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Abstract

Our purpose is to give the new constructive method of derivation of Hardy
and Hardy—-Sobolev inequalities. We build inequalities knowing solutions u
to p and A-harmonic problems, respectively. We derive Caccioppoli inequal-
ities for u. As a consequence we obtain weighted Hardy and Hardy—Sobolev
inequalities, respectively, for compactly supported Lipschitz functions.

In the first part we obtain one parameter family of Hardy inequalities of
the form

/ 6(@) P p(d) < / V()P (),
Q Q

where 1 < p < 00, £ : 2 — R is compactly supported Lipschitz function, and
() is an open subset of R"™ not necessarily bounded. The involved measures
p1,8(dx), o p(dr) depend on certain parameter  and uw — a nonnegative
weak solution to anticoercive PDI:

—Apu>® in

with locally integrable function ® (see Theorem 3.3.1). We allow quite a
general function ® that can be negative or sign changing if only there exists

op:=inf{c€eR:P-u+0o|Vuf >0 ae inQN{u>0}}eR (1)

The second part is devoted to Hardy—Sobolev inequalities of the form

/ Fa(lém (d) < / A(|VE]) ol d),
Q Q

where § : £ — R is compactly supported Lipschitz function, {2 is an open
subset of R™ not necessarily bounded, A(\) = A(|A|)A is an N—function satis-

fying A’~condition and F5(\) = 1/(A(1/X)). The involved measures i (dx),
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p2(dzr) depend on u — a nonnegative weak solution to the anticoercive partial
differential inequality of elliptic type involving A-Laplacian:

—Aju=—divA(Vu) > & in Q,

with locally integrable function @, satisfying the condition corresponding
to (1). The results of the second part imply those of the first part with all
details. In particular, the constants which we obtain in both attempts are
equal.

Our method of construction of the inequalities is a handy tool. Not only
is it easy to conduct, but also give deep results such as classical inequalities
with the best constants.



Streszczenie

Naszym celem jest wprowadzi¢ nowa konstrukcyjna metode formutowania
nieréwnosci typu Hardy’ego i Hardy’ego—Sobolewa. Konstruujemy je znajac
rozwiazania u zagadnienien p oraz A-harmonicznych, odpowiednio. Wypro-
wadzamy nierownosci typu Caccioppoliego dla u. Jako wniosek z nich otrzy-
mujemy wazone nierwnoci typu Hardy’ego i Hardy’ego—Sobolewa, odpowied-
nio, dla funkcji Lipschitzowskich o zwartym nosniku.

W pierwszej czesci otrzymujemy jednoparametrowa rodzine nieréwnosci
typu Hardy’ego postaci

/Q £(@) P alde) < / V()P (),

gdzie 1 < p < o0, & : 2 — R jest funkcja Lipschitzowska o zwartym
nosniku, €2 jest otwartym podzbiorem R™ nie koniecznie ograniczonym. Mi-
ary fun g(dz), po g(dx) zaleza od pewnego parametru 3 oraz u — nieujemnego
rozwiazania antykoercytywnej nieréwnosci rozniczkowe;j:

—Apu>P in Q

z lokalnie catkowalng funkcja ® (patrz Twierdzenie 3.3.1). Dopuszczamy
dos¢ ogolna posta¢ @, ktéra moze by¢ ujemna lub zmieniajaca znak jesli
tylko istnieje

op:=inf{oce€R:P-u+0|Vul >0 ae inQN{u>0}}eR. (2

Druga czes¢ jest poswiecona nieréwnosciom typu Hardy’ego—Sobolewa
postaci

/ Fa(lém (d) < / A(|VE]) pafd),
Q Q

gdzie £ : @ = R & : Q — R jest funkcja Lipschitzowska o zwartym nosniku, €2
jest otwartym podzbiorem R™ nie koniecznie ograniczonym, A(A) = A(|A])A
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jest N-funkcja spetniajaca warunek A’, a Fiz(\) = 1/(A(1/t)). Miary p;(dx),
p2(dx) zaleza od u — nieujemnego rozwigzania antykoercytywnej nieréwnosci
rozniczkowej uwzgledniajcacej A-Laplasjan:
—Aju=—divA(Vu) > P in Q,

with locally integrable function ®, spetniajacej warunek odpowiadajacy (2).
Wyniki drugiej czesci implikuja te z czeci pierwszej ze wszystkimi szczegdtami.
Nawet otrzymane stale sa rowne w obu podejsciach.

Nasza metoda konstrukcji nierownosci jest porecznym narzedziem. Nie
tylko jest latwa do przeprowadzenia. Pozwala uzyskaé glebokie wyniki, jak
na przyktad klasyczne nieréwnosci z najlepszymi statymi.
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Chapter 1

Introduction

The dissertation introduces the new constructive method of derivation of
Hardy and Hardy—Sobolev inequalities. We build inequalities knowing weak
solutions to p and A-harmonic problems, respectively. The results are based
on [92, 93, 94] by the author.

The construction begins with derivation of Caccioppoli inequalities for
solutions. As a consequence we obtain Hardy inequalities, involving certain
measures, for test functions, i.e. compactly supported Lipschitz functions.
This method of construction of the inequalities is a handy tool. Not only is it
easy to conduct, but also give deep results such as classical inequalities with
the best constants. We present brief explanation of derivation and a sample
of main examples.

Our methods are inspired by the techniques from paper [72] where nonex-
istence of nontrivial nonnegative weak solutions to the A-harmonic problem

—Apu > d(u) on R" (1.1)

where ® is a nonnegative function is investigated. The paper [72] develops
the idea from [86] in the following way. The authors derive Caccioppoli-
type estimate for nonnegative weak solutions to (1.1). Then, they obtain
more specified a priori estimates involving general test functions and finally,
choosing appropriate test functions, they obtain nonexistence.

We concentrate on the Caccioppoli-type estimate. Careful analysis en-
ables us to derive this type of estimate violating assumptions from [72] that

= ®(u), & > 0 and that integrals are over whole space. Instead, we as-
sume only that ® is in some sense bounded from below (see condition in
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(3.5), (3.12)). As a next step we notice that certain substitution in the de-
rived Caccioppoli-type inequality for solutions implies Hardy—type inequality
for compactly supported Lipschitz functions.

The first part is based on [92] and [93] by the author. These papers con-
cern derivation and application of one parameter family of Hardy inequalities
of the form

/ (@) Ppn plde) < / V()P p(d), (1.2)
Q Q

where 1 < p < 00, & : Q — R is compactly supported Lipschitz function, and
() is an open subset of R™ not necessarily bounded. The involved measures
p1,p(dx), ps p(dr) depend on certain parameter § and u — a nonnegative
weak solution to anticoercive PDI

Ayu> @ in Q, (1.3)

with locally integrable function ® (see Theorem 3.3.1). We allow quite a
general function ® that can be negative or sign changing if only there exists

op:=inf{oceR:P-u+0|Vuf >0 ae inQN{u>0}}ecR. (1.4)

Let us mention some special cases which we present in Section 3.4. We
obtain classical Hardy inequality

/ooo (M) 4z < Coin /OOO €/ (0)lPa da,

with the optimal constant C,,;,, for all admissible range of parameters v and
p. Another special case is a more general result when measures in (1.2) have
a form p;(dz) = o;(|z|)dx, with locally integrable radial functions o;(|x|)
and Q = R™\ {0}. As a direct consequence of this approach we obtain
n—dimensional Hardy inequality

[ @l o < Con [ VeGPl da,

R\ {0} R™\{0}

with the optimal constant C,,;, within certain range of parameters v and p.
In Subsection 3.4.3 we present Hardy inequalities with exponential weights.

In Subsection 3.4.4 we consider p—superharmonic functions. In that case the

measures derived in (1.2) have a simpler form. Such inequalities can be con-

structed for example by using harmonic function u, which satisfies a given
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boundary value problem. In Subsection 3.4.5 we investigate problems with
the negative lower bound of —p-Laplacian (i.e. function ® from (1.3)).

Section 3.5 is devoted to applications of our methods. As a first of them,
we illustrate result by Ghoussoub and Moradifam from a recent paper [53],
giving the constructive method to obtain Bessel pairs. Our second appli-
cation is focused on mathematical models in astrophysics. We investigate
Hardy and Hardy—Sobolev inequalities resulting from model by Bertin and
Ciotti describing dynamics of elliptic galaxies. For this discussion knowing
the exact form of a solution is not necessary but the existence is needed.
Using existence result by Badiale and Tarantello [7] we derive the related
Hardy inequality. Let us mention that the model by Bertin and Ciotti has a
similar form to the well known Matukuma’s equation [82] and various other
models can be used to build Hardy inequalities as well.

In Section 3.6 we present results of [93] where the author derive Hardy—
Poincaré inequalities

Corn / () P(1 + |a|7T) P DOy < / V@) P(1 + |2]71) D7 da,

(1.5)
with C, ,,, proven to be optimal for sufficiently big «’s. The version of this
result, when p = 2,

C [ Pty tar < [ VEPQPds 00
R™ R™

is of special interest in many disciplines of analysis. Let us recall some appli-
cations of (1.6) to the theory of nonlinear diffusions — evolution equations
of a form w; = Au™, which are called fast diffusion equation (FDE) if m < 1
and porous media equation (PME) if m > 1. In the theory of FDE, Hardy—
Poincaré inequalities (1.6) with v < 0 are the basic tools to investigate the
large-time asymptotic of solutions [4, 14, 26, 41]. For example, the best
constant in (1.6) is used in [16, 48] to show the fastest rate of convergence
of solutions of fast diffusion equation and to bring some information about
spectral properties of the elliptic operator L, qu := —hi_,div (h_,Vu), where
he = (1 + |2]?)*. We refer also to [26, 40, 98] for the related results.

We are interested in (1.5) with v > 1, and we take into account all
p € (1,00), not only p = 2. This result is obtained when we consider The-
orem 3.3.1 and apply uq(z) = (1+|z|71)~, a > 0. We prove inequality
(1.5) as well as optimality of the obtained constants for a range of parameters.
Details are given in the proof of Theorem 3.6.1.
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It appears that in some cases we improve the constants obtained by
Blanchet, Bonforte, Dolbeault, Grillo and Vézquez in [16], as well as those
by Ghoussoub and Moradifam from [53]. In the case p = 2, v = n, our
constant is the same as in [16] and proven there to be optimal. Moreover,
we show that our constants are also optimal for p > 1, when v >n + 1 — %,
but we do not know if they are optimal for wider range of parameters, either
in the case p = 2, or generally for p > 1. At the and of Subsection 3.6.2 we
give a summary of the known values of constants, and their optimality, in
different cases.

The second part is devoted to Hardy—Sobolev inequalities of the form

/Q Fa(lém (d) < / A(|VE]) ol d), (1.7)

where ¢ : Q — R is compactly supported Lipschitz function, 2 is an open
subset of R™ not necessarily bounded, A(\) = A(|A|)A is an N-function
satisfying A’-condition and Fj3(A) = 1/(A(1/t)). The involved measures
p1(dz), po(dxr) depend on u — a nonnegative weak solution to the antico-
ercive partial differential inequality of elliptic type involving A-Laplacian
—Apu = —divA(Vu) > ® in , with locally integrable function @, satisfying
the condition corresponding to (1.4).

In Section 4 we give examples of inequalities of a type (1.7) with gen-
eral A(t) satisfying A’—condition with various measures. In particular we
present application of A(t) = t*log*(2 +t), p > 1,a > 0. This part ex-
tends results from Chapter 3 (based on [92] and [93]), where we considered
inequality —A,u > @, leading to Hardy inequalities with the best constants.
In particular, the obtained constants in both attempts are equal.

14



Chapter 2

Motivation

Hardy—-type inequalities are important tools in functional analysis, harmonic
analysis, probability theory, and PDEs. In the last three decades huge
progress was made to understand them, see e.g. books: [73, 75, 77, 76,
80, 83, 87| and their references. The applied tools are often expressed in the
language of functional analysis, harmonic analysis, and probability.
Applications. In theory of PDEs they are used to obtain a priori esti-
mates, existence, and regularity ([8, 19, 20, 50, 54], Section 2.5 in [83]), as
well as to study qualitative properties of solutions and their asymptotic be-
haviour [98]. Hardy inequalities are also applied in derivation of embedding
theorems (Theorem 3.1 in [27], [59, 64]), Gagliardo—Nirenberg interpolation
inequalities [32, 33, 58, 69] and in the real interpolation theory [47].

Validity of Hardy inequality.

Several necessary and sufficient conditions for the validity of Hardy—type
inequalities are present in the literature. Most of them seems to be rather
abstract and the conditions for the validity of inequalities are often very hard
to verify in practice.

Let us mention one of such results, where conditions for existence of
Hardy—type inequalities involving measures have been characterized com-
pletely, however they are hard to apply. The example is Theorem 2.4.1 in
[83] (in the case M(t) = [t|) which characterizes measures satisfying inequal-

ity
/ EPu(de) < C / Velrdr, 1< p< oo,
Q Q
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holding for smooth compactly supported functions u. The conditions, so—
called isoperimetric inequalities, are expressed on compact sets and involve
capacities.

There are many conditions equivalent to validity of Hardy inequalities.
They are usually associated with the name of Muckenhoupt and his work [88].
We give below the famous theorem, which summarizes efforts and ideas in
this topic of wide range of great mathematicians such as Artola, Talenti [96],
Tomaselli [97], Chisholm-Everitt [31], Muckenhoupt [88], Boyd—Erdos. The
proof that we invoke follows [76] where, apart from this formulation, a lot
of additional interesting historical information on the investigation of this
problems can be found.

Theorem 2.0.1 (Talenti-Tomaselli-Muckenhoupt). Let 1 < p < oo. The

inequality
(/Ob (/Oxf(t)dt>pu(x)dx); <C (/Ob fp(t)v(x)dx>‘l° 1)

holds for all measurable functions f(z) > 0 on (0,b), 0 < b < oo if and only

if

1

A—sup< ) /v )p<oo.
r>0 T 0

Moreover, the best constant C' in (2.1) satifies A < C' < ppp for 1<
p<ooand C = A forp=1.

Hardy inequalities in PDEs

Generally speaking, linking nonlinear eigenvalue problems of elliptic and
parabolic type with Hardy inequalities is common in the literature. We
observe this issue also in the articles [3, 5, 7, 18, 24, 25, 68, 71, 85]. For
example it is well known that functions achieving best constants in Hardy—
Sobolev type inequalities satisfy the nonlinear eigenvalue problems [22, Chap-
ter 5]. Moreover, the best constants are investigated for proving existence of
parabolic eigenvalue problems [8, 35, 50, 52]. What is less understood is the
converse: that solutions or subsolutions to differential eigenvalue problems
are helpful to construct Hardy—Sobolev inequalities.

The best constant and existence. Analysis of the best constants
Cnp in Classical n—dimensional Hardy inequalities is crucial to decide ex-
istence. We refer to seminal paper of P. Baras and J. A. Goldstein [§],
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where existence, nonexistence of global solutions, and a blow—up for follow-
ing parabolic problem is considered. For z € R", n > 3, and t € (0,7

{ut—Au:/\ﬁ, A €eR, (2.9)
u(z,0) = up(z) >0, ug € L*(R"), '
has a solution if and only if A < (”7_2)2 See [8] for details and [54] for related
generalized results.

We note additionally that critical A = (”772)2 is equal to optimal (but
not attained in the Sobolev space) constant in the following n-dimensional

Classical Hardy inequality

n—2 2 _ 00 (Ton
(“32) [ lePulars [ VepPas ¢ ormn op:
R7\{0} R\ {0}

Nevertheless, the authors of [8] neither apply nor recognize Hardy inequality
in any version. Connection with critical A from (2.2) is revealed in [50] by
J. P. Garcia—Azorero and 1. Peral-Alonso. The authors study links between
Hardy inequality and nonlinear critical p-heat equation (and the related
stationary p-Laplacian equation)

w—Au=AL2 peQ 1>0, AR,

w(z,0) = f(z) >0, ze, (2.3)
u(x,t) =0, x e i, t>0,

where —A,u > 0, Q is a bounded domain in R", and 1 < p < N. Qualitative
properties of solutions, such as existence and blow—up, depend in general on
the relation between \ and the best constant in Hardy inequality.

