University of Warsaw
Faculty of Mathematics, Informatics and Mechanics

Filip Z. Klawe

Mathematical analysis of thermo-visco-elastic models

PhD dissertation

Supervisors

prof. dr hab. Piotr Andrzej Gwiazda

Institute of Applied Mathematics and Mechanics
University of Warsaw

dr hab. Agnieszka Swierczewska-Gwiazda

Institute of Applied Mathematics and Mechanics
University of Warsaw

January 2015



Author’s declaration:
aware of legal responsibility I hereby declare that I have written this dissertation myself and all
the contents of the dissertation have been obtained by legal means.

January 26 , 2015
date Filip Z. Klawe

Supervisors’ declaration:
the dissertation is ready to be reviewed

January 26 , 2015
date prof. dr hab. Piotr Andrzej Gwiazda

dr hab. Agnieszka Swierczewska-Guwiazda



iii
Abstract

Our research is directed to quasi-static evolution of thermo-visco-elastic models. We assume that
the material is subject to two kinds of mechanical deformations: elastic and inelastic. Moreover,
our analysis captures the influence of the temperature on visco-elastic properties of the body.
The subject of this dissertation is to study a thermodynamically consistent models which describe
such type of phenomena related to Mréz model, Norton-Hoff-type model and model with growth
conditions in Orlicz spaces.

The proofs base on two level Galerkin approximation. We present the construction of ap-
proximate solutions and discuss their existence. Moreover, the problem of low data regularity
in parabolic equation appears for considered models. The paper presents two possible ways how
to deal with it, i.e. the approach of Boccardo & Gallouét and the approach of renormalized
solutions.

We provide proofs regarding existence of solutions to thermo-visco-elastic models in a sim-
plified setting, namely the thermal expansion effects are neglected. Consequently, the coupling
between the temperature and the displacement occurs only in the constitutive function for the
evolution of the visco-elastic strain.

Keywords

visco-elasticity, thermal effects, Galerkin approximation, monotonicity method, renormalizations,
generalized Orlicz space, Young measure
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Streszczenie

Nasze badania koncentruja sie na analizie modeli termo-lepko-sprezystych opisujacych ewolucje
quasi-statyczna. Rozwazamy modele, ktore tacza odksztalcenia odwracalne (sprezyste) i nieod-
wracalne (lepko-sprezyste). Dodatkowo, pojawienie sie w modelu odksztatcen nieodwracalnych
zwigzane jest z dysypacja energii mechanicznej i pojawieniem sie efektéw cieplnych, ktore rowniez
sa przedmiotem analizy.

Przedmiotem badan prezentowanych w niniejszej pracy sa modele termodynamicznie domkniete
opisujace to zjawisko. Dowodzimy istnienia rozwiazan dla modelu Mroza, modelu typu Nortona-
Hoffa i modelu z warunkami wzrostu w przestrzeniach Orlicza.

Dowody istnienia rozwigzan oparte sa na dwustopniowej aproksymacji Galerkina. Prezentu-
jemy konstrukcje rozwiazan przyblizonych oraz dowodzimy ich istnienia. Ponadto, w rozwazanych
modelach pojawia sie problem niskiej regularnosci danych w réwnaniu przewodnictwa cieplnego.
Rozwazamy dwa sposoby rozwigzania tego problemu, tj. podejscie Boccardo & Gallouéta oraz
podejscie oparte na teorii rozwigzan zrenormalizowanych.

Dodatkowo zaktadamy, ze rozwazane materialy nie ulegaja rozszerzalnosci cieplnej. W zwiazku
z tym, zalezno$¢ przemieszczenia i temperatury jest spowodowana tylko przez funkcje konstytu-
tywna opisujaca ewolucje tensora lepko-sprezystego.

Stowa kluczowe

lepko-sprezystosé, efekty termiczne, aproksymacja Galerkina, metody monotonicznodci, renor-
malizacje, uogodlnione przestrzenie Orlicza, miary Younga
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Chapter 1

Introduction

The objective of this dissertation is to show the existence of solution to special class of models
which describes deformation of solid material. We consider the material body which occupies the
domain €2 and is treated by external forces and heat flux through the boundary. There are many
different types of such phenomena. Our goal is to study the visco-elastic type of deformation.
Moreover, we also take into account changes of temperature because what happens during this
phenomena is loss of energy. The result of such situation is the naming convention used to
describe this class of models, i.e. thermo-visco-elastic models.

Different properties of deformations cause their different naming convention. Let us start with
elasticity. If the deformation is reversible and the mechanical energy is not dissipate, i.e. after
termination of action of external forces the body returns to its initial state, we say that this is an
elastic deformation. Moreover, if the strain is proportional to stress we say that this is a linear
elasticity. To classify the inelastic deformation, we use a book of Duvaut and Lions, see [26].

If there exists the region where the deformation is elastic and after some threshold the de-
formation starts to be inelastic we add a suffix plastic to describe it (elasto-visco-plastic, rigid-
perfectly plastic, plastic with work hardening, elastic-perfectly-plastic). When the external forces
start acting on the material, firstly the elastic deformation appears, however it occurs only till
specified threshold, after which deformation ceased to be elastic.

When no such threshold exist and there are two types of deformation from the beginning of
action of external forces we say that this deformation is wvisco-elastic. We focus on visco-elastic
types of materials in this dissertation.

It is obvious that the properties of the material depend on many different factors, e.g. the
temperature. Hence, all models hold only in some specific regimes. The same material in different
temperature may be characterized by different properties. Let us take the rubber which is elastic
in the room temperature. The same rubber in the temperature of liquid nitrogen is brittle. In
this dissertation, we focus on the process in such temperature regimes that they have no influence
on material properties.

In the case of inelastic deformations, the relation between stress and strain may be time
dependent, e.g. the reaction of material depends on the speed of load. Elastic material does not
care how fast the load is applied. However, if the stress rate does take into account this relation
we say that material is wviscous.

For the visco-elastic materials we may observe many different phenomena, e.g. creep, stress
relaxation or phase shift in stress response if sinusoidal load is applied. Here, we do not focus
on this phenomena. We only want to stress that such phenomena happen. Thanks to that, the
visco-elastic materials have many applications, e.g. as energy absorbers (damping the vibrations),
noise reducer (in HH-53C rescue helicopter produced by Sikorsky), car bumpers or in computer
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devices to protect them from mechanical shock, see [47]. Many materials which behave elastically
at room temperature attain the visco-elastic properties after heating.

There are many visco-elastic materials, e.g. synthetic polymers, wood, human tissue (liga-
ments, tendons or disc in human spine) or some metals in specific temperature. It is important to
take into account the properties of material in engineering, designing or during physical experi-
ments. In some situations the visco-elastic properties are desirable and in some they are not, e.g.
material which is not visco-elastic must be used in the filaments in light bulbs. Many metals in
so heigh temperature (greater than 3000°C') creep, hence the filaments are made from tungsten
which is not visco-elastic in this temperature.

Following [111 18], 22l 26, 45}, [46l, 60, (70, [71], 72} [78, [79] we study the quasi-static evolution,
i.e. the evolution, which is slow and we neglect the acceleration term in the equation for balance
of momentum. As mentioned previously, the reactions of visco-elastic materials may be different
for different loads speed. Our interest is to examine slow and long-time behaviour of materials.

Furthermore, time dependency between stress and strain is defined by evolutionary equation
for visco-elastic strain (flow rule). The difference between symmetric gradient of displacement
and visco-elastic strain characterizes the deformation which defines the potential energy of the
system, i.e. elastic deformation.

Additionally, considerations regarding solid mechanics with thermal effect included should
take into account the thermal expansion of the body, i.e. changes of the volume €2 with changes
of temperature. We focus on this problem in [60]. We consider materials which do not change
the volume with the changes of temperature.

The most common phenomenon is thermal expansion in a sense that materials expand when
temperature increases and contract when temperature decreases. However, there is a group of
materials that behave in a different way: materials with negative thermal expansion (denoted by
NTE) and zero thermal expansion (denoted by ZTE). ZTE materials prevent or reduce resulting
strain or internal stresses in systems subject to large temperature fluctuations. Their behaviours
are different than our expectations but they have many technical applications, e.g. they are
used in systems that are subject to thermal shock, in functional materials (thermomechanical
actuators and space applications, see [66]), in precision engineered parts and microdevices, cf.
[23, 511, [66, 67, 68, [88].

