Voo, (3.4)

|z|—o0

where the sought solution (v, p) is a velocity vector field and the corresponding pressure, v is a
viscous positive constant coefficient, /' — an exterior force acting on the fluid, v, — a prescribed
constant vector field and B(v) stands for a boundary conditions, e.g. Dirichlet boundary condi-
tions, as v = v, on 9L (|5]). In our case the system will be supplemented with the slip boundary
conditions, namely:

n-T(,p) - T+ flv-T)=b on 01}, (3.5)
0 on 01,

VN

where f is a nonnegative friction coefficient, T(v,p) is the Cauchy stress tensor, i.e. T(v,p) =
vD(v) + pl, where D(v) = {v; ; + Ujﬂ'}?’jzl is the symmetric part of the gradient Vv, and I is the
identity matrix. Moreover i, T are respectively the normal and tangential vector to boundary
99 of an exterior domain 2, i.e. Q = R?\ B, for a bounded simply-connected domain B C R2.

The slip boundary conditions govern the motion of particles at the boundary — relation (3.5)
is just Newton’s second law (|7], [28]). From the physical point of view this constraint is more
general than the Dirichlet boundary data, since for f — oo and b = 0 one can obtain relation
vgn = 0. The case where f = 0 is important for applications, since then the fluid reacts with
surface ) as the perfect gas (|6], [25]).

In many modern applications, like the model of motion of blood, polymers and liquid metals,
this type of boundary conditions is widely used (9], [18]). Our considerations in an exterior
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domain are also important for example in the field of aerodynamics, where problems with flow
past an obstacle is of high interest.
There are many questions related to this problem, namely: existence of solutions, uniqueness
and asymptotic behaviour. In this paper we are concerned with the first issue for arbitrary data.
We are concerned with weak solutions to the problem (3.1)-(3.4) thus it is natural to require
finite Dirichlet integral

/ |Vo|dx < . (3.7)
Q

Since the power 2 coincides with the dimension of the domain we are not able to use standard
embedding theorems for v to get some information about the velocity at infinity and assure that
(3.4) holds in any sense. Many mathematicians brought their attention to this problem. Some
partial results were obtained by Gilbarg and Weinberger ([14], [15]), like the case with B(v) —
Dirichlet boundary condition with v, = 0 on 9f2. Then the following assertions hold: a) every
solution to (3.1) - (3.3) that satisfies (3.7) is necessarily bounded; b) for every solution to (3.1)
- (3.3) that satisfies (3.7) there exists 0o such that

2m
lim [v(|z],6) — Doo|>dd = 0. (3.8)
|z| =00 Jo
In 1988 Amick [4] published a paper, where he proved that if the body B is symmetric around
the direction of v, and boundary data v, is symmetric with respect to the direction of v, then
there exists a symmetric solution v, p such that
lim v(z) = U, uniformly.
|z|—o0
These results however give no information about the relation between v, and s, (see [11] for
more detailed information about this problem).

On the other hand Finn and Smith [8] and Galdi [10] showed that for small values of Reynolds
number and when vy, # 0 there exists at least one solution to the system (3.1)-(3.4) in a proper
space. This has been done by applying contraction mapping technique and proper LP-estimates
for the Oseen system in exterior domain. In this chapter we would like to point out that this
technique should also work for our problem considered with slip boundary conditions. In [21] we
give proper LP-estimates for the exterior Oseen system with slip boundary conditions.

The main purpose of this paper is to show that the system (3.1)-(3.4) together with (3.5)-
(3.6) admits at least one weak solution for arbitrary data. This result is gathered in the following
theorem:

Theorem 3.1.1. Let v >0, f >0, F € (VH3(Q))* and b € H-'/2(0Q). Then for a properly
constructed vector field vy there exists at least one weak solution (in the sense of Definition 3.2.1)

v = (voo+v0)+vlg0

to the system (3.1)-(3.7) with boundary conditions B(v) as in (3.5)-(3.6), for which the following
inequalities holds:

lellgzi) <C=CW f,b,F) and ||Vv|p2q) < C, f,b, F).
Note: We used here a simplified notation VH%(Q) which stands for:
VHRQ) = (Ve ¢ € BY(Q)}.
See also (3.13).
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Our approach to prove this theorem is via a reformulation of the problem in terms of the
vorticity a of the vector field v. Following this manner one faces a problem of a kernel of the
rot-div operator. In bounded simply connected domains this kernel is trivial and full information
about velocity v can be retrieved from its vorticity .

However in case of unbounded non-simply connected domain some more precise way of finding
solution should be followed. This problem has been studied earlier in Chapter 1 Section 2.2 of
this thesis.

One of the classical approaches to show existence of solutions is to use the Hopf inequality

(see [17], [23]) y
H

where §(z) = dist (z,09) is the distance from the boundary, to get a’priori estimates on a
solution u. However, in case of slip boundary conditions we are not able to get full information
about the velocity on the boundary 9 (in particular u ¢ HE(€2)), as it is the case for Dirichlet
constraint. Thus different methods are needed to get a’priori estimates.

We introduce a reformulation of our system in terms of the vorticity o = rot v of the fluid.
This increase the order of equations and transforms slip boundary conditions on v into Dirichlet
condition on «. This way will be cleared up in the Section 3.2.

This Chapter is organized as follows: in Section 3.2 we give a reformulation of our problem in
terms of rotation of the fluid, introduce a function space HS(Q) and give a definition of a weak
solutions to our problem. The next section is the main part of our paper, where we obtain a’priori
estimate for our sought vector field. This estimate allows us to show existence of solutions via
the Galerkin method (see: Section 3.3).

. < Cllull 0 for all u € HY (),

3.2 Reformulation

In this section we give a reformulation of our problem in terms of the vorticity « of the velocity
vector field. Taking rotation of (3.1) we get:

—vAa+v-Va=rot F,

where o« = rot v = v21 — v12. The slip boundary conditions give us information about the
vorticity of the fluid on the boundary, namely from (3.7)-(3.8) we get a condition on «:

a=2x—f/vv-T+Db on 012,
v-n = 0,
V — U as x| — 400,

where y is the curvature of the boundary. The exact procedure was considered in [28].
Next, we take over the information at infinity from v. Let us introduce an extension vector
field vg = vy + Voo satisfying the following conditions:

V-vg =0 in Q,
v =0 on 0,
Vo — Voo as |z| — oo.

A smooth compactly supported vector field vy will be defined later. Its construction will fulfill
requirements from Lemma 3.2.2 in order to get a’priori estimates on .
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Having vy we rewrite v as

v = v + U,

where for u we have the following constraints:

V-ou=20 in Q, (3.9)
u-i =0 on 012, (3.10)
u— 0 as |x| — oo. (3.11)

Having (3.9)-(3.10) we use the Poincaré lemma to present u in the following form:
u=Vte,

where V4 = (—p2,¢.1). Since u -7 = % = 0 on JN) we may take ¢ = 0 on 9.
For further calculations let us notice that

rot V%o = Ag.
We now derive from (3.1)-(3.4) the system of equations for u. Recalling that
a =rot v = Ay + rot vy

we write:

—vAa+ (09 + V+ty) Va = rot F in Q,
a— Ap = rot vy in €,
=20 on 012, (3.12)
a—2x— f/lv)Vie -7 = 2x — f/v)vo- T+ b on 01},
Vip —0 as |z| — oo.

Since we want Dirichlet integral for v to be finite, i.e.

/ Vo] dz < oo,
Q

we establish a suitable space for the solution ¢. Let us introduce the following Banach space
equipped with a suitable norm:

1/2
: =7V
3@ = @0, il = ([ 0P @) (3.13)

We now define a weak solution to the problem (3.1)-(3.4).

Definition 3.2.1. We say that v is a weak solution to problem (3.1)-(3.4) together with (3.7)-
(3.8) iff there exists ¢ € HZ(Y) such that v = v + V¢ and the following identity holds for
every ¢ € C§°(2):

/(VLQO +v9) - Vi(Ap + rot vg)dx + 1// (Ap + rot v9) A dx+
Q )

., 0
_’//OQ(QX—f/l/)(VLgO—i-vo)-Tazida:/QF-VLw dz. (3.14)

To prove existence of solutions in the sense of Definition 3.2.1 we first need to show a’priori
estimates on ¢, what will be the case in Section 3.2.1.
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3.2.1 A’priori estimate.

To show existence of a solution to our problem we use the standard Galerkin method. This is a
construction of approximate solutions which converge in some sense (strong enough to pass to
the limit in the equation) to the limit vector function. The construction of this sequence requires
usage of a fixed point theorem. Proper converging of this sequence (or a subsequence) can be
assured by showing uniform boundedness (in a proper function space) of all its elements. In both
of these steps a great help is an a’priori estimate of solutions to our equation. That is why we
now focus on obtaining it.
We follow the standard approach to get a’priori estimate, i.e. we multiply (3.121) by ¢ and
integrate over 2. Recall that
a = Ay +rot vp. (3.15)

The first term —v [, Aayp dr gives us:

—V/ Aayp dr = —y/(A@—i—rot vo)Ap dx—i—y/ (2x — f/v) (0o + V+o) - 7+ b)a—f do.
Q Q o9 oni

For the second term from (3.12;) it is easily seen that

/Q(UNO‘FVLQD)'VOZQO dx:/Q(UNo—I—VL@)-V@a dx

since ¢ =0 on 9Q and V - (g + V1) = 0 in Q. Finally, since V4t - Vi = 0 we may write

/(170 + Vi) Vap dz = / 00 - Vipadz.
) Q

This term causes difficulties in getting a’priori estimates for the solution. The reason why is that
it is of order 2 with respect to ¢ (see 3.15), just like [, |A¢[*dz, but without any information
about its sign. Thus we need to prove an inequality in the form:

/ 1o - VApdx
Q

< '7||A90||%2(Q)>

for some constant -y, which should be small enough (in our case v/2). This is done by a proper
construction of the vector field vg.
Since the construction of the vector field vg is done in a neighbourhood of 92 we introduce
compactly supported vy such that
U = Vo + Voo,

with proper constraints for vy, which will be precised in the following lemma:

Lemma 3.2.2. For every € > 0 there exists compactly supported vg, which satisfies the following
conditions:

V-vg =0 in Q,

V) = —VUso on 012,

and the following inequality holds

/Q(vo +000) - VoA dz| < €| Ap||72q

for every ¢ € Hg(Q)
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Note: This Lemma has been proved in Chapter 1 (see Lemma 2.4.3).
Above inequalities allow us to get a’priori estimates. Namely ¢ fulfills the following identity

_ . dp
— I//Q ]Agp]z dx + 1//89((2)( — f/v)((vo + Vltp) - T) + b)%dfﬂ-

+/ vo - V(rot vy + Ay) dx = 1// (rot vg)Ap dx —I—/ F.-Vtedr. (3.16)
Q Q

Q

We see, that there is still a term of order two with respect to ¢, for which one cannot verify its

sign, namely
dy Op 2
2x(V* -?Hda—/ 2 <ﬁ>
/8Q X(Vop) - 7o X\ i

We deal with this problem using the following identity (see [22]) for v = vg + w:

/Qa2 dx—/moc(v-F) da:/QID)Q(U) dx—ir/ (v 7 —bv-7)) do, (3.17)

[2/9]

which comes from the well known identity for v € H'(Q) with V-v =0 in Q (see [35]):

/QQQd:U:/QD(v)|2dﬂz+/892x(v-7")2. (3.18)

Since
o [18 dety [ (2x= 1+ 9 ) ) +D) (&”) o~ [ Agrot 5 do =
Q N o Q

—1//042 da:+u/ afv-T) da—i—/AgorotzTod:z:+/(rot1)~())2d:c—l// a(vg - T) do,
Q oN Q Q o0

we may derive from (3.16) using (3.17) the following identity:
—y/ D?(V4o + 0p) do+
Q
+/ Agprot vy dx + / (rot 09)? dx
Q Q
v [ (VHo ) PR - U(T e+ @) 7) do- (3.19)
o0N

—y/ avg - T) da+/v~o-ch(rot o+ Ap) dx = / F -Vt de.
o0 Q Q
To get a’priori estimate from (3.19) we need to use the Korn’s inequality (see Lemma 3.4.1 in
Appendix):
/D2(v¢gp)da: > K/ V2p|dz, (3.20)
Q Q

where K is a constant dependent only on €2, which allows us to get [, |V2¢|?dz in the estimate,
namely:

—y/ D?(V4p)da — 1// (Ve + 1) - 7)*f < —Kl// \V2p|%du. (3.21)
Q o0N Q

Here we also used the fact that f > 0. Combining (3.19) with (3.21) we are able to get an
estimate of the form:

1/2
/ |V2p|2dz < C(DATA) </ \v%p\?) 4 ‘/ 0o - VopApdz
Q Q Kv /g
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This is because UQ% : VgoA«pdx‘ is the only term of order 2 with respect to ¢, and all other

terms are of order 1 can be estimated by C(DATA) ([, |V2g0|2)1/2 (see the Remark below).
We now use Lemma 3.2.2 with e = Kv/2 to estimate remaining term of order 2 and get the
following inequality:
HVQ(P”%Q(Q) < C(DATA)[[V*¢|| 2 (,

where in C'(DATA) one includes all constants dependent on 2, F', v, etc. This inequality gives
us of course a’priori estimate on || V2| 12(q):

V%0l 120y < C(DATA).

Remark: It is not hard to estimate terms in (3.20), where u (i.e. V1¢) appears in a form
different than V2 — one must recall that ¢ = 0 on 052, which gives us, together with ¢ € Hl%c (Q),
the fact, that all local estimates (the only needed) can be obtained using |[V2¢l|2(q).

3.3 Existence.

In this section we use the standard Galerkin method to prove the existence of a solution to

—vAa+v-Va = rot F,
v-n =0,
rot v = «a, in Q
V-v=0, in Q
a=2x—f/v)v-T+Db on 0}
in the sense of distributions, i.e. in the sense of Definition 3.2.1. This means that we prove

the existence of a function ¢ € HZ(Q), which satisfies (3.14) for all ¢y € C*(Q) with compact
support in . As was mentioned before, we seek for a solution in the form

v =19+ V%e.

Since Hg(Q) is Hilbertian and separable we take a base of compactly supported functions
{wi}i2y:
H2(Q) = {wr, wa, ) @
Next we introduce a finite dimensional subspace VN () ¢ HZ(Q):
VN(Q) = spanfws, ..., wx}.

We additionally assume that (w;,w;)y~ = &;;, where (+,-)y~ is the inner product in V¥, which
comes from the inner product in H2(£2). We search for an approximation ¢V of the function ¢
in the form:

N
o () = Zcﬁ-ij c vV,
=0

To find coefficients cé-v we solve the following system:

/(VJ'QON + 00) - Vwi(Ap"™ + rot Gp)dx + V/(A(pN + rot vp)Aw; dx+
Q

Q
—1// ((2X—f/u)(vL<pN+%).f+b) &ﬁida:/F.vlwi dx
a0 on Q




42 CHAPTER 3. NONLINEAR FLOW PROBLEM IN 2D EXTERIOR DOMAIN
fori=1,...,N.
Let us introduce a mapping P : VN — VI as follows:

N

P(oN) = Z (/Q(VchN + 7) - Vw;(ApY + rot og)dz
=1

+1//(AcpN + rot vp)Aw; dx
Q

v [ (x= e @) 7 b) Gotdo

—/ F-VLwi d:z:> W
Q

From the definition of the mapping P and for (-,-)~ — the inner product in VIV, we easily
calculate that:

(P(‘PN)NPN)VN = /Q(VJ‘QON + vp) - thN(AtpN + rot vg)dx

+1//(A<pN+rot 00)ApY dz
Q

L N | ~\ = 5<PN
—v ((2x—f/u)(v @ +vg)~7'+b) —do
a0 on
— / F -Vt da
Q
To get proper estimate for the term (P (o), ™)y~ first we must use the following identity (see

(3.17) or (3.18)):

/Qa2 dr — /aQa(v - T)do = /911)2(@) dr + /m((v - T)2f — bv - T))do.