Asymptotic behaviour. In [98] J. L. Vazquez and E. Zuazua describe
the asymptotic behaviour of the heat equation that reads

uw=Au+V(z)u and Au+V(x)u+ pu=0,

where V() is an inverse-square potential (e.g. V(z) = ﬁ) The authors
consider the Cauchy—Dirichlet problem in a bounded domain and for the
Cauchy problem in R™ as well. The crucial tool is an improved form of Hardy—
Poincaré inequality and its new weighted version. The main results show the
decay rate of solutions. Well-posedness of the problem and problems with
uniqueness are also considered. Furthermore, in [98] the authors explain and
generalize the work of P. Baras and J. A. Goldstein [8].
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Radiality. Hardy inequality may play the key role to prove existence,
nonexistence, as well as radiality of solutions. All the mentioned applications
are studied in [51] by M. Garcia-Huidobro, A. Kufner, R. Manésevich, and
C. S. Yarur.

The authors establish a critical exponent for the inclusion of a certain
weighted Sobolev space into the weighted Lebesgue space. This result is
applied in the proof of radiality of solutions for a quasilinear equation

{ div(a(|z|)[VuP~2Vu) = b(|z])|Vu["*Vu in B CR",

u=0 ondB, (2.4)

where 1 < p < ¢, functions a, b are weight functions, and B is a ball.

Links between existence for differential equations and validity of
Hardy inequality

Constructing Hardy—type inequalities on the basis of differential problems is

an idea present in the literature.

ODEs. In paper [56] Gurka investigated the existence of one-dimensional
Hardy—type inequality between L? and L? (allowing the case p = ¢q) that reads

(/Oa5(&’7)|U(fc)|qal:z:>é <C </Oar(:c)|u’(x)|pdx>; (2.5)

and found necessary and sufficient conditions for the existence of (2.5) in a

certain class of admitted functions. The work [56] generalises previous results
by Beesack [9], Kufner and Triebel [79], Muckenhoupt [88], and Tomaselli [97].
The main result of [56] reads

Theorem 2.0.2 ([56], Theorem 1.3). Assume 0 < a < o0, 1 <p < ¢q < 0.
Let r(x) > 0, s(z) > 0 be functions measurable on [0, a].

Moreover, let us suppose that the first derivative r'(x) exists for all x €
(0,a). Then the equation

A= (rE @)y @) ) + sy (@) = 0 (2.6)

(with a certain A > 0) has a solution y(z) (with a locally absolutely continuous
first derivative) such that

y(r) >0, ¥ (x) >0, (z€(0,a))

18



if and only if there exists a constant Cy > 0 such that the inequality (2.5)
holds for every function u(x) absolutely continuous on [0, a] such that u(0) =
limy o u(t) = 0.

In the recent paper by Ghoussoub and Moradifam [53], the authors proved
that the validity of inequalities

C/B () |*W (2)dz < /B |VE(2) |V (2)da for all u € C°(B),

with radially symmetric functions V' and W (so—called Bessel pairs), where
B is a ball with center at zero, is equivalent to the existence of solutions to
the one-dimensional nonlinear eigenvalue problem

" n—1 V'(r)\ , cW(r) B
y(?“)—l—( r ‘l’m)y(T)‘me(T)—O, y > 0.

This is in the spirit of Gurka’s inequality (2.5).

PDEs. We find connections between p—superharmonic problems and
Hardy inequalities in papers [10, 11] by Barbatis, Filippas, and Tertikas.
The authors assume that the distance d(z) = dist(z, K), for a certain set
K C Q, satisfies in the weak sense the problem

~8, (@) 20 in Q\K,

where p # k. The obtained Hardy inequalities with remainder terms in-
volve function d. Furthermore, in the weight functions the exponent of the
function d is rigid.

More general approach is presented in several papers by D’Ambrosio
[36, 37, 38]. We find there an alternative method of construction of Hardy
inequalities from problems of a type —A,u > 0 and similar ones described in
terms of Heisenberg groups H". We find in [36] sufficient criteria for validity
of Hardy inequalities involving various weights, among others those with a
term with distance from the boundary. The derived inequalities are described
not only in Heisenberg setting but also in more general frameworks contain-
ing as particular cases the subelliptic setting as well as the usual Euclidean
setting. Our result refers to the latter kind of result, namely the inequality

/|§(x)|pW(x)d3: < C/ IVE(2)|PV (x)dz,  for every € € Cf(9),

19



where the weights V' (z) and W (x) depend on a function u, that is a nonneg-
ative solution to —A,(u*) > 0, and on the constant . We generalize this
type of reasoning by allowing the lower bound of —p—Laplacian (i.e. function
® from (1.3)) to be negative.
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Chapter 3

Hardy inequalities derived from
p—harmonic problems

This part is based on [92, 93] by the author. We consider therein the anti-
coercive partial differential inequality of elliptic type involving p-Laplacian:
—Apu > ®, where @ is a given locally integrable function and w is defined on
an open subset 2 C R". We derive Caccioppoli inequalities for u. Knowing
solutions, as a direct consequence we obtain Hardy inequalities involving
certain measures for compactly supported Lipschitz functions. We present
several applications leading to various weighted Hardy inequalities. Our
methods allow to retrieve classical Hardy inequalities with optimal constants.
Moreover, we give optimal constants for Hardy—Poincaré inequalities with

weights of a type (1 + |x|ﬁ> for sufficiently big parameter o > 0.

3.1 Preliminaries

In the sequel we assume that p > 1, 2 C R"” is an open subset not necessarily
bounded.

By p—harmonic problems we understand those which involve p—Laplace
operator Ayu = div(|Vu[P~2Vu).

If f is defined on Q by fxq we understand function f extended by 0
outside €.

Having an arbitrary u € V[/i)c1 (R™) we define its value at every point by
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the formula (see e.g. [15])

u(z) ;= lim supjé( )u(y)dy. (3.1)

r—0

We write f ~ g if function f is comparable with function g, i.e. if there
exist positive constants ¢y, cs such that for every x

ag(z) < f(z) < eg(x).

Definition 3.1.1 (Weighted Sobolev space). By W.-P (R™), where nonneg-

v1,V2
ative measurable functions vy,ve are given, we mean the completion of the

set of functions u € C®(R™) with [o,|ul’ vider < oo and [g,|Vul? vadz < oo,
under the norm

1
p
||u||W1}1’1,7v2(R") = </ |u|p1}1dl‘—|—/ |VU|P ’UQdZL')

Differential inequality
Our analysis is based on the following differential inequality.

Definition 3.1.1. Let Q) be any open subset of R™ and ® be the locally inte-
grable function defined in £ such that for every nonnegative compactly sup-
ported w € WP (Q)

/ Qdw dr > —o0. (3.2)
Q

Let u € WP(Q). We say that

loc
—Ayu > P, (3.3)

if for every nonnegative compactly supported w € W (Q) we have

(—Apu,w) ::/|Vu|p_2<Vu,Vw) de/@wd:z:. (3.4)
0 Q

Remark 3.1.1. If p > 1 and u € W,2’(R") then |Vul|P~2Vu € L' (R",R™).

loc loc
In particular the second term in (3.4) is finite for every compactly supported

function w € W'?(Q). Therefore Ayu = div(|Vul|P~2Vu) is well-defined in
the distributional sense.
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Remark 3.1.2. Let us consider the case Q = (—1,1), u(x) =1—|z|, p=2.
Then we have: —u” = 26p > 0 = ® in the sense of Definition 3.1.1. This
shows that in our approach A,u may not be a distribution represented by
locally integrable function.

The following condition is crucial in the sequel. Suppose u and ® are as
in Definition 3.1.1 and moreover there exists a real number

(®,p) op:=inf{c eR:P-u+0o|Vu? >0ae in QN{u>0}} (3.5
where we set inf () = oco.

Remark 3.1.3.
1. In the case when ® >0 a.e. on {u > 0,Vu # 0} we have

. D-u
0o = —essinf {0 vuo0} )

[Vul?
2. In the case ® = —Apu € L}, (Q), (5.5) reads
p
00|V5| > Apu ae. in {u>0}. (3.6)

3.2 Caccioppoli estimates for solutions to prob-
lem —Aju > o

Our main goal in this chapter is to obtain following result.

Theorem 3.2.1. Assume that 1 < p < oo and u € W,2P(Q) is a nonnegative
solution to the PDI —Ayu > @, in the sense of Definition 3.1.1, with locally
integrable function ® satisfying (3.5) with oy € R. Assume further that 3
and o are arbitrary numbers such that 8 > 0 and > o > 0.

Then the inequality

/ (D u—+o|VulP) X{u>0}u_5_1gz§ dr <
Q

(p — 1)17—1 p—pB—1 pil—p
S @B oyt ), v Voo™ du, (3.7)

holds for every nonnegative Lipschitz function ¢ with compact support in €2
such that the integral fsupW |Vo|P ¢l =P dx is finite.
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We call (3.7) Caccioppoli inequality because it involves Vu on the left—
hand side and only u on the right-hand side (see e.g. [23, 65]).

We note that we do not assume that the right-hand side in (3.7) is finite.

The proof is based on analysis of the proof of Proposition 3.1 from [72] in
the case when the considered A-harmonic operator is p—Laplacian. However,
here we are not restricted to ® = ®(u), ¢ > 0, and integrals over R".

Proof of Theorem 3.2.1. The proof follows by three steps.
Step 1. Derivation of a local inequality.
We obtain the following lemma.

Lemma 3.2.1. Assume that 1 < p < oo and u € WP(Q) is a nonnegative
solution to the PDI —Ayu > @, in the sense of Definition 3.1.1, with locally
integrable function ®. Assume further that B,7 > 0 are arbitrarily taken
numbers.

Then, for every 0 < 6 < R, the inequality

-1
/ ((IJ cu -+ (5 _P T) |Vu|px{v“¢0}) (u+0)""1¢ da
{u<R-6} p

1 _
— / (u+0)P P71 |Vop|Po' P dx 4 C(6, R), (3.8)
PP Jon{vu0, u<R—s}

where

C(6,R)=R" { / \VulP~2(Vu, V) dr — / Do dx} :
QN{Vu#0,u>R—0} Qn{u>R—6}

holds for every nonnegative Lipschitz function ¢ with compact support in Q.
Before we prove the lemma let us formulate the following facts.

Fact 3.2.1. Letp > 1, 7 > 0 and s1,s, > 0, then

-1
-311”+p

-1
s1sh 0 <

D
TS
— prp7t 2

Proof. We apply classical Young inequality ab < %p + ”%113%7}%1 with a =
soir, b= (s520)P~!, where § > 0, to get

N

p-1 _ (51 1oL\ p—l (-1 _
st = () (a0) _p<6P1> e
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p—1
- pop(P—1) -8+ D o - .
Now it suffices to substitute 7 = 4P. O]

Fact 3.2.2 (e.g. [72], Lemma 3.1). Let u € W' (Q) be defined everywhere
by (3.1) and let t € R. Then

{r eR":u(z) =t} C{r € R": Vu(z) =0} UN,

where N is a set of Lebesgue’s measure zero.

Fact 3.2.3. Foru, ¢ as in the assumptions of Lemma 3.2.1 we fir 0 < § < R,
£ >0 and denote

usr(x) == min (u(z) +0,R), G(z):= (U(;’R(.CE))_5¢($).

Then usp € W,oP(Q) and G € WHr(Q).

Proof of Lemma 3.2.1. Let us introduce some notation:

Aer - [ Vul? (u+6) " gz,
QN{Vu#£0,u<R—§}

Bo.r) — [ VP2 (Vu, Vo) (u + 6) do,
QN{Vu#0,u<R—0}

Ci(6,R) = R7# d - pdz,

QN{u>R—0}

Cy(6,R) = R / |VulP~3(Vu, Vo) dr,
QN{Vuz#0,u>R—5}

D(3,R) = (u+ 6P |V|Pe' P da.

/supp oN{Vu#0,u<R—4§}
We take w = G in (3.4) and note that
I = / ¢-Gdr = / ® - (usp) Podr =
Q Q
= / @-(u+5)_5¢da:—l—R_ﬁ/ Q- pdr =
QN{u<R-6} QN{u>R—4}

_ / B - (u+0)Pods + Cy(5, R), (3.9)
QN{u<R-46}
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On the other hand, inequality (3.3) implies

I — / ¢ -Gdr < (—Apu,G) = / |VulP~2(Vu, VG) dx =
Q QN{Vu£0}
= -8 [Vul?(u+68)"" ¢ da +

QN{Vu#0,u<R—5}

+ / |VulP~2(Vu, Vo) (u+6) 7 do +
QN{Vu#0,u<R—0}

+R7P / |Vu|P~(Vu, V) dr =
QN{Vu#0,u>R—§}
= —BA(5,R) + B(6,R) + Cy(6, R).

Note that all the above integrals above are finite, what follows from Remark
3.1.1 (for 0 <u < R—9 we have 6 <u+ 0 < R). Moreover,

B(6,R) < IVulPH V| (u+6) 7 de =

/S)ﬁ{VU7£O, u<R—6}

-/ (Swsa)) 19upus0)5
supp pN{Vu#0, u<R—4§} ¢

We apply Fact 3.2.1 with s; = WT?'(U +6), s3 = |Vu| and arbitrary 7 > 0,
to get

p—1 /

T
p supp ¢N{Vu#0, u<R—4}
1

i / (@)p (u+ 8P da.
pTP™ supp ¢N{Vu#0,u<R—4} ¢

p—1 - 1 -

B(0,R) < IVulP(u+6) " pdr +

Combining these estimates we deduce that
—BAL(5,R) + B(5,R) + C5(5,R) <
—1 ~ 1 = .
< <_ﬁ + L D 7-> Ai(6,R) + TD((S, R) + C5(d, R).

pT

1

IN

Recall that Cy(d, R) and A;(d, R) are finite (D (0, R) is finite as well). This
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and (3.9) imply

/ <I>(u+5)_5gbd$—l—(ﬁ—p_17) A(6,R) <
QN{u<R—6} p

1 - 3
< —D6.R) + CO.R),
which implies (3.8), because C'(, R) = Cy(8, R) — C1(6, R). O

Remark 3.2.1. Introduction of parameters 6 and R was necessary as we
needed to move some quantities in the estimates to opposite sides of inequal-
ities. For this we have to know that they are finite.

Step 2. Passing to the limit with ¢ \ 0.
We show that when £, 7 > 0 are arbitrary numbers such that g — ’%17 =:
o > op then for any R > 0

/ (@ u+o|VuP) u P o @ do (3.10)
{u<R}
1 ~
< WPt de 4+ C(R),
PTP™ J{(Vu0,u<R}
where
C(R) = R / VY V| - [Vl de| + / b d
on{u>%3 on{u>L£}

holds for every nonnegative Lipschitz function ¢ with compact support in
Q such that the integral f{supp¢va;éo} |V¢[Pp=P dx is finite. Moreover, all
quantities appearing in (3.10) are finite.

We show first that under our assumptions, when § \, 0, we have

/ (ut0)P PV p|Pp Pdr — WPV p|Pot P,
QN{Vu#0,u+6<R} QN{Vu#0,u<R}
(3.11)

whenever ¢ is a nonnegative Lipschitz function with compact support in (2

such that the integral fsupp SN {Vu0) |V@|Pp! P dx is finite.

To verify this, we note that (u + 5)p7ﬁ71X{u+6§R} o230 up*fj*lx{ugR} a.e.
This follows from Fact 3.2.2 (which gives that the sets {u = 0, |Vu| # 0}
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and {u = R, |Vu| = 0} are of measure zero) and the continuity outside zero
of the involved functions.

The function O(t) := t*~~1 is decreasing or dominated in the neighbour-
hood of zero.

Let us start with the case when there exists ¢ > 0 such that for ¢t < ¢
the function ©(t) is decreasing. Without loss of generality we may consider
e <R.

We divide the domain of integration

/ O(u+3) - Voo 7 de =
QN{Vu£0, u+5<R}

- / O(u+3) - [VoPs' da + / O+ )X (ursen - VP da.

e Fe
where . .
Eez{u<§}ﬂsuppgb, Faz{ggu}ﬂsupp(b.