ZTE in a single, uncombined material is known only in a few cases, e.g.

e YbGaGe, has negligible volume change between 100 and 400 K, see [66];
e Mn3zAN, where A = Cu/Sn, Zn/Sn, cf. [70];

e Fe[Co(CN)g], cf. [54];

e N(CHj3)4CuZn(CN)y, see [62].

There are many different components that contain negative and positive thermal expansion ma-
terials such that zero thermal expansion material is obtained. However, the case of components is
much more complicated than the case considered in our paper. In components, internal stresses
appear, which are not subject of our work.

Negative thermal expansion may be observed in: silicon and germanium in very low tempera-
ture (less than 100K), glasses in the titania—silica family, Kevlar, carbon fibres, anisotropic Invar
Fe-Ni alloys and ZrW,Og (see [55]) in room temperature.

Moreover, we consider the model with infinitesimal displacement. In a consequence, the
dependence between the Cauchy stress tensor and e(u) —eP is linear (generalized Hooke’s law, for
more details see [60] or [63]). Additionally, we assume that thermal expansion of material is linear.
Majority of different approaches involve models that are purely mechanical, namely concern the



theory of inelastic and infinitesimal deformations with the nonlinear inelastic constitutive relation
of monotone type, however they neglect all thermal influences, see [2] and also [18] [19] 20, 21].
On the other hand, the mathematical analysis of linear thermo-elasticity is also classical, well
understood topic, cf. [44], contrary to an analysis of thermo-inelastic models. By thermo-inelastic
models we mean systems consisting of balance of momentum for inelastic deformation and the
equation for evolution of temperature. In the literature there are only some results for special
models or for simplified models, see [11], 12, 22].

Furthermore, we assume that the visco-elastic part of deformation is an isochoric process. It
means that visco-elastic deformation does not change the volume of €.

All of the results presented in this dissertation are motivated by the papers of Homberg [43],
Chehminski and Racke [22]. In [43] author considered the general physical phenomena which,
inter alia, consists of thermo-visco-elastic deformation related to Mroéz model. However, the de-
pendency between temperature and visco-elastic strain tensor is defined by a general operator. In
[22] authors considered the Norton-Hoff model but in isothermal case (with omission of temper-
ature changes). We have generalize their result to temperature dependent problem. Moreover,
they assume that the inelastic deformation is not an isochoric process. Considerations of isochoric
process contains additional mathematical difficulties such as the fact that test functions are not
regular enough.

Moreover, Norton-Hoff-type models and models with growth conditions in Orlicz spaces are
approximations of Prandtl-Reuss model, see [22, [79]. Prandtl-Reuss model describes elastic-
perfectly-plastic deformation. It means that there exist a threshold such that before it the defor-
mation is elastic and after it the deformation is perfectly-plastic. Perfectly-plastic deformation
is such deformation, for which all mechanical energy of external forces is dissipated and after its
termination the body does not change its shape and does not come back to any previous state.
Perfect-plasticity is a type of irreversible deformation which occurs without any increase in stress
or load.

In the literature many different models are considered. For general information we refer the
reader to |2, 26], 60]. A lot of information about different models as well ad many various ways
to prove the existence of solution may be found there. All simplifications used in this paper
are a standard way to consider such problem. However, thermal dependency of visco-elastic
constitutive function causes that many methods used before do not work in this case.

This paper presents the reader with new approaches regarding analysis of thermo-inelastic
model. First of all, we use Gallerkin approximation to construct the approximate solution of
system, see Chapter This requires us to construct proper bases functions. Then, the proof
of approximate solutions existence is not trivial. The second novelty is a consideration with
regards to heat equation. Assumptions on the visco-elastic functions provide low regular right-
hand side of heat equation. Using two independent approaches we prove the existence of two
different solutions. The first one is a solution of Boccardo & Gallouet type, see [I5]. The second
one is a renormalised solution. Both approaches were introduced for heat equation with Dirichlet
boundary conditions. We provide the existence of this solution for Neumann boundary conditions,
see Chapter [3] Additionally, we apply these approaches to complicated system of equations and
not only for a single equation. The last novelty is the proof of solution regarding three thermo-
visco-elastic models: Mréz model, see Chapter 4], Norton-Hoff-type models, see Chapter [5| and
models with growth conditions in Orlicz spaces, see Chapter [f] Models with growth conditions
in Orlicz spaces allow us to consider the nonhomogeneous materials.
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1.1 Derivation of the model

We start considerations regarding thermo-visco-elastic models with the derivation of model. Our
goal is to show that considered system of equations really describes the physical phenomena.
Furthermore, following calculations we obtain the relations between terms in different equations,
e.g. thermal expansion of {2 and existence of nonlinear term in heat equation.

Thermo-visco-elastic system of equations, as a consequence of balance of momentum and
balance of energy, cf. [30) 50], see also [33], captures displacement, temperature and visco-elastic
strain. Since these two principles do not take into account the material properties of considered
body, we may complement it by adding constitutive relations which complete missing information.
A standard technique in the visco-elastic deformation is to work with two constitutive relations.
First one describes the dependency between stress and strains, i.e. this is an equation for the
Cauchy stress tensor. To obtain the equation for Cauchy stress tensor we start from physics. Using
Helmholtz free energy we get the necessary relation. The entropy for such models is a consequence
of statistical mechanics. The second one is a constitutive equation which is characterized by the
evolution of visco-elastic strain tensor, named also the flow rule.

1.1.1 Balance of momentum

A linear momentum is a conserved quantity. Hence, changes of a linear momentum correspond
to the action of external forces, i.e. volume, where f is a density of external volume force, and
surface forces which are defined by normal part of Cauchy stress tenor on to this surface. Let
us consider an open subset O of 2. Then the balance of momentum has the following form

d

— putdx:/fdx—i—/ onds, (1.1.1)
dt Jo o 20

where p is the density of the body, o stands for the Cauchy stress tensor and n is an unit outward
normal vector to the boundary 0O and w is a displacement. Using the Green theorem we obtain

/puttdx—/divadx:/ fdx. (1.1.2)
o o (@]

Equation (1.1.2)) is tantamount to the weak formulation of the following equation
puy —dive = f. (1.1.3)

To be exact, we may observe that in the abovementioned equation we use two different systems
of coordinates. Displacement is presented in Lagrangian coordinates and Cauchy stress tensor in
Eulerian coordinates. This complication will disappear due to the small displacements hypothesis,
because we may approximate stress tensor in Eulerian coordinates by stress tensor in Lagrangian
coordinates, cf. e.g. [81 pages 203-205].

1.1.2 Balance of energy

The second conservation law used to derive the thermo-visco-elastic system is balance of energy.
Let us start with the definition of energy density for this problem. Since we consider the visco-
elastic deformation of €2 and heat flow, we take into account three different types of energy:
thermal, potential and kinetic:

e=ch+ %D(e(u) —eP): (e(u) —eP) + %p|ut\2, (1.1.4)
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where 0 is temperature and constant ¢ stands for the heat capacity of the body. Moreover, by
e(u) we denote a symmetric gradient of displacement u: e(u) = 3(Vu + V7 u) and by P visco-
elastic strain tensor. The operator D is a linear, positively defined and bounded operator from
S3 to 83, where 82 is a set of symmetric 3 x 3—matrices with real entries. Symmetry of P follows
from the material objectivity and isotropy of the material. Thus implies symmetry of e(u) — €P.
Tensor D describes the material behaviour, in further coming sections we discuss more precisely
operator D. Let us define tensor T as follows

T := D(e(u) — €P). (1.1.5)
Since deformation may be split into elastic and visco-elastic one, i.e.

visco-elastic

=~
e(u) =e(u) —eP+ eP , (1.1.6)
N—_——
elastic

tensor T stands for elastic stress. The density of global energy may be reformulated as follows
1 1
e:cl9+§D_1T: T—|—§p|ut|2. (1.1.7)