Hence, since VYoV - Vo = 0:

(P(e), V) = /

0o - VoV (ApY + rot vo)dx — l// arot v
Q

Q

1/(/QDQ(v)dx—l—/aQ((v-F)Qf—b(v-F))> da—/QF.vaN do

In this form it is easily seen, that one can obtain the following estimate
(Pe™), M) yn >0 for N[y~ >k

for some constant k > 0. One must just repeat the reasoning from a’priori estimates.
Such condition gives us (see [19]) existence of ¢y such that ||o"|y~ < k and moreover
P (gpN ) = 0, which solves our problem for coefficients céV . Thus we get sequence of approximating
solutions ¢V € V¥ such that |||~ < k for some constant k& > 0 independent of N.
Passing to the limit. Since we have uniform bound on ||<pN||H§(Q), ie. HQDNHHOQ(Q) < k,
we can take a subsequence which is weakly convergent to some limit. However, for the sake of

passing to the limit in nonlinear terms of (3.14) we must use diagonal technique.
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Let us denote Qr = QN Bg. In bounded domain Qg we have ¢ € H%(QR), since oV, V!V €
L% (92). Moreover, since ¥ = 0 on 99 we have

loc
1™ [ 200) < CRNON [l 72()0

hence we may choose a subsequence oV ", which we further denote for simplicity as N, which is
convergent on g to ¢ in the following sense:

V2N — V2p  weakly L? on Qp, oN — ¢ strongly L? on Qg,
VeV — Ve strongly L? on Qp, ©N — ¢ strongly L? on 0.

We repeat this treatment for R — oo to get subsequence ¢”, which is convergent in above sense
on all bounded domains. Since a test function in 3.14 has compact support we may pass to the
limit. Thus ¢ is a solution in the sense of Definition 3.2.1.

3.4 Appendix

Korn’s inequality. In what follows we give a proof of Korn’s inequality — a result, which is
widely used in fluid dynamics to show equivalence of the Lo-norm of the gradient of the velocity
and its symmetric part:

Lemma 3.4.1. For an exterior domain Q C R?, which is not spherically symmetric, there exists
a constant K > 0, dependent on the domain 2 such that the following inequality

/]D)2(u) dx > K/ \Vul|? dx
Q Q
holds for every u € @”V'HL?(Q) satisfying

V.-u=0 inQ, u-n=0 on ON. (3.22)

Proof . Let us state that u € C§°(€2) need not be zero on the 92 - it is only required to
have bounded support in 2.
Let us take u € C§°(Q). It is easily seen that

/ ]D2(u) dr = / Z(um +Uj7i)2 dx
Q Q9
= 2/ \Vu|? dx + /Zu”uﬂ dx.
Q Q%
Integration by parts of the term I = [, > i Wit dz gives us:

I = —/ ui"iu-dac—i-/ u; juin; do
QZ gilly gy 1T

4J
= / Zui,iuj,j dac—i—/ Ui g UGN dU+/ U U5 do.
QT o0 )
7]
Now since (3.22) we have [ = — faﬂ u; jujn; do. Moreover, the condition u - 7@ gives us:

0=(u-V)(u-fi)= Z wju; i1 + Zujumi’j.
2 2
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Gathering all these calculations together we get the following inequality:

/Q|vu\2 dr < K, (/Q D?(u) dz + /m u? da) . (3.23)

To finish our proof we need to show, that there exists constant Ko such that the following
inequality holds:

1
2do0 < — 2 Ko ||D ()220
| do < G Vullay + KallP() 2o

Let us assume by contrary, that such constant does not exist. Then we are able to find a bounded
sequence {u,} C C§°(12) satisfying

1
2 2
do > —||V +n||D
/ Uy, =2 2KlH uHL?(Q) | (U)HLZ(Q)

together with ||Vup | p2(q) = 1. Now taking wy, = un/||unl|12(90) We get

1
1> TKlewnH%%m +n|ID(wn) |72 (0)-

Thus HID)(wn)H%Q(Q) < 1/n, but also || Vwn|| r2(q) < M, so wy, has weakly convergent subsequence
in HL () since
[wmll L2 < C(Qe)(lwmllL200) + IVwml L2 (q))-

This weak convergence gives us strong convergence of w,, in L2(9€2). Let us notice that inequality
(3.23) and above convergence and estimate on ||[D(wy)| 12(q) allow us to conclude that Vuw,, is
a Cauchy sequence in L?(€2). This suffices to pass to the limit in the term [, D*(w,) da locally.
Thus the limit vector field v,, for which Vv, € L? | satisfies

loc»

/ D?(v,) dx = 0

€

which implies that v, = (ax2, —azp) for some constant a. But our domain € is not spherically
symmetric, thus the condition v, - 7 = 0 on 92 cannot be fulfilled. This completes the proof of
Lemma 3.4.1.

O



Chapter 4

Ly-estimates and thorough analysis of
the Oseen system in 2D exterior
domains.

4.1 Introduction

One of the main problems in the theory of the Navier-Stokes equations studied in exterior domains
is the question about the behaviour of the velocity vector field of the fluid at infinity. The typical
system in a bounded domain:

v-Vo—Av+Vp=F in Q, (4.1)
dive =0 in €,
B(v,p) = b on 0f2,

where B(v,p) stands for the boundary constraints (e.g. Dirichlet boundary condition), is com-
plemented with the condition on the velocity vector field at infinity, namely

U — Uso as |z| — oo (4.4)

for some prescribed constant vector field vo. There are classical results of Leray about existence
of solutions with the finite Dirichlet integral to the system (4.1)-(4.3). However one cannot predict
that these solutions satisfy (4.4). Indeed, in two dimensions we cannot use standard embedding
theorems, since the dimension of the domain coincides with the power 2 in the integral, that is
why the condition

/ |Vo|2dz < oo (4.5)
Q

itself is insufficient even to assure that v € L>°(Q2). The condition (4.5) implies that v € BMO()
only, hence we are not able to deduce information about the behaviour of v at infinity.

The Oseen system has this advantage over the Stokes system that one can obtain better
information of the solution v at infinity, because of the presence of the additional term v ; (see
8], [10]).

While existence of solutions to this problem itself is very interesting also investigating their
behaviour, both close to the obstacle and at infinity, brings up many substantial questions. For
example what is the decay rate for the velocity at infinity and if there exists a wake region
behind the obstacle. Both of these questions have answers, depending on a proper information
of the solution (see [13]). One can expect that the decay rate of the solution to the Navier-Stokes
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system will be similar to the decay rate of the Oseen fundamental solution, however we do not
want to address this question in our paper.

Our analysis of the Oseen system shows that the behaviour of the solution depends strongly
on the angle between the surface and the vector U5,. In a simplified case of a convex obstacle
it can be shown, that the character of the system is elliptic in front of the obstacle, while its
character changes into a parabolic degeneration behind the obstacle. This is presented on the
following figure:

>
s R
/
wake region
/\
\
type E o\ \type 5

type S

The core of the paper is the thorough analysis of the Oseen system in the half plane. We
show that proper L,-estimates are valid for the second derivatives of the velocity and for the
gradient of the pressure, under assumption, that boundary constraints are in a suitable class of
regularity. What is substantial is the class of regularity required by the boundary problem. It
turns out that the choice of boundary data should depend on the sign of ¥, - 7 (7 is the normal
vector to the boundary), which corresponds to the position of the obstacle. In the case Uiy, -7 < 0
(points E), which analyzes the system in front of the obstacle, the class of regularity of boundary
data is of the elliptic type. For ¥ - 77 > 0 (points P — behind the obstacle) it appears that
the system loses its purely elliptic character in favour of a parabolic degeneration. This feature
corresponds to the appearance of the wake region behind the obstacle. As ¥y -7 = 0 (points S)
we obtain a transition area.

As an application to this analysis we show L,-estimates for the Oseen system in exterior
domain, which allows one to obtain also existence results for the Navier-Stokes system, which by
results of Galdi and Sohr [13] describes the structure of solutions at infinity.

We would like to emphasize that our approach does not require explicit form of the fun-
damental solution. A similar approach has been examined by Solonnikov ([34]) and later by
Zajaczkowski and Mucha ([31], [32]).

Let us precise our problem. We consider the system:

VooV — Av+ Vp = F in Q, (4.6)
dive =G in Q, (4.7)

- T(v,p) - T+ flv-7T)=b  on 09, (4.8)
v-n=d on 01}, (4.9)

together with the condition (4.4) at infinity. The pair (v, p) is the sought solution — respectively
the velocity vector field and the corresponding pressure, F' is an external force acting on the fluid,
G is the function describing compressibility of the fluid, vy, is a constant describing the velocity
of the fluid at infinity, f is a nonnegative friction coefficient, T(v, p) is the Cauchy stress tensor,
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ie. T(v,p) = vD(v)+pl, where D(v) = {v;; +Uj,i}12,j:1 is the symmetric part of the gradient Vo,
and I is the identity matrix. Moreover i, T are, respectively, the normal and tangential vector
to boundary 9 of an exterior domain 2, where = R?\ B, for a bounded simply-connected
domain B C R?.

As a direct result of our analysis of the system in the half plane we prove the following
theorem:
Theorem 4.1.1. Let 1 <p<oo, F € LP(QNHYQ), G € W, (Q) with F and G of compact

support in Q, b € Wplfl/p(aﬁ) and d € Wprl/p(aﬂ), for which the following compatibility

condition is fulfilled:
/ d(z)do = / Gdzx.
o0 Q

Moreover let f > 0 be a positive constant and voo # 0. Then there exists a solution (v,p) to the
system (4.6)-(4.9), for which the following estimate holds:
voollvall e + V20 ) + IVPl o) <
< C(9, f,v0) (HFlle ona-1Q) T [1Gllwi @)+ (4.10)
+ [bly1-1/mgy + lllyy2vmgy ) -

Denoting the term on the right hand side of (4.10) as C(DATA) we also have:
o for 1< p<3: vVl srsp < C(DATA)

o for 1< p<3/2: 0230l Lsps_2p < C(DATA).

As was mentioned before, we may use this result together with the techniques from the work
of Galdi (|10]) to obtain the following result:

Theorem 4.1.2. Considering the system (4.1)-(4.2) of Navier-Stokes equations in an exterior
domain 2, together with slip boundary conditions (4.8)-(4.9). where b € W;_l/p(aﬂ) and d €
ngl/p(afl) and vso # 0. If d(x) satisfies the compatibility condition [, d(x)do = 0, then for
1 <p < 6/5 and sufficiently small data (i.e. ||b]|,, dll, Voo ) there exists a

unique solution (v, p) such that:

1 1/P (99)’ 2 1/1’ (0Q)’

v — Voo € LP/CWN(Q) Ve LP/CP(Q), Ve LP(Q),
and suitable estimates hold.

We refer the Reader to [11] for a detailed discussion of this and similar results (for example
uniqueness of solution (v, p) under suitable condition).

Notation. Throughout the paper we use standard notation ([37]): W;(Q) for Sobolev spaces
and the following definition of the norm in Slobodeckii spaces W, (R"):

Lt@prae + S [ pYs@rde 4 1

0<]s'|<[lsl]

p
11y ey

where [a] stands for the integral part of o and

P _ |D¥ f(x) = D¥ f(a")|P
115 ey = | % u 7 — 2/ e (4.11)
ST |=||S R™ xR"
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We also introduce the following notation for intersected spaces. Let X, (U) be a Banach space,
dependent of a constant r, equipped with the norm || - ||x, ). Let A C R be a nonempty set.
Then we introduce the following function space:

X a(U) = () X (U),
reA

equipped with the norm
1 fllx, 1) = sup | fllx, @)
reA

In our case the set A will be always of finite elements.

The structure of this Chapter is as follows: the core part, Section 4.2, is devoted to the case
of a flow in the half plane. At the beginning we give some preliminary considerations, we state
main results in Theorems 4.2.2 and 4.2.3 and then we give some results about consistency of
the boundary conditions. Later we derive a solution to our problem and give estimates for the
pressure, i.e. we prove Theorem 4.2.2. Section 4.2.3 consists of introducing auxiliary problem for
the velocity of the fluid. This result is used to prove estimates for the second derivatives of u in
Section 4.2.4 and Section 4.2.5, i.e. u 11 and u 22 respectively, which proves Theorem 4.2.3. At
the end of Section 4.2 we give a brief summary about the choice of boundary conditions. Section
4.3 is devoted to results in the whole space R?, which were being used in the previous section. As
a consequence of results from Section 4.2 in part 4 we give a proof of Theorem 4.1.1. In Appendix
we present two multiplier theorems of Marcinkiewicz type. We also give some additional results,
which are needful for our considerations, but are connected with a general theory of function
spaces rather than with a theory of fluid dynamics.

4.2 The Oseen system in the half space R?

The localization procedure obviously changes not only the domain our problem is considered
in, but also affects its structure. The substantial difference is that the term v,v from (4.6)
transforms into a1v 1 +axv 2 = (a1, az)- Vo, where a? +a3 = v2, > 0. We emphasize this because
the sign of as will be crucial in our considerations, since it is the same as a sign of ¥, - 77, which,
for a convex obstacle, reflects the region of the considered situation, namely the case a2 < 0
corresponds to a region of the boundary in front of the obstacle, while as > 0 stands for the
situation behind the obstacle.
In this section we consider the following system:

a1v,1 +avp — Av+Vqg = F in Ra_, (4.12)
V-v=0G in R%, (4.13)
n-T(v,p)- T+ flv-7) =0 on OR%, (4.14)
v =d on OR?, (4.15)

v—0 as |z] — oo. (4.16)

We assume that F' and G have compact support in Ri, since this system comes from the
localization procedure.

To simplify the problem we remove the inhomogeneity from (4.12) and (4.13) using results in
the whole space R?, i.e. Theorem 4.3.4. Then we need to use Lemma 4.3.5 to see, in which class
of regularity on the boundary of Ri the obtained solution is. We gather this in the following
Lemma:
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Lemma 4.2.1. Let ¢ > 3. Given F € LY(R*)NL*(R?) and G € W, (R*)NW](R?). Considering
the following Oseen system in the whole space:

a1v,1 + agvo — Av + Vg = F in R2,
divo =G  inR?

there exists a solution (v,q) for this system, for which the following conditions are satisfied:

v € W2(R?) for all r € (3,4q], (4.17)
Vo € W} (R?) for all r € (3/2,4], (4.18)
and for all r € (3,q]:

- T(av a) : ﬂxzzO + f(5 : 7:’)|a:2:0 € er_l/T(R)’ (419)
- 5|:c2:0 € WE_I/T(R)v (420)

like also for all r € (3/2,¢q|:
- T(i\;a (Aj) : ﬁZEQZO + f(5 : 7_—‘)|122:0 € W:_I/T(R)v (421)
7 Dy € WEVM(R) N WY (R). (4.22)

Proof . Existence of a solution (v, q) is straightforward from Theorem 4.2.2. Conditions
(4.17)-(4.18) come from (4.55) and (4.56). (4.17) immediately imply (4.19)-(4.20). Condition
(4.18) implies that 77 - T(v,q) - T € W,}fl/r(R). However to show f(v-7T) € er*l/r(R) one has

to use (4.57). Condition (4.22) also comes from (4.57). O

Using the above Lemma we are able to simplify the system (4.23)-(4.27). Denoting v = u+7v
and ¢ = p + ¢ we get a system for (u,p)

arug + agus — Au+ Vp = 0 in R%, (4.23)
V-u=0 in R%, (4.24)

n-T(u,p)- T+ flo-7) = b on OR? (4.25)
n-u =d on OR?, (4.26)

u—0 as |z| — oo. (4.27)

where for the readability we denoted the term (b—7-T(v,q)-7— f(v-7)) asband d—17-v as d.