Let us begin with integral over E.. We consider § \, 0 so we may assume
that 0 < /2. Then, over E. we have u + 0 < . As ©O(u) is decreasing
for u < e, for § N\, 0 the function ©(u + J) is increasing and convergent
almost everywhere. Therefore, due to the Lebesgue’s Monotone Convergence
Theorem

O(u+6) - [VoIré' P du — / o) - [VolP6 da.

lim
6—0 E. ;

In the case F. we have £/2 < u+J < R. Over this domain © is a bounded
function so in particular

[ O+ 8)qurscn - IVope 7 da = [ O(u+3)- Vo' dv <
e {e/2<u+0<R}
< ‘R - sup O(t) - / IVo[Pp' P dw < oo.
tele/2,R] supp ¢N{Vu#0}

Taking into account convergence almost everywhere and boundedness of do-
main of integrating, we apply the Lebesgue’s Dominated Convergence The-
orem to write

i [ O+ Oxgusscr - [VoPo 7= [ 0w [VoPst T

=0 Jp, Fen{u<R}
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This completes the case © decreasing in the neighbourhood of 0. Let us
consider the case of bounded ©. We carry out the same reasoning as above
for F. with ¢ = 0.

To complete this step we note that (3.11) says that, when ¢ \ 0, the first
integral on the right—hand side of (3.8) is convergent to the first integral of
the right-hand side of (3.10). To deal with the second expression note that
we have, for § < % :

IC(0,R)| < |Co(6, R)| +[Ci(8, R)| < C(R).
We observe that condition (3.5) implies
(®-u+o|VulP) Xqus0y =0, a.e. whenever o > oy. (3.12)

We can pass to the limit with the left-hand side of (3.8) due to The
Lebesgue’s Monotone Convergence Theorem as the expression in brackets is
nonnegative due to (3.12) (for 0 = § — 1%17') and decreasing. Note that
(@ - u+ o|VulP) u " xpus0p = 0, when v = 0 and in particular does not
depend on 9.

Step 3. We let R — oo and finish the proof.

Without loss of generality we can assume that the integral in the right—
hand side of (3.7) is finite, as otherwise the inequality follows trivially. Note
that since |Vul|P~2(Vu, Vo) and ®¢ are integrable we have limp_,o, C(R) = 0.
Therefore, (3.7) follows from (3.10) by the Lebesgue’s Monotone Convergence
Theorem. [

3.3 General Hardy inequality
Now we state our main result of the first part of the thesis.

Theorem 3.3.1. Assume that 1 < p < oo and u € W2P(Q) is a nonnegative
solution to PDI —Ayu > ®, in the sense of Definition 3.1.1, where ® is
locally integrable and satisfies (®,p) with oo€ R given by (3.5). Assume
further that B and o are arbitrary numbers such that >0 and § > o > 0.

Then, for every Lipschitz function & with compact support in ), we have

/Q Py (d) < /Q Ve Ppalda), (3.13)
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where

p(de) = (ﬁ :(17

,MQ(dZL‘) = up—ﬁ—lx{‘vu#o} dx. (315)

p—1
) (@ u+ o|Vul] - u P xpusoy do,  (3.14)

Proof. We apply (4.15) with ¢ = &P, where £ is nonnegative Lipschitz func-
tion with compact support. Then ¢ is Lipschitz and

v (Lotwg) = L |V_¢|)p
v = (Gl ) = () e

Therefore (3.7) becomes (3.13). Note that for every nonnegative Lipschitz
function £ with compact support in €2 we have fQ |VEIP dx < oo, equivalently
/. ppé IVo[P¢p' =P dr < oco. As the absolute value of a Lipschitz function is a
Lipschitz function as well, we place it on the left-hand side to avoid requiring
its nonnegativeness. O

Remark 3.3.1. Note that, by conversing this substitution, we obtain in-
equality with a structure of (3.7).

Remark 3.3.2. We do not assume that the density of pus, the function
up_ﬁ_lxﬂvu#o}, is locally integrable. However, if it is locally integrable only
on some subset 1 C 2, instead of (3.13) we may derive inequality

/Q P (dr) < [ VP uadr),

1951

for every Lipschitz function £ with compact support in €2y, where p; and o
are given by (3.14) and (3.15), respectively.

Remark 3.3.3. Note that p; is locally finite provided that additionally
u”_ﬂ_lx{Wu#o} is locally integrable. We obtain it by the substitution of a
compactly supported £ such that 0 < ¢ < 1 and £ = 1 on a given ball of
radius R contained in 2 shows that the condition: up_ﬁ_lx{‘vu#()} is locally

p—1
integrable. In that case <%) (@ u+ o|VulP]-u™"" x>0y is also locally

integrable.
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3.4 Special cases

3.4.1 Classical Hardy inequality

Our goal is to derive classical Hardy inequality with optimal constant (see
e.g. [63], [75]) as a consequence of Theorem 3.3.1.

Theorem 3.4.1 (Classical Hardy inequality). Let 1 < p < oo andy # p—1.
Suppose that & = () is an absolutely continuous function in (0,00) such
that

€T(0) :=limy0&(x) =0 fory<p-—1, (3.16)
£(00) :=lim, 00 &(2) =0 for v >p—1. (3.17)

o0 p 00
/ <@> ¥ dr < Cmm/ |€' P2 dx, (3.18)
0 L 0

P
where the constant Coyiym = (Mﬁ) is optimal.

Then

Proof. We may assume that

/0 €' (z)|P2” dx < oc. (3.19)

The proof follows by steps. Step 0 gives an explanation that it suffices to
prove (3.18) for every compactly supported Lipschitz function £, while Steps
1-5 an present application of Theorem 3.3.1 to reach (3.18).

STEP 0. By a standard convolution argument, having (3.18) for com-
pactly supported Lipschitz functions, we deduce the inequality for compactly
supported functions from weighted Sobolev space W,» (R.) (defined in Pre-
liminaries) where v; = 277P, vy = 27. This is because on compact subsets of
(0,00) the considered weights are comparable with constants.

We concentrate on the proof that (3.18) holds for absolutely continuous
functions satisfying (3.19) and vanishing condition (3.16) or (3.17). Let & be
such a function. We construct an approximative sequence {y € W2 (Ry)
with compact support. Let

Nz —1, T € (]%,,%),

B 1, T € (%,N),

240 —%x+2, x € (N,2N),
0, z € (0,+) U (2N, 00)



Then each £y = ¢y - £ is a compactly supported function from Wl? (R,).

V1,02

Thus, inequality (3.55) holds for each {x. We pass to the limit with N — oo

obtaining
> [ Eenl’ > (1Y
/ =T x”dx—)/ = | 27dx (3.20)
0 z 0 z

due to the Lebesgue’s Monotone Convergence Theorem. Therefore, the left—
hand side of (3.18) is as required. Furthermore, we notice that

<C:m>; (fooo <%m)pﬂd$); < (/OOO ‘§§v|pﬁd$);§ (3.21)

o0 1
< (fooo | &P d$> +</ lon& [P dm) " =ay + by.
0

Then b%, tends to the required right-hand side in (3.18) due to the Lebesgue’s
Monotone Convergence Theorem. By showing that {ax}y is bounded, we
prove

lim |EN P2 dz < lim / lonE P2 dx _/ |E' P dz.

N—o0 0 N—o0 0 0

p

We note that if fooo (%) ¥ dr < oo then we have it. This follows from the
fact that iy ~ +(xp2 2juvan))- Indeed, we have

N

0o 2 2N
N
R e T e R
0 = N

N
p
< c/ S| ovde V220
[ﬁv%}U[NQN] x
p
To show that the case fooo (%) xVdr = oo is impossible, we use the

following reasoning. It suffices to show that supyay < const, because
then after passing to the limit with N — oo in (3.21) we necessarily have
limy 00 by = 00, which contradicts with (3.19).

In this step we denote by ¢ positive constants independent of V.

In the case v > p — 1 and condition (3.17) we define

&) = / Ce()dr.
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We observe that |£(t)] = Ut & (r dT‘ < |£(t)|. We apply Hélder inequality
to functions f(7) = |£'(T )|7'P, g(1) = 777 and obtain

p—

()] < (%)p (/too |g'(7)|pﬂd¢>pt"_(5_” <o T

It implies
E@) [P ~PD < ¢ for every t > 0.

Consequently,
1 1 1
Jgple@Frrdr <5 sup, {IS( )P ;} < eV =c
N’N
1 1
fwam @l <8 s feprov 1) < Neg =
T€[N,2N] T N

Therefore, the sequence {ay}y is bounded in this case.
In the case v < p — 1 and condition (3.16) we define

_ / (¢ ar

We observe that ()] = | [ €(7)dr| < |£()] and apply Holder inequality for

functions f(7) = \f'(T)\TIS g(t ) T

|§_(t)|§((pfl ) (/ 1€ (7 |Pr”dr) Y T

It implies [£(¢)[Pt7~P~D < |£(#)[P£7~P~Y) < ¢. The remaining arguments are
the same as in case 7 > p — 1.

This completes the proof of Step 0.

In the following steps we obtain inequality (3.18) for compactly supported
Lipschitz functions by application of Theorem 3.3.1.

STEP 1. Let us consider the function u = u,(z) = ® where 0 # a € R.
When p > 1 the function u,(z) is nonnegative solution to the PDE

)
to get

—Ayu = —|a]P2alp — 1)(a—1)z°P VP =& ae. in Q= (0,00).

Note that we deal with one-dimensional p-Laplacian A,u = (|u/[P~?u')".
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STEP 2. Constant oo defined in (3.5) equals o9 = ~(p — 1)(a — 1). To
verify this we note that

P - —laP2a(p — 1) (o — 1)go@-D-pta
o9 = —jnf—u — —inf |Oé| Oé(p )(04 )SE _
‘Vu‘pX{u;éo} ]@’px(afl)p
. .—alp—1)(a—1) 1
= —inf =—(p—1)(a—1).
in o a(p )« )

STEP 3. For v € R and v # p — 1, define 8 = B(a,7) :=p—1— 2. Now
we apply Theorem 3.3.1. For this we deal with arbitrary numbers § and o
such that 5> 0 and 3 >0 > 09 =1(p—1)(aw—1). In our case f is already
defined, we require that p — 1 > 2 and the existence of the admissible o is
equivalent to the condition sgna(p — 1 — ) > 0.

Computing measures given by (3.14) and (3.15) directly, we obtain in-
equality

C’/ |€[P 27 P dr < / IE'|P 27 du. (3.22)
0 0
where C = C(w, B,0,p) = W(U — L(p—1)(a—1)), holding for every

Lipschitz function £ with compact support in (0, o).
STEP 4. We observe that when ~ is fixed, we can always choose a such
that p —1 > 1 and sgna(p — 1 —v) > 0. The choice of
1 (P—12+7y
o=—(fla)+oolp—1)=p—-1—-—"——,
L(Ble) + a(p ~ 1) -
gives the inequality (3.22) with the maximal constant with respect to o €

[00,3). Then, we divide both sides by the constant and obtain inequality
_ P P

(3.18) with the constant C' = (Mﬁ) = (ﬁ) , holding for every

Lipschitz function £ with compact support in (0, 00). ]

Remark 3.4.1. We point out that in the above proof we admit negative
function ®. For example in the case p =2, v =0, a = 2, § = 1 we have
= -2

3.4.2 Inequalities involving measures with radial den-
sities

Analysing radially symmetric solutions to the PDIs in Theorem 3.3.1 we
obtain the following result.
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Theorem 3.4.2. Suppose 1 < p < oo and 3,0 are arbitrary numbers such
that B >0 and § > 0 > 0o. Let w(z) € WLP(R™\ {0}) N W2HR™\ {0}) be

loc loc
an arbitrary nonnegative radial function in the form w(z) = u(|z|) such that

= —essin ﬂ _u”(t) _qpy_n=t o0 a.e. In U
0o = fu’(t) ( U/(t) (p 1) ) < -6 { (t) >(Z}23)
Assume further that |
Bo) = ()P |~ (aD - 1) - o) "] s2)

is a locally integrable function.
Then, for every Lipschitz function & with compact support, we have

[ lepmn < [ (Ve (3.29
R\{0} R\{0}
where
5_0- ot —B— / —
T e R it

| Wuxw = (feual) e~ 1) — (b)) |

pa(de) = wPP7H(|z]) x(valrop da.

Proof. We apply Theorem 3.3.1. At first we observe that when w(z) =

u(|z]) we have
—A,w = ®(x) a.e. in R"\ {0},

with locally integrable right—hand side. Condition (®, p) is satified. Indeed,
due to (3.23), we observe that

n—1
t

oo(u'(1)? — " ()u(t)(p — 1) — o' (t)u(t) >0 ae. in {u(t) >0}

and therefore, when o > 0y, almost everywhere in {u(¢) > 0} we have

O-u+o|Vulf = [u/]P? o) —u"ulp—1) — wul > 0.

Now it suffices to apply Theorem 3.3.1. ]
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As a direct consequence we retrieve Hardy inequality on R™ \ {0} with
best constants [77].

Corollary 3.4.1 (Hardy inequality on R™\ {0}). Suppose p > 1, v <p—n.
Then, for every monnegative Lipschitz function & with compact support, we

have
[l do < G [ (6Pl d,
R\{0} R\{0}

~ P
where the constant Cm = <p_§ _7) 1 optimal.
Proof. Notice that w(z) = |z| = u(|z|) satisfies assumptions of Theorem

3.4.2 with ®(z) = _n\T_ﬁ andog = —(n—1). Let g >0and f >0 > —(n—1).
Substituting it do the formulae describing measures we derive (3.25) with

() = (i:‘l’)pl (0~ (n— D)l " dr.

po(dr) = |zP~?71 da.

The choice of |

o= B+{-DFp-1)
gives the inequality (3.22) with the maximal constant with respect to o €
[—(n—1), ). The substitution of ¥ = p— 3 —1 and division of both sides by

~ p
the constant implies the final result. The fact that constant C,,;, = <p7£ ﬂ)

is the best possible is well known [77].

Remark 3.4.2. To ensure that inequality (3.25) has a good interpretation we
must assume that function w?~#~!(|z|) x{jvuz0} is locally integrable. Then,
also function

w7 ()l (2 )P X a0y

n—1
o@(|2)* — o (lx))u(jz)(p — 1) - U’(le)u(!ﬂ)w}
is locally integrable which follows from the argument from Remark 3.3.3.

Remark 3.4.3. We point out that w(x) = u(|x|) is assumed to be more reg-
ular than only WL7(R™\ {0}). Namely, by our assumption u € W2 ((0, 00))

(see e. g. Fact 2.1 in [1]). This implies that if p > 2, the function ® is always
locally integrable.
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For qualitative properties of radial solutions to nonlinear eigenvalue prob-
lems having the form —A,w(z) = m@(w(m)), as well as for the nonexis-
tence theorems, we refer to [1] and their references.

3.4.3 Hardy and Hardy—Poincaré inequalities with ex-
ponential weights

In this subsection we concentrate on the case when the measures in the
derived inequality have exponential terms. We have the following result.

Theorem 3.4.3 (Hardy—Poincaré inequalities with exponential weights).
Assume that p,be > 1, k,q >0, r >0, kgb>r(p—1)(b—1).
Then, for every Lipschitz function & with compact support in R, , we have

| termtan <€ [ vepun) (3.20
0 0
where

pi(de) = e’ ghr—pb (g4 ra’) dz,

b

po(dzr) =™ dx,

~ 1 p—1 »

and the constant C' = (qufré’)fl)(bflﬂ (p71(§(b71)'

Proof. Let us consider a > 0, 8 > o > p — 1, where those numbers will be

stablished later, and the function u = u,(z) = e~ where a > 0, b > 1.
The proof follows by steps.