The changes of global energy of the closed system are equal to the work done on the system
and the heat supplied to the system, namely

d

d
—& = P.yterna —Q, 1.1.8
0t ternal T dtQ ( )

where £ is the global energy of the system, Pe.yierna denotes the rate of work of external forces
and @ is the heat. Let us again consider an open subset O of the body 2. Changes of the global
energy in the set O are then prescribed as follows

d d 1 1
—Eo=— 0+ =D 'T T+ -plu|*) d
w50 = a J, (03 + gplwl) do
1 d
—/ (cOp +T :e(ur) — T : €Py + - p—|wl?) da. (1.1.9)
o 2 i

1 d
:/ (09t+T:Vut—T:€pt+*p*|ut\2) dCE,
o 27 dt

where the last equation is caused by symmetry of T. The rate of work of external forces acting
on the set O is equal to the rate of work of surface forces and volume forces

Pexternal:/ O'n'utd3+/ f-usdx
00 @

:/div(aut)dx+/f~utd$
(@ @]

(1.1.10)
—/ o: Vutdw—i—/ diva‘utdaﬂ—/ f-udex
O @ @]
= / o: Vutdx—l—/ (dive + f) - up da.
@ @
On the basis of (1.1.2)) we conclude further
Peyternal = / o:Vusdx +/ puy - up dx
© o (1.1.11)

1d
= cr:Vutdx+/ p=—|u|* d.
/o o 2dt
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The changes of the heat are equal to the heat produced by the heat sources in the body (in our
case the density of the heat sources is denoted by r) and the heat flux through the boundary of O

d
Q:/de—/ q‘nds:/rdx—/diqu:c. (1.1.12)
dt o 00 o o

According to the Fourier’s law, the heat flux is proportional to the gradient of the temperature
(g = —kV@). Using this observation, we obtain

dQ:/ rdx—i—/ kAO dx. (1.1.13)

Collecting all components of energy, we get the complete form of energy balance

1d 1d
/ (O + T :Vuy — T : €l + p=—|w]?) dz = / (o : Vuy + 7+ KAO + p= — |uy|?) da.
o 2 di o 2 di

This equation holds for arbitrary subset O of €2, hence it is equivalent to

cy — A+ (T —0): Vu, =T : €} +1. (1.1.14)

1.1.3 Cauchy stress tensor

Cauchy stress tensor is an equation describing the relation between the stress and the strain. We
start with physical properties of Cauchy stress tensor. Let us observe that Cauchy stress tensor,
as a physical quantity, is a symmetric tensor and its symmetry follows from the principle of the
conservation of angular momentum, cf. [50]. Indeed, let us assume that our body is in the rest.
Then, by linear conservation of momentum, see , we get

/ (dive + ) dz =0, (1.1.15)
(@)

for arbitrary subset O of 2. Since ([1.1.15) is a vector equation, we may consider each of its
components independently. Then, for ¢ = 1,2, 3 it holds

3
/ O oijy+ fi)dz =0, (1.1.16)
0

where o = {04;}i j—1,2,3 and by 05 ; we denote % Moreover, if €2 is in the rest then the angular
momentum of O is equal to zero. As in the case of linear momentum, the angular momentum is

split into volume and surface angular momentum
/ rx fdx +/ r x (on)ds =0, (1.1.17)
@ 00

where r = (1,22, 73)7 is a position vector. To rewrite (1.1.17)), we use the Levi-Civita symbol
aiij and we obtain

3 3
Z (/ Eijkl‘jfk dx +/ Z EijkTj0kmMNm ds) =0, (1.1.18)
ij=1 \O 90 m=1
eijk is called the sign of a permutation. €55 = 1 if 4,4, k is an even permutation of 1,2,3, €., = —1 if it is an

odd permutation. Otherwise €;5, = 0.
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which holds for £ = 1,2,3. Using Green theorem we get

3 3
8(62‘ ik 'ka)
0= /ei»kz-fkdx+/ IR T Qg
z]z:l ( o OmZ=:1 O
3 3 3 D
= Z / ijxjfk dx +/ EijkT Z Okm,m dT +/ Z Eijkakmaij dx (1.1.19)
ij=1 \7O o m=1 O m=1 Tm
3 3
= Z (/ EijkT (fk + Z O'km,m> dx +/ €ijkOk;j dl‘) ,
ij=1 \7O m=1 o

where the last inequality is a consequence of % = 0jm. By (1.1.16) first term of right-hand side
is equal to zero. Then, for k = 1, 2,3, the following inequality holds

3

) (/O €ijkOk; dx) =0. (1.1.20)

ij=1
Arbitrary choice of O and definition of Levi-Civita symbol imply
Ujk :O'kj. (1121)

To obtain the equation for Cauchy stress tensor we follow [2] or [41), 47]. We know that there
exists a Helmholtz free energy, denoted by ¥(e(u), ), and the following relation holds

_ 0¥(e(u),0)
= ) (1.1.22)

Since we consider the linear case, we may use the Taylor series to represent Cauchy stress tensor
OU(e(w),0) _ OV(e(w),0)

T 9e(w) Oe(u)
0*U(e(u),0)

Oe(u)?

e(u)=eP,0=0r

0?U(e(u),0)
_ b Z T\ T
e(u)=eP,0=0g (E(U) € ) + 85(’&)80 e(u)=eP,0=0p

(1.1.23)

(0 —0Or).

In the reference temperature and without any external forces Cauchy stress tensor is equal to 0,

0¥ (e(w),0) _

hence W cw)—er ity 0. Then, we may define
2y 0 2p 0
D = o70(e(w),0) (e(w),6) and = g7(e(u),6) (e(w),9) . (1.1.24)
85('11,)2 e(u)=eP,0=0p 86(’11,)89 e(u)=eP,0=0r
And this implies the following assumption.
Assumption 1.1.1. Cauchy stress tensor
The Cauchy stress tensor is in the form (Hooke’s law) of
o =D(e(u) —eP)—a(d —0p)I, (1.1.25)

where O is the reference temperature, o is a positive constant, I is an identity matriz from S3.
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Linear dependence holds for infinitesimal displacements, it should be understood as a relation
after neglecting the higher order terms in Taylor expansion. Similar approach was used in [2, [3]
1], 211, 22| 45, 406, [60, [63), [71), [72] [79]. Additionally, we assume that changes of temperature are
also infinitesimal.

We assume that the body in the reference temperature and without action of external forces
is in the rest, i.e. the Helmholtz free energy is equal to 0, entropy is equal to 0, stress o and
strains e(u), eP are equal to zero. Thus,

U(e(u) =€eP,0r) =0.

1.1.26
s(e(u) = £°.65) = 0, (1420
where s is an entropy of the system. Using the thermodynamics relationship we obtain
U(e(u),0) =e—0s+ g(e(u),0r), (1.1.27)
where g(e(u),0r) is a normalization function. Thus,
OV (e(u),0) ds(e(w),0) | 9g(e(u),br)
———=D —eP)—90 1.1.2
De(u) (e(w) =€) = 0= ) De(u) (1.1.28)
This and ([1.1.25)) implies that
Os(e(u),0) 9g(e(u), Or)
— = 1.1.2
Je(u) «a and Je(u) Ora ( 9)

On the other hand, using the basic thermodynamic we get

0Os 0s
ds = <) dé + ( > de(u) (1.1.30)
o0 e(u)=const 8e(u) O=const

and (%)s(u):mmt = 5, where c is a heat capacity. Then
0
s =a(e(u) —eP)+cln —. (1.1.31)
Or
And therefore,
0
U(e(u),)=e—46 <a(z—:(u) —eP)+cln 9> + g(e(u),br), (1.1.32)
R

Let us consider the reference state

U(e(u) =€P,0 =0g) = clr + g(e(u) =€P,0r) =0,
N (1.1.33)

s(e(u) =eP,0 =0r) = a(e(u) — €P) + cln Or _ 0.
Or

Thus, it holds that g(e(u) = eP,0r) = —cOr. Finally, we obtain that
1 1
U(e(u),0) = ch + §D(s(u) —€P): (e(u) —eP) + §|ut]2 —0s —clr — Ora : (e(u) — €P),
0
s(e(u),d) =a: (e(u) —eP)+cln—

Or
(1.1.34)



1.1. DERIVATION OF THE MODEL 9

Our interest is devoted to three phenomena: mechanical effects, which can be divided into
elastic and visco-elastic deformation and thermal effects. Hence, to describe the problem appro-
priately we intend to include the dependence on e(u), eP and 6 in the Cauchy stress tensor.
Tensor T' = D(e(u) — €P) describes the elastic force of the deformation. The second part of
Cauchy stress tensor, a(f — Or)I, is associated with thermal expansion of the body. We may
replace a(6 — 0r) by tensor-valued function a(6 —0r) with some good properties, e.g. symmetry.
This does not lie in our interest here, however it is worth mentioning. For engineering materials
the coefficient « is of the order 107K 1.