The main result concerns estimates for the pressure and for the velocity. For the readability
of the paper we split it into two theorems within each we consider some cases. We emphasize
that we use homogeneous spaces W; and inhomogeneous spaces W

Theorem 4.2.2. Estimates for the pressure. Let f > 0 be a constant friction coefficient and
p > 3/2. Given the solution (u,p) to the system (4.23)-(4.27). Considering the following cases:

o foras <0: letbe Wq«l_l/r(R) and d € WE_I/T(R) NN ,}_I/T(R) for all3/2 < r < p. Then
Vp € L"(R2) for all 3/2 < r < p and the following inequality holds:

||vp||L"”(Ri) g C(f7a17a2) (|’b||W,}_1/T(R) + HdHWE—l/T(R)mWTl—l/T(R)) .
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o foras > 0:letbe V.Vrlfl/r(R) and d € Wffl/T(R) forall3/2 <r <p. Then Vp € L"(R2)
for all 3/2 < r <p and the following inequality holds:

19Pll e g2 < CFar,a2) (1Bl a-17e gy + Il mrrm gy ) -

Theorem 4.2.3. Estimates for the velocity. Let f > 0 be a constant friction coefficient and
p > 3. Given the solution (u,p) to the system (4.23)-(4.27). Considering the following cases:

o foras <0:letbe WTI_I/T(R) andd € Wf_l/r(R) forall3/2 <r <p. ThenV*u € L*(R?)
for all s € (3,p] and the following inequality holds:

920l < € a2) (Wllyry + el )
where As = {3s/(3 + s), s}
i1-1/r x 271/7" 1- 1/r
o foray=0:letbe W, (R) and d € Wy (R) N W, (R) for all 3/2 <1 <p. Then
V2u € L¥(R?) for all s € (3,q] and the following inequality holds:

s

1920l < €, 02) (1l + Wl )
where As = {3s/(3 + s), s}.

o foras > 0: letb e Wy V"(R) N W "(R) and d € W2 (R) n W2 Y"(R) for all
2 <r <p. Then V?u € LS(R%F) for all s € (3, ¢q] and the following inequality holds:

HVQUHLS(Rﬁj < C(f,al,ag) <||b|| 1— l/s( )ﬁWl 2/5( +||d” 2— l/S(R)ﬂW2 Q/S(R)>’

where As = {3s/(3 + s), s}.

Remark: We would like to emphasize, that above assumptions on b and d are consistent
with Lemma 4.2.1 in the sense, that the procedure of subtracting the inhomogeneity from the
right hand side of (4.12)-(4.13) does not determine the regularity of boundary conditions b and
d. We discuss this in details: let us recall that b and d from the right hand side of (4.25) and
(4.26) come from the subtraction of terms 7 - T(v,q) - T+ f(v-7) and 7 - v from b and d from the
original boundary constraints (4.14) and (4.15). Let us thus denote 7i - T(v,q) - T+ f(v - T) as b
and 7 - v as d and check if assumptions on boundary conditions in Theorem 4.2.2 and Theorem
4.2.3 are consistent with regularity of b and d.

In Theorem 4.2.2 we assume b € W, ~ 1/T( R) and d € Wi~ 1/r( R) for all 3/2 < r < pin
case ag > 0, and b € W,'~ 1/7"( R) and d € W;~ 1/T( R) N W, ~ 1/T(R) in case az < 0, but due to
(4.21)-(4.22) we have b € Wq}_l/r(R) and d € W~ 1/T( R)N W~ 1/r( R) for all r € (3/2,p], and
hence subtraction of b and d does not influence regularity of b and d and one has the following
inequalities:

e for az > 0 and all € (3/2,p]:

18l yia-1/r gy < CUIBla-1r gy + 1F NIy, @2y +IGlw:, ®2))s

||dHW3—1/r( R) <l 1-1/r gy T HF”U _(R%) +HG||W1 R2))

where A, = {3r/(3+1r),r},
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e for ap <0 and all r € (3/2,p]:

16llyi2-1/7 gy < OBl 11/ gy + IF N r, @2y +1Glwr, 2)):
(R) (R)

Il -1 gyt -2vvey < CUlllzsvmgypi iy + 1F s, @) + 1€ 1w, a2
where A, = {3r/(3+1),7}.
Similarly, using properties (4.19) and (4.20), we are able to show the following inequalities:

o for ag > 0 and all r € (3,p]:

1Bl -1/ gty < CUBIL 11/ ey —2/rgy + 1Lz, @2y + 16w, sz

Il iz ey < Oz giz-2rmg + 1P s, @)+ 1Glhwa (a2
where A, = {3r/(3+2r),3r/(3+r),r},

e for ag =0 and all r € (3,p]:

”bH 1= I/T(R < (HbH 1= 1/T )ﬁWl_Q/T(R +”FHLT (R3) +HGHW1 (Ri))?
il e, < Ol gy + 1wty + 1 ),
where A, = {3r/(3+71),7},

e for ag < 0 and all r € (3,p]:

b1l -1 gy S C(llblly,, 1-1/r gy + ”FHL;‘T(Ri) + HG‘|WT{AT(R1)),

ldllyz /ey < CUldly2 ey + 1l ey + 1w, qa)
where A, = {3r/(3+2r),3r/(3+r),r}.

4.2.1 Derivation of the solution.

Regularity results from Theorem 4.2.2 come from the formula for the solution, while to show
estimates from Theorem 4.2.3 we will consider auxiliary system.

In this section we derive the solution using the Fourier transform and solving algebraically
the obtained system of ODEs.
Let

v(€1,22) = Fyy (u) and  w(&1,72) = Foy (),

where F,, is the Fourier transform with respect to zj, i.e.:
v(&1,x2) = / figlmlu(xl,:cg)d:cl.
R

First two equations of (4.23) give us the following system:

. 2 . . 2
a1i§1v1 + agui 2 + v — v1 22 +i&m =0 in RY,

. 2 . 2
a11&1v9 + av22 + Elvg — Vo292 + To = 0 mn R+,
1101 +v22 =0 in Ri.
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Denoting 0y, as ~ (z2 — t) and &; as k we get:

arikvy + ag®y + k*vy — ¥y + ik = 0 in RZ,
a1tkve + asty + kQUQ —v94+7 =0 in Ri,
ikvy + 0y = 0 in R? .

Differentiating the last equation with respect to t and adding the result to the second one we
get:
arikvs + azio + kv + ikty + 7 =0 in R? .

We now introduce a new function w = v; to get the following system of ordinary differential
equation of order one:

1.}1 = w,
W = (k2 + arik)vy + agw + ikm,

T = ikasv, — thw — (k:2 + ayik)vs,

Uy = —ikvy,
which can be written as:
vy 0 10 0 v
e A B az
) —1k 0 0 0 )

The matrix above we denote as A.
Calculating the characteristic polynomial of matrix A we end up with:

wa(N) = M — ag\® — 2207 + agk® A + k* +iar k(K — \?),

for which polynomial we have the following roots:

AL = _‘k|7
Ao = |k,
1 .
)\3 = 5(&2 — \/a% + 4(]62 + Zalk‘)),
1 .
A = 5((12 + /a3 + 4(k% +iark)).
Since we are interested in a solution which tends to zero as |t| — oo we consider only A; and As,
because their real parts #tA; and Rz are negative. Since k = ILZIU{;’ we introduce o (k) = ﬁ as

an abbreviation of sign(k), and write eigenvectors for these eigenvalues as follows:
p1 = [1; Ay —(a1 +o(k)iag); =4 | and 3= |1; A3 0; — 5
Introducing matrix S = [p1, 2, ©3, 4] of eigenvectors we have the following identity:
ST1AS = Diag(A1, A2, Az, Aa),

where Diag(A1, A2, A3, A\4) is the diagonal matrix with the proper diagonal values.
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Introducing notation V := [Ul,WZUQ,TF] and a new vector U such that V = SU, we may
rewrite equation (4.28) in the form SU = ASU. Multiplying it by S ~! from the left side we get:
U = Diag(\1, A2, A3, \4), and then

Ui(t, k) = eiUy; (k)

for the proper vector function Uy(k). As mentioned before we are interested only in stable modes,
i.e. those \; for which R()\;) < 0. These are A\; and 3.
Going back to the original V' = [v1, w, 7, v9] = SU we have:

U1 (t, k) = et)‘l U()l(k) + et’\3 Uog(k‘), (4.29)
L ik _ ik
m(t,k) = —(a1 + o(k)iag)e™ Uy (k). (4.31)

We now calculate Up;(k) from the boundary conditions (4.23)3 4 after applying the Fourier trans-
form. Since we are in R? we find that (4.23)4 reads

v~ﬁ:—v2:cz on(‘)Ri.
and slip boundary condition transforms into:
—vy —ikve + fog = l;(k) on OREL.
This system and the previous one give us the following system for (U, Ups):
ik ik

WUm(k) + mUos(k) = d(k),

(f = M)Uni (k) + (f = Xa)Uns(k) = b(k) — ikd(k).
This system has the following solution (Up, Ups):
M (d(E)A3(—f + A3) + E2) + ikb(k))
ik()\g—)\l)(—f+/\3+)\1) ’
b(k) — ikd(k) — (f = A\)Uni (k)
(f —A3) .

Immediately, having this solution, we formulate the following result, which gives us the reason
to consider only Dirichlet boundary conditions:

Uo1(k) =

Uos(k) =

Lemma 4.2.4. Given a vector field u such that v = Fy, (u) satisfies (4.29)-(4.30) for some
functions Up1(€) and Ups(€). If u satisfies the following slip boundary conditions

n-Dw) -7+ f(v-T) =0, (4.32)

Su
<
I

&

where b € W]}_l/p(R), d e Wg_l/p(R), then this vector field satisfies also Dirichlet boundary
constraints on OR? :

u(x1,0) = D(z1),
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where D € ngl/p(R) and is given by:

1 (b)) —d(&) (o () As(€)—i
Dy(z1) = F; ( = ffx)l(@)(—)ﬁ((@) )> (z1)

and satisfies the following inequality:
1Dl 3170 gy < OBl 17 gy + 2270 )

Moreover, for b e Wplfl/p(R) and d € Wp%l/p(R) N Wplfl/p(R) one has:
21 ir1-1
D € WEHP(R) N W, P (R), (4.33)
and the following inequality holds:

HDHWI?_I/I?(R)F]W;_UP(R) < C(HbHW;Dl_l/P(R) + HdHWE_l/P(R)mel_l/p(R))'

Remark: Above homogeneous spaces can be replaced with inhomogeneous ones without any
additional assumptions.

Proof of Lemma 4.2.4. Taking the Fourier transform in x; direction in boundary condi-
tions (4.32) one gets:
—1(€,0) — ikv2(€,0) + for(€,0) = b(&),
—02(£,0) = d(S).
After inserting the form (4.29)-(4.30) of v into the above equations it is then an algebraic calcu-
lation to obtain that

() — d©) (o (€)As(€) — i€)
w0 = N e
va(€,0) = —d(©).

Obviously ua(z1,0) = —d(z1) and hence us € Wg_l/p(R). To show proper regularity of u;(z1,0)
we split v1 into two terms:

~

b(¢) nd —UOT(©)Ns(6) — i)
f=(8) = A3(8) f=M(8) = As(8)
The inverse Fourier transform of the second term is in the same class of regularity as d(z;), since

% is a proper bounded multiplier to use with multiplier theorems in Besov spaces.
b(k)

Similarly the first term —.since f_/\’if_)\?) is a smooth bounded function i.n R\ {0} then -—3~—5
corresponds to a term in W,,Q_l/p(]R). This proves that F, ' (v1(0,-)) € Wg_l/p(]R).
To be more precise, the term connected with b is in fact of higher regularity, namely if

be Wy /P(R), then fgl(%) e Wy Y/P(R) n W2 /P(R). This proves (4.33). O

We have a proper regularity of v on O]Ri and its exact correspondence to slip boundary
constraints, thus we can treat our system as the one with Dirichlet boundary conditions, namely:

b(k) — ikd(k)  d(k)irso (k)
f=M—=A  f-A—X3
UQ(Oak) = *Cz(k),
which we will denote as v(0,k) = D(k) on ORZ. We want to emphasize that this fact will be
used later on during the estimate of V2v .

v1(0,k) =




4.2. THE OSEEN SYSTEM IN THE HALF SPACE R%r 55

4.2.2 Estimate of the pressure.

In this part of the paper we give a proof of Theorem 4.2.2. Let us start now with estimates for
the pressure
plar, x9) = Fi 't (w(k, 22)) .

Recall (4.31):
m(t, k) = —(ay + o(k)iaz)e™ Upy (k).

We want to estimate the gradient Vp, i.e. 0;,p and 9;,p. These two terms correspond, after
the Fourier transform, to terms ik7 (¢, k) and —|k|mw(t, k), which, from the point of view of our
approach, are equivalent, since they differ only by a function o(k), which, as we shall see, makes
no difference in our estimates.

Let us thus focus on the term

iy k(a1 + o(k)iao) M (d(k)As(—f + A3) + k) + z’klA)(k:))‘

ikm(t, k) = —e ik(A3 — A1) (=f + A3+ A1)

We remove (a1 + o(k)iaz) using the following calculation:
ik 2ik
A3 =AM (ag — /a2 + 4(k? + ayik)) + 2|k|
2ik(az + 2|k| + /a3 + 4(k2 + arik))

" (@2 + daglk| + A2 — (a2 + 4(K2 + arik))
2ik(ag + 2|k| + /a3 + 4(k% + aqik))
—4ik(o(k)agi + ay)

ag + 2k + Va3 + 4(K? + ayik)

a1 + o(k)agi

Thus we present ik7(t, k) as follows:

(a2 + 2/k| + /a3 + 4(K% + arik) A (d(k)As(—f + As) + &) + iki’(k))'

ikm(t, k) == ™
thn(t, k) == (= f + A3 + M)

First we focus on the term involving b(k). Let

(az + 2|k| + /a3 + 4(k2 + alik))/\lé(k)
ik(—f + A3+ A1) '

I (t, k) = eMik

and we denote as I the remaining part of ikm(t, k):

(a2 + 2|k + /a3 + 4(k% + a1ik))o (k) (A3 (= f + X3) + k)
Zk‘(—f + A3 + )\1)

Lt k) = e™Mik d(k). (4.34)

We present I (t, k) as X
L (t, k) = eMikepy (k)b(k),

where

(k) = (ag + 2|k| + v/a3 + 4(k? + a1ik))\
P = ik(—f + A3 + A1) '
Since (A3 + A1) < 0 and f > 0 we have R(—f + A3+ \1) < —f < 0 and a function ¢ (k)
is a proper multiplier in the sense of Theorem 4.5.1 — indeed, since \; = —|k| our multiplier
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is bounded and smooth for £ € R\ {0}. Moreover its derivative has a good decay rate, which
guarantees that |k| - ¢/ (k) is bounded for all k& € R.
The above considerations justify the following inequality:

15 (T (1)) oy < CINFR (€ kb(R) ) lloey-
We now estimate the term:
Fit (—eikb()) = £t (—e™ik) « 7 (b))

where *- is a convolution with respect to x1. Now since

2 t 2 2zt
Fl (—'k —|klt> _ \/7 _ _\/77
L T2 + 22 7 (12 + 22)2
,T1

we rewrite our term as follows:

_ ; -1 (3 2 ot 2

Fit (—ew‘lzk) « It (b(k)) = \/;@2_::6%)2 * b(z1) =: \/;Jl(t,xl).
—2yt _

/ t2 4 y dy - 07

b(z —y) — b(z)] dy.

Now since

we write:

t2+y

First we focus on:

[ 1(2, - (//t2+y [b(x—y)—b(:n)]dypdx>.