STEP 1. When p > 1 the function v is a nonnegative solution to the PDE

b—1
—Ayu = |abP(p—1)uP~ 1P~ DO-D=L <—b + a:b) =® ae inQ=(0,00),
a
with locally integrable function .
Indeed, v'(z) = —abz® tu(x), so
—Ayju = — ([ P2 = —(—ab|ab|p_2x(p_1)(b_1)up_1)' =

ab|ab|P~ 2P~ DE-D (p—1)(b— 1)z """ —ab(p — 1)z" ')

= |ab|P(p — 1)~ xP- D=1 (b _bl — xb> :
a
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STEP 2. We recognize that g = p — 1. Indeed, when we note that
|u'(z)[P = |abPaP~VuP(x), we obtain
b—1
(@ u+o|VulP] = |ablPuPzP-DO-D-1 ((p -1) [— - xb} + O':L“b) =

= |abPupylr= D=0 ((p - 1)(1— +lo—(p—1) $b> ;

which is nonnegative forc >p—1,asp>1, a >0, b> 1.
STEP 3. Computing measures given by (3.14) and (3.15) directly, we
obtain inequality (3.13) with

b—1
p(dz) = Jablre @D ((p )=+ — (1) mb) dz,
a
pa(dz) = e ®=AD" g
— 1\
c =(Z .
b—o
It suffices to substitute now a, 3, o such that
ko= a(B—(p-1)),
r = o—(p—1), (3.27)
(p=1)(b=1)
q ab :
Then b1 b1
a = TT,
o = r+(p-1), (3.28)

Kgb
b = r-1+5a60
The condition f > o > p — 1 requires r > 0, K,q > 0, b > 1, kgb >
r(p — 1)(b — 1). Then, we divide by the constant and obtain (3.26) with

S p—1 p-1 q>
¢= <nqb—r<p—1)(b71)> P -

As a consequence we obtain the following theorem, which can also be
obtained from Corollary 3.1 from [68]. Two independent arguments are en-
closed.

Theorem 3.4.4 (Hardy inequalities with exponential weights). If p,b > 1
and k > 0, then for every Lipschitz compactly supported function &, we have

/Ooo |§($)xb—1‘penxbdx < <%>P/O°° |§,<x)|pembdm (3.29)
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Proof. METHOD I. We apply Theorem 3.4.3. We omit a positive term in the
left-hand side of (3.26): ge"*' 27~ and we minimize the constant

5_ 1 q 1 p_l_ 1 qm 1 p—1
_(p—l)(b—l)Pr m—g _mp(p—l)(b—l)pr 1_qu )

where m = %,
We reach it by minimizing the function f(t) = ¢t~!(m — ¢)'~? with respect to
0 <t < 1. We obtain the constant as required.

METHOD II. We apply Corollary 3.1 from [68]. In this case we deal with
M(\) = X, dy = Dy = p, pldr) = e #@dz, p(x) = —kab, w(x) =
|/ (x)], c(x) = xP. In such a case we have

with respect to arbitrary ¢,r > 0 such that gm/r > 1.

Pla) = —rba",
(@) = —nb(b— 1)z,
b—11
b T M) = 14+ (p—1)——
1(3:7‘90’7907 ) +<p ) kb b
Then b; = inf{b)(z,w, o, M) : © > 0} = 1 > 0. Therefore, Corollary 3.1
from [68] asserts that under this conditions we obtain (3.29). O

3.4.4 Inequalities derived using p—superharmonic func-
tions

In this subsection we analyse the case when nonnegative u is a p—superharmonic
function, e.i.

—Apu>d=0 (3.30)
in the sense of distributions. These results can be also obtained by the

techniques by D’Ambrosio [36]. We present them as a direct consequence of
Theorem 3.3.1.

Theorem 3.4.5. Assume that 1 < p < oo, u € W,2P(Q) is a nonnegative
solution to (3.30) in the sense of distributions. Let B > p+1 be an arbitrary
number.

Then, for every Lipschitz function & with compact support in ), we have

() e (1) v
/Qlfl ( " duéﬁ_l_p P /ingy d, (3.31)

where dy = u= PP dz.
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Proof. 1t is a consequence of Theorem 3.3.1 when we substitute oy = 0 and
c=0—-1—p. O]

Remark 3.4.4. If u*B*”pX{WU#O} is locally integrable only on some open
subset ; C €, we interpret this inequality as in Remark 3.3.2, namely
holding for &’s with compact support in ;.

Since we know superharmonic functions for some domains, we can con-
struct now new Hardy—-type inequalities. For example, substituting p = 2 in
Theorem 3.4.5, we obtain the following corollary.

Corollary 3.4.2. Assume that u € W,2*(2) is a nonnegative superharmonic
function, e.i. Au <0 in 2 in the sense of distributions. Assume further that
B > 3 is an arbitrary number.

Then, for every Lipschitz function & with compact support in 2, we have

1
2 [VulPu™t d <—/v 2um
1R Vu e < s | v

Using integral representations of u being a solution to

where 2 C R" is a bounded open subset with boundary of class C*, f, ¢
are sufficiently regular nonnegative functions, we may produce other Hardy
inequalities described in terms of f, ¢ and a Green function for a domain.

As an example we state the following theorem dealing with harmonic wu,
ei. f = 0. Note that in particular, knowing arbitrary g € C(02), we may
construct an inequality inside §2.

Theorem 3.4.6. Let 5 > 3 be an arbitrary number, n > 2,  C R" be an
open bounded subset with boundary of class C*, G(x,y) be a Green function
for Q and g € C(99) is nonnegative and nonzero. We define operator T :

C(09Q) — C=(Q) N C(Q) by the formula

oG

o — (z,y)g(y) H" " (dy), (3.33)

Tg(x) =~

where v is the outer normal vector on OQ and H" ' is (n — 1)-dimensional
Hausdorff measure on OS).
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Then, for every Lipschitz function & with compact support in (), we have

/ €2 (de) < / Ve o (d),
Q Q
where

p(dz) = |VTg(x) (Tg(x))" da,
1
dr) = 77— (T B+ g0
pio(dx) 3@_3)( 9(x)) x
Proof. We apply Corollary 3.4.2. We substitute as u, a solution to a Laplace
equation Au = 0 in 2 with a boundary condition u = g on 9€2. Indeed,

u(z) =Ty(x) = — [ FE(x,y)g(y) H*(dy). O

Remark 3.4.5. The above result can be generalised by an application of
u being the solution to (3.32) with the nonnegative functions f € L?*(f),
g € C(09). In such a case the operator T'g in (3.33) should be replaced by

Tf,g(ﬂf)z/QG(w,y)f(y) dy—égg—f(x,y)g(y)ﬂn‘l(dy),

where v is the outer normal vector on 9 and H" ! is the (n—1)-dimensional
Hausdorff measure on 052.

3.4.5 Hardy inequalities resulting from the PDI —A u >
® with negative ®

The previous subsection confirms the results of D’Ambrosio [36]. In this
subsection we show the example violating one of his assumptions. Namely, we
derive here Hardy inequality from the problem —A,u > ® when the function
® is negative. For some choice of parameters we have already admitted
nonpositive ® in the proof of classical Hardy inequality, see Remark 3.4.1.
The following theorem deals with the case when ® < 0 everywhere.

Theorem 3.4.7. Assume that 1 < p < oo and 8 > p — 1. Then, there
exists a constant ¢ = ¢(p, B) such that for every compactly supported Lipschitz
function &, we have

/0 P < ¢ / Ve pa(da), (3.34)

0
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where

pr(de) ~ P PP (e 4 2) da,
po(dr) = 2P P PP (e + ) da.

(3.35)
(3.36)

Proof. We apply Theorem 3.3.1 with a function u(z) = zln(e + z). As u is

increasing, we have

& = —Agu = (P2 = ~( P = (= Dl

where
|
W(x) = Infeta)+ x :(e—i—x) n(e+:c)—|—a::|u,(x)|’
e+x e+x
W(z) = 1 n e _ T+ 2e
e+z  (e+2)? (e+x)?
+ 2e
o = —(p- D2 <o,
=Dl

We have to choose 0y < o ensuring nonnegativeness of

Q-u+oluP =
T+ 2e

(e +x)

— (-

scut ol =

((e+x)In(e +z) +2)* (z+2e)rin(e+ )

- |-t-

(e +x)? ((e+ ) In(e + x) + x)?
z(z + 2e)In(e + z)

= {—(p —1)

((e+x)In(e +x) + x)

s+ ol |u'P.

+olu'l?

(3.37)

We require z(z + 2¢) In(e + z) < ;% ((e + ) In(e + z) + z)? for o > oo. It
is easy to compute that 0 < g9 < p — 1. This follows from the following

arguments:
x(x+ 2e) In(e + ) (THzrzaly2 g
0 = hz):= (e+x)? (n(e+xz)+x)? = (e+z)? In(e+x)
o = —zei(gio) (=(p— Dh(z)) = (p — 1) sup(h(z)) <p—1.

It is enough to consider o = p — 1.
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We apply Theorem 3.3.1 and obtain (3.34) with the following measures

) — (B—p+ 1)p—1 B x(x + 2¢) In(e + )
pu1(dx) (p— 1) [1 ((e +2)In(e + z) + x)*

po(dz) = (zln(e+z)) "' dz.

' [Pu~P " d,

It suffices to estimate the growth rate of the density of p;(dz). We notice
that the expression in square brackets in (3.37) is comparable with a constant,
moreover

1 p
[P — ((e + z)In(e + z) + :c) (xInfe +2)) " ~ 2= 1070 (o).

e+
This completes the proof. O

Above result can be compared with the statement of Proposition 5.2 in
[70] (expressed in Orlicz setting) stated below. In our case we have M(\) =
N B=p—B—-1<0,v=p, a=—1,dy = Dy = p and case b) applies.
The proofs in both mentioned statements are fairly different.

Proposition 3.4.1. Let M satisfy the Ags—condition, and the weights w, p :
R, — Ry be given by (i) or (ii) where:
(i) w(r) =r* W2+ 7)), p(r) = rP(In(2+ 7)), a € [-1,0), §,6,7 € R,

(ii) w(r) =7r*, p(r) =rPe™" a €[-1,0), BER, v,c> 0.

Then inequalities

/0 T M{w(r)u(r))p(r)dr < O, / " M(u(r)]) plr)dr G, / " M ()]l dr,
(3.38)
d

an

lwullzr ooy < Crllullyooyn + Collt v, (3:39)
hold for every uw € W, with positive constants independent of u, where
a) W = W¥((0,00), p) when B > |a| Dy — 1,

b) W={ue WEM((0,00), p) : liminf,_q+ M(T°‘|u(r)|)r5+1 =0},
when B < |a|dy — 1.

43



The sets W are mazimal subsets of WM ((0,00),p) on which (3.38) holds
true.

We have more general observation, which implies Theorem 3.4.7.

Theorem 3.4.8. Suppose that u : (0,00) — [0,00) is nondecreasing and

convex, u # const, u € W2 ((0,00)) and there exists some a > 0 such that

a-(u'(z)* >u"(r)u(z) a.e. in (0,00) (3.40)

and a - (v'(2))* — v’ (z)u(x) £ 0 a.e. Moreover, let 1 < p < oo and 8 >
a(p — 1). Then there ezists a constant ¢ = c(p, B,u) such that for every
compactly supported Lipschitz function &, we have

| termtan < e [ 19eP (), (341
0 0
where
B—alp—1)"" s
() = L2 {a(@)u(a) 4 a0 0)*} oy
pa(dr) =17 sy .
Proof. An easy verification shows that —A,u = —(p—1)|«/|P~?«” and condi-
tion (®,p) is satisfied with 0 < oy < (p — 1)a. Therefore we can substitute
o0 = (p — 1)a and apply Theorem 3.3.1. O

Remark 3.4.6. Function u(x) = xIn(e+x) from the proof of Theorem 3.4.7
satisfies condition (3.40) and therefore Theorem 3.4.7 follows from Theorem
3.4.8 as a special case. Below we present some other examples of functions
u admitted to Theorem 3.4.8:

i) u(z) = e implies (3.34) with p, (dz) ~ pg(dx) ~ e®P=F=D2dy,
ii) u(z) = (x + 1)e” implies (3.34) with
1 (dz) ~ pp(da) ~ ((z + 1)~ da.

Remark 3.4.7. Condition (3.40) can be interpreted as converse pointwise
multiplicative inequality dealing with nonnegative functions which states that
u'(z)? < Cu(z)Mu" (),
where Muv(x) := sup39x|—é| [ |v(y)|dy is Hardy-Littlewood maximal func-

tion of v and supremum is taken with respect to balls B containing x (see
[84], inequality (1.9) on page 93). It is clear that |v(z)| < Mwv(z) a.e., but
converse inequality, even up to a constant, in general does not hold.
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3.5 Applications

3.5.1 Analysis of Bessel pairs

Our approach shows constructive way to build Bessel pairs, defined by Ghous-
soub and Moradifam in [53] as following.

Definition 3.5.1 (Bessel pair). Pair (V,U), such that for all £ € C3°(Bg)

(Hyy) /BU(m)gzdxg/ V(z)|VE(x)|? da, (3.42)

Br

15 called a Bessel pair.
They obtained the following result.

Theorem 3.5.1 ([53], Theorem 2.1). Let V and U be positive radial C*~
functions on Bg \ {0}, where Br is a ball centered at zero with radius R
(0 < R < +o00)inR* (n > 1). Assume that foarnflv(r)dr = +oo and

Jo r™ 'V (r)dr < 400 for some 0 < a < R. Then the following two state-
ments are equivalent:

1. The ordinary differential equation

B o0+ (P D) v+ pOe) =0

has a positive solution on the interval (0, R] (possibly with y(R) =0).
2. (V,U) is a Bessel pair.

As a direct consequence of Theorem 3.4.2 with p = 2, we obtain the
following corollary related to above theorem.

Corollary 3.5.1. Suppose Bgr is a ball centered at zero with radius R (
0 < R< +4o00)imR" (n>1). Let w(x) € C*(Bg\ {0}) be an arbitrary
nonnegative radial function in the form w(zx) = u(|z|) such that

u(t) (u”(t) n—1

u’(t)+ ; )<oo a.e. tel0,R],

0g := —inf
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and Wy (z), Wy(z) be positive radial C*—functions on Br \ {0}, such that

Wiz) = u " () X{vulop

Wa(z) = (8 —0) xguoyu " H(|2])

n—1
o (J2))* = " (|z)u(|z]) - U’(lm\)U(lﬂﬁl)W ,
where B and o are arbitrary numbers such that B > 0 and > o > oy.
Moreover, assume that foamdr = +oo and [ r"'Wy(r)dr < 400
for some 0 < a < R.

Then (W1, Ws) is a Bessel pair.

Proof. We give the proof by applying two methods.

METHOD I. (via Theorem 3.4.2). We apply Theorem 3.4.2 with p = 2.
METHOD II (via Theorem 3.5.1). We note that y(x) = u’~7(|z|), solves
ODE (Byy) with V.= W, U = W,. In particular, the solution to (Bw,.w,)
exists and (W, Ws) is a Bessel pair. O

Remark 3.5.1. It would be interesting to obtain generalisation of Corollary
3.5.1, considering the extension of inequality (3.42):

(L) / U)leP de < /B V(@)|VE@)P de,

to general p.

3.5.2 Inequalities resulting from existence theorems in
equations arising in astrophysics

In some cases one can prove existence of solutions to either equation or
inequality having the form

{ ~Au(z)

p(z)ur(x),

AV

u(z) 0,
or more general
{ ) 2 o, (3.43)

under certain general assumptions.
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Such problems arise often in astrophysics to model several phenomena.
For example, one observes this type of problems in classical models of globular
clusters of stars such as Eddington’s equation [43]

1 2u(x)
—Au(z) = T |x]26

Y

its improved version — Matukuma’s equations [82]

1

"(z),

and its generalisations. Qualitative properties of their solutions are also con-
sidered from mathematical point of view [42]. Another astrophysical phe-
nomena modelled in this way is the dynamics of elliptic galaxies. The model,
which has been proposed by Bertin and Ciotti, has the form

—Au() > gy [u(@) P 2u(z), in RS
u(z) >0 in R3, (3.44)
Jgs p(r)ur~(z) doe = K < oo,

where x = (11, 22,2) € R, r = \/2? + 22, a > 0. For various astrophysical
models, their introduction and discussion, we refer to [7, 12, 13, 28|.