Operator D is a four-index matrix, i.e. D = {di,j,k,l}i]’,k,z:r For general materials, functions
d; ;1 may depend on the spatial variable x. Additionally, since strains and stress are symmetric,
the following equalities hold

divjvkal = dj7i7k7l7 di7j7k7l = di7j7l7k and divjakJ = dk"7l7i7j Vi’j’ k7l = 17 27 3' (1'1'35)

If we denote the strain by e = {g;;}, then the example of dependency between stress and strain
may be defined by
Oij = Aéijgkk + 2/1,81']', (1.1.36)

where A and p are Lamé’s coordinates, cf. [26, 60, [81]. The specific assumptions on the coefficient
of operator D are presented for each model independently.
1.1.4 Evolutionary equation for visco-elastic deformation

In order to complete the system we need to define the evolution equation for the visco-elastic
strain tensor. We consider an isochoric visco-elastic flow. We discuss a specific type of constitutive
functions in this dissertation, i.e.

e = G, T, (1.1.37)
for models considered in Chapter ] and in Chapter [5] or

eP = G(z,0,T), (1.1.38)

for model in Chapter [6] Moreover, differences of considered models are caused by accurate
assumptions on function G, which are made on the beginning of Chapters [4Hg]

Assumption 1.1.2. Function G : R} X Sg — 33 s a function of two variables: temperature 6
and deviatoric part of Cauchy stress tensor o®. By 83 we denote a subset of traceless symmetric
matrices, S;’ C S3. Moreover, let us observe that

ol=0— %tr(U)I
=T — a0 —0r)I — %tr(T)I +a(d —0r)I (1.1.39)

1
=T - (D) = T

Since it is isochoric visco-elastic flow, we assume that it depends only on the deviatoric part
of the Cauchy stress tensor and its range is the set of traceless matrices. The last assumption,
together with the fact that ef () is traceless, provides that also eP is traceless.

Vanishing of the deformation tensor’s trace corresponds to preservation of the material’s
volume. Indeed, the volume change is associated only with the elastic response of the material,
and the plastic response is essentially incompressible, cf. [31]. The dependence of G(6,-) only on
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T? is essential to maintain the coercivity of the model. Once we know that the range of G(-,-)
is 83, then even for the isothermal process, namely the case of G(6, T) = G(T') we observe that
G(T) : T = G(T) : T¢. Then e.g. taking the identity matrix as T we immediately see that
G(I):I'=0.

Different models describing the solid body deformation differ in assumptions on the consti-
tutive function G. Choice of the function G leads to specific model. There is a broad range of
different models considered in the literature, e.g.

e Mroz model |17, 43)]:
G0, T = g(0)T?, (1.1.40)

where g : R,y — R, is a continuous function.

e Norton-Hoff, model without temperature [3],

o T
e Bodner-Partom model [11], 18] 20]:
T4 + 80} "\ T
G@T%=g<“ '+M)}> i
Y 177 (1.1.42)

d
m:v@m(fﬂ)uﬂ—Aaw,

where y : Q x Ry — R describes the isotropic hardening of the metal, {-}* stands for the
positive part of {-}, v: Ry D D(y) = Ry and 0 : Ry D D(d) — Ry are given functions and
A is a positive constant. Moreover, functions G(-), v(-), 6(-) and S(-) fulfill some specific
properties.

e Prandtl-Reuss model with linear kinematic hardening [22]
Ef S 8IK(9) (T - asp), (1.1.43)

where I g is the indicator function of the closed and convex subset K(f) = {T € S3
|TY < k—6} and a, k > 0 are material parameters. Furthermore, 91 K (0) is a subdifferential
of the function Ik (g).

For further examples of constitutive relations (e.g. classical Maxwell model, models proposed by
Chaboche, Hart, Miler, Bruhns and many others) we refer the reader to |2, Chapter 2.2|. In this
dissertation we focus on three types of models: Mroz model (Chapter |4)), Norton-Hoff-type model
(Chapter [5) and models with growth conditions in Orlicz space (Chapter |§[)

1.1.5 Full model

Summarizing previous sections we obtain the following system of equations

ouy —dive = f in Qx (0,7), (1.1.44)

o=T—a(f —0p)I in Q% (0,7), (1.1.45)

T = D(e(u) — €P) in Q% (0,7), (1.1.46)

P =G, T in Q x (0,7), (1.1.47)

By — KAO + (6 — Og)divu, = T : G(O,T?) + r in Q x (0,7), (1.1.48)
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which holds in bounded domain §2. This system of equations should be supplemented by initial
(uo, w04, €5, 00) and boundary conditions

U = gy
6 (1.1.49)
on 9o

on 90 x (0,7).

The function o : Q x Ry — S3 is the Cauchy stress tensor. The Cauchy stress tensor can
be divided into two parts: mechanical and thermal. The mechanical part is T' = D(e(u) — €P),
where the operator D : 83 — S3 is linear, positively definite and bounded. The operator D is a
four-index matrix, i.e. D = {di,j:k:l}ij,k,lzl and the equalities hold.

The evolution of the visco-elastic strain tensor P is governed by the constitutive relation
G : R, x 83 — 83. The visco-elastic strain tensor eP = (eP)? is traceless if €} is traceless. The
temperature fp is the reference temperature. The function r : 2 x Ry — R, describes a given
density of heat sources, k :is a constant material’s conductivity, p is a constant density of the
body and c is a heat capacity. Moreover, « is constant and it describes the thermal expansion of
the body. If a > 0, then the material expands with the increasing temperature.

1.2 Simplifications

Consideration of full thermo-visco-elastic model f with general flow rule is still an
open problem. Issues lying on the boundary of mathematics and other science requires special
attention and knowledge of both scientific fields, but they will certainly find real-life applica-
tions. Better knowledge of processes occurring in the materials and better knowledge of their
mathematical properties may help us in modeling and then also to improve the engineering work.

Since the problem of inelastic deformation is a very complex one, we make a list of simplifi-
cations which help us in the calculations. Let us explain the character of these simplifications.
They are not only mathematical facilitations, but they may be justified from physical point of
view.

Following Bartczak [I1], Chetminski [I8], Chelminski and Racke [22], Duvaut and J.L. Lions
[26], Johnson [45] [46], Necas and Hlavacek [60], Suquet [70, [71] [72], Temam |78, [79] we consider
the quasi-static case. It means that acting forces cause small and long term displacement.

Assumption 1.2.1. Consideration of quasi-static problem means that the acceleration term in
momentum equation may be neglected, i.e.

ouy = 0. (1.2.1)

The fact of neglecting the acceleration term implies that the system of equations does not
have to be supplemented by initial condition to displacement ug and velocity ..

Furthermore, we assume that considered materials do not change the volume with changes
of temperature, i.e. the material is characterized by zero thermal expansions (ZTE). There are
many different ways to deal with thermal expansion of body. Taking into account the thermal
expansion we get also the nonlinear term in heat equation a(6—60g)div u;. This term is the biggest
troublemaker in inelastic systems. Some authors, cf. Bartczak [11], Chetminski and Racke [22],
try to linearize it in heat equation based on argumentation that the process is close to some
temperature, in particular different form the reference temperature. Then the approximation
a(f — Or)divu; ~ apdivu, is made. Such approach causes a loss of physical properties of the
model, see next section or [32].
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Assumption 1.2.2. We assume that o = 0, i.e. the considered material is not subject to thermal
expansion.