After an application of the Holder’s inequality to the internal integral we get:

tl/q Qytl/p
/R (2 +y?)l/a (y2 +12)2-1/a [b(z —y) = b(x)]dy <

2yPt

</ </R 2+ ) |b(z —y) — b(x)[” dy) v

2yPt
9 g,y <777 [ o / i e — ) = @) dyde

and thus

Now since

t —2p
/ 2 2\t dt =" )
r, (y* +t2)tFp 2p

we get, using (4.11):

/1 bz — y) = b(a)”
ey < o [ dydx<—ubup

lyl” ®)
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Of course, since b € W, /" (R) for any r € (3/2, p] we actually have

ar=1)/r

e T

which implies: s/,
r—3/2)/r
1 () ) < 27 P
This type of calculations is known since the famous papers by Agmon, Douglis and Nirenberg
(see [1], [2]), where authors showed optimal estimates for solution to elliptic problems.
To finish our estimates for the gradient of the pressure we must deal with the term Io from
(4.34), namely:

”bHW}*l/T(R)?

ag + 2|k| + v/a3 + 4(k2 + arik))o (k) (A3 (—f + \3) + k?)
’Lk(—f + A3+ )\1)

Ly(t, k) = ethg d(k).

Estimates differ depending on the sign of as. We will be interested in a behaviour of particular
terms for k — 0 and for kK — oo, and we emphasize this by introducing a smooth cut-off function
((k) such that ((k) =1 for |k| <1 and ((k) = 0 for |k| > 1. Then we split integral I5 as follows:

Ir(t k) = C(k) 12 + (1 — ¢(k)) Iz = In1(t, k) + I22(t, k), (4.35)

and estimate it separately.
First, let ag > 0. In this case we have

R(az + 2|k| + /a3 + 4(k? + ar1ik)) > a2 > 0
and R(A3(—f + A3) + k?) ~ k? for small |k|, thus we present I3; as:
Ini(t, k) = e™ikgor (k) (ikd(k)), (4.36)

where

(ag + 2|k| + v/a3 + 4(k2 + a1ik))o (k) (As(—f + A3) + k)
—k2(=f+ X3+ A1)
It is straightforward that a function 9 (k) is a proper multiplier in the sense of the Marcinkiewicz

theorem. Moreover, since d € Wg_l/p(R) then fl;l(zk‘d(k:)) € Wpl_l/p(]R), and we reuse tech-
niques exploited earlier to estimate terms connected with b(k), to obtain:

p21(k) = ¢ (k)

1P (ot (1) gz < CIFT (d(R)) la-17m gy = 2170 gy
To estimate I2a(t, k) we present it in the same form as in (4.36), i.e.:
Ino(t, k) = e ikgao (k) (ikd(k)),

where

(ag + 2|k| + /a3 + 4(k2 + aqik))o (k) (N3 (—f + A3) + k?)
—k2(—f + A3+ )\1)

pa2(k) = (1= ((k))

Again, it is easily seen that ¢go(k) is a proper multiplier in the sense of the Marcinkiewicz
theorem, since in denominator and numerator of this fraction appear terms of order |k|® (for
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large |k|), and the neighbourhood of 0 is cutted of by (1 — ((k)). Once this has been noticed we
can estimate Ioo as follows:

175 (s ) Loz < CIF (ihd(8)) la-vm gy = Cldly2vim gy

We would like to emphasize, that the estimate of Iso does not depend on the sign of as, and

hence we can use it again in cases ag = 0 and ag > 0, provided d € W; i (R).
Let us now consider the case as = 0. We have

2k| + /A(k2 + arik) ~ Vk

but also
(A3(—f+A3) + kQ) ~ Vk for small K|

This does not allow us to present Io; in the form (4.36), but the following one:
I (t, k) = koo (k)d(k),

where po1(k) = ((k) @2lk|+y/A(k2+a1ik))o (k) A3 (— f+A3)+k2)

R =T tAD) is a valid multiplier in the sense of the
Marcinkiewicz theorem. Hence, a proper estimate is the following:

175t (T21 (8 ) [l oz y < Clidly, 1-1/p Ry

Thus, in the case ao = 0 integral I» can be estimated as follows:

17 (1) oz ) < Cllllyz-1m gy yit-1o gy

Let us now assume that az < 0. In this case the term (A3(—f + A3) + k?) < az < 0, however
as + 2|k| + v/a3 + 4(k2 + ayik) ~ |k|, and thus we can present term Iy; in the form

L1 (t, k) = e™ikeo (k)d(k),

(2|k|++/4(k2+a1ik))o (k) (A3 (—f+X3)+k>
where @91 (k) = ((k ) ul _Zgl(l f)ixg)i,\i) )
Marcinkiewicz theorem, and we obtain:

is a proper multiplier in the sense of the

17 (B1 (8 5) oz < Cllll -1y,
which, together with the standard estimate of Iz gives us:
||‘7:.k_1 (IZ) HLP(R3_) < ||d||Wp2_1/p(R)ﬂW;_1/p(R)'
Gathering all above estimates we have proved the following inequalities:

e for ap <0 and all r € (3/2,p]:
V0 ler ey < OFar.02) (1Bl gy + Il e gyt 7))
e for az > 0 and all r € (3/2,p]:

1992 a2y < CFra102) (Ibllya-10m gy + 1l z1m gy )

This completes the proof of Theorem 4.2.2.



4.2. THE OSEEN SYSTEM IN THE HALF SPACE R%r 59

4.2.3 Second derivatives of the velocity — reduction of the system.

In this section we introduce a homogeneous system for the velocity, from which it will be easier
to obtain proper regularity of V2v. Once we have a simplified system we derive the solution and
show estimates for it.

First, let us recall that our solution to the system (4.23)-(4.27) satisfies (independently of the
sign of ay) the following system:

aiug +agus —Au=—Vp inRZ,

(4.37)
u=2D on 8R2+,

where D is in a proper class, which depends on the sign of as, namely:
o for ay < 0: D e W2 "(R),

e foras =0: D € Wffl/r(R) N ﬂil/T(R),

o for ay > 0: D e W "(R) n W2 2"(R),
for all r € (3,p], where we emphasize, that in case a3 < 0 we need the full norm, not only an
homogeneous one.

We subtract inhomogeneity from the right hand side of (4.37) without changing the regularity
of boundary condition D in each of the cases of signum of as. To obtain this we use Theorem
4.3.1 and Theorem 4.3.3.

We present the solution u as

U=+ w,

where w is a truncation to the half space Ri of the solution to the system in the whole R? space:
aw + aws — Aw = _%7

where % on the right hand side stands for its standard extension on the whole R? with a
preservation of its norm. Theorem 4.3.1 guarantees that the solution exists, thus v:

a1v,1 + agv g — Av =10 in ]Ri,

~ 4.
v=D—-w=D 0116]1%3_. (4.38)

The question is, does D have the same regularity as D. Since for r > 3 we have 3r/(3+r) >
3/2 and we have Vp € L(R?) for all s € (3/2,p] we are in position to use Theorem 4.3.1 and
Lemma 4.3.2 to get:

IVwllwy®2)y < IVPI Lrgeynpsr /e @2y,
for all r € (3,p] and

||w\x2:0ng—l/r(R)ng—z/r(R) < ||VPHLT(R2)0L3T/<3+T)(R?)-

This implies in particular, that for as > 0 subtraction of w does not change the regularity of
boundary conditions, hence D has the same regularity as D.
__ For ag < 0 we have different behaviour of eigenvalues and we may use Theorem 4.3.3. Since
Vp € L"(R?) for all r € (3/2,p] we get

0jaamolly 21y < 19002 e,

which again implies that D has the same regularity as D, namely: D € Wy -/ "(R).
Above considerations justify the following set of inequalities:
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e for as < 0:
||DHW,271/T(R) <C (”DHW3*1/T(R) + ||w\962=0HW3*1/T(R)) ) (439)

e for ag = O:

”DHWE*l/T'(R)mWO}*UT(R) <C (HDHW??*UT(R)OW?}*UT(R) + Hw|x2:0|’Wf’1/”(R)mW£*1/’"(R)> )

e for as > O:

”DHV.VEil/T-(R)ﬂI/foWT(R) <C (HDHWTQ*UT(R)OWE*?/"(R) + Hw|:)32=0”WE*U"(R)QWE*Q/T'(R)> .
(4.40)

Derivation of solution. For the readability we again denote D as D, since in a view of
(4.39)-(4.40) this does not affect any estimates. We solve the system (4.38) in the same manner as
the one considered earlier — first we apply Fourier Transform and then solve ordinary differential
equations with initial data coming from the boundary constraints.

Taking the Fourier transform of (4.381) we get:

a1tkv; + asv; + /~€2vl — 7 =0, where [ =1, 2,

where again we denoted 0., as " Introducing w; = v; we get a system of ordinary differential

equations '
(/N 0 1 lu
wy o (k2 + alik) a2 wy |’

from which we easily compute a solution:

1
vt k) = BV (k), where A_(k) = 5((12 - \/a% + 4(k? + aqik)),

and Vjy is an initial function — we get it from the boundary data. From (4.382) we have:
v;(0, k) = Dy(k) on OR% and thus Voi(k) = D (k).

Remark: The behaviour of A_(k) at |k| — 0 and |k| — oo will be crucial for our considerations.
It is straightforward, that A_(k) ~ |k| for large |k| independently of a; and ag, however its
behaviour at 0 changes depending on a1 and a9, namely, for small k:

o for ag < 0: RA_(k) < a2 <0,
o for ap = 0: RA_(k) ~ —/|k|,
o for ay > 0: RA_(k) ~ —|k|?.

We emphasize that if az = 0, then a? = a? + a2 = v2 # 0.

4.2.4 Estimate of u ;

We start with the estimate of u; 11, which brings down to an estimate of
k|2t =) Dy (k).
To use previous estimate techniques for Vp we notice, that above term equals
—eA =0 (k)2 Dy (k). (4.41)

Since we consider multiple cases it is thus reasonable to present them in separate lemmas.
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Lemma 4.2.5. Given u; 11 in the form (4.41). Assuming az <0 and D € ngl/p(R) one has:
luiaillegz) < ClIDIy2-1m -

Proof . We see that ikD;(k) has a good regularity (namely FH(ikDy(k)) € Wpl_l/p) to
get Ly-estimates for this term (repeating the procedure for the gradient Vp), however we need
to show that one can change e=**~®*) into e~*I. Since ay < 0 there exists a constant ¢(as) such
that A_(k) + c(az2)|k| <0 for all £ € R and thus the following multiplier is valid in the sense of
the Marcinkiewicz theorem:

(k) = et (k) +e(az)lk]) (4.42)
and can be estimated independently of ¢. Using it we are able to bring down estimate of
Hui711HLp(R2+) to estimate of a term F ' (—e_tc(a2)|k|ik(ik:ﬁi(k))), since

Fuluigy) = et R)Felaz)lk]) (—e_tc(‘”)|k|z’/~t(ikl§i(l€))) .
Thus, in case as < 0,

luilnqesy < CIFEE (e Mit(iDi(0) | pogen) < Cla) 1D ()l 2170z

We estimate term wu; 11 for the case as > 0 using the following Lemma:

Lemma 4.2.6. Given u;11 in the form (4.41). Assuming az > 0 and D € Wﬁ‘””(R) N
W,,Q_Q/p(R) one has:
luiaille@z) < ClDIy2-1/m @y yiz—2rr )
Proof . Since the behaviour of A_(k) is different in a neighbourhood of 0 and in a
neighbourhood of co we cannot use the technique use in the previous proof, because there exists

no constant c(az) such that p(k) from (4.42) is a valid multiplier. We thus introduce a cut-off
function (k) as follows:

m(k)=1 for |k| <L, w(k)=0 for |k| > L+1, (4.43)

for some positive constant L, which we describe later.
We split our term e~ *)ik(ikD;(k)) as

=W ikm (k) (ikDy(k)) + e Wik(1 — (k) (ikDi(k)) = I + . (4.44)

Let us first estimate I;. We consider here the worst case, when a; = 0. All further estimates can
be repeated for a; # 0. From the basic properties of A_(k) we see that for a proper constant L
a multiplier ¢1:

801(79) _ et(/\_(k)Jrikz)ﬂ,(k)

is a good multiplier for all ¢ > 0 in the sense of the Marcinkiewicz Theorem, with a proper
estimate not dependent of ¢ (the case when A_(k) 4+ Lk? < 0 for all k). Thus we may write

1 () gy < [0 (75 k(i (k) Di(k)) ) |

LP(R)
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The constant L does not affect _any estimates, so for the readability of the paper we assume that

= 1. We also denote ikm(k)D;(k) as B;(k) and Jy(t, z) as
J(t,z) = F ! (e_thikBi(k))

Since
e—x2/4t —x2 /4t

F! (e—tk2> _ 57

Above term is integrable and odd with respect to x so we may write:

we have: ijl (e_tkzik) ¢ :E

—_ W. (4.45)

D) = [ I By — )~ Bi(o)ldy

Using Holder inequality we get:
2 a Y
My = [ | [ 7 5B =) = Bulaldy

<1 —qy?/st L Y —py?/st_ Y’ Bi(x —y) — B;(z)|Pd
_2\7/5 Re 1172 Re tp+1/2‘ (z—y) i(z)[Pdy ) -

Now since f e” W /St ady = 2\\?? and

p
dx

/0 e s tp+1/2 dt = 250 1Dpp=12D0(p — 1/2) [y P = c1(p)|y|* P

we can write:

VT |Bi(z —y) — Bi(z)|’
Va4 JrRxR |y[p—1 ’

where the right hand side can be estimated (right from the definition (4.11)) by

| J1(- ')Hip(Ri) < 93(=1/2)pp=1/2p (1 /9)

» r®)

23(=1/2) =1 /2 1/2)@13 I

This term, however, can be estimated by C(q)||D; Hp 2-2/p gy’ since multiplication by a smooth
function m(k) does not change the class of the functlon ikD; and || F; (ikD; i 1-2/p gy =
I D)l 1oy

Before we make further estimates we would like to emphasize, that this type of estimates and
appearance of terms like (4.45) are characteristic to a parabolic problem. We see, that a change
of a sign of the coefficient as results in the different behaviour of the eigenvalue, which brings in
this parabolic disturbance to our estimates and might be the cause of the presence of the wake
region behind the obstacle.

Let us now return to the second term from (4.44), i.e. I5:

I = e Wik(1 — 7 (k) (ikD;(k)).

In this case we introduce a multiplier ¢(k) = e!-F)+16l/2) " Since A_ (k) ~ —|k| for large |k| we
see, that
A_(k) + |k|/2 ~ —|k|/2 <0 for |k| large enough. (4.46)
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Now we may go back to the definition of function =, i.e. (4.43), and set L large enough (and
in fact also L small enough) to ensure, that for |k| > L + 1 inequality (4.46) holds. Then our
multiplier can be estimated independently of t. Summing up:

175 (Dot ) oy < 7t (7 MV2ik(1 — m() (i Di(R)) )|

LP(R)

and all estimates for the gradient of p can be applied directly for this term, since
Fl (ik(l - w(k))bi(k)) e WP (R),

This estimate completes the case of u 11.
O

Remark: In above lemmas we used an assumption that D; € sz —/p (R)N VVp2 2/ (R), but
in fact D; € WE_I/T(R) N '712_2/T(R) for all » € (3,p] and thus our estimate also holds for

HVQUHLT(Riy

4.2.5 Estimate of u .

To complete the proof of Theorem 4.2.3 we now estimate u 22, which corresponds to estimate of
wz = Fy (k1) = F (X2 (R)e=® Dy(k)) (4.47)

Again, we treat all cases of signum of as in a separate Lemma. The first one will be for the case
as < 0:

Lemma 4.2.7. Given u; 22 in the form (4.47). Assuming az < 0 and D € WpQ_l/p(R) one has
the following inequality:
lui22]l Loz ) < ClID 21 -

Proof .  The problem one encounters is that for a; < 0 we have A2 (k) > a3, which

obviously does not behave like |k|? for small k and hence we cannot write this term in a form
like in (4.41), that is why a different approach is needed and we will investigate the case as < 0
more thoroughly.