In paper [7] Badiale and Tarantello consider existence of cylindrically
symmetric solutions to a problem of a type (3.43), based on (3.44), having
following form

—Au(z) = o(r)|u(z)P~?u(z)  in R’
u(z) >0 in R3, (3.45)
Jgs (r)ur~(z) doe = K < oo,

where p > 1, z = (z1,79,2) € R r = /22 + 2% u(z) = u(r,2) is a
cylindrically symmetric function and ¢ is a nonnegative continuous function
depending only on 7, vanishing both in zero and in infinity, re(r) € L (Ry).
The condition [, ¢(r)u?~!(z) dz < co guarantees that a given solution car-
ries a finite total mass.

Remark 3.5.2. Let us point out that in many cases (see e.g. [7, 53], (4.12)
in [8]), existence is an effect of certain Hardy inequalities. Here we obtain
possibly new Hardy inequalities as a consequence of existence. It would be
interesting to analyse the connections between them.
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It appears that even when we do not know u solving (3.45), but we have
the information that it exists, we can still deduce some Hardy inequalities
for a Lipschitz function £ with compact support in 2. We assume existence
in a more general setting than (3.45) and derive Hardy and Hardy—Sobolev
inequalities. Generalisation admits taking into account p—Laplacian for p €
(1, 00) instead of Laplacian, possibly other domain (€2 being any open subset
of R?), moreover we do not require cylindrical symmetry of u. For related
existence results we refer to [7, 42]. Below we state two results constructing
Hardy and Hardy—Sobolev inequalities under the assumption of existence of
solutions to the generalized problem, namely (3.46). In the first case we deal
with p = ¢ while in the second one we assume 0 < ¢ < p and additional
information about integrability of the solution. Note that in Theorem 3.5.3
power of integrability of £ appearing in the left—hand side of derived Hardy—
Sobolev inequality is smaller than p.

Theorem 3.5.2. Suppose 1 < p < oo and there exists u € VV;?(Q) — a
solution to

—Ayu(z) > p@)u(@)Pu(z) in 9,

u(z) >0 in Q,

where ® = o(x)|u(z)|P2u(x) is locally integrable.
Then, for every Lipschitz function & with compact support in €2, we have

/Q €[” ¢ do < /Q \VEPP da.

Proof. We note that ® > 0 so we take g = 0 and the condition (®,p) is
satisfied with every o > 0¢. We apply Theorem 3.3.1 and we obtain Hardy
inequality for every Lipschitz function ¢ with compact support in 2 of the
following form

| teptan) < [ 1Veps(as)

where

p(de) = (i:;f

pa(dz) =P X w0y do

p—1
) [elulP*u - u+o|Vul’] - u™" xpusoy da,

where > 0. We take 0 = 0¢p > 0 and thus the term o|Vulf in p(dz) is
cancelled. The choice § = p — 1 completes the proof. ]

48



Theorem 3.5.3. Let 1 < p < co. Suppose 1 < q < p is such that there
exists u € WP(Q) — a solution to

—Apu(z) > p()|u(z)|[*"*u(z) in Q,
u(x) >0 in €, (3.46)
Jop(x)ut™(z) de = K < oo,

where ® = p(x)|u(z)[P~2u(x) is locally integrable.
Then, for every Lipschitz function & with compact support in 2, we have

(/ €5 da:)q_l) <C (/Q Vel dx)p (3.47)

p—1

withC’:KP<q—1>( p—1 )T.

p—1—o00

Proof. We note that & > 0 so we can take og = 0 and the condition (®, p)
is satisfied with every o > gy. Suppose 5 > 0 and £ is an arbitrary Lipschitz
function with compact support in €. If q € (0,p) then Hélder inequality for

w5 and g = (|€PoutP) 5T with arameter L= oives
= (¢ g=([¢Pe P g

/ A e = [ <souq—1>1—fffi<|§|pwq—p>%dwé
Q

ql a—

([etniwar) ™ ([ iepotasa)
= K (/ €[Po(z)ut" ’Bda;')z},

where p = 8+ 1 > 1. The second inequality comes from the condition from
the third line in (3.46). Moreover, Theorem 3.3.1 says that existence of
solution to (3.46) implies in particular inequality

L p—1\""
/ P ou 1Py g do < ( y ) / Ve d.
Q — 0o Q

Summing up above observations, we obtain
q

—1\¢! =
5])— UO> (/Q|V§|pd9:) .

To obtain (3.47) it suffices to put once again § = p — 1 and rise both sides
to power f’ L ]

—

i
L

IN

5 ploydo < 5

Q
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3.6 Hardy—Poincaré inequalities derived from
p—harmonic problems

This section is based on [93]. We apply general Hardy type inequalities,
obtained in Theorem 3.3.1. As a consequence we obtain a family of Hardy—
Poincaré inequalities with certain constants, contributing to the question
about precise constants in such inequalities posed in [16]. We confirm op-
timality of some constants obtained in [16] and [53]. Furthermore, we give
constants for generalized inequalities with the proof of their optimality.

3.6.1 The result

In this subsection we show that applgcation of Theorem 3.3.1 with a special
function u, namely u,(x) = (1 + |z|?-1)~® with a > 0, leads to the following
theorem.

Theorem 3.6.1. Suppose p > 1 and v > 1. Then, for every compactly
supported function & € WP (R™), where

v1,v2

p \ (—1)(r-1) p \ (p—1)y
vi() = (1+al"7) Cw(@) = (1)

we have

_ o y—1 PN

Comp ||l [+ a1yt dw < [ Vel [0+ o] e,

Rn ]Rn
(3.48)
_ p—1 _

with Cy pp =1 <’%) . Moreover, fory >n+1— %, the constant C., ,, ,
is optimal and it is achieved by function u(x) = (1 + |x|rf%)1_7.

Proof. At first we note that, by standard density argument, it suffices to
prove (3.48) for every compactly supported Lipschitz function £. Indeed, let
Eewlr (R") and

V1,02
1, lz] <1,
¢(z) =q —lz[+2, 1<[z[ <2, or(z) = (%), Er(x) =&(x)or(2).
0, 2 < |z|.
An easy verification shows that £ — & in W% (R"). Standard convolution
argument shows that every compactly supported function u € Wvll’?vg (R™) can
be approximated in WJ{{’W (R™) by compactly supported Lipschitz functions.
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Let us consider the function uq(z) = (1 + |2|7°7)~® with a > 0. Now the
proof follows by steps.

STEP 1. We recognize that the function u, € W,L?(R") and that it is a
nonnegative solution to PDE

—Ay(ug) = d(1 + |z|71)* P P(1 4 k|z|[7T) = & ac. inR",  (3.49)
where

ap a+1

p—1

p—1
d=d(n,a,p) = < ) n and k=k(n,a,p)=1-— p. (3.50)
Moreover, ¢ satisfies (3.2). For readers convenience the computations are
carried out in the Appendix.

STEP 2. In our case condition (®,p) becomes

D - -1
0 := —essinf <|Vu7:|ap> = _pap (n—pla+1)) eR. (3.51)

Indeed, by the formulae (3.49) and (3.51), we have

p—1

()" el e (nt (0= (a4 D)l

op = —inf 7 — > =
()" (1 + fol5)wtoeD]af

= (et Dp)alT

(%) 17
_ _(p=1

inf
(p—1D)(n—(a+1)p)
ap '

STEP 3. For given a > —v, define 38 = (p — 1)(2 4+ 1). We apply
Theorem 3.3.1.

For this we require that § > 0 and that ¢ € R is such that § > o > 0.
This is equivalent to the condition v > max{—a,1 — g}, which obviously
holds for all v > 1, a > 0.

ap

p
We are going to compute the measure given by (3.14). Let by = (E) 0.

We note that v = « (% — l) and —p(a+1)+a(f+1)=(p—1)(y—1)—1
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and recall that d and k are given in (3.50). Applying these formulae to (3.14),
we obtain

b—o

d =
pa(dz) (p—l
d(1 + k|z|7T by|z|7T
(Lt slal™) |, b ]

p—1
) (@ - uy + 0| Vuu|P]uy? ' do =

B—o\""
(p - 1) (1+ [g|Foyples) (14 [g]557 platD)
(L4 | 7=1) D do =

- %)p_l {n—l— {n— (a4 1)p+ ]%pl] \xll’pl}<3-52)

P P -1
(14 |z|77)7 [(1 + |x|ﬁ)p_1y dz,

while after substitution of § = W, we obtain from (3.15)

P\ _q p—pB-1
po(de) = wP T x(vup0y d = [(1 + [z]71) } dr =

= [+ e

(p—1)(a+1

STEP 4. We choose o := ) and realize

p—Da+1-17)
=0>0>0)= o ,

(p—1D(a+7)

because v > 1. Then, in (3.52), the expression in curly brackets equals
n(1+|z|7°7). This leads to the inequality (3.48) with the constant as required.
STEP 5. In this step we prove the optimality of the proposed constant
under the assumption v > n+ 1 — %. It suffices to show that both sides of
(3.48), for u, := u defined below, are equal and finite.
We prove first that the function @(z) = v(|z|) = (1 + |z|7 1)1 satisfies

—div(vy|ValP?Va) = C, v a? . (3.53)

For readers convenience the computations are carried out in the Appendix.

Now we concentrate on (3.48). Simple computations show that u €
Wle (R"). It suffices to prove equality in (3.48) for 4. Due to (3.53), we

V1,02
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obtain

~ —1p » \ -1 _ .
C’y,n,p R ’u‘ (1 + ’x‘ﬁ—1> d‘r = C’Y,mp u /01 dl‘ =

= —/ div(vy|VulP2Va) - i dr = — lim div(ve|VulP—2Va) - udr =: L.
Rn

R—o00 \x|<R

We apply Gauss—Ostrogradzki Theorem and observe that for an outer normal
vector ng = 7 to OB(R) we have (Vi, ny) = [Va|. This implies

£ =limpoe ([ op 02Vl de = [yl VPt 7dS) = limp o (A= B).

where dS denotes the surface measure on the sphere S"!'(R). To deal with
the limit we require v > n + 1 — %. Let us observe, that limgz_,.. B = 0,
because it is up to a constant equal to f\z|=R u(z)|x|dS. Moreover, we notice

that finiteness of the limit of A is ensured by

1 —(v=1) _p(y=1)
_ Ag/ (1) < / (14 [2]) 55 de,

’y7n7p

which is finite if the power of (1+|z|) is smaller than —n, e.i. for y > n+1-2.
This finishes the proof. O

Remark 3.6.1. Careful analysis of the quotient

b(R) _ Jeu [VurfP(1+ 2|7 1) P17 dy

= — ; , 3.54
a(R) " O,y fan TurP(1+ |2|7T)e-DO-Ddy (3:54)

where ur = ¢ru, leads to optimality result also in the case of vy =n+1— %.

We point out that when v = n—i—l—% function @ does not belong to WLP (R™).

V1,02
We will prove optimality in this case in another way in Corollary 3.6.1.

3.6.2 Discussion on constants

Comparison with the classical Hardy inequality

We start with showing that constants in Hardy—Poincaré inequalities are not
smaller than in the classical Hardy inequalities. At first let us recall the
classical results. Partial theorems have been already mentioned (Theorem
3.4.1, Corollary 3.4.1). We refer to [63, 75, 78] for more information on the
best constants in various classical Hardy—type inequalities.
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Theorem 3.6.2 (Classical Hardy Inequalities). Let 1 < p < oo.

1. Assume further that v # p— 1 and & is an arbitrary Lipschitz function
with compact support in (0,00). Then

00 p 00
/ <|£—|) eVdr < H,1, |&'|Pa” d, (3.55)
0

x 0
p
where the constant H. 1, = (ﬁ) s optimal.

2. Assume further that v # p—n and & is an arbitrary Lipschitz function
with compact support in R™ \ {0}. Then

/ Pl do < H, / VepPlel de,  (3.56)
R™\{0} R\ {0}

p
where the constant H., ,, , = <ﬁ) is optimal.

Remark 3.6.2. The constant HPFP, ,, = l/C_'WW, where C_'%mp is the con-
stant from Hardy—Poincaré inequality (3.48), is not smaller than the constant

Hy, . p from Hardy inequality (3.56), namely
Hpynp < HPynp.

Proof. Let us consider (3.48) with function &(y) := &(ty)

_ -1

_p_ v
Conp Joo I |1 57yt | Ty <

< fout? [VE@IP [+ 7] ay,

and realize that it is equivalent to

Cunp o P00 [0 4yl 31| dy <

£ _p_ ol
S fRn tp|v§(ty)|pt_p’y |:(tp—1 + |ty|p—1 )p_1i| dy

We multiply both sides by ?0~1 and substitute x = ty, getting

-1

~ _P_ _p_ v
Conp Jan 16O (757 4 Jal ) | e <

< e IVE@P [T +lal Ty,
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It suffices to let ¢ — 0 and divide the inequality by C., ,,, to obtain

/ () [P|zPO Y dy < HP. 7n,p/ IVE(x)|P|x|P dy. (3.57)
n R”

We already know from Theorem 3.4.1 that the smallest possible constant is
Hyynp- [

Applying this observation, we obtain following result.

Corollary 3.6.1 (Optimal constant). Suppose that p > 1,n > 1 and v =
n(1—1/p)+1. Then, for every nonnegative Lipschitz function & with compact
support, inequality (3.48) holds with optimal constant C,,, , = nP.

p—1
Proof. We first notice that HP, ,,, = HP,1_1/p)+1,np = % (p{')y_—ll)> =

p
n Pt = (IpwawI) = H,, ., (a8 py # p —n), and due to Remark 3.6.2 we
recognize the optimality of this constant. ]

Hardy—Poincaré Inequalities with improved constants

In this subsection we concentrate on the classical case p = 2. We show that,
for some values of parameters v and n, our results improve the previously
know constant in the Hardy—Poincaré inequality (1.6).

Links with results by Blanchet, Bonforte, Dolbeault, Grillo and
Vazquez in [14, 16]. In [14], the authors apply inequality (1.6) with v < 0
to investigate convergence of solutions to fast diffusion equations. In [16],
the following constants in (1.6) are established.

Remark 3.6.3 ([16]). For every v € W2 (R") where vy(z) = (14 |z[*)7,
vo(z) = (1 + |z|?)7, inequality

Mo [ ol (1 faftydo < / Vol? (1+ [aP) de,

holds with A, defined below.

1. Forn =1 and v < 0 the optimal constant is

2 s 1
Y= 35 if ’76 __707
e B S i (359
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2. Forn =2 and v < 0 the optimal constant s

2 .
_ i ye[-2)0),
Az = { =2y if vy € [—o00,-2). (3.59)

3. Forn >3

e and vy < 0 the optimal constant is

BEE i g [-22,0)\ {132},
Ap=4q —4y—2n if ye[-n, -2, (3.60)
—2~ if v € [—o00,—n).
e and v = n the optimal constant is A,,,, = 2n(n — 1),
e and v > n the constant is A, = n(n+y — 2),
e andn >y >0 the constant is A, = y(n+ v —2).

Remark 3.6.4. Here we compare our results with the above ones.
1. We preserve the optimal constant if n > 3 and v = n.

2. We extend the above optimality result for v = n > 3 also to the case
v =n = 2. Indeed, we recall that Corollary 3.6.1 applied to p = 2
gives the optimal constant O(n+2) /2n2 = n? when n > 1. In particular,
we obtain A2,2 =2 2(2 - 1) = C(2+2)/27272.

3. In the case n > 3, v > 2, and n # ~, our constant C, o = 2n(y — 1)
is better than the constant in [16]:

o if y >nthen C, 0 > A, =n(n+vy—2),
o if n>~>2then C,,0>A,,=7v(n+7vy—2).

4. In the case n > 3, 2 > v > 1 our constant becomes worse than A, ,,.

Links with results by Ghoussoub and Moradifam [53]. In a recent
paper [53] by Ghoussoub and Moradifam, some improvements to the results
of [14] are obtained. In particular, some new estimates for constants from
[14] are proven. We can further improve the constants from [53] for some
range of parameters.