Finally, we simplify the calculations by eliminating all constants. Similar results hold even
for more general material parameter. Our goal is to focus on the behavior of system for different
visco-elastic constitutive functions G.

Assumption 1.2.3. We assume there are no heat sources in the system, hence r = 0, material’s
conductivity k and capacity c are constant, to simplify k =1 and ¢ = 1.

Taking into account the above assumptions we get the following system of equations:

—divT = f,
T = Die(u)-eP),

& = GO, TY, (1.2.2)
0, — A = T:G(6,TY),
with initial and boundary conditions
0(x,0) = 00(33) on ,
p =
u (zx:q(i) o) on gﬂ % (0,T), (1.2.3)
g—z:ga on 02 x (0,7).

As we may observe there is still an interaction between temperature and displacement. Hence,
we cannot split this system into two independent systems of equations, but omission of thermal
expansion causes that heat equation is linear.

1.3 Thermodynamical consistency

Simplifications made in previous section may cause a loss of physical properties of model. The
purpose of the current section is to show that these simplifications lead to the model which still
conserves the energy, the temperature is positive and there exists a function of state, namely the
entropy, which has a positive rate of production. We shall say that the system is thermodynam-
ically consistent. In [33] we prove thermodynamical consistency of full thermo-visco-elasticity
model, i.e. (1.1.44)-(1.1.48), whereas in [32] we present this result for simplified problem (1.2.2)).
Through this dissertation we consider only the simplified system of equation, hence we confine
here to show the thermodynamic consistency of simplified problem. To derive the whole model we
use the physical conservation laws, hence it is not interesting to repeat the same argumentation
backward.

Let us consider the isolated system, i.e. the system without external force (f = 0), with
homogeneous boundary values (g,, = 0 and g, = 0) and without the heat sources (r = 0).
the calculations in this section are formal.
Conservation of total energy
To show that the global energy is preserved we multiply (1) by u:. After integration over
an arbitrary set O C {2, we obtain

—/ divT -u;de =0 (1.3.1)
@]
and then

/ T :Vuidx — Tn - u;ds=0. (1.3.2)
(@] 00
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Furthermore, let us multiply (|1.2.2]) 3) by T' and integrate over O. Subtracting this equation from
(1.3.2) we get

/ (T:Vu,—T:el)dz— | Tn-uds= —/ T : G(9,T?) dz. (1.3.3)
o o0 o
By symmetry of T' we obtain
—— [ T:(e(u) —eP)dx — Tn-uds=— | T: G0, T dx. (1.3.4)
2dt Jo 90 o

Considering the quasi-static evolution we omit the acceleration term in ([1.2.2))(;y. Thus we also
omit the kinetic energy in the definition of energy density, i.e.

1
e=0+ 5D—lir;:r. (1.3.5)
Thus we obtain )
Eo(t) :/ 6da + / T (e(u) — eP) da. (1.3.6)
o 2 Jo
Consequently, the equation (1.3.4)) may be written in the following from
d d d d
—Eot)=— [ Ode— | T*: GO, T dx + Tn - uyds. (1.3.7)
Using (|1.2.2))4, we obtain

d
So(t)—/ﬁtdx—/étd:r—i—/Ade—i— Tn -u;ds
dt o o o Pe)

(1.3.8)
:/ (Tut +V0) -nds.
00

Zero external forces, homogeneous boundary conditions and lack of heat sources imply that uw; =0
and V@ -n = 0 on the boundary 02. Therefore, the global energy &g is constant in time.
Positivity of the temperature

To prove the positivity of temperature we should assume that initial temperature g is positive.
The heat equation after simplifications has a form of

0, — A =G, T : T (1.3.9)

For each considered model G(#, T?) : T¢ is positive, see Assumption Assumption or
Assumption [6.0.1] Hence, we consider

0, — A0 >0 (1.3.10)

with positive initial condition and homogeneous boundary condition is positive. Positivity of
is obvious. Moreover, if initial temperature is greater than reference temperature then we obtain
that 0 is greater then 0.

Entropy inequality

Since the temperature is positive we multiply by 1/6. After integration over an arbitrary
set O C ), we obtain

d 9 92 9, 7% : T
/ ln@dx—/ divv—dx— Vo) dx:/ de.
dt Jo 0 o 02 o 0
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Thus

d . /q G0, T : T? / Vo2
2 DNgp= | 212 , 1.3.11
dt/onedx+/odlv(9)dx /o g ot | pda (1.3.11)

By the assumptions on function G(-,-), see Assumption Assumption or Assumption
and by positivity of 6, the right-hand side of (|1.3.11)) is positive. Therefore, an arbitrary
choice of the domain O implies that the inequality holds

(me)t +div (%) > 0. (1.3.12)

The above relation is so-called Clausius-Duhem inequality and it is one of the equivalent formu-
lations of the second principle of thermodynamics. Hence, the homogeneous boundary conditions
and the definition of the heat flux (¢ = —V#) imply that

d
L [ me>o. 1.3.13
dt/Qn = ( )

Note that s(f) = In @ is one of the admissible entropies for system which furnishes a formal
justification for the thermodynamical consistency of the model. Comparing entropy mentioned
in Section and s(f) = Inf we may observe that they differ by a constant. Adding or
subtracting the constant to entropy does not change its meaning, hence s(f) = Inf — Infp is
also an admissible entropy. Therefore, s(6) = In6 coincides with the results for zero thermal
expansion materials.

1.4 Main problems

Finite energy of the system is a starting point of energy estimates. Considering physical phenom-
ena requires conservation of physical properties. In quasi-static case total energy of € consists
of two kinds of energy, i.e. thermal energy (proportional to temperature) and potential energy,
which is defined below.

Definition 1.4.1. Potential energy
Let us define potential energy as follows

E(e,el) = ;/QD(E —eP): (e —eP)da.

We concentrate on three different models. We start from the simplest one, Mréz model (see
Assumption [4.0.1]) and then we consider more complicated models, namely Norton-Hoff-type (see
Assumption |5.0.1) and model with growth conditions in Orlicz spaces (see Assumption .

We use two level Galerkin approximation. Construction of approximate solutions is presented
in Chapter [2] and is the same for each model. Then, we focus on

a) identification of nonlinear term;
b) identification of right-hand side of heat equation;

¢) existence of temperature as a solution of low regular data parabolic equation.
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We deal with problem c¢) in Chapter . We present two possible ways to solve it, i.e. Boccardo
Gallouét approach and renormalised solution.

To solve problems a) and b) we also use two different approaches. For Mr6z model (Chapter
4)) we use the Young measure tools to identify the limit of nonlinear term and also we get the
strong convergence of right-hand side of heat equation. For Norton-Hoff-type model (Chapter
5) and model with growth conditions in Orlicz spaces (Chapter @ we use three-step method to
solve problems a) and b). Under three-step method we understand the following steps:

1) showing the inequality for the limit of heat equation’s right-hand sides;
2) using Minty-Browder trick to identify the weak limit of nonlinear term;
3) identifying the limit of right-hand side of heat equation.

The first step is similar for both models. A small difference occurs only in the fact that some
test functions are not regular enough. The second and the third steps vary to a great extent.
Different assumptions on constitutive functions describing the evolution of visco-elastic strain
tensor results in the need to use different mathematical tools.
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Chapter 2

Construction of approximate solutions

This chapter is dedicated to construction of approximate solution to thermo-visco-elastic model.
Throughout the whole dissertation we use Galerkin approximation to prove the existence of so-
lution. Construction of approximate solution is a very important step, which is often neglected
in other scientific papers. Omitting this step of reasoning may cause that the rest of our consid-
eration fails. Results presented in this chapter were obtained in [33]. The same method was also
used in [32] [33] [48].

In all models considered in this dissertation, problems that appear in the existence proofs are
similar. Different assumptions cause use of various analytical tools but data for heat equation are
low regular for all models. From physical point of view, it is correct, whereas from mathematical
perspective it entails many problems. The existence of solution to parabolic equation with only
integrable data is a subject of discussion in Chapter [3| and it requires special attention.