As usual we introduce a smooth cut off function 7(k) such that «(k) = 1 for |k| < L, for
some constant L > 0, which will described later, and 7(k) = 0 for |k| > L + 1. As we have seen
many times, multiplication by a smooth bounded function of compact support does not influence
essential estimates. Keeping this in mind we may write:

vin (k1) = c(az)e D (k) Dy(k) + |k|2e 7M@) (1 — (k) Dy(k) =: L1 (t, k) + Lo(t, k) (4.48)
where a constant c(az) may differ from one occurrence to another.

Integral I is easy to estimate, since D € WpQ*l/p(]R) for ag < 0 (and of course fk_l(ﬂ(k)f)) €
T/Vp2 A (R)), and in particular D € LP(R), which gives us:

I ) sy < [ clande™ DI oyt < ) 1Dy < a1 DI
Integral I(t, k) can be estimated in the same way as it was made in case of u 11, i.e. one presents
I5(t, k) as

Io(t, k) = —e~tklea2);p, (ik(l - w(k))f)i(k:)) :
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and estimates as follows:
17 (Bt ) oz < CllDille-1mgy,  thus [lvinllzage) < ClDilly2-1m g,

and the proof of Lemma 4.2.7 is complete. [

For the case of as = 0 we have the following lemma:

Lemma 4.2.8. Given u;2o in the form (4.47). Assuming az = 0 and D € Wg_l/p(]R) N

Wplfl/p(R) one has the following inequality:
lui22ll Loz ) < DN z-1/ i -1/ gy

Proof . In case az = 0 one has A2 ~ k2 + aik = ik(a — ik) for small k (we will treat this
term as a part of derivative, i.e. ik, and part of a multiplicator, i.e. a —ik) and thus, proceeding
as earlier (introducing a cut-off function 7 (k)):

vii1(k,t) = e VIR (—ik + @) (k) Di(k) — e tFe@2)ik(1 — 7(k))ik Dy (k) =
=: L1(t, k) + I2(t, k).

Integrals like I»(t,k) we have already seen how to estimate — since F; *(ik(1 — m(k))Di(k)) €
W;_l/p(]R) we get:
H‘Fk_l(IQ(tvk))HLP(Ri) < CllDilly2-1/p -

To estimate I (¢, k) we notice, that since there exists a constant ¢,, such that —/|k|+cq4, k] <0

for small k, we may use Marcinkiewicz theorem for a multiplier p(k) = ﬂ(k)et“k'_\/m) to get
that

ka—l(fl (t, k)) "Lp(Ri) < ”fk—l(e*t|k|0(a2))ik(a — Zk)ﬂ'(k)Dz(k)”Lp(Ri) < C”DHWz}fl/p(R).

For the case of as > 0 we have the following lemma:

Lemma 4.2.9. Given w;2o in the form (4.47). Assuming az > 0 and D € WpZ*l/p(]R) N

ngQ/p(R) one has the following inequality:
Juiz2 oty < OND Ny v gz

Proof . To estimate w2y for ag > 0 we proceed as earlier (introducing a cut-off function
m(k)): since RA_(k) ~ —|k|? for small |k| we may write v 2o as follows:

Vit k) = —ike " (k) [k[2ik Dy (k) — ike =M@ (1 — 7 (k))ikDy(k) =: L1 (t, k) + Ia(t, k).
Integral I5(t, k) can be estimated as follows:
I Gl )Lz < Dl v
while for I (¢, k) one has:

17 (I, EDILr@z) = ClDlly2-2rm -
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repeating estimates for u 11 and keeping in mind, that 7(k)|k|? is a proper multiplier in the sense
of the Marcinkiewicz theorem, since 7 (k) has bounded support.

These estimates prove the following inequality:
loc22l oz ) < CID Iy 2-17m gyr-2/ozy

which completes the proof of this lemma. [

Remark: As was the case for u; 11 — since D(x) is in a family of spaces, i.e. not only for p
but also for all r € (3, p], all above estimates are valid also for ”ui,22HLT(Ri)- This completes the

proof of Theorem 4.2.3.

4.2.6 Summary.

As we have seen in the proof of Theorem 4.2.3 different regularity of boundary condition is
needed in case of u 11 and u 22, however for the readability of the paper we did not differentiated
it in the statement of the theorem, however now we can set together all these requirements. The
following array shows, what regularity on D is required in particular cases:

as <0 as =0 as >0
vy | DeWwy VP De Wy P D e Wy Py P

vos | DeWwy P | Dew, VPaw, P | Dewy PP

In this table the Reader can see, what is the connection between the class of regularity for
the boundary conditions and the sign of as, which corresponds to the type of points on the
boundary (i.e. type E (elliptic) for as < 0, type P (parabolic) for ag > 0 and type S for as = 0).
In front of the obstacle it is required that the boundary conditions are in the inhomogeneous
class T/Vp2 —1/p (R), a typical for a strongly elliptic problems. The situation behind the obstacle
as > 0 appears to have also a parabolic disturbance, which can be seen by the need of the
space Wp2 —2/p (R). Such class of regularity corresponds to the trace space for the standard heat
equation.

4.2.7 Some basic properties for \_(k)

We present properties of A_(k). Let us denote by A the following term

A = a3 + 4(k* + ayik).
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Then

|A]2 = (a3 + 4K%)? + (da1k)?

cos 0 RA a3+ 4k?
A= T =
|Al Al
—1i60
VA = \/|Ale 2"
1
cosx:ﬁ 14 cos2x
CoseA_l<a§+4k;2+|Ay>1/2
2 V2 |Al
1 a2+ 4k% + A\
RVA = 42 L (2 )
AU
Ly 2 1/2
= — (a5 +4k” + |4])
VA
RA_(k) = a—i<2 482+ [(ad + 46))? + (dark)2]2)
_(k) = 9 \/§a2+ + [(a5 + 4k7)° + (4a1k)”]

a3 — % (ad + 4k% + [(ad + 4k%)% + (dark)?]/?)
az + J5 (a3 + 4k2 + [(a3 + 4k2)2 + (4ay k)2]1/2) 2

N = N

If ag > 0 we also have:

—2k?

RA_(k) <
az + 75 (a3 + 4k + [(a3 + 4k%)% + (da1k)?]1/2)

1/2

Finally, if |k| < L we have

—2k?
< -
FA-(k) < Cl(ai,ag, L)’

and we may denote 1/C(ay, ap, L) as L:
[: = 1/C(a1,a2,L)
to get:

RA_(k) < —2Lk?

4.3 The system in the whole space R?

In this part we would like to present results, which were used in the previous section.

The standard approach to whole space linear problems is the technique of the Fourier trans-
form together with a multiplier theorem, for example Lizorkin Theorem (see Theorem 4.5.2).
Using it are able to show the following theorems. We would like to mention that for our pur-
poses not all estimates in this theorem are needed. Some of them are however necessary to show
existence of solutions to the Navier-Stokes system (4.1)-(4.4) in an exterior domain that is why
we state them and give a proof of some of them. If the Reader is interested in this problem we

refer him to [11] and [33].
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Theorem 4.3.1. Let F € LY(R?) and 1 < ¢ < co. Then there exists a solution u = (uy,u2) to
the system:

ajug +agus — Au = F m RQ,
for which the following inequality holds:
IV?ull Loy < ClIF|lpagre)- (4.49)
If g < 3 then also the following inequality holds:
IVull 30/ -0 g2y < ClIF || La(re)- (4.50)

Moreover, as a direct result of previous statements, if ¢ > 3 and F € L*(R?) for all s € (3/2,q],
then for all r € (3, 4|

[Vullwirzy < C)F| 1rm2)npsr/een @2)-

Proof . After rotating the coordinate system this problem corresponds to the problem
Aup — Au=F in R2.
After applying the Fourier transform to the above equation and gets:

N A (3
U = T e

—&i&;

FERurEE which stands for a

Using Theorem 4.5.2 one immediately gets (4.49), since a multiplier
derivative u ;;, is a proper bounded multiplier.

To show (4.50) we again use Theorem 4.5.2 with 5 = 1/3. We must show that the multiplier

& [231& |13 + [&)4/3 16|13
€12 4+ Al

is bounded for all £ € R2. Since

61|31 3 + (&M < | 3 lg?

and
(11773 + X316 /3)2 < C(1g) + M)
we get
A3 1e V31143 < 1€ + M|
thus
NNV ull fopsa-n g2y < C (IF o2y + 1Gllwroe)) -
U

As a direct result of this theorem we have the following:
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Lemma 4.3.2. Given 3 < q¢ < co. If F € LY(R?) N L' (R?) then the solution u = (u1,u2) to the
system from Theorem 4.5.1 satisfies the following estimates:

HUHWE(R?) < C()‘aT)HFHLQ,T for allr € (3,q], (4.51)
where A, = {3r/(3+ 2r),3r/(3+1),r},
IVullwpeey < CAT)|FlLg,  for allr € (3/2,4], (4.52)

where B, = {3r/(3+1),r}.
Moreover for all v € (3/2,q] one has:

Uy € W2 (R) N WAV (R). (4.53)

Proof . Let 3/2 < r < q. We take 11 = 3r/(3 + r) and ro = 3r/(3 + 2r). Using
previous theorem we immediately get ||[V2ul|r < ||F||pr, since |F||zr < C()||F|lpanz:- Since
F € L9N L' and we also have F' € L™ and F € L. Since 71 < 3 this implies that |Vul|zr =
|Vl 3ry/3-r1) < ||F||Lr1, which is the desired estimate (4.52). The same thing we can make
with ro and u, since 79 < 3/2 and thus ||ul|zr = ||ul| ;3ry/-2r) < ||F]||zr2 and hence the proof of
(4.51) and (4.52) is complete.

To show (4.53) one must notice, that since Vu,,—o € W,«l_l/r(R) we get ujz,—0 € WE_I/T(R)
(straightforward from definition (4.11)). The fact that u|,,—o € W (R) can be shown using
Lemma 4.5.3 for s =3+ € and m =r.

Remark: bounds from (4.51) and (4.52) come from the inequalities 3s/(3 — s) > 3/2 and
3s/(3—2s) >3 forall s>1. 0O

Using different techniques than those presented in the proof of Theorem 4.3.1 we are able to
show the following result:

Theorem 4.3.3. Let f € LP(R?) such that supp f C R%—' Given a solution to the following
systems:
aju + agus — Au= f in R?, (4.54)

with a condition at infinity |u| — 0 as |x| — oo. Provided ay < 0, the following estimate is
valid:

Hu‘wQZOHWZ?*UP(R) < CHfHLP(Rz)

Proof . From Lemma 4.3.2 we have immediately

IV?ull g2y < 11 llo g2
so to prove Theorem 4.3.3 we need to show only L,— estimate for the function u, namely we
prove the following inequality:
||U\x2=0HLp(R) < CHfHLP(R?)-

We apply the Fourier transform in z; variable to (4.54) to obtain the following differential
equation:
ariév + agd + 20 — v = f(t,€),

where v(&,t) = Fz, (u)(&,t), and we denoted x5 coordinate as t.
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With this system two eigenvalues are connected: stable A= = (a3 — A)/2 and unstable
i = (a2 + A)/2, where A = /a2 + 4(£2 + ayi€). Let us observe, that RA_ < a2, which will be
crucial for our considerations. The solution satisfies the following equation:

/AM” s€d8+/ LM (s, €)ds

Since the support of f is a subset of R; we have

© q N .
= _ -8 s d
/0 K¢ f(s,8)ds

To estimate ||u|q,—ollzr(r) We use Marcinkiewicz theorem, i.e.

o 1 .
ol o) = I (0(€, 0oy = Hfgl ([ 3o fe o)

00 B 1 "
< [T (5009 ) I

< /O Cor(8)[1£(, 8) | oy ds

Lr(R)

where the term Cjs(s) comes from the term ZeA . which, for convenience, we denote as W(&, s).

An estimate of the constant Cy/(s), which comes from from the Marcinkiewicz theorem, is crucial
for our estimate. Since we are in one dimension the constant C(s) is estimated by:

Cu(s) < sup (JW(E, )|+ [£0cW(E, )))-
£eR\{0}

We now use the assumption that as < 0 to get that:

1 os(az—0)/2
Vag +4(& + a1i€)

1 e—sA/2
Va3 +4(8% + ayi€)

ieazS/2
|az] ’

(W (&, )| =

< eags/2

IN

since RA > 0.
To estimate |£0: W (&, s)| first we write write it in a full form:

26(a11 + 2€) s(ay-n)/2 _ 26(011 +20)8 s(ar-n)/2

T =

The first term on the right hand side can be estimated similarly to |[¥(&, s)], i.e. since 2¢(ayi +
26)/A% < C(ay,as) and an estimate for the term e5(®2=2/2) is known we get:

' 20010 +26) s(ar-a)/2

A3 < C(al,ag)eaQS/Z.

The second term can be estimated similarly, however we need to estimate also s using e92/4

se®®2/* < C(ay), to get:

, Le.

'25(61114'25) s(az—A)/2

A < Clag)e®®/4,
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All these estimates assure that:
Cun(s) < C(al,ag)es“2/4.

We may now go back to estimate of |u||z»(r), keeping in mind that az < 0:

IN

|%zy=0ll Lr (m)

/0 Car($) 1 £ 8) | oy ds =

M
= lim e (-, 8) | Loyds <

M—oo Jo

IN

M 1/p
i ([ 1) (1 e
0

M —o0

_ eaqu/4)1/q)

iz o, a0 (1 = I£llzr g2 ),

which is the desired estimate. OJ

The following Theorem is well known (see [11]):

Theorem 4.3.4. Oseen system in the full space R?. Let F € LI(R?), G € WY4(R?) and

1 < g < co. Then there exists a solution u = (u1,uz) and p to the following inhomogeneous
Oseen system:

A —Au+Vp = F,
V-u=GaG,

which satisfies the following estimates:

o for all1 < q < co: A|Vusl|ze +)\‘

0
dar ||, T 1Vl +1Vple < e(IF e + [ Gllwra),

o foralll <q<3: )\1/3|’quL3q/(37q) < c(|1F)lpe + |Gllwia),
o for all 1 <q < 8/2: X ullpsasis s < elF |10 + [ GCllwsa).

Proof . Below we give a sketch of a proof, i.e. not all estimates from the theorem are
shown. If the Reader is interested in this gaps we kindly refer him to [11].
Taking the Fourier transform of these equations we get:

it + €2 +i&p = 1,
iINELTg + | €2 Tg + ibap = Fh,
i&1u1 + i&otis = G.

For readability we omit the hat .
The above algebraic system has a unique solution (u,p) in the form:

_ S(—F + F16) i1

S N (GEET2Py B T3k
_ b -eh) L ie
€2 ([€12 + &1 M) €]
b= —iF1& — iF8 + G (JE* + i&N)

€17



4.3. THE SYSTEM IN THE WHOLE SPACE R? 71

First we show that
VZiu e LI(R?).