Among other results, one finds in [53] the following.
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Theorem 3.6.3 ([53], Theorem 2.13, part II).
If a,b,a, 8 > 0 and n > 2, then there exists a constant ¢ such that for all
§ e G (R)

c/ (a+bz|*)’ = € da g/ (a +b|z|™)? |VE|? dr, (3.61)

and moreover ("772)2 = <c< (%)2

A very special case of the above theorem (when a = b =1, & = 2, and
[ = =) covers also our case, therefore we present it below and discuss the
related constants.

Corollary 3.6.2. If v > 0 and n > 2, then there exists a constant ¢; > 0
such that for all £ € C°(R™)

3 / €21 + o)) d < / VER(A + o) da, (3.62)
n Rn

and moreover (”7_2)2 = < < (W)Q

Note, that we have already pointed out in Remark 3.6.2, that ¢; <
(n+2’y—2
2

)2 . Therefore, we may concentrate only on the lower bound.

Remark 3.6.5. Here we compare our results with the above one. The con-
stant C. p, , s the left-hand side constant derived in Theorem 3.6.1 for v,p >
1, n > 1 and it is proven to be optimal for v > n+ 1 — %. Let ¢y be the
constant from Corollary 3.6.2, where v >0, p =2, n > 2. We may compare

it only when v > 1, p=2, n>2. We have

—9\?2
Coma = 20(y — 1) > (n > ) — ¢, (3.63)

for every v > max { (";3)2, 1}. This shows that for those vs Theorem 3.6.1

gives the inequality (3.62) with the constant better than the one resulting
from Corollary 3.6.2. Furthermore, we notice that (3.63) holds also for v €
(%, 1+ %), when we do not have the optimality of C.yna. When v =

% (_”T”)Q, we have ¢y = C'%n’g, but for such v we do not prove the optimality

Of 0%71’2 .
Comparison of the values of the constants C., ,, 2, Ay, ¢1 under common

assumptions, in the case when C., , 5 is not proven to be optimal, is given in
Remark 3.6.6.
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Summary of results and open questions

We collect here all the known information about the constants in the Hardy—
Poincaré inequality (3.48). We point out that we consider the left-hand side
constant, and so the biggest possible one is optimal.

Let us recall that the constants ¢;, A, and C_'%n,p.

i) ¢; comes from [53], see Theorem 3.6.3 and Corollary 3.6.2,

ii) A, , comes from [16], see Remark 3.6.3,

iii) C.,,p is derived in Theorem 3.6.1 for p,v > 1, n > 1, and proven to
be optimal

— for v > %(p — 1)+ 1 in Theorem 3.6.1,
— for y=2(p—1) + 1 in Corollary 3.6.1.

For p = 2, we have C, ,,» = 2n(y — 1), and moreover

n v constant optimality see
n>1 v>1 Cyn2 for v > ”T*z, here Thm 3.6.1
n>1 = nd2 Cyno yes, here Coro. 3.6.1
n>1 <0 A, yes, [16] Rem. 3.6.3
n=2 =2 6’27272 yes, here Rem. 3.6.4
n>3 y=mn D2 yes, [16] Rem. 3.6.3
n>3 y>n C’%mg > Ay, >c1 yes, here Rem. 3.6.4
n=2 0<y<l1 c1 77 Coro. 3.6.2
n>3 7€ (0,mn{y,1} a>A,, 77 Coro. 3.6.2
n>3 Y. <~v<1 Ay > 77 Coro. 3.6.2
n>2 1<vy<7, c1>Clno ?7? Coro. 3.6.2
n>2 V> Y Cona > for v > "T”, here Rem. 3.6.5

where v, = \/52_1(n —2), v, = %.
As we can see above, for sufficiently big values of parameter v (v > ”TH)

our constant is optimal, thus C, ,,» > max{A. ,,, c;}. In the following remark
we compare the values of the constants in the case when all three of them

are defined (namely p =2,n > 3,7 > 1) and when v < "T“
Remark 3.6.6. We compare all the mentioned constants under assumptions:
p=2 n2>3, and1<7<”7+2. We note
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i) 1 < Ay, if and only if v. < v; 1 > A, if and only if . > ;
i1) C_Y%nyg < ¢y if and only if v < g5 C’%mg > ¢y if and only if v > v,;
ii1) Coyna < Ny, if and only if v < 2; C. o > A, if and only if v > 2.

Therefore forp=2,n >3, andn >~ > 1 we ha,ve'yc<"7+2, 1<7g<"7+2,

moreover

constants ol such vy exists for
Cinz >N >ca v € (max{2,7.},"3°) n>3
Conz>c1>MNn 7 E(g,7%) n>12
A >Cona>ca vE(7,2) n € [3,11]
Ay >c >Chnn v € (max{l,7.},7,) ne€l3,11]
(
(

ca>MN o >Chne v € (1,min{2,7.}) n>"7
c1>Chno>Nn v E(2,7) n>12

_ p—1
For p > 1, n > 1, due to Theorem 3.6.1, we have C.,,, , =n <M> , and

p—1
ol constant optimality
n ~ —-1 p—I
yEMLEp—-1)+1) Cppp=n (2P 77
= %(P —1)+1 Cynp=nF 1 Corollary 3.6.1
— p—
7> 2p-1)+1  Coup=n(%52)" Theorem 3.6.1

Open questions.
e We do not know what is the optimal constant in (3.62) for v < § 4 1.
e We do not know what is the optimal constant in (3.48) for v < n+1 -3

and our methods do not give any estimates for the constant when v < 1.

3.6.3 Appendix to Section 3.6

Proof of Step 1 of Propgsition 3.6.1. We use the following computations. We
recall u,(z) = (14 |z|7-1)~* and compute first everything, which is needed
to find its p-Laplacian.
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P\ _qn— P » 1 X
Viua(z) = —a(l + |z g =
p—1 ||
p —a—1 xz
- 1 P— 1 p— l_
[Vita(2)] A N e e s
p—1
O{p p_2 p—2
|V (z) P2 = |- (1+ |x|p Py~ p-2) |5 B
ap | ap P77
Vo (2)[P~2Vua(z) = _E 1: (1+‘x|p r)- (a+1)(p=1) ;.

= K12U(a+1)(p-1) (),

—ap %‘P—?

where k1 = P P

Then (as a > 0) we have

Ap(ug(z)) = div(|Vue ()P 2Vuu(z)) = Z (| Ve ()P 2Vua () _

(9.1'1'
_ 2: Ulat1)(p-1)(T)Ti)
- 0x; -

8ua _Nnilx axz
- (Z ( (Ha);f. ul ))””ﬁ“(aﬂ)(p—l)(fv)Zax-) )

i

%

—(a+1)(p—1)p (o g;f
= K ( pz(l ) (1—|—|:13| ) +1)(p—1)— 1‘.%’1’ 12

FRU 1) 1) (7) =

= M <_(O‘ + 1)p(1 + |x|ﬁ)a_ap_p|x|ﬁ + nu(a+1)(p—1)(x)> =

ap \"! ,
- () sl

- ((a + 1)plz]7T — n(1 + mﬁ)) .
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Therefore, our ® has a form
d = —div(|Vue(z)|P2Vu(z)) =
p—1
_ ap p%l a—ap—p _ pp%l
= (%) @l (- G+ DRI)
]

Proof of (3.53) in Step 5 of Theorem 3.6.1. The proof follows from the
technical lemmas below (Lemmas 3.6.1, 3.6.2 and 3.6.3). They show that,
under assumption of Theorem 3.6.1, u satisfies an equation equivalent to
equation (3.53). Therefore u satisfies (3.53) as well.

Lemma 3.6.1. Let u(x) = v([z]) € C((R\ {0})) be an arbitrary function,
,(N) = AP, 0p(r) = (1+ rppl)(pm then

i) Valz) = o(j2]) &,
ii) @,(A) = (p— AP,
wi) (®p(Vau(x))) = @p(v'([2])) - 137,

iv) div(@,(V) = P (Ja)P2 (= Do"(a]) + (n = 1) 42)

v) Voa(|a]) = yp(1 + |71 ) E=D g7 2

Proof. We reach the claims 7)) and v) by elementary calculations. Then
applying i)—iii) we prove the claim iv) as follows

(®,(Va)) = div (%(v’(!x\))%) _
= V(@ ([2])) - 1o+ Dp(v'(J]))div <£> _

2 o
= B (D) () 1+ q>p<vf<\x,>>"|;’1 _
= e (el o+ q>p<v'<1x\>>”|7‘|1 _
= B0/ (l2)" (2]) + q>p<v'<|w|>>n|7_\1 -
n—1

= (p= D' (zDIP*"(J2]) + [/ (|2 D P~ (|2])

o]
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O

Lemma 3.6.2. Equation (3.53), where u(zx) = v(|z]) € C*(R \ {0}) is an
b\ (-5 e
arbitrary function, vi(r) = <1 4t 1) d o(r) = <1 N rﬁ> Py

equivalent to equation

—A=B, (3.64)
where
A = (<w+n — Dlel7T + T) o (J2]) + (p = (1 + 277" ()
B = Copp(Lt [a71) % o2 (Ja]) (v ()02,

Proof. We concentrate first on the left-hand side of (3.53):
—LHS = div(vy - ©,(Va)) = Vuy - ©,(Va) + vediv(®,(Va)) =1 + 11,
2
T L TR (s B
= (L |7 I |5 ()P o ([a)),

Lo
I = (14 |27 ®D) (a2 ((p — Do"(J=)) *“l(|x|)n|;\ 1) |

Therefore,
~LHS = (1 [af #1700 ! (o] P2

"Ll + = D1+ P o) ).

while the right—hand side of (3.53) equals

- (<w+n Dl (fa]) +

RHS = C, (1 + [a|77) 07 DE= D=L (|])

As LH Sp: RHS, by multiplying this equation by
(1 + |77 1) @D+ o/ (|2)] ", we obtain (3.64). O

Lemma 3.6.3. If a =1 —~ <0, the function v(z) = (1 + |z|7-1)* satisfies
(3.64).
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Proof. We will need the following computations, where we identify v(z) with
one variable function v(r)

UI _ Oépl(l + ro- 1) 1,,,,#7
p
1 1 _
Vo= pa_pl ((O; _ 1)]?(1 + T%w_%’% + pTl(l + rzﬁl) 11“_2?) —
= o (= DprT (L) =
p p—
= (e (@ = e )
p JR—
= G (L (o= D 1),
p —
ot (14 rpo1)ele-1) B
'[P o |7 (1 4 i) o2y B
p—1P2 b2 (14re1)e-D
= _— r pr-1 =
ap (1+ rﬁ)(afl)(p%)
— p—l r Ip%(l_f_rp 1)a+p 2
ap
When we take into account the above results and substitute v = —a + 1, we

have in (3.64)

~ = (= DIl )l + = D+ ol ) =

= ((vp—l—n—l)\:dpll—l—n 1+|:c|1%1)_7]93\1>%1+

lp = DL+ [l G a0 ol 5 (14 (p o D) =
= BP0 gty a5 (- 1) + (= D) +
PRy sty gy 5 (1+< 4+ el 7T =
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and on the the other hand

- v )
B = Cyup(1+|affr)yr2 U
o Iv’(\:v!)!”*2

= Chnp(l +[a]7T) ,,+2( ) |5 (1 4 [a|7ET) 2 =

P

-2
= n(v—1>ﬁ<1+\x|p’iw“rxrw.

We recognize that for all v > 1, n > 1, p > 1, we have: —A = B.
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Chapter 4

Hardy—Sobolev inequalities
derived from A—harmonic
problems

This chapter is based on [94] by the author, where the methods of [92, 93] is
generalized. The work extends the previous results, described in Chapter 3,
where we considered inequality —A,u > ®, leading among others to Hardy
inequalities with the best constants.

we are interested in Hardy—Sobolev type inequalities having a form

/Q Flu)dp < / o(Vul )y, (4.1)

with some functions f,g, 2 C R”, holding for certain class of u’s. We
consider f,g in the Orlicz class, taking into account the most classical case
when f(t) = g(t) = 7.

Multiple authors consider generalized versions of Hardy—Sobolev—-type in-
equalities with remainder terms [2, 6, 39] as well as those expressed in Orlicz
setting [21, 68] or combing this both ideas [70].

We consider the anticoercive partial differential inequality of elliptic type
involving A-Laplacian: —Aju = —divA(Vu) > &, where & is a given lo-
cally integrable function and u is defined on an open subset (2 C R". We
derive Caccioppoli inequalities for u. Knowing solutions, as a consequence
we obtain Hardy inequalities for compactly supported Lipschitz functions
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involving certain measures, having a form

/Q Fa(léDm (d) < / A(|VE]) pald),

where A(X) = A(|X|)A is an N-function satisfying A’-condition and F()\) =
1/(A(1/t)). We give several examples starting with A(t) = Fjs(t) =7, p > 1
and new various measures, finishing with A(t) = t*log®(2+t), p > 1,a > 0.

4.1 Preliminaries

Notation

In the sequel we assume that €2 C R™ is an open subset not necessarily
bounded.

By A-harmonic problems we understand those, which involve A-Laplace
operator A u = div(A(Vu)), understood in the weak sense, where A : R" —
R" is a C'-function. Choosing A(A) = |A|P"?\ we deal with the usual p-
Laplacian.

We restrict ourselves to A’s such that A(\) = B(|A\|)A, A € R", and we
set

A(s) = B(s)s*, where s € [0, 00). (4.2)
We assume that A is an N-function, i.e. it is convex and lim,_, AS) =
limg_, oo ﬁs) = 0. We refer to the monographs [74, 90] for basic properties

of Orlicz spaces. By A* we denote the Legendre transform of A, e.i. A* =

Supo(st — A(t)).

As usual, C*(Q) (respectively C¥(€2)) denotes functions of class C* de-
fined on an open set 2 C R™ (respectively C*-functions on © with compact
support). If f is defined on Q, by fxq we understand function f extended
by 0 outside Q. When V' C R™, by |V| we denote its Lebesgue’s measure.

We deal with Ay and A’ conditions defined below.

Definition 4.1.1. We say that the function F : [0,00) — [0, 00) satisfies the
Ag—condition (denoted F' € As), if there ezists a constant Cr > 0 such that
for every s > 0 we have

F(25) < CrF(s). (4.3)



Definition 4.1.2. We say that the function F : [0,00) — [0, 00) satisfies the
A'—condition (denoted F' € A'), if there exists a constant Cr > 0 such that
for every si,s5 > 0 we have

F(s182) < CpF(s1)F(s9). (4.4)

Remark 4.1.1. Let us note that the A’—condition is stronger than the Aoy—
condition.

Typical examples of N-functions satisfying the A’—condition can be found
among Zygmund-type logarithmic functions. Their construction is based on
the following easy observation.

Fact 4.1.1 ([66]). The family of functions satisfying A'—condition is invari-
ant under multiplications and compositions.

Example 4.1.1 ([66]). The following N—functions satisfy A’—condition:
1. F(s) =5, 1 < p < o0,

2. Mpyo(s) =sP(In(2+s))* 1 <p<oo,a>0,
1 — «a
3. M, (s) =sP(In(1+5))% 1 <p<oo,a>0,
4. F(s) = Mp.ay © Mpy oy © -+ 0 My, 0, (), a1,...,0q0 > 0, p; > 1 for
i=1... .k

Fact 4.1.2. Let Fy(s) = s?log®(b+s), b,p > 1, a > 0. Then, the constant
from A’—condition (see Definition 4.1.2), Cr < <@> )

Proof. Suppose s; < so. Then

log(b+ s1)

log(b+5152) < log(b+s2) < log(b+s5)* = 2log(b+s3) < 2log(b+s3)- log b

and F'(s152) = (8182)? log®(b+s189) < (%)a shshlog®(b+s1)log®(b+sq) =

lo

CFF<81>F<82). ]
Let us state some useful facts and lemmas.

Lemma 4.1.1 ([68], Lemma 4.2). Suppose that F is a differentiable N-
function satisfying As—condition. Then there exists constants 1 < dp < Dp,
such that for every r > 0

4" < Py < 0, (4.5)
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Moreover, for every r,s > 0 the following estimate holds true

F(r)s < Dr = 1F(r) + éF(s) (4.6)

Remark 4.1.2. Let us comment above lemma.

r dF

1. When F(r) =P, % + z% =1, we get rP1s < Z%?"p + %8”, equivalent to

Young inequality gs < i)i, + %.