One of crucial steps in approaches presented in Chapter [3] is to test the equation by the
solution’s truncation. However, this truncation does not need to be a linear combination of basis
functions. That is the reason why we use two level approximation. By two level approximation
we understand independent parameters of approximation in the displacement and temperature.
Moreover, construction of approximate solution to visco-elastic strain also requires a few words
of discussion, what we do later.

Furthermore, due to linearity of equations we may split the solutions (6, u) into two parts.
Considering the independent elastostatic and heat equation with non-homogeneous data we get
the first set of solutions. The second one is obtained by use of the Galerkin approximation to
homogeneous boundary-value problem. Existence of first part of solutions is discussed for each
of considered models independently. Different results are obtained for each model. In the rest
of this chapter we focus on the second part of solutions, i.e. the part obtained by Galerkin
approximation.

2.1 Definition of bases functions

Definition 2.1.1. Let k € N and Ti () be a standard truncation operator

k x>k,
Ti(x) = x lz| <k, (2.1.1)
—k x < —k.

We construct the approximate solution for temperature, displacement and visco-elastic strain,
hence we need to construct three independent bases for these physical quantities. We start with

17
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bases for displacement. To do this, let us consider the space L?(£2,S?) with a scalar product
defined as

€ n)p i /Q D¢ Dinde  for &€ X0, (2.1.2)

where D2 o D2 = D. Let {w;}°, be the set of eigenfunctions of the elastostatic operator
—div De(-) with the domain W&’Q(Q,R‘g) such that {w;} is orthonormal in L?(Q,R3) and {w;}
orthogonal in I/VO1 (€, R3) with the inner product

(w,v)WOl,z(Q) = (e(w),e(v))p. (2.1.3)

By {\i} we denote the set of corresponding eigenvalues. Moreover, using the eigenvalue problem
for elastostatic operator we obtain

/ De(w;) : e(wj)de = )\i/ w; - wjdr =0 (2.1.4)
Q Q

Set {w;} is a basis for displacements construction.
Let {v;}3°, be the subset of W12(Q) such that

/(Vvi Vo — pivig) de = 0, (2.1.5)
Q

holds for every function ¢ € C*(2), see [5,69]. Moreover, we may assume that {v;} is orthogonal
in W12(Q) and orthonormal in L?(Q). Let {u;} be the set of corresponding eigenvalues. Set {v;}
is to be used to construct approximate solutions to temperature.

To construct the basis for approximating the visco-elastic strain tensor we proceed as follows.
For % < s < 2 let us denote by H*(£2,S3) the fractional Sobolev space with a scalar product
((;))s. Due to the regularity of eigenfunctions we observe that for each ¢ € N tensor e(w;) is an
element of H*(£2,S%). Let us define

Vi, := (span{e(w), ...,e(wp) )T, (2.1.6)

where by - we understand the orthogonal complementation in L?(2,83) taken with respect to
the scalar product (-, -)p. Then, denote

Vi = Ve N H5(Q,8%). (2.1.7)

Since the co-dimension of V;# is finite, then V}® is closed in H*(£, 8?) with respect to the || - || zs-
norm.

Now, the idea is to find the basis of Vj. The following reasoning comes from [53]. We adapt
results presented in [53] into our particular case, see also [32]. Let us consider the following
problem: find ¢¥ € V2 and ); € R such that

¢k @) =N(¢F,®)p V®eVL (2.1.8)

where ((-,-))s and (-,-)p are previously defined scalar products in H*(£2,S83) and in L%(Q,S?),
respectively.

Theorem 2.1.1 (Theorem 4.11, page 286 from [53]). There exist a countable set of eigenvalues
{Ai}52, and a corresponding family of eigenfunctions {¢;}72, solving (2.1.8|) such that

L (CiaCj)D = 0j; for alli,j € N,
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e 1 <A < <. and \; = o0 as i tends to oo,

o (S5 500 =0y for allisj €N,

o the set {¢;}2, is a basis of V).

o the set {¢;}5°, is a basis of Vj,.

Moreover, let us define the subspace H = span{(y,...,Cy} and projection PV : Vi — HYN such
that PN = Zf\il(cp, ¢;)p¢;, then we get

1PN ellms < llepllas. (2.1.9)

Proof. Proof is divided into few steps.
Existence of ¢
Let us define

1
—= sup (V,V)p. (2.1.10)
)\1 vevy
lloll s <1
Consequently, there exists a sequence {V;}°, such that (V;,V;)p — /\% as 7 tends to oo and
Vil zrs(2) = 1. Then, there exists a subsequence {V';}32; (still denoted by i) and ¢; € V}’ such
that

Vi—¢ weakly in V}7,

2.1.11
V,— ¢ in L*(9,8%). ( )
If [|[C1 ]| () < 1, then let us define ¢ = Hclllcm and then
C1s 1
IClao=1 and  (CC)p= W > (2.1.12)
1 5(Q) 1

which is contrary with (2.1.10)) and it implies that ||y || zs(q) = 1. To finish the first step we show
that ¢ is an eigenfunction. Let us take arbitrary H € V}7 and define the function

(C1+tH7<1+tH)D

YO = (¢ eH ¢, + ), (2.1.13)
Calculating the derivative of function ®(¢), we obtain
0= Ly = 260 H(60:6)s =261, Cpl(Gr, H)
& (€1 En)2 -
_ 2<CI7H)D_%((C17H))S o
(€1:€1))2
and then
M, H)p=(¢,H)s  VHEV (2.1.15)

Iterative construction
Assume that for N > 1 there exist a set of eigenvalues {\;}}*, and a set of corresponding
eigenfunctions {¢;}1¥,. Let us define the space

WN={VeV:(V,¢)s=0 i=1,.,N}. (2.1.16)
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Using the similar construction as in the previous step, we find the next eigenvalue and eigenfunc-
tion

1
Cnvt1:¢nvr1)p= sup (V,V)p= o (2.1.17)
vewN N-+1
IVIigs=1
Finally, we obtain

I<Ah<h<.

(¢is¢;)p =0 if i # j, (2.1.18)

(¢is¢j)s =65 Vi,jeN.

Unboundedness of eigenvalues
Let us assume that the set of eigenvalues has a finite limit, i.e. lim; ;oo \; = A < oo. Since
¢l s = 1, using subsequence if it is necessary, we get ¢;, — ¢ in L*(€2,8%) as i — oo. Hence

((Cl 7Cl )) ((Cl aCl ))

(St, = €1y 61, — iy )s

((Cl G =6y ))s — (€, € — €, )s
Since {¢,, } is a Cauchy sequence and sequence {);, } is bounded, the right-hand side of abovemen-
tioned equation may be arbitrary small by letting ¢, j to co. Obviously, this is a contradiction.
The set {\;}2, contains all eigenvalues

Let us assume that there exists an eigenvalue A such that A ¢ {\;}32,. Let ¢ be the corresponding
eigenfunction to the eigenvalue A and

(¢ ®)s=X¢(®)p PV (2.1.20)

Without losing the generality, we assume that ||C||gs = 1. Moreover, there exists i € N such that
Ai < A < Ajx1. Then, by the definition of eigenvalue, for all k =1,...,4¢

which implies that (¢,{x)p = 0. Therefore ¢ € W* and using the definition of \;11 we get

(2.1.19)

(19)>) = sup (V,V)p, (2.1.22)

_1
AN vewN
IViis0=1
which is contradictory with A; < A.
The set {;}2, is a basis in V)
Let us define X = span{¢y,(y, ...} and let us assume that X # V;°. Then, there exists ® € V}}
such that || @) = 1 and (®,¢;))s = 0 for all i € N. Moreover, for all i € N

(®,®)p < sup (V,V)D—)\—,
vewt )
1Vl s =1

(2.1.23)

which implies that & = 0.