In order to do this we need to check proper Fourier multipliers, whether or not they fulfill
requirements from the Theorem 4.5.2, namely multipliers from the following term (we focus on

ul):

Eo(—Fr& + Fiéa) €1 >
5@<ra%wv+wa» P
&€

S8 fulfills these requirements and thus the part i&1G e[ gives proper

€17
estimate for uy ;;, since G € WH4(R?). Similarly the part:

133 <52(F2§1 + F1§2)> _ & (=R + F16)
ANIGE(GEER3PY €12 ([€7 +i&N)

is easily seen to fulfill these requirements.
In a similar way one can show desired estimates for us. Summing this up we get:

We see right away that

IV2ull 1o (r2y < CUIF| aqrey + 1Gllwrage))-

Now we would like to estimate [[w 1| fa(r2). It is not hard to see that the part with G, namely

%21 G, does not cause any difficulties. Let us thus focus on:

(-6 + Fi&) 7 13151 &

= - F .
SERGER T iEN e eR riaN T XER (R e

The denominator in both terms is of order A|¢|2£; near 0, that is why one can immediately get
proper estimates of both these terms — similarly for us. Summing up:

1
sl < € (51l + 1Glwioe )

Remark: the reasoning for v ; cannot be repeated for the case with u; 2, however may be
repeated for the case with ug 2. In this manner we get another estimate:

1
luzzlis < € (51Fliome) + [Glhwrsg

Above considerations can be easily applied to Vp — multipliers in this case are also easy to
estimate. Thus one gets:

IVpllr@e2y < C (I1F || o2y + 1Gllwremg2))

Estimate
)\1/3HVUHL3P/(3*P> <C (HFHLP(R?) + HGHWI»P(RZ)) .

is exactly the same, as it was in the proof of Theorem 4.3.1 — one faces the same multiplier.
As was mentioned earlier — other terms can be estimated similarly — for the details we refer the
Reader to [11]. O

As a direct application of the above Theorem we have the following Lemma:
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Lemma 4.3.5. Given 3 < q < oo. If F € LY(R*) N L' (R?) and G € W} (R?) N W} (R?) then the
solution w = (u1,us) and p to the system from Theorem 4.3.4 satisfies the following estimates:

lullwzgz) < €OV (1P lzanns + 1Gllwgews ) for all v € (3,4, (4.55)
IVullwae) < OO ) (IFlionss + [Cllwgews)  Jorallr € (3/2,0) (456)
Moreover for all v € (3/2,q] one has:
Ujyeo € W2 (R) VWY (R), (4.57)
and for all v € (3, q] one has:
Uy € W7 (R) N W2/ (R). (4.58)

Proof . The proof of this lemma is analogous to the proof of Lemma 4.3.2. Property (4.58)
is a direct consequence of (4.55). O

4.4 Proof of Theorem 4.1.1

In this section we give a proof of Theorem 4.1.1. We extensively use results for the whole space
R? and for the half space ]R%_.

To prove Theorem 4.1.1 we use a standard approach. We consider two auxiliary problems:
one in the whole space and the second one in a bounded domain (some neighbourhood of the
boundary of the original domain). With the former we deal with in Section 4.3. To solve the
latter one may use the standard technique of partition of unity, namely, splitting a neighbourhood
of the boundary into parts U; small enough to introduce a proper curvilinear system in each of
them. In this curvilinear coordinates the original problem transforms into a similar problem in
a half space. Moreover — the support of a corresponding solution is contained in U;.

Existence of solutions is assured thanks to our assumptions (F' € H~1(Q), etc.), since then
one may use standard techniques for Hilbert spaces. We refer the Reader to Section 2.4.2, where
existence for the Oseen system in shown, which satisfies Vu € L*(Q) and u,p € L2 ().

Once we have a solution we may use mentioned technique of partition of unity and show
additional regularity.

Results in the full space R? apply directly, however in the case of the half space Ri it cannot
be made without an effort, since assumptions in the half space require that p > 3/2 in case of
the pressure p and p > 3 in case of the velocity v, however for Theorem 4.1.1 to be applicable as
a tool to prove Theorem 4.1.2 one has to have this type of results for p < 6/5.

We assume only, that p > 1. Since in applications we are interested in p < 6/5, we will focus
on the case p € (1,3/2). Before we continue we would like to mention two simple but important
properties: if p € (1,3/2) then 3p/(3 —p) € (3/2,3) and 3p/(3 — 2p) € (3, 0).

We start with estimates on Vp. Recalling the Remark to Theorem 4.2.2 we know, that
estimates on Vp are valid not only for p > 3/2, but for all p > 1 — the constraint p > 3/2 came
from the fact, that we wanted to remove inhomogeneity from the right hand side while keeping
proper estimates on boundary conditions. A similar condition p > 3 was necessary in case of the
velocity v.

In this section we will not only use stated theorems and lemmas but we will go into the
details of their proofs.
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As was mentioned before, after a localization procedure we end up with system (4.12)-(4.16),
where F € L"(R2), G € W (R2), b € Wy V/"(R) and d € Wy "/"(R) for all » € (1,p]. The
next step is to solve, in a similar way to Lemma 4.2.1, an auxiliary system in the full space
R? obtaining the solution (7,q). Of course, since p < 3/2 we are not able to obtain the same
conditions on traces of v and Vv. Using Theorem 4.3.4 we get:

i (T, Qjay—o - 7 € W (R), (4.59)
F-Pagmo € W2TVT(R)NWLT(R), (4.60)
- Ulzo=0 S Wf_l/r(R) N erl_rl (R)v (4'61)

where 1 = 3r/(3 — r) where two last properties come from the fact, that V?v € L"(R%) and
Vv € L (R?).

In such a case, a subtraction u = v — v and p = ¢ — ¢ implies that we obtain the system
(4.23)-(4.27) for u, but b and d are of different regularity, namely:

b=b—be WV (R) + WV (R) + WY (R) N W2V (R) (4.62)
d=d—de WV R) + WV (R) n W2V (R), (4.63)

where r; = 3r/(3 —r) and r € (1,p]. In the proof of Theorem 4.2.2 we used an assumption
be "(R) and we see, that (4.62) is strong enough to obtain the following inequality:

181l < Mo =2l

1 1/T(R)+W1 1/7‘1 1 l/r(R)_"_Wl 1/T(R)+W1 1/7‘1(R)mw2 1/7‘(R)

In the case of d we are able to derive from (4.63) the following inequality:

1]l )= lld - dll y2-1/s

1 1/1‘1(R)OW2 1/7"( )+W1 1/7'( )ﬂW2 1/r (R)-’-W»pll_l/rl( )mWZ 1/7'( )

These two inequalities imply that Vp € L"(R%) + L™ (R?) and the following inequality is valid:

IVDIlLr @2 )L g2 < C(HbHerfl/r(R)Wl—l/m ® T

ldll};, 4.64)

LT (R W2 Ry WA @i )

Indeed, to see this result we need to go into the details of the proof of Theorem 4.2.2. Since
our problem is linear we may treat influence of b and d separately, say p = py + pg. As we have
mentioned before, during an estimate of p we used a seminorm ||| ;. 1-1/r () that is why we

present b as b = by + by, where b; € I/V1 1/r( R) and by € W,}l 1/Tl( R) to get:
IVPoll g2 )4 2 r2) < VP llrgz) + V0 | Lri g2y < ”b”Wﬁ‘”*(RHW};””(R)‘
The case with d is a little bit different. In the proof of Theorem 4.2.2, during the estimate of

Vp connected with a term d we splitted its Fourier transform into Ia (¢, k) + I2a(t, k) (see 4.35).
The part F; ! (Io1) was estimated by llll;, 2-1/p () and the part 7, ' (I»2) was estimated by

]y, 11/ (- Now since in our case we have

de WV (®) n W2—Vm(R) + WYT(R) n WY (R)
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this implies the following inequality:

IVDIlLr @2 )1 L1 g2) < 17" (121)) @2y + 17" (T22) L m2)
S Hd”erl—l/rl (]R)ﬂ : T2—1/’r+ '7}71/7*([@)m x Efl/r(R).
These considerations justify (4.64).

In an estimate of the velocity v we need not only homogeneous norm, but also L?-norms on
the boundary. That is why we must check, to which spaces our boundary conditions b, d belong
to.

Lemma 4.5.4 together with Theorem 4.3.4 (see also previous estimates (4.59)-(4.61)) give us
the following properties:

- T(T,§)zy=0 - 7 € WVT(R) N (L (R) + L (R)),
F0-7)ep=0 € WZTVT(R) AW (R) N (L7 (R) + L7(R)),
- vy € W2TVT(R) N W (R) N (L™ (R) + L7 (R)),

where 1 = 3r/(3 — r) and ro = 3r/(3 — 2r). Using this properties we have:

b=b—be W VT (R)+ W}V (R) N (L"(R) + L™ (R))
+ WP (R) AW (R) 0 (L7 (R) + L(R))

and

d = d—-d e WXV + WAVR) n WEVTR) n (L(R) + L™2(R)).

For our purposes we will need the following inequalities, which are a consequence of the above
properties:

1Byt 177 @y )4 L1 R4 T @)L Ry 4 L2 R))

10 Bl 217 g it/ @y @y @yt e @i @y (69)
and
Hd”Wf*l/r(R)+W3*1/T(R)mwifl/’"1 (R)N(L"1 (R)+L"2 (R)) <
ld = dllyyz-1m @y i @iz @y n @y 4oy (496)

We are now in position to use Lemma 4.2.4 to derive proper class for Dirichlet boundary
conditions. Using (4.65) and (4.66) it is not hard to see, that:

D(z1) € (L™(R) + L™(R)) N WLV (R) n W2~1/"(R) + W2V (R)
+ (L™(R) + L™2(R)) N WLV (R) n W2~V (R)+
(L"(R) + L™ (R)) N W =Y/"(R) n W2~V (R). (4.67)

The important thing in the space from (4.67) is that it is a sum of spaces of a particular form:

(L*(R) + L2 (R)) N WL/ (R) n W21/ (R), (4.68)
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where s; € {r,r1,r2}. This form will be used during the estimate of V2v.

The previous procedure of estimate the second derivatives of the velocity required introducing
simplified problem and subtracting inhomogeneity, which was connected to Vp. In our case
Vp e L"(R) + L™ (R). Let us denote as w the solution to this simplified system, with the right
hand side equal Vp.

The first space L"(R) is more convenient for us in a sense, that since r < 3/2 then Theorem
4.3.1 assures that w € L"(R?), Vw € L™ (R?) and V?w € L"(R?), which gives us that wy,,_g is
in a sum of space of the form (4.68), as we have seen during previous considerations connected
with d. This implies, that subtraction of w essentially will not change the class, where D belongs
to.

To deal with the part of the gradient of the pressure Vp, which belongs to L™ we will have
to distinguish the case ao < 0 and ao > 0. Before we do this we want to notice, that since
r1 € (3/2,3) we have:

Viw e L™(R?) and V2w € L™2(R?),

since 3r1/(3 —r1) = 3r/(3 — 2r) = ro. This assures that, independently of the signum of ag, we
have:

Wapmo € WAV (R) N2 (R).

In case of az < 0 we may additionally use Theorem 4.3.3 to obtain, that w € L™ (R).
Summarizing — the subtraction of inhomogeneity using vector field w sets D = D — w in the
following function spaces:

e for ag < 0:

De > (L (R) + L¥2(R)) N WL V/*3(R) N W27V/*4(R),

51,82,83,54€{r,r1,r2}

e for as > 0: N ‘ ‘
De Y  WyVs®nWVH®R)

53,54€{r,r1,m2}

with appropriate estimates.

We are now in position to obtain estimates on V?u. We proceed as in the case of Vp, i.e.
we estimate particular parts of V2v by a proper part of the norm of D. For example, in case
as < 0 estimate of u 22 would look like follows: we recall I; and I from (4.48). Since I; can be
estimated by the L,-norm of D and I, can be estimated by the ngl/p—norm of IN), then for the
part of D, which belongs to, say, (L™ —i—L“’)ﬁI/Vrll_l/T1 okl ,«2_1/T we get an estimate for u g2 in the
space L" + (L™ 4 L™). Similarly we may estimate other terms. The Reader immediately notice,
that in the case as = 0 exactly the same procedure works, since all necessary requirements on D
are satisfied. We may thus summarize this with the following inequality:

9 ~
Hv UHLT(Ri)—FLTl (Ri)-ﬁ-LW(Ri) < Z HD”(le (R)+L*2 (R))OW313_1/53(R)QWSI4_1/S4(R)’

$1,82,83,84€{r,r1,m2}
(4.69)
which we shown to be valid for as < 0.

For as > 0 we encounter a small obstacle, namely during estimates we need the Wp2 —2/p
norm, which does not explicitly appear in the norm of D. To deal with this we notice, that the
W?2-2/P_norm is required in terms, which come from the multiplication in a Fourier space by a
smooth function with bounded support (see for example I; from (4.44)). Once this is known we
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can use Lemma 4.5.5 to estimate the W3272/S—norm with the Wslfl/s—norm, which in our case
might be written as:

<D

HDHWE;Z/Sl (R)QWS?;USQ (R WS11*1/51 (R)ﬂWf{l/SQ (R)’

where s1,s9 € {r,r1,72}. Once we have estimate of this norm we may estimate terms in case
az > 0 in an exactly the same way it was made earlier to obtain, that (4.69) is valid also for
as > 0.

Summarizing, we have proved the following inequality:

) -
IV “HLT(RiHLTl (R2)+L72(RE) S ¢ Z HDH(LS1(R)+L82 ®R)NW; /3 @)L, 4 (®)’
$1,82,83,84€{r,r1,r2}

which, together with previous estimates, gives us the following inequality for the solution (v, q)
to the system (4.12)-(4.16):

IVallr®2)+rm @) + IV20ll (@2 L1 (B2 4172 (R2) <
¢ (HF”LT(Ri) +1Gllwpwz) + 116l ya-1/r gy + Hdegﬂ/r(R)) -

We now recall the fact, that » € (1,3/2), which implies that r = 3r/(3 —r) > 3/2 and
ro = 3r/(3 — 2r) > 3. We also know, that the support of ¢ and v is compact, since this came
from the localization procedure, hence L™ and L™ norm majorize L” norm, with a coefficient
dependent only on the size of the support of ¢ and v, thus the following inequality holds:

IVallr g2y + HV2UHLT(R§F) <C (\\F”Lr(mi) +1Gllwa ez + ollyya-1r gy + ||dHW371/r(R)) :

This estimate allows us to complete the proof of Theorem 4.1.1, since, as we have shown earlier,
this proof requires estimates in the whole space, which is guaranteed due to Theorem 4.3.4, and
local estimates near the boundary, which we have just proved. Thus, the proof of Theorem 4.1.1
is completed.

4.5 Appendix

In this section we give statements of lemmas and theorems, which were used in proofs of the
previous results. The following two Theorems are extensively used in our paper. The first one is
due to Marcinkiewicz:

Theorem 4.5.1. Suppose that the function ® : R™ — C is smooth enough and there exists
M > 0 such that for every point x € R™ we have

P

— | <M, 0<k<m1<ji<...<jir<m.
ale..ﬁxjk

|2+

Then the operator
Pyla) = 2n) " [

is bounded in L,(R™) and

dyeVd(y) / e W2 g(2)dz

m m

1Pgllz,®m) < ApmMgllL, @m)
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The next theorem is due to Lizorkin:

Theorem 4.5.2. Let .

L / e EB(£)it(€) e (4.70)

Tu = h(z) = 5
7T

where ® : R? — R? is continuous together with the derivatives

o 00 o
&1 0&’ 06108

for|&| >0, i=1,2. Then, if for some 3 € [0,1) and M >0

al‘f

Tomiae | <M,

|&1]F1 P gy |2 ‘

where k; is zero or one and Kk = K1 + kg, the integral transform (4.70) defines a bounded linear
operator from LY(R?) into L"(R?), 1 < ¢ < oo, 1/r =1/q — 3, and we have:

[Tullr < CllullLa,
with a constant C' = c(q,7)M.

The following Lemma allows us to estimate a homogeneous norm of a function on a boundary:

Lemma 4.5.3. Let f € L*(R?) and Vf € L™(R?). For s € (1,2] we assume m € (1,s), and for
s). Then fiz,—o € W 1/m( R) and the following inequality holds:

1AWl yyym1rm gy < CHV Fllm 2)-

s> 2 we assume m € (2+s,

Proof . We construct a sequence of functions, which converge to f appropriately and their
trace is in a proper function space. Let us introduce a smooth cut-off function 7(x) such that:
n(z) = 1 for all z € B(0,1) and n(z) = 0 for all z € R?\ B(0,2), together with sequence of
cut-off functions ng(x), defined as nx(x) = n(x/k).

Let fi(z) = f(z)ne(w). Since ni(x) has a bounded support we have fi(z) € W} (R?) and
hence fi(7)z,—0 € Wi / "(R). Moreover, from the standard scaling argument it is easy to see,
that [| fx(@)jas=ollyj1-1/m gy < IV fu(@) ] m (g2).