2. For general convex function F' the latter inequality in (4.5) with finite
constant Dp is equivalent to F' € Ay, while the condition dr > 1 is
equivalent to F* € Ay (see [74], Theorem 4.3 or [67], Proposition 4.1).
If dp and Dy are the best possible in (4.5), they are called Simonenko
lower and upper index of F', respectively (see e.g. [17, 49, 57, 91]) for
definition and discussion of properties.

Fact 4.1.3. Let F(s) = s?log®(b+s), b,p > 1, a > 0. Then, the constants
from (4.5), equals Dp = p + g5 ond dp =p.

Proof. F'(s) = (s”1og™(b+ s))" = ps""log®(b+ 5) + a5 log® (b +s) =

— o s F(s .
sP 110g (b+$) <p+&m) SDF §)7W1thDF:Sllp <p+a(

b+s) ljg(b—l—s)) :
F'(s) > dp™, with dp = inf (p+ a O

(b+s) lgg(b—l—s)) :
Orlicz—Sobolev spaces
By W14(Q) we mean the completion of the set

{fue C=(Q): ||U||W1,A(Q) = ||U||LA(Q) + ||VU||LA(Q) < oo},

under the Luxemburg norm

||f||LA(Q)—inf{K>0:/QA(&;>|> d:c§1}

(in the sequel we assume that inf() = +00). By VV;f(Q) we denote such

functions u : @ — R that up € WHA(Q) for every ¢ € Cj(2) (analogous

notation is used for local Orlicz spaces L, (€2)). Observe that we always

have I/Vli’f(Q) C W,2H(Q). By Wy *(Q) we denote the completion of smooth
compactly supported functions in W14((Q).
The following fact holds true.

68



Fact 4.1.4 ([72], Fact 2.3). If A is an N-function and u € Wl’A(Q), then

loc
| A% n
B(|Vu|)Vu = |V—|)X{|w¢0} € Lip.(2,R™),

where B and A are the same as in (4.2).

Let u € Wl’A(Q). For w € WH4(Q) with compact support we define

(Aqu,w) := —/QB(]VuD(Vu, Vw) dx. (4.7)

According to Fact 4.1.4 the right—hand side in (4.7) is well defined. Obviously
when A(X) = [A[P72)\, then we retrieve the classical p-Laplacian, A, u.

Differential inequality
The differential inequality we want to analyze is given by the following
definition.

Definition 4.1.3. Let Q be any open subset of R™ and ® be the locally in-
tegrable function defined in Q, such that for every nonnegative compactly
supported w € WH4(Q)

/wa dx| < o0. (4.8)
Q
Let u € VV;OCA(Q) We will say that

if for every nonnegative compactly supported w € WLA(Q) we have
(—Aqu,w) = / B(|Vu|)(Vu, Vw) dx > / dw dx. (4.10)
Q Q

Remark 4.1.3. We may choose ® = ®(z, u, Vu).

Set of assumptions. In the sequel we will consider functions satisfying
the following assumptions.

(A) Ais an N-function satisfying A’~condition;

(V) there exists a function ¥ : [0,00) — [0, 00), which is nonnegative and
belongs to C1((0,00)) and satisfies the following conditions
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i) inequality
gt (t) < —CU(2) (4.11)
holds for all ¢ > 0 with C' > 0 independent of ¢ and certain

continuous function g : (0,00) — (0,00), such that W(t)/g(t) is
nonincreasing.

ii) function )
Alg(s)) ¥(s)
9(s)

is nonincreasing or bounded in certain neighbourhood of 0.

s+ O(s) = (4.12)

(u) ue VVZIOCA(Q) is a given nonnegative solution to (4.9) which is nontrivial,

i.e. u # const, and there exists o € R such that

A(|Vul)
P wroy > 0 a.e. 4.13
+o 9@ X{Vu#0} Z a.€ ( )
We define
oo = inf{o € R: (4.13) is satisfied}, (4.14)

where we set inf ) = +o0.

Remark 4.1.4. Examples when those conditions are satisfied in the case
when A(s) = s?, g(s) = s, ¥(s) = s, 3> 0 can be found in [92, 93].

Remark 4.1.5. Let us discuss the assumption (V) i). In particular, it
implies that W is decreasing. Elementary calculation leads to following pairs
of U and ¢ satisfying condition g(t)W'(t) < —C¥(t) a.e. To ensure that
additionally W(t)/g(t) is nonincreasing we have assume that ¢'(t) > —C
with th same C. Indeed, ¥/g is nonincreasing if

(‘I’(t))/ R TONOR TOrIO N —CU(t) —V(t)g'(t)

(1) O 0
(C+g) <0

_ YW
g2 (t)

Le.: when ¢'(t) > —C.
The following pairs satisfy assumption (V) (see Table 4.1).
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U(t) g(t) C remarks
e t ! a>0
et bounded by C, ¢ > —C | C C>0
e '/t t/(1+1) 1 —
ez 1og"(1) t/|logt| 1 | considered on (0,1)

Table 4.1: Good pairs of ¥ and g

4.2 Caccioppoli estimates for solutions to PDI
—AAU Z P

Our main goal in this section is to obtain the following result.

Theorem 4.2.1. Letu € VVZIO’CA(Q) be a nonnegative solution to PDI: —A yu >
®, in the sense of Definition 4.1.3, where ® s locally integrable and assump-
tions (A), (V), (u) are satisfied satisfied with C > 0 and o € |09, C), where
0o 1s given by (4.14). Let C'z > 0 be a constant coming from A'—condition for
A (see Definition 4.1.2) and Dz > dz > 1 be constants coming from (4.5)
applied to A.

Then the inequality

Alg) W(w) 5 (VI .
=K QN{Vuz£0} g(u) A( ¢ >¢d ’

holds for every nonnegative Lipschitz function ¢ with compact support in €2,
such that the integral fm{vwéo} A <WT:M> ¢ dx is finite and

K=(Cmod ((c?f_;;u) Df%r

We call (4.15) Caccioppoli inequality, because it involves Vu on the left—
hand side and only u on the right-hand side (see e.g. [23, 65]).

The proof is based on careful analysis of the proof of Proposition 3.1 from
[72]. However, here we are not restricted to ® = ®(u), & > 0 and integrals
over R™.
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Remark 4.2.1. We do not assume that right—hand side in (4.15) is finite.

Proof of Theorem 4.2.1. The proof follows by three steps.
STEP 1. DERIVATION OF LOCAL INEQUALITY.
We obtain the following lemma.

Lemma 4.2.1. Letu € Wb (Q) be a nonnegative solution to PDI: — A u >
®, in the sense of Definition 4.1.3, where ® is locally integrable and assump-
tions (A), (V), (u) are satisfied satisfied with C' > 0 and o € |00, C), where
0o is given by (4.14). Let K be the constant from Theorem 4.2.1.

Then for every 0 < 6 < R and every nonnegative Lipschitz function ¢

with compact support in €2, the inequality

A(Vul)
/{“SR—E} ((D "9l 0) XWWEO}) U(u+6)¢ do

<K Ou+d)-A (%) ¢ dz + C(6, R), (4.16)

QN{Vu#0,u<R—4}

holds with ©(u) given by (4.12) and

G5, R) = W(R) [ / o BT V) - /

QN{u>R—46}

o) dw} :
(4.17)
Before we prove the theorem let us formulate the following facts.

Fact 4.2.1 ([72]). For u,¢ as in the assumptions of Theorem 4.2.1 we fix
0 <d < R and denote

usr(z) :=min (u(z) +0,R), G(z) :=Y(usr(x))p(x). (4.18)

Then usr € WEA(Q) and G € WhA(Q) € WA(Q).

Fact 4.2.2 ([72]). Let u € WoH(Q) be defined everywhere by the formula
(3.1) and let t € R. Then

{reQiuz)=t} C{reQ:Vulx) =0} UN (4.19)

where |[N| = 0.
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Proof of Lemma 4.2.1. According to (4.8) integral [, ®pdz is finite.
Before we start the proof of (4.16), let us introduce some notation, where

0<d< R <o0:

A(6,R) = / A(Vu)V (u + 6)¢ dx,
QN{Vu#0,u<R—4}

AR = /ﬂm{vu;ﬁo,ug}za} AV ( ((u : 5))> o

BO,R) - / B(|Vul)(Vu, VoYU (u + 6) dz.
QN{Vu#0,u<R—4}
Ci(6,R) = U(R) / Do du, (4.20)
QN{u>R—4}
Cy(6,R) = \I/(R)/ B(|Vu|)(Vu, Vo) dz, (4.21)
QN{Vu#0,u>R—8}

~ 02
DG R) = EA() / O(u+8)A (\WI)
dA supp ¢N{Vu#0,u<R—4§} ¢

where ©(u) is given by (4.12). Let us consider us z and G defined by (4.18).
We note that

I = /Q(I)de:/Q(I)\IJ(u(;,R)(bda::
= / CI)\I!(u—Iré)gbdx—l—\If(R)/ Do dx =
QN{u<R-4}

Qn{u>R—4}
= / O (u + 0)pdx + C1 (6, R), (4.22)
ON{u<R—6}
On the other hand, inequality (4.9) implies

[ /CI)Gd:cg(—AAu,G>:/ B(|Vul)(Vu, VG) dz —
Q QN{Vuz£0}

/ A(Vul)¥ (u+ 6 dw +
QN{Vu#0,u<R—5}

/ B(|Vu|)(Vu, Vo)¥(u+ ) dr +
QN{Vu#0,u<R—0}

L+ W(R) / B(Vul)(Vu, Vé) dz —
QN{Vu#0,u>R—0}
= A(6,R) + B(6,R) + Cy(6, R). (4.23)
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Note that all integrals above are finite, what follows from Fact 4.1.4 (for
0 < u < R—0wehave d <u+0 < R). Using assumption (V) we get

. - \If(u+5))
A(d — A —_— dr =
O.R) < C/m{Vu;éo,u<R5} (Ve (9(“‘1”5) odr

= —CA(5,R). (4.24)

Moreover, for an arbitrary € > 0,

B(5,R) < / B(|Vu|)|Vu||Vé|¥(u + 6) dr =
QN{Vu#£0,u<R—4}
o)\ v 4]
_ 6/ B(Vu|)|Vl ('ng'g(”f )> WE0) g
supp #N{Vu#0,u<R—4} ¢ € g(u + 6)
B(|Vul])|Vu| = A‘“VVUTD, we can apply (4.6) for the N—function A with
r=|Vaul, s = <|v¢¢\ g(m)) to get
. D -1
poms At AG9u) 20 g
dA supp ¢N{Vu#0,u<R—4§} ( )
L <|v¢\g<u+ 5)) Wutd),,
dA supp ¢N{Vu£0,u<R—4§} (b € ( )

Then, applying A’—condition for A twice in the second expression above,
we obtain

A,(0,R) + D(€, 6, R). (4.25)
Combining estimates (4.23), (4.24) and (4.25) we get
I < —CA(0,R)+ B(6,R) + Cy(0,R) <
D y 3 B}
< ( C+e€ ‘2 )A1(5,R)—|—D(6,5,R)+Cz(5,R).
A

Moreover, Cy (3, R) and A, (6, R) are finite (and D(e,d, R) is finite as well).
This and (4.22) imply

—DA —1 -~
/Qm{u<R_5} V(u+0)pde < - ¢ s ) A1(6,R) <
< D(&,6, R) + (Ca(6, R) — C1(6, R)).
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This is (4.16). Indeed, we have C(6, R) = Cy(d, R) — Cy(8, R). Moreover,
when we substitute o := C — € DjA_l we get

()G _ (Coa)dag( Da—1 )\ Cy_
€) dj D;—1 (C—o0)dsi) di
_ (C=0)( Di—-1 s
= mioi i \@—oa;) AT
(C—o00)d 5z

We notice that € > 0 is arbitrary and we may always choose 0 < € < Dol
so that o <o < C. O

We have to introduce parameters 0 and R to make sure that some quan-
tities in the estimates, which we move to opposite sides of inequalities, are
finite.

STEP 2. PASSING TO THE LIMIT WITH 9§ \, 0.

In this step we show that when assumptions (A), (¥) and (®) are satisfied

with ¢ > 0, K is the constant from Theorem 4.2.1, then for any R > 0

inequality

/{USR} (@ - UAS(Z?;DX{W#O}) U(u)pdr <

A(g(w) U(u) - (V| ~
where
C(R) = U(R) /m{ >E}B(\Vu|)\Vu\ |V dx| + /m{ >R}<I>¢dx]
- - (4.27)

holds for every nonnegative Lipschitz function ¢ with compact support in
. =~ (v . .
Q, such that the integral [ wpp oo A <|T;M> ¢ dz is finite. Moreover, all

quantities appearing in (4.26) are finite.
For this, we show first that under our assumptions, when § \, 0 we have

mmﬁ(§?>mm

(4.28)

O(u+d)-A (M> ¢ dr —

/§‘2ﬂ{Vu¢O,u+5§R} (b QN{Vu#0,u<R}
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Note that O(u + ) xuts<r = O(u)Xu<r, a.e. This follows from Lemma
4.2.2 (which gives that the sets {u = 0, |Vu| # 0} and {u = R, |Vu| = 0}
are of measure zero) and the continuity outside zero of the involved functions.

We assumed in (0O) that © is nonincreasing or bounded in the neighbour-
hood of zero. Let we start with the case when there exists x > 0 such that
for A < k the function ©(\) is nonincreasing. Without loss of generality we
may consider kK < R.

We divide the domain of integration

/ @(u+5)-A(M>¢dx:
ON{Vut0, u+5<R} ¢

:/K@(u+5) ('qu')qﬁd +/N@(U+5) X{u+o6<R} - A(Wf') dz,

where
E. = {u < g, Vu # 0} Nsupp o, F. = {g < u, Vu;«éO} N supp ¢.

Let us begin with integral over F,.. We consider 6 — 0, so we may assume
that 6 < k/2. Then for z € E, we have u + § < k. As function A\ — O())
is nonincreasing when A < r, thus for 6 \, 0 the function § — O(u + §) is
nondecreasing and so convergent monotonically almost everywhere to ©(u).
Therefore, due to The Lebesgue’s Monotone Convergence Theorem

Vol V9l
i [ 004 (557 o= [ 000 (55 o

In the case of Fy, we have k/2 < u+ J < R. Over this domain © is a
bounded function, so in particular on Fj:

0+ dxpsend (0 ) o< swp o) a(T)oe i

tE[n/Q,R]

We apply The Lebesgue’s Dominated Convergence Theorem to deduce that

, V| B i (Ve
Cls1_r>r(1) . O(u+ 5)X{u+5<R}A ( 3 > = /FHO{U<R} O(u)A (7) ¢d

This completes the case of © nonincreasing in the neighbourhood of 0.
In the case when © is bounded in the neighbourhood of 0, we note that © is
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bounded on every interval [0, R], where R > 0. Hence, we can use previous
computations dealing with F, in case k = 0.

To finish the proof of this step we note that (4.28) says that when 6 N\, 0
the first integral on the right-hand side of (4.16) is convergent to the first
integral of right-hand side of (4.26). To deal with the second expression we
note that for § < 12—% :

IC(6,R)| < |Ca(6,R)| +|C1(6, R)| < C(R),

where C(8, R), C5(6,R), C1(6,R), C(R) are given by (4.17), (4.20), (4.21),
(4.27), respectively.

We can pass to the limit with § — 0 on the left—-hand side of (4.16) due to
The Lebesgue’s Monotone Convergence Theorem as an expression in brackets
is nonnegative by (4.13) and the whole integrand therein is nonincreasing by
assumption (V).

STEP 3. WE LET R — o0 AND FINISH THE PROOF.