The set {{;}2, is a basis in V,

Let us observe that the space V7 is dense in V}, in L?(9,8?) norm. For arbitrary element & € Vj,
there exist the sequence &, € H*(£2,83) such that &, — & in L*(Q,83). Let us define the
projection P, : H*(Q,S3) — lin{e(wy), ...,e(wy)} by P,V = Zle(V,s(wi))Ds(wi). Since Py
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is the projection on a finite dimensional space, and the dimension of the space is independent of
[, there exists a constant, also independent of [ such that ||P,V||gs < C||V|gs. Then, define

£ i=¢"— Pt (2.1.24)

Hence, we immediately obtain that € is bounded in H $(Q,83) and converges to £ € V. Conse-
quently, {¢;}22, is also a basis in Vj.

Renormalization of basis

To complete the proof we may renormalise the basis

¢, S (2.1.25)

3

for all ¢ € N.
The continuity of PN
Consider now ¢ € V;’. Then

- = (&, C
|}DJVLP||HS Z CwCz Z - S Cz?Ci))S
=1 =1
. (2.1.26)
Z )z < llelz.
Thus (2.1.9) is proved.
O

To construct the basis for approximate solution to visco-elastic strain tensor we use {w;}
and {Cf} For each pair of approximate parameters (k,[) the basis contains two subsets. One
of them consist of symmetric gradients of first k£ functions from the basis for displacement, i.e.
set {e(w;)}¥_;. The second subset contains first I function from {¢;}22,. It is obvious that basis
{¢ ]} depends on the parameter k. Additionally, for all £ € N after limit passage with [ going to
oo the set {e(w), Cf}jzlwwk; i=1,...,00 15 a basis of whole space L?(Q,83).

At the end of this section we define three projections, which are very important in next
chapters.

Definition 2.1.2. Let us define the following projections:
o Let P*: H%(Q,8%) — lin{e(w1),...,e(wy)} be defined by

k
PF(v) := Y (v,e(w,))pe(wy). (2.1.27)
n=1

o Let Py L2(9,8%) — lin{¢F, ..., ¢} be defined by

l

= (v,¢h)DCh, (2.1.28)

m=1

o Let PLY: H3(Q,8%) — lin{¢k,...,CFY be defined by

! k k
PhE (v) Z m_ (2.1.29)
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As we may observer the projections P}}S and P! ’2 are equal on V;?. Indeed, if ¢ € V} then

l

! k k
Pife = 30 Chnch = D (o) = i 2130
m=1 m=1 m m

where the second equality is condition for eigenvalues. The norms ||P“§|| c(ms) and HPéf (L2
are equal to 1. Moreover, we may observe that for v € H*(£2, S3) it holds

(Phr o (Id — PFy)v = i(((fd—Pk)% S )s o _
m=1 m m m

((Id — P*)v, ¢k ) pCh,

MN

! (2.1.31)

=

(v,¢E)pek, = Phv.

3
I

Since P is the projection which does not dependent on [, then there exists c¢(k) (depending
only on k) such that for every ¢ € H*(Q,S?) it holds

max (|| P*e =, [[(1d — PX)l|rs) < e(k) ]l = (2.1.32)

2.2 Definition of approximate solution

As we have mentioned before it is much easier and more transparent to show the construction of
approximate solutions for homogeneous problems. Our idea is to consider displacement, Cauchy
stress tensor and temperature as a sum of solutions to three different problems.

Instead of considering thermo-visco-elastic problem

~divT = f,
T =D(s &),
~ nd (2.2.1)
et =G(0,T),

ét —A=T": G, 17".
with initial and boundary conditions we focus on the following problems:

e clastostatic equation with the same data (volume force and boundary condition) as for the
full model

(2.2.2)

—divT =f inQx(0,7T),
u =g, onddx(0,7),

e heat equation with heat flux through the boundary as in the full model and without any
heat sources

0p— A6 =0 inQx(0,T),
gg =go on 92 x(0,7), (2.2.3)

é(x, 0) =6y in Q.
e thermo-visco-elastic system of equations with homogeneous boundary data
—divT =0,
T = D(e — &),
e =GO+0,T+T7,
0, — A0 = (T"+ 1% : G +0,T" +T%.

(2.2.4)
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with initial conditions

{ 0(x,0) = Oy — b, (2.2.5)

eP(z,0) = €b.

To get the same solutions to (2.2.1) and to (2.2.2) — (2.2.4) we introduce the shifts of solution
to constitutive functions. Then, by linear character of the system (2.2.1)), finding (u, T, 0, eP) is

equivalent to finding (@, T), 6 and (u, T, 6, eP). Moreover, the following relations hold

u=1u-+u,
T=T+T, (2.2.6)
0=0+0.

Existence proofs to (2.2.2)) and ([2.2.2) are well known results, see e.g. [29] or [82]. For each model
@ and T should belong to different functional spaces, hence we discuss their existence for each

model separately.

In this section we focus on the construction of approximate solution, i.e. on the construction
of up g, Ty, 0k, and 65,; which are the approximations of w, T, # and &P, respectively. With the
bases from the previous section we may proceed with the definition of approximate solutions. For

k1 €N let

k
wpr =Y oy (t)wn,
n=1
l
O = Y By (t)om, (2.2.7)
m=1

k l
el = it)e(wn) + > Gtk
n=1 m=1

and wug, Egl and 0 solve the approximate system of equations

Jo Tk :e(wy)dr =0 n=1,..k,
Ty = D(e(ur) — ey,
Jo(€2 ) : De(wn)de = [, GO+ 6., T" +T},) : De(w,)de n=1,...k,
Jo(€2)e: DCkdz = [ GO+ 0, T+ Ty : D¢E de m=1,...1,
Jo(Or)evm dx + [, VO - Vo, da

~d ~ - d
= JoTe(T"+T¢) . GO+ 0k, T + T4 ) v da m=1,..,1.
(2.2.8)
for a.a. t € (0,T). For each approximate equation we have the initial conditions in the following
form

Ora(2,0),0m) = (Telo— o), om) m=1,..1,
(R0 etwn) = (Be(wn), — n=1.k (2.2.9)
(Ru(@.0),¢5) = (B.¢h)p me1,l,
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where (-, ) denotes the scalar product in L?(Q) and (', -)D the scalar product in L?(£2,S3). It is
important to mention here that shifts, caused by considering three systems of equations, appear
also in initial condition on temperature.

Using (2.2.8))(1) and ( - we obtain
/D e(upy _Ekl) e(wy,)dz =0. (2.2.10)

The selection of the Galerkin bases and representation of the approximate solutions (2.2.7)) allow
us to notice that

ap(t) = iVﬁl(t)/QDE(wn) se(wy) dz = 7, (t). (2.2.11)

Let us define
é(t) = (Bli,l(t)a ey Bllq,l (t)v ’yl%,l(t)a sty Vlﬁ,l(t)a 51}:,l(t)a ey 6L,l(t))T‘

Then the constitutive function G may be presented as a function G which is a function of .t
and of &, i.e.

Gla,t,€(t)) = GO+ 0p), T" + TY)
- (9+Zﬁkl Yo, (x T—(DZ& ))

Hence we obtain

z,t,&(t)) : D¢y, dar, (2.2.12)

forn = 1,...,k and m = 1,...,l. Moreover, the initial conditions (2.2.9)) are equivalent to the
System

1(0) = < (e, e(wn)) ., (2.2.13)

k
OB C
where n =1,..,k and m = 1,...,[, can be equivalently written as the initial value problem

g€y
TL-FEW.n.  telT),

E(O) = 507
where £ is a vector of initial conditions (2.2.13)).

Lemma 2.2.1. (Existence of approzimate solution)
For initial condition satisfying €f € LY(Q,83) and 0y € L'(Q) there exists an absolutely

continuous in time solution to (2.2.14)).

(2.2.14)
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Proof. According to Carathéodory Theorem, see [53, Theorem 3.4] or [87, Appendix (61)], there
exist unique absolutely continuous functions ;7 (t), v ,(t) and &;(t) for every n < k and m <1
on some time interval [0,¢*]. By (2.2.11) there exists a unique absolutely continuous function
aj,(t).