Of course f — f in L*(R?) as k — oo. To prove our lemma we need to show that Jh|zo=0 18

a Cauchy sequence in Wi, v/ "(R). From the definition of f; we get:
e = Fillyimarm gy < IV Fe =V fill Lm 2y
S IV —n)llpm w2y + 1V (0 — )l L m2)-

The first term on the right hand side is obviously small for large k£ and [. The second is also
small for k and [ large enough, since

1V (e = )| ey < | Fllps@2) IV (e — n)ll pms /s —m m2y,

and [Vl pms/s-m) g2y — 0 as k — oo. Indeed, |[suppVni| ~ k% and |Vng| ~ 1/k, hence

IV s/ s -m) (m2) < C(n)k@=—ms/(s=m)/T _ (0 as k — oo, since under our assumptions 2 —
ms/(s —m) < 0. O

We use the following lemma to set a function space, where the trace of a function belongs to:
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Lemma 4.5.4. Let f € LP*(R3) and Vf € LP>(R%), then f,,—o € LP'(R) + LP2(R) and the
following estimate is valid:

[ fza=0ll Lo @)+ Lr2®) < CUIfll Lo 2y + IVl o1 r2))-

Proof . Introducing a smooth cut-off function n(x3) such that n(xz) = 1 for zo < 1 and
n(z2) = 0 for zo > 2 we can write:

2 2 2
£(0,2') = 7(0)£(0,2") = / By (0(5) £ (5, 2'))ds = / (5 (5,2)ds + / N0 f(5,2)ds.

This proves, that f(0,2’) is a sum of two functions from LP*(R?) and LP?(R%), which completes
the proof of the Lemma. [

The following Lemma is substantial to estimate higher homogeneous norms of a function with
a bounded support in Fourier space:
Lemma 4.5.5. Let f € WS(R), s ¢ Z. Given a smooth function w(k) such that (k) = 1 for
k| < L and w(k) = 0 for |k| > L+1. Then F " (F(k)f) € W5t<(R) and the following inequality
holds:
175 (7)F) iy < CONS i oy

where € > 0 is an arbitrary positive constant.

Proof . In case of s ¢ 7 we have W3(R) = Bﬁm(R) ([37]), where B;fyr(]R) stands for the

homogeneous Besov space equipped with a norm:

o 1/r
. ~ T
g, = | D2 2|17 (w:F)]) , (4.71)
T, . ’I‘(R)
j=-00
where {¢;}°° G2 Is aset of smooth functions, each of them of bounded support supp ¢; C {£ :

271 < |¢] < 2911} and such that > e oo pj(€) = 1 for every £ € R\ {0} (see [37]).
Multiplication by the function 7 implies that the sum in (4.71), corresponding to the function
Fi L (77 f), has infinite number of elements with nonpositive j, and finite number of elements of

elements with positive j. Without loss in generality we can assume, that L > 1. Then, in the
case of negative j we have:

0
> AN (o) ey = 30 2N (2m) B <

Jj=—o0 Jj=—00
0

0
< 30 IR (emd) I = 32 27IE (03F) iy < 10,

j=—o0 j=—o0

since (€) = 1 for £ € UY____supp ;. Remaining terms (finite number) can be estimated using
Marcinkiewicz theorem:

[1+logy(L+1)]
> 2 E (prf) ) <
j=1
[1+logy (L+1)] A ‘
> PICm2IF (0if) Iirmy < CL+ 27O, g

=1
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This completes the proof of the following inequality:

7 (7). gy < CONRL A3 ey

and the proof of Lemma 4.5.5. [J
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Chapter 5

A new approach to study asymptotic
behaviour of a fluid in R?

5.1 Introduction

We investigate the following problem in R?:

w-Vu—Au—Vp = F  inR?, (5.1)
divu =0  inR? (5.2)
U — Uso as |z| — oo, (5.3)

where a velocity vector field u and a pressure p are unknown functions, F' is a given exterior
force and uo, is a prescribed vector field.

This problem is strictly connected with a problem of a flow around an obstacle, i.e. considered
in a domain €2 which is the exterior of a compact set B. In such case one need to add boundary
constraints on the boundary of the domain, let say B(u) = 0. In a case of Dirichlet boundary
conditions, i.e. u = wu, on 9f), provided u, satisfies zero-outflow condition f 50 s - 7 =0 and
Q # R? there is a classical work of Leray [24], where he shows, that there exists a smooth solution
(u, p) with finite Dirichlet integral, i.e.

/ |Vo|?dx < M, (5.4)
Q

for some constant M, but it is unknown, whether (5.3) holds or not. This is connected with the
fact, that the power 2 coincides with the dimension 2, which does not allow to use embedding
theorems in Sobolev spaces. In fact, condition (5.4) does not even assure that v € L>(Q).

There are some partial, but very interesting results to this problem, but we do not address
them here — for more information we refer the Reader to [12].

In this chapter we consider the case of a full plane flow with a goal to develop new methods
to deal with a problem in exterior domain. Similar techniques were used by Wittwer in [3§],
however for a symmetric flow. In [16] authors omitted this condition, however these techniques
are still very technical. Our approach are much simpler — we do not consider system for the
rotation of the fluid, but we operate on the velocity vector field itself. Moreover, we give analysis
of the flow not only in the half plane, but in the full plane. In such case one can obtain not
only asymptotic behaviour behind the obstacle, but also in front of it. The class of functions,
where we look for a solution, is different from standard Sobolev spaces. This is due to the fact,
that our analysis is carried through in a Fourier space only in one direction. Of course, one may
interpret these results in Sobolev spaces, but we do not address this question here.

81



82 CHAPTER 5. NEW APPROACH TO STUDY ASYMPTOTICS

Throughout the chapter we use the following Banach spaces:

Definition 5.1.1. Let 8 € R. Space X consists of these functions, for which the following norm
s finite:
lallxy = sup (1+ [t&?])%|a(t,€).

Function space Y consists of these functions, for which the following norm is finite:

by = sup [{/2[b(t, ).
€R2

i

The technique used in this work is to consider parallel to us, coordinate as time and then use
the Fourier transform to obtain system of ordinary differential equations, which can be solved
and analyzed to obtain information about its asymptotic behaviour.

Taking (5.3) into account we may introduce a new vector field v = uq, + u, for which we have
the following system:

UV +v-Vo—Av—Vp = F  in R? (5.5)
dive =0  inR?
v—0 as |x| — oo. 5.7)

Our main result states the following:

Theorem 5.1.2. Considering system (5.1)-(5.8). Given F and uso such that |F/|€||ly and |uso|
are small enough. Then there exists a solution (u,p) such that & € Xg, p € Y and the following
estimate s valid:

I, + lIplly < C@ZF2+ 1 E/ENy).

The proof of this theorem is given in Section 5.3.1. Our approach to show existence of such
solution is the following: first we split this problem into two auxiliary ones, define a proper
mapping, for which the solution to our problem is a fixed point. Then we give suitable estimates
to show, that the mapping is a contraction. The last step, together with the Banach fixed point
theorem, gives us existence of the solution.

The chapter is organized as follows: in the next section we investigate auxiliary problems,
which have been introduce earlier. First, we derive a solution by means of the Fourier transform.
Then we provide suitable estimates, which play fundamental role in the proof of existence of
a solution to the main problem (5.5)-(5.7). This proof is a subject of the proceeding section,
which is followed by a part, where we show some basic asymptotic properties, together with a
discussion about the presence of a wake region behind an obstacle. Section 5.4 is devoted to
technical lemmas, which play fundamental role in mentioned estimates.

5.2 Auxiliary systems.

In this section we introduce two mentioned auxiliary systems. The first one is for the pressure.
Taking div from (5.5) we have:

Ap =div F —div div (v ® v), (5.8)

since div v = 0 and v- Vv = div (v®v). We introduce function G as the right hand side of (5.8),
ie.

G =div F —div div (v ® v).
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The second one is for the velocity. We transform (5.5) into the following system:

Uso¥1 — Av = Vp —div (v ®v) in R?, (5.9)

v—0 as |z| — oo. (5.10)
As earlier — we introduce function H as the right hand side of (5.9), i.e.
H=F+Vp—div (v®wv).

Our mapping used in fixed point theorem will be considered as follows: we start with v in a
proper Banach space, then we calculate pressure p, from (5.8). Having v and p we may use (5.9)
to calculate new ©. We show that this mapping maps a ball small enough into itself assuring,
that there exists v for which v = v.

In this following sections we deal with our two problems (5.8) and (5.9) using the Fourier
Transform in xo space variable and transforming them into ordinary differential equations. Sim-
ilar procedure was used in [38], however not for the velocity directly, but for the rotation of the

fluid.

5.2.1 Derivation of the solution.

Let us focus on (5.8) first. Taking Fourier transform in x5 variable and denoting the new variable
as £ and x; as t we get: ) R
P—&p=0G. (5.11)
For the simplicity we omit the hat™
Introducing w = p we can rewrite (5.11) as:

BRELIBRE! o1

Eigenvalues and eigenvectors can be easily computed: A\ = —[¢|, Ao = [£| and 1 = [-1/|¢], 1],
w2 = [1/]£],1]. Introducing matrix P = [p1, ¢2], i.e.
_1 1
P = €l 1el |
1 1

and new variables [Uy, Us] = P~ Y[p, w] we rewrite (5.12) as:
_ 4P
[UQ] [ 0 [&]] [U2 G

t
Uit €) = ; / 15D G (5)ds

A solution to this system is:

1 o0
Us(t, &) = —2/ e lE=DG(s)ds.
t

which gives us:

p(t, &) = —;; </t e~ lElt=slG (s, €)ds + % /too e|£|ts|G(s,§)d5,> (5.13)

1 [T
- —[&][t—s]
3/e] /oo e G(s,€)ds. (5.14)
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For the equation 5.9 we proceed similarly, i.e. we apply the Fourier Transform in xo direction.
The corresponding system of ordinary differential equations is

0(t,€) = w(t,§)
’U:J(t,f) = Uoow(t7§) + £2U(t7£) - H(tvg)

Proceeding as earlier we can solve this system using diagonalization. Introducing
1 1
- Vugo+4§27 )\1 = i(uoo_ Vugo+4§2)a )\2:§(uoo+ ugo+4£2)

we may write a solution v as follows:

t [e'e]
v(t,€) = i —M(S—t)H(s,g)dH% /t e 26 [ (s,€)ds (5.15)

Let us now focus on detailed information about G(s) and H(s). We start with the former. Since
G(s) = Fup(div F — div div (v ® v))

we see that

—_—

G(5,€) = 0.F1(5,) + i€Fy(s,€) — 02(v}) + 2056 (v1va) — E2(13).
First we integrate by parts the term from (5.13) corresponding to 83@/%\), namely:
/Z e lElt=s192(y2) g5 = —/; €l I=9)9, (v2)ds + 0,(v2)(¢)
- [ Clebe 00, s - 2.
- / (g0 () s — [¢] (02 ()
- [l e ~ el
= [l s — 2l o

hence

t—s o 1 > — t—s/\
o / “Il=slg20)ds = /_ _1eleT B wi)ds — () (1), (5.16)

In the same manner, terms from (5.13) corresponding to 2i£ds(vive), £2(v3) are of the same

structure as the first term on the right hand side of (5.16). Similarly aj’z and z‘ff’; can be
considered as one term. Summarizing, p can be presented as

p(t,§) = —/_Oo gle ==l 1 N 5 (vg0y) | ds

_ ;/Z o lellt—sl (Z bﬁ) ds + (v1)2(t), (5.17)
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for some constants ¢;; and b; such that |c;;| = |b;] = 1 (which is irrelevant for our purposes).
The same calculations can be repeated for v and H, i.e. for (5.15) to get that

A A
vi(t,6) = Al e MO (p(E, s >—v1>ds—§t e (p(E, 5) + })ds
t e n . () o n
+§ /_ N e-M(S—t)((vm)—Z)dHf /t e_’\2(s_t)((vlvg)+[z§)ds, (5.18)
and
t —_— —_—
va(t, &) = AAl/ e M6 (h10g)ds — % e 22078 (y109)ds
15/ —Als t ) f d +Z£/ —)\28 t)((pU%)Jr};E)dS-

5.2.2 Main estimates.

We are now in position to formulate Lemmas which play fundamental role in showing, that our
mapping is a contraction.

Lemma 5.2.1. Let § € Xg, such that ||0]|x, < M, and F/€ € Y, such that |F/¢]y < Nr.
Given p in the form:

N 1 [ lelli—s R
pt.e) =5 [ 1€l (Y eilomy) | ds
. >

N ;/‘: o lelit=s| (Z biﬁ) ds + (v1)2(t). (5.19)

Then p €)Y and
IPlly < CulP*'/2M? + NF,

for some constant C independent of us and F'.

Proof . To prove this Lemma we extensively use results from Section 5.4, that is: recalling
that |c;;| = |b;] = 1 we estimate p as follows:

~ L% ielit—s ARY
oI5 [l Y o) | ds
ij

+;/°; o lélit—s| <Zyﬁy> ds + [(0)?|(1).  (5.20)

Since v € X3 we use Lemma 5.4.2 to get that:
1(vivj)|ly = ||5; * T3]y < Cu2P+H2 M2,

It estimates the last term on the right hand side of (5.20), but also, with a help of Lemma 5.4.3,
gives us the following estimate:

1 [ —
3 / e =N " (viwg)| | ds|| < 4Cu 2020,
oo —

Yy
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To finish estimate of p we present the remaining term and estimate it as follows

1 [ ~
- —|€llt—s .
2/_006 (ZFA) ds ;

<

1 [ ~
3 It (Z|Fi|/\f|) ds

<[IE/lEllly = N
Y

where again we used Lemma 5.4.3. [

The second Lemma we need to proof is the following:
Lemma 5.2.2. Let W € X, such that ||W|x, < M, and p € Y, such that ||plly < N. Then, for

the following terms vy and vsy:

w(t. =3 [ e s — 22 [T 09 T utlas

12 t _ _ —_ F Z t _ — — = F
+A§/_Ooe Als=)(( w1w2)—7£ s—i—ﬁ/_ooe Az(s t)((wle)—i—i—g)ds, (5.21)
and

A1 “A(s=t) A2 [ “Ao(s—t) (. =
va(t, &) = A e (wiwe)ds — N e (wiwe)ds

" £/ M () — T2ya 1 K [ e+ Boyis. (22
A J_ 13 A J_o i€
the following estimate is valid:
lvilly < C(N +uZPFV2M2 + || F/¢]ly).
Proof . The proof is analogous to the proof of the previous lemma. First we notice, that
I Cwswy)lly = 1 * Ty < Cuz2® /22,

like also ||p|ly < N.

Then, we find, that in the form of v;, i.e. in (5.21) and (5.22), these integrals in a sequence
are respectively in the form of integrals B, D, A, C from Lemma 5.4.4. Thus, applying this
Lemma we obtain:

loillgy < Cliplly + l(wiwy)ly + |1F/€lly) < C(N +1F/€lly) +uZP+203).

5.3 Main results.

In this section we gather our main results — existence and basic asymptotic behaviour of the
fluid. They can be a subject to a more detailed analysis, for example one can consider an
exterior domain, use a cut-off function to extend the system into the full plane and treat obtained
additional terms as a force F. We do not address this problem here to maintain the simplicity
of this part of the thesis and to emphasize the technique of the Fourier transform itself.
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5.3.1 The proof of Theorem 5.1.2.

In this section we would like to prove existence of a solution to our problem. We use standard
approach, namely Banach’s fixed point theorem for a contraction mapping.

We recall, that our mapping is defined as follows: having a vector field w and force F we
calculate the pressure p using formula (5.19), then we calculate a vector field v using p, w and
formula (5.21)-(5.22). Let us denote this mapping as G : X3 — Xj3. First we would like to show,
that there exists a constant e such that for sufficiently small ||F/|{]||y the mapping G maps a
ball of radius € in the space X3 into itself, namely:

G(Ba(€)) C Ba(e). (5.23)

We take w € A such that ||w||x, < M and F such that |F/|€]ly < Np. From Lemma 5.2.1 we
have:
Iplly < CuzZP2M*? + Np.