We are going to let R — oo in (4.26). Without loss of generality we can
assume that the integral in the right—hand side of (4.15) is finite, as otherwise
the inequality follows trivially. Note that as B(|Vu|)(Vu, V@) and ®¢ are
integrable, we have limp_,., C(R) = 0. Therefore (4.15) follows from (4.26)
by the Lebesgue’s Monotone Convergence Theorem. [

4.3 Hardy type inequalities
Our most general conclusion resulting from Theorem 4.2.1 reads as follows.

Theorem 4.3.1. Let u € W,2*(Q) be a nonnegative solution to PDI: —A yu >
®, in the sense of Definition 4.1.3, where ® s locally integrable and assump-
tions (A), (¥), (u) are satisfied with C > 0 and o € [0, C), where oq is
given by (4.14). Set

. 1

Fi(\) = m, when A > 0 and Fz(0) = 0. (4.29)

Then for every Lipschitz function & with compact support in 2, we have

/Q Fa(le(de) < C / A(|VE]) ol d). (4.30)
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where

i) = v [0+ T | vy an (.31
palde) = S, oy (1.32)
~ [ Di—1 Y\ A(Dy)C%
C = (C—0)A ((C 4 U)dA) DAA_ A (4.33)

with constants Cz > 0 coming from A’-condition for A (see Definition 4.1.2)
and Dj > dz > 1 coming from (4.5) applied to A.

Proof. Let £ be a compactly supported Lipschitz function. We define ¢ =
F3(¢) and apply Theorem 4.2.1. For this we have to verify that ¢ is compactly

supported Lipschitz function and fQ A <|W’|> ¢dr < oo. We observe that ¢
is compactly supported, because F';(t) is continuous at 0. Indeed,
1 _ 1

o Falt) = lim 77y = w35 =0

which ensures that supp ¢ = supp £. Furthermore, F'5() is a locally Lipschitz
function. We obtain it from Lemma 4.1.1 which implies

S IR 1
70 = (x7m) ~

Applying the condition lim,_, ﬁs) = ( from definition of N—function, we get

that F4(t) is a locally bounded function and bounded nearby 0. Therefore,
F4(t) is locally Lipshitz. The composition of locally Lipshitz function F(t)
with Lipschitz and bounded &, i.e. F5(§) = ¢, is Lipschitz.

We verify that fQ A <|V¢>I> ¢dr < oo. Note that for every compactly

supported Lipschitz function ¢ we have [, A(|V¢|)dz < oo. Therefore, it
suffices to prove that

Vol 2 1D A
( ) )¢><c A(Dy)A(VE). (4.34)
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As A € A’, we note that for each pair of 2,y > 0 we have

Ay =4 (Afw_l @) Vs
< CiA ( A%) i <A‘1 (é)) y=Cid ( Aj“@) (4.35)

Hence, taking = = WT;M and y = ¢, we obtain from (4.35)

V4l Vol 1
A( s >¢ Cad ( s A-l(i))’ (430)

for any nonnegative ¢ at every x where ¢(z) > 0.
Now we show that at every z, where ¢(z) > 0 we have

Vo(r)] 1

o(r) g1 <ﬁ)

< D4|VE(x)]. (4.37)

Indeed, we have ¢ = so that

ze
wo-rin- 5 () (4

Applying (4.5) to A € Ay we have A’(\) < DA¥, with the constant D j.
Therefore

J‘lﬁ\»—t

1 V¢l !Vﬂ
\% D;A = Dj;

Hence, we have %5 < D 4|V¢|, which is exactly (4.37).
Summing up the estimates (4.36) and (4.37) we obtain (4.34)

V¢l Vol 1 i(D- 2 1D\ A
(B o< e (7 — @)) < 014 (D4IVE]) < CRADA)A(VE)).

Thus the assumptions of Theorem 4.2.1 are satisfied. We obtain (4.15).
The substitution ¢ = F5(§), equivalently taking

{ ,1(1 Ty when ¢(z) # 0,

A (5@
0, when ¢(x) =
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where A~! is the inverse function of A, transforms the left-hand side of
(4.15) into the left-hand side of (4.30). What remains to show is that the
right—hand side in (4.15) is estimated as follows

Algw) ¥(w) 4 (V9] 2 40D, Alg) W) 1o
/{W#O} o) A( ” )cbdx < C3A(Djy) /{W#O} o) A(|VE]) da.

This is a direct consequence of (4.34). The proof is complete. O

Examples dealing with various F; and g are given in the following sec-
tions.

4.4 Retrieving our previous results

When we consider Ay = A, (i.e. we take A(t) = tP), the method becomes

much simpler and the obtained inequality (4.30) involves Fi(t) = (1/1t)p =

t? = A(t). In this case we have

/Q e /Q Ve P pa(de)

with certain measures.

We concentrate on retrieving our previous results from [92; 93] given in
Chapter 3. In particular, Theorem 4.3.1 imply Theorem 3.3.1. It leads among
others to Hardy and Hardy—Poincaré inequalities with optimal constants (see
Chapter 3).

Sketch of the proof of Theorem 3.3.1 via Theorem 4.3.1. We apply
Theorem 4.3.1, respectively, with A(t) = t? = Fj4(t), g(t) = t, ¥(t) = t7F,
C =0 >0 (then Cz =1, d;s = D;g = p). We note that the assumption
(3.5) matches with the assumption (u). Inequality (3.13) follows from (4.30).
Involved measures and constants are the same. O

Remark 4.4.1. Theorem 4.3.1 enables us to derive various measures in
(3.13). In the above examples we apply ¥(t) =t~ g(t) = t. When we check
the other pairs e.g. WU(t) =e™, g(t) =1, or ¥(t) = %, g(t) =1/(1+1), we
obtain comparable inequalities.
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4.5 Hardy—Sobolev inequalities dealing with
Orlicz functions of power—logarythmic type

Now we deal with the case A(t) = t*log*(2+1t), p > 1, a > 0.

Lemma 4.5.1. Suppose p > 1, o > 0, A(t) = t*log*(2 +t) and Q C R",
n>1. Letu € WI’A(Q) be a monnegative solution to PDI: —Au > @, in

loc
the sense of Definition 4.1.3, where ® is locally integrable and assumptions

(U), (u) are satisfied with o € R and g : Ry — R,
Then there exists a constant C' > 0, such that for every Lipschitz function
& with compact support in 2, we have

/ € log (2 + 1/|¢ ) (da) < © / V€ log™(2 + |VE s (d),
QN{£#£0} Q

where
o

pi(dr) = W(u) (<I> + o ()

palde) = g7 (u) log® (2 + 9(u) ¥ (u) X vy do (4.39)

Proof. We apply Theorem 4.3.1. We remark first that assumption (A) is
satisfied as, according to Example 4.1.1, A € A’ if p > 1, a > 0. We notice,
that

|VulP log®(2 + |Vu|)) X{us0} dv, (4.38)

1 1 b1 o o
Fs(t) = A0 = A/ log @ 1 1/1) =tPlog™*(2+1/t), Fz(0) ? 0. |
4.40

]

As a direct consequence of Lemma 4.5.1 we obtain the following corollary.

Corollary 4.5.1. Suppose p > 1, a >0, A(t) = t?log*(1 +t) and Q C R",
n>1. Letu € WI’A(Q) be a monnegative solution to PDI: —Au > @, in

loc
the sense of Definition 4.1.3, where ® is locally integrable and assumptions

(U), (u) are satisfied satisfied with o € R and g : R, — R
Then there exists C' > 0, such that for every Lipschitz function & with
compact support in €2, we have

[ lerem(an) <€ [ A(VeDpatao)
0 0
where pi(dz), po(dz), C comes from Theorem 4.5.1.
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Proof. We note, that t* < log™ (2 + 1/t). Indeed, log (2 + 1/t) = log (@) =
sl =0slD) — Jog'(t;) = L, for some #; € (£,2t + 1).
This implies

/Q &7 (da) < / €17 og™ (1 + 2/ 1€ ) (d)

and the result follows from estimate proven in Theorem 4.5.1. m

We give two examples of application Theorem 4.3.1 to power-logarithm
function A and u being a power function defined on a halfline. We start with
a lemma confirming common assumptions.

Lemma 4.5.2. Suppose p > 1, a > 0, f € (0,1) and Q@ C R,. Assume
further that assumption (V) is satisfied with functions ¥, g and (u) is satisfied
with

0> —(1/8=1)(p—1) inf g(2”)2™" =: o0.

Then there exists a constant C > 0, such that for every Lipschitz function
& with compact support in 2, we have

/ € log (2 + 1/|¢ ) (dz) < © / € log®(2 + €' (),
Q Q

where
pi(de) = ;I]]g;)) a?P D log® (2 + Bz71) du, (4.41)
_ Y@ sy 8
po(dx) = g(:cﬁ)g (27)log*(2 + g(2”)) du. (4.42)
Moreover
5 B ~( Di—1 \ADz)C4
0 a-mrarC A (o) T 49

where C'z = (é)a, di=p, Di=p+ 1032'

Proof. We are to apply Theorem 4.3.1. We consider A(t) = tlog®(1 + t).
The assumption (A) is satisfied as, according to Example 4.1.1, A € A’ for
p>1, a> 0. We notice, that (as in (4.40)) F5(t) = t*log”*(2 + 1/t), when
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t > 0 and F4(0) = 0. We note that u = ug(z) = 2%, with 8 € (0,1), is the
solution to PDI —A qu > &, where

®=—(B-1)8""(p— 1)a?’ P Plog™ (2+ Bz""). (4.44)
Indeed, we have Vu = B27~1 |Vu| = |3]2®~! and we compute the function
)
A
~u = —div (DT = 1A (@D gt (24 5l =

= —BIBI(8 = Da VI og™ ! (24 |8l )

] Bl
. ((p — 1) log (2 + 18|2”? 1) + a%) >

> —ﬁlﬁl””(ﬁ —1)(p— 1)xP5—P—ﬁ log® (2 i |B|$B_1) _
BIP(1/5  1)(p— 1 log® (2 + 5125 — o,

where the inequality holds for 5 € (0,1), thus we remove the absolute value
of B and write (4.44).

Now let us verify assumption (u)
We note first that A(|Vu|) = BPaP*~Dlog® (2 4 B2#~1) . Therefore

g(u)® + o A(|Vu|) = BPPB) Jog® (2 + Bxﬁ_l) [(1/6 —1)(p—1)g(z?)z™" + 0’]

is positive for o > —(1/6 = 1)(p — 1) inf,~0 g(2”)z7 = a0.

We reach the goal by computing the weights according to Theorem 4.3.1
and dividing both sides by the constant.

We notice that, due to the above method, we can estimate the constant
C as in (4.43). For this we have to note that, according to Facts 4.1.2 and
4.1.3, Cz = <log2) di=p, Di=p+ ]

log 2°

4.5.1 Inequalities on (0, c0)

Applying U(t) = t7¢, g(t) = t in Lemma 4.5.2, we obtain the following
result.
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Theorem 4.5.1 (Power—logarithm Hardy—Sobolev inequality on (0, 00)). Let
p>1,a>0,6€(0,1),C>0,C>0>—(1/-1)p—1).

Then there exists ¢ > 0, such that for every compactly supported Lipschitz
function &, we have

[ 1P o @+ it < e [ 1€ o 2+ st
where
pi(dz) = 27 Plog® (2+ Bxﬁ_l) dx ~ 77 Plog® (2 4 z) dx,
po(dr) = 271og(2 4+ 27)dx ~ 27 log (2 + ) du,
with v = —B(C + 1 — p) and the constant ¢ depends on A, p, C, B, o.

Proof. We apply Lemma 4.5.2. It suffices now to check that the pair W(¢) =
t=¢ g(t) =t with C' > 0 satisfies the assumption (¥) i) and ii) and finally
we compute the weights.

i) The mentioned ¥, g are positive functions. W is locally Lipschitz, ¥/g is
decreasing, moreover

V'(t)g(t)=—Ct “lgt) = —Ct 't =—-Ct " = —CU(1).
ii) The function © = t*~1=%log® (2 + t) (see (4.12)) is bounded in the neigh-
bourhood of 0 when p—1—C > 0 and decreasing when p —1—C < 0.
We note that

o > —(1/8=1)(p—1)nf g(2")2™" =
= —(1/8=1(p-1inf 2’2" = -(1/8 - 1)(p — 1) = 0.

Thus there exists o € [0y, C') for any C' > 0.
We apply Lemma 4.5.2 and obtain the following measures in inequality
(4.41)

in(de) = (%) D log? (21 AaP) [(1/8 — 1)(p — 1) + o] dzr =
= Ao (2.4 07) B 1(1/8 Do 1) + o] do,

po(dr) = Ca PP 10g(2 + 27) dx.

Now it suffices to take v = —B(C' + 1 — p). O

Remark 4.5.1. We may estimate ¢ due to (4.43).
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4.5.2 Inequalities on (0,1)

We present application with g(\) different from identity. For this, it is con-
venient to consider the extension of previous results where we consider the
restriction of ¥ to the codomain of u. We need Theorems 4.2.1 and 4.3.1,
and Lemma 4.5.2, where instead of Assumption (V) we suppose (V), (see
below). Their proofs in this case are easy modifications of the proofs from
previous sections.

(), for a given nonnegative u € W(Q), there exists a function ¥ :
[0,00) — [0, 00), which is nonnegative and belongs to C*(u(2\ {0}),
where u(Q2) = {u(z) : z € Q}. Furthermore, the following conditions
are satisfied

i) inequality
gB)v'(t) < —CU (),
holds for all ¢ € u(Q2)\{0} with C' > 0 independent of ¢ and certain
continuous function g : (0,00) — (0, 00), such that U(t)/g(t) is
nonincreasing for t € wu(€2). Moreover, we set ¥(¢t) =0 for t¢
ii) function O(t) given by (4.12) is nonincreasing or bounded in the
neighbourhood of 0.

When we restict ourselves to (0,1) and apply W(t) = ezlos’®)  g(¢) =
t/|logt|. They do not satisfy assumption (¥), but only (¥),. In particular
assumption (V) i) requires ¥ to be a decreasing function, but it does not
hold outside (0,1). This choice in Lemma 4.5.2 leads to the following result.

Theorem 4.5.2 (Hardy—Sobolev inequality on (0,1)). Let p > 1, a > 0,
B € (0,1) and A(t) = tPlog™(2 + t).

Then there exists a constant ¢ > 0, such that for every Lipschitz function
& with compact support in (0,1), we have

/0 £ log™ (2 + 1/]¢ )ua(d) < ¢ / A(¢ sl de),

where
(p—1)8
pi(de) = e§1°g2($)|logx|x > log® (2 + B2"7") du, (4.45)
T
(p—1)B B
B2 T T
dr) = ez'8 @] log®(2 + ————) dz. 4.46
/~L2< LE) € ‘ ng||logx|7? 0g ( + |10g$ﬂ|) x ( )
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Proof. We apply Lemma 4.5.2, where v = ug(x) = 2P is considered, with
Assumption (V). instead of (¥). It suffices now to check that the pair U(t) =
ez1o8’(1) g(t) = @, with C' =1 (for ¢t € (0,1)) satisfies the assumption

(¥)y 1) and ii).
i) The functions ¥, g are positive. ¥ is locally Lipschitz. Moreover

t 1 11002
W (t)g(t) = Tlogt 5(10822 t)ezlos () =

= —e2!8() = _y(p).

_ b 1,108t tiee
logt 2t

As t € (0,1), we have logt < 0. Therefore

. t t'logt — tlog't logt — 1
g<t) = - = - 5 = — 5 =
logt log=t log“t
1 log t
_ Ihflostl oy o
log=t

According to Remark 4.1.5 it is enough to ensure that ¥ /g is nonin-
creasing.

— pil
ii) The function O(s) = % = <“O‘9gs|> log® <2 + UOSgs‘) e3108%(s) ig
decreasing in the neighbourhood of 0. Indeed, it is easy to show that

for sufficiently small positive s we have ©’(s) < 0.

We note that there exists o € [0g,C') = [0,1). Indeed, the only condition
for o is the following

0>00 = —(1/B=1p-1) inf g(a")a7"=-(1/8-1)(p—1) inf 27[loga’|z™" =

O<z<1

L (1/B—1(p—1) i Bl =
= —(1/f=1)p—1) inf [logz”|=0.

We apply Lemma 4.5.2 and obtain the following measures in inequality
(4.41)

p(dz) = e2'98" @) log(xf)|2PP 0P log® (2 + B2 da,

po(dr) = €39 1og(xP)| P+ PP 10g (2 4 z” i
| log 27|

We compute the final measures by removing unnecessary constants from
logarithm terms. [
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