We may now use Lemma 5.2.2 to obtain:
lolla, < Clllplly + 1/€lly +uz2P/202) < Cuz2P 122 4+ Np).
To find € in (5.23) we have to solve an inequality:
CuZ2P V2 M? + Np) < M.

We get that for e = c—luzf‘l/Q and Np < % the mapping G maps a ball B, (€) into itself.
In a similar way we show, that on a smaller ball the mapping G is a contraction. For
w1, wy € Bg(e/2) and corresponding vy, v2 we have:

o1 = vallas < Cuc?P 2 |lwy — wal[%, < yllwy — wallx,,

where v < 1. Using the Banach fixed point theorem we get, that there exists a vector field
v € Bg(e/2), such that v = G(v).

5.3.2 Asymptotic behaviour.

In this section we would like to show different behaviour of the solution for ¢ < —1 and for ¢ > 1.
These cases reflects situation behind the obstacle and in front of the obstacle, which is present
within the region ¢t € (—1,1). We would like to show, that behind the obstacle one can observe
a parabolic wake region.

We focus here on estimate of asymptotic behaviour of 91 (¢, £). Our solution v € Bg(e/2) C A3
satisfies [|v||x; < €/2. The corresponding pressure is in ) satisfying a similar estimate. Thus,
using (5.17) and (5.18) we may repeat reasoning from the existence section to estimate v; as
follows:

t oo
lv1(t,€)] < |21|/ e_’\l(s_t)|s|_1/2ds + 22/ e—/\2(s—t)‘s|—1/2d8
—0o0 t

t (o, ¢]
+§ e*ﬁmw”@+§/€”“mwmw<w®
t

—0o0

We denote integrals on the right hand side of (5.24) as Iy, I, I3, 14 respectively.
The behaviour of integrals I7 and I3 is similar, thus we give estimates only for I;. Similarly,
Iy and I4 are in a strong correspondence, thus we consider here only Is.



88 CHAPTER 5. NEW APPROACH TO STUDY ASYMPTOTICS

Let us assume now that ¢ > 1. First we focus on integral I». Using a substitution Aos = u-+tAy
we may present Iy as:

1 o0
I, = A/ e “u+ t)\2|_1/2)\§/2du. (5.25)
0

Now since t > 1 and Ay > us We may estimate |u + t)\g\*lm by (t)\g)*l/2 and hence:
1 1
I < = :
/2N 41/2 /ugo + 42

The substantial thing is that for small |£| one has Ir(t,&) ~ Ct~'/2, while for large || one has
D(t,€) ~ C(tel*) /2.

Different behaviour is observed for I, namely:

|>\1|1/2 > —u —1/2
L(t,¢) = e “u+tA|” du.
A Jo

Since tA; < 0 we split this integral into three parts:

lEAL]/2 20tA1| 0
Li(t,§) = / +/ +/ =:I11 + L2 + Li3.
0 [tA1]/2 2|¢eM |

We use similar estimates to those from Section 5.4. We write a ~ b if there a < ¢1b and b < csa
for some positive constants ¢; and co. We have:

Ad]'/? ~1/2 /t/\ll/2 - 12 —[tA1]/2
~ — u = —_— 1 —_ 1
111(25,6) A |t)\1| ) e du A ( e ),

hence for small [tA;| we get:
In(t,€) ~ [t€%)'/2,

while for large [tA;| one has I11(t, &) ~ |t€2|71/2.
For I12(t, &) we proceed similarly to obtain:

112(75, f) ~ 6_‘”\1'\/ t)\l,

thus I19 ~ I;1. For I13 one has:

A > _ _
Io(t€) = 3 [ e ut a2 ~ (L ) T (5.26)
2|t)\1‘
since for small |£| one has I13(t,€) ~ (1 + |tA1])~"/? and for large |¢| one has Iy3(t, &) ~ %(1 +
\t)q])*l/Q ~(1+ ]t§2])*1/2. Combining all these estimates for I11, I12 and I13 we get:

vi(t, &) ~ (1+]t€%)) /2. (5.27)

Note: We would like to emphasize, that since t > 1 and Ay = (uoo — /uZ, + 4£2), then smallness
of |tA1] is strictly connected with the smallness of |].

For comparison we must now derive estimates for |v; (¢, &)| for ¢ < —1. Here we use the same
notation as earlier. In integral Is from (5.25) we now have different behaviour, since tAy < 0.
We need to split it into three parts:

[tha]/2 2[tA2] o
I(t, &) = / +/ +/ =: Ip1 + Izp + Io3.
0 [tA2|/2 2|tAz|
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For Iy we have:

ItAal/2
I (T, &) ~ \t/\ﬂ_l/?/ e~ du = [tho| T3 (1 — e IP2l/2),
0

’—1/2

Now since Ay > uso one has Iy ~ [tAg . For Is5 we get:

Ing ~ e 12l /]txs] ~ [tAg| 712,

Integral I>3 estimates easily:
I < [tha| 712,

thus
Io ~ [tAg|7Y/2. (5.28)

We finish our estimates considering I;. Since t < —1 and A1 < 0 we have:

\L/2
I~ Sl 72 = a2,

which, together with (5.28) and the fact, that Ay ~ A, implies, that:
vi(t,€) ~ [FA[TV2 ~ [ T2 (1 4 [g)) M2 (5.29)

Summary: The main difference in behaviour of v; in front of and behind the obstacle is the
following: in front of the obstacle one may estimate v by [t|~%/2 for small |¢| and by [t£]|~1/?
for large |£|. Behind the obstacle one cannot obtain similar estimate, because integral I; cannot
be estimated uniformly by |t|~1/2, since |£|? can be chosen small enough to level the influence
of [t|71/2 (see 5.26). This is strictly connected with the first eigenvalue \;, for which one has
A1 ~ [€]? for small |¢], resulting in estimates, which strongly depend on the term t|£|? — this is
the occurrence of the mentioned parabolic wake region behind the obstacle. Indeed, one may use
the inverse Fourier transform to obtain, that in front of the obstacle:

F (0 (t,6) ~ [t 7?8 (2), (5.30)
for some function ®_(z), while behind the obstacle one has:

332
Fe ) ~ e (), (5.31)

for some function @4 (z).

5.4 Main Lemmas
The main auxiliary lemma, which will be used many times is the following:

Lemma 5.4.1. Given 0 > 0. Then the following estimate is valid:

/ e "u — 0|7V 2du < (14 6)7Y2. (5.32)
0
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Proof . Let I = fooo e~%lu — 0]~'/2du. We split this integral into three parts:

0/2 20 0o
1211-1-12—1—]3:/ —i—/ +/ )
0 9/2  Jog

and estimate them separately. Let us focus on Iy:
0/2
L = / e u— 0|7 2du
0

6/2
< 2/ e 0] 2du = 2|0)71/2(1 — e79)
0
< (1+0)712,
since (1 —e™%) ~0/(1+0).

For I we proceed as follows:

20 20 C
I, = / e "u — 0|7V 2du < C/ e O\u|7V2du < Ce7|0|1/? < s
0/2 0 (1+6)Y/

which is a desired estimate.
Integral I3 we estimate for large and small § (0 > 1 and 6 < 1 respectively). In the first case

1 fee)
13:/ +/ —(1-0YH)+0<C,
0 1
while in the second one we have:

I3 S/ e—uu—l/Q S/ e—u’9|—1/2 < (1 _9)—1/2
0 0

O

Lemma 5.4.2. Let a,b € Xg and 48 > 1. Then axb € Y and the following estimate holds:

la*blly < P V2|al|x, 10

Proof . Without any loss we may assume that ||al/x, = ||b]x, = 1. Therefore
a(t, )] < (uoo + [€2)™7 for all (,€) € R?,

and we may write:

1 1
(oo + [ty — €|2)ﬁ (oo + \ty2|

[(a % b)(t,€)| S/R )ﬂdy. (5.33)

By I we denote the right hand side of (5.33). Using the substitution u = |t|'/?y we have:

I= |t|_1/2/ ! 5 du. (5.34)
R (too + u — [E][t11/2|7)8 (uoo + [uf?)?

Because of the presence of the term ]t|_1/ 2 it is sufficient to show, that the integral on the right
hand side of 5.34 is bounded by some constant M independent of &.
We split domain R in the integral into three parts:
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o Ar={u:ful < gt}
o Ay = {u: glt|"2[¢] < [u] < 208]'%(€]},
o Az = {u:2[t|"?¢] < |ul},

and we denote by Ji, Ja, J3 corresponding integrals. First we estimate Ji:

1
J1 :/ 5 du
A1 (oo + |u — [E][E1Y/2]7) (oo + ul?)?

1
= /,41 (oo + P74 (e + P

1
< (oo + [t]/€[2)" / 1w
e F I ), i+ Tl
It11/2]¢]/2
= (oo + [t][€]*) 7P (Voo + [u]) 727! .
We thus have a condition: 2611
_/6 + T

which is fulfilled for 43 > 1, providing that J; is bounded independently of || and t. Moreover,
since 3 > 0 we may estimate J; as follows:

<0,

Ji < Cu20+1/2

For Js we proceed in a similar way:

1
JQZ/ 5 5 du <
Az (oo + [u — [E[[t[V/2|7)P (uoo + |uf?)P

1
C/ 2 du?
Aa (oo + |u — [E][E12[7)8 (Voo + [¢]1/2[¢])2

using a substitution t!/2¢ — u = y we can write:

$t1/2)¢| 1

2

R dy < C(/ims + It/2) 4+,
g (i + WP (i + I

which is also finite and can be estimated independently of ¢ and |¢| for 43 > 1, and the same
estimate is valid, namely:

Jy < Cugozﬁ“ﬂ.

Finally we estimate J3:

1
J3 :/ 5 du
As (oo + |u — €][t[Y/2]7) (oo + |u[?)?

00 1
/|t|1/2|s| Voo + [u])*? y EF1ED

for which we get the same condition 43 > 1 and the same estimate:

Js < ugf"“/?.
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Since [t|V/21(t, &) = (J1+Jo+J3)(t, €) and each of components .J; is uniformly estimated provided
43 > 1 the proof of Lemma 5.4.2 is finished. [J
Next lemma, which we need to estimate the pressure p, is the following:

Lemma 5.4.3. Let f € Y. Then we have

I:= S/Re_'g't_y'f(y,é“)dy ey

and the following estimate holds: )
Iy < Iflly

Proof . Since f € ) we have

&< 18721 flly

for all ¢t and £. Hence we can assume without any loss that ||f||y = 1 and we can focus on
estimate of the following integral:

I= gl [ ey /2y,
R
We use a substitution v = £y to get:
= e / e letl=lull =172, (5.35)
R

We split this integral into three parts: Ay = {w : |u| < [€]|t]/2}, A2 = {u : |£][t]/2 < u < 2|€||t|},
Az = {u : 2|¢||t| < u} and we introduce [, I and I3 as the corresponding parts of integral I
from (5.35).
For I; we have:
1 _ _ _
I < 2‘§|1/2/A e [ElIE/2, =172 — |12 1€l /2 £4)1/2,

1

Now since
jétle™ M < ¢, (5.36)
where C' is independent of &t, we have
2 yya_ l€t] -
1< 128 _ -1/ < [t-V2,
VT e T e =

which is the desired estimate.
For Iy we proceed similarly:

N &l
L < g2 / eIy =12 gy < [e]! P gtle Mgt 72 < e TN
e (1+I¢t))

For I3 we must distinguish two cases: one if [£¢| < 1 and the other one for || > 1. For the first
case we have:

[e’] 1 o 1 -
< 1€ /|§t| et du = /m| +/1 < [¢IM? /|gt w2 du + |§|1/2/1 ety 12y
< €M — Jet]) + €]V < g2 < T2,
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since [£t| < 1. For |£t] > 1 we have:

I < |2 / = 6] 2
&t

and again using (5.36) we get
Is < Clt|~/2,

Since for all I7, Is and I3 the proper estimate holds the proof of our Lemma is finished. [J

Lemma 5.4.4. Let f € Y. Given the following terms:

= Bt el (s, €)ds, = N1 e MEf(s,€)ds,
= Bl o2t f(s,6)ds, = R [ el f(s,6)ds.

Then A,B,C,D € X provided 28 <1 and the following estimate is valid:

B:
D:

Ql :Lz

1Al + 1Bl + 1€, + 1D, < el Il

I:= @/_too e_’\l(s_t)f(s,é)ds

belongs to the function space X provided 23 < 1 and the following estimate is valid:

1L]lxs < [If]y-
Remark: The same estimate is valid for

t
fm

=X . e_)‘l(s_t)f(s,f)ds

Proof . Let us start with integral A. Without loss of generality we may assume that ¢ > 0.
As in previous lemmas we may also assume that ||f||y = 1 and consider integral

N Y A W
A= A e |s|~*/“ds.

Since A1 = (oo — A)/2 and A = (/uZ, + 4&? we see, that the behaviour of \; is different for
small £ and large &.
Let us assume, that |¢| < us. In this case we have A ~ uy and A; ~ —|¢|?/uso, thus:

t
A<l [0 et 5117245

Uoo J—oo

Using a substitution —u = |£|2(s — t) we get:

Az Oz [T ey i@ = cugl [T ey 1y,
0 0

Uco
We use inequality (5.32) to obtain:

A< Cu?(1+ €% June) ™Y? = Cluge + t62)71/2, (5.37)
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which is the desired estimate, since for 25 < 1 we have:
(oo + 16%)P A < (ugo + &) /? < ¢,

where constant ¢ does not depend on ¢, { and us, thus A € Xj3.
Let us now assume that €| > us. In this case we have \; ~ —|¢| and A ~ ||, thus:

t
A< c/ eléls=t) 5| 71/2gs. (5.38)
Using a substitution |£|s = —u + t|¢| we end up with:
A< [ e el -l du
0

< €T+ e T2 = (J€] + e A
< (uco + tlE[H) 72,

where we used again inequality (5.32) with 6 = ¢|¢| and the fact, that |{| > us. This is the same
inequality as (5.37), thus we have proved results of Lemma 5.4.4 for A.

To prove estimate for B we notice that A\; can be estimated by |¢|, since for small |£], i.e.
|€] < uso one has A\ ~ [€]? /us < |€], and for large €] one has A\; ~ [¢].

To estimate C' we first notice, that without loss of generality we may assume ¢ < 0, i.e.
t = —|t|. It is easy to see that we may show this inequality for ¢ < 0, i.e. As earlier — the
behaviour of Ay = (ueo + A)/2 is different for small [{| and large |£], in particular A2 ~ us for
small [£| and Ag ~ [¢| for large |¢]. Term A behave exactly the same.

Let us first consider the case [¢| < uq,. We have

o @ /oo 6_)\2(s—t)|5|—1/2d8 < /OO e_uoo(s—t)|8|—1/2d8
A J; t

[ee] o0
= )2 / ety — [t M2 = w2 / eVl — ot/ 2dy.
0 0

We may now use (5.32) to obtain:
C < ugd (14 uoo|t) 712 = (uoo + [tud) ™2,

but since |£| < uqo the last term can be estimated by (ue + [t||€]2)~1/2, which, as we have seen
earlier, is the desired estimate.
Let us now assume that |£] > 1. In this case we have:

o &l /°° e als—0)|5~1/2 g5 < /°° e 1€l(=0) 5| -1/2gs
A t t

and the last term estimates exactly in the same was as in (5.38), thus:
C < Cluo + )72

Estimate of D is analogous to the previous one, since for large |€| both integrals behave
exactly the same, and for small || one has A2 ~ uqo, hence we must estimate integral:

D= ﬁ efuoo(sft)‘s|fl/2ds S/ efuoo(sft)’S’fl/QdS,

but exactly the same integral has been estimated during the proof of estimate for C. I
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