O

Remark. 7o get the global existence of approximate solution we need to use the uniform estimates
for solutions. For each model considered in this dissertation, we show the estimates independently
i the following chapters.
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Chapter 3

Solution to heat equation

The subject of this chapter is to consider the heat equation from thermo-visco-elastic model. In
case of all models considered in this dissertation we encounter the same issue, i.e. assumptions
on visco-elastic constitutive function cause that the right-hand sides of heat equations are only
integrable functions. We deal with low regularity of data in two different ways. The first approach
is based on the paper of Boccardo & Gallouét [I5] and the second one on papers of Blanchard
and Blanchard & Murat [13], [14]. The approach of Boccardo & Gallouét was the first solution
regarding parabolic equation with low regular right-hand side. Further result was the renormalised
approach. Additionally, renormalised solutions give more information than Boccardo & Gallouét
ones. Renormalization methods were used firstly to prove the existence of solution to Boltzmann
equation, see [25].

There are two main differences between results presented in [13, [14], [15] and our work. The
first one lies in the use of boundary conditions. In [13] [I4] [I5] authors consider problems with
Dirichlet boundary conditions in the contrast to our case, where we use Neumann boundary
conditions. The second difference is that the heat equation is a part of system of equations.
Thus, we do not have full data information, e.g. we know nothing about the convergence of
right-hand side. In [I3] 14, [I5] authors consider only one equation and they do not have the
problem with coupling of equations.

This chapter is divided into two sections which present two different approaches. In both cases,
we start with uniform boundedness of right-hand side of heat equation, which is a consequence of
uniform boundedness of approximate solutions. In Boccardo-Gallouét’s approach this information
is sufficient to prove all properties of temperature, whereas it is not enough to prove the existence
of renormalised approach. The uniform boundedness of right-hand side of heat equations implies
only the almost pointwise convergence of temperature’s approximate sequence to a measurable
function 6. To prove another properties of # and also to prove that 6 is a renormalised solution
(see Definition we should have some (weak or strong) convergence of right-hand side of
heat equations.

For Mro6z and Norton-Hoff-type models we use Boccardo-Gallouét’s approach, see Chapter
and Chapter[5] For models with growth conditions in Orlicz spaces we use renormalised approach,
see Chapter [6] This is our arbitrary choice and it is obvious that making some improvements of
proofs presented in Chapter [dH6| we may use then conversely. Thus, in the renormalised approach
we present results for strong convergence of right-hand sides of heat equations, which takes place
in case of Mr6z model.

Let Tx(-) be a standard truncation operator defined in Then, we focus on the following

27
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problem
(Ok)e — A = fr, inQ,
% = in 9 x (0,T), (3.0.1)
Ok (-, 0) = T(6p)  on Q.

where for every k € N function f belongs to L?(Q) and the sequence {fi} is uniformly bounded
in Ll(Q), ie. ka”Ll(Q) < B. Additionally, we have 7;.3(90) S LZ(Q), ||77€(90)HL1(Q) < ||'90HL1(Q)
and Tz(0y) — 6 in L*(Q). In the case of thermo-visco-elastic models considered here we have

fo=T((@ +T9) : GO+ 6, T +T) Q. (3.0.2)

3.1 Boccardo-Gallouét approach

Current section is devoted to prove the existence to the heat equation with Neumann boundary
conditions. Two dimensional case was considered in [24], and also used in [43]. Lemmas presented
below come from [32], where we consider Norton-Hoff-type models.

Lemma 3.1.1. The sequence {0k} is uniformly bounded in L>(0,T; L'(S2)) with respect to k
and .

Proof. Tt can be immediately observed that

sup [|0k1(t)|l 1) < B+ [l6oll L1
0<t<T

which completes the proof. O

Lemma 3.1.2. The sequence of approximate solutions to the heat equation (|3 is uniformly
bounded in space LI(0, T, W14(Q)) for g < % (q < 2 in three dzmenszonal case N = 3).

Proof. We define special truncation function ,,(-) for every m € N:

1 if s>m+1,
s—m if m+1>s>m,
Ym(s) = 0 if |s| <m, (3.1.1)
s+m if s>m+41,
-1 if s<-—-m-1.

Using 9., (0)) as a test function for (3.0.1)) we obtain

/ / m(61)) dxdt+/ /vek Vb (0),) dz dt = /OT/kaq/Jm(Gk)d:zdt, (3.1.2)

where U,,(s) = [ ¥m(7)dr. Thus

/Q\Ilm(ek)(T)dx—i—/OT/QVHk-Vwm(ﬁk)dxdt:/OT/kawm(Hk)dmdt—1—/Q\Ifm(77§(00))dx

Terms on the right-hand side of the above equation can be estimated as follows

T
/0 /wamwk)dxdf <[ fllz 0,101 )5

/Q W, (Ta(60)) dz < (160 110
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for every k,m € N. Additionally, [, W,,(6;)(T)dz is nonnegative. Hence,

T
| voPacar= [ [ Vo in 0 drdt < Il + ol

m

where B, := {(z,t) € Q x
(in our case ¢ < 2 and r =

(4 T):m < O(z,t) <m-+1}. Nowletq<%andr:%q
3):

Using the Holder inequality we obtain

g 14
/ ]V9k|qda:dt§</ \vekyqidxdt> </ 122qda:dt)
Bm Bm m

q

3 1=9
< (/ \vaky2dxdt> (/ da;dt)
r 1-4
ch(/ 10 dz dt) ’
B ™M

1—
wk’r dx dt)

N
—

<cs

<c3 </
Bm
q
1-4 1 2
</ |0x|" d dt> < r(2—q)> :
m m q

Then

q
/|v9k|qudt<c4(n0 + c3 Z </B |,9k‘7’dxdt) <r(2q)>
m m

m=ng q

1= / o 1 3
< ¢4(no) + c3 ( Z / lﬁklrdxdt> <Z M) (3.1.3)

m=ng m=ng M 49

1_% 00 1 %
< c4(ng) + 3 </ |0 |" dz dt) ( Z g ) )
Q

m=ng M 4

where c4(ng) = |, (@ 0):108 (28) | <no} |VOr|9dxdt. Using the Holder inequality we observe that

ca(no) is bounded by B, |lug|f1(q) and the measure of set Q. Furthermore, @ > 1 and
_r(2=q)
Z?no:no m~ ¢ is summable. Using the interpolation inequality for ||04|zq() we obtain

160l < 1053 1O 557 (.14
where ¢* = 4L (= 2L)and L = = _ l-q ¢
3—q q 1—¢* ¢

N—q
(and 0 < s < 1). In Lemma we showed that [|0k| 11 (q) is uniformly bounded, hence

/ /|9k|qudt<0/ 1651~ S>q dt<C’/ ||9k\|
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Using the Hélder inequality we obtain

T T 1—gq q
/l/mﬁmwsc/\mu?
0 Q 0
T g sle i
—q q— q
<c (/0 16411 e dt)

a—1 ¢*
F—1 q
= ([ 100l gy at)’
Let us notice that the exponent q* 11% = N]X;S;lq < 1. Using the interpolation inequality for
10kl - (@) We get
HHICHLT < HekHLl(Q Hek”Lq (Q)’ (315)

where % =2 . The parameters s are different in each interpolation inequality (3.1.4]) and

(3.1.5). Simple calculatlons yield that 1 — s = 11 <. By Lemma |3.1.1{ we conclude that

T
n%mmmmms[;thm&

T 1-r g*,
< [ 1000 ol (3.1.6)

< C/ H0k||Lq (Q CHeknm 0,T,L* (Q))"

The Sobolev embedding theorem implies that

a4
3

: T T
HQkHLqOTLq @) / < 2558 dx) dt<C</0 /ka\qdwdt—i—/o /Q\Vﬁkqudt>.

Using the previous inequalities we obtain

q—1 g~ 1*%
1981170 0.7, Lo 2y < ClIOk| zq&;;m*(m) + ca(no) + D (/ 10,|” dz dt>
*—1
<0H9k”¢1 q - ))+C4(n0)+D”9kHLqOTL‘1 @)
and qq € <1 and q 4 < g, so we have the uniform boundedness

16817 0700y < €

and from previous inequalities we get the uniform boundedness of sequence {6} in the space
L4(0,T, L7 (). Using this uniform boundedness, inequalities (3.1.3) and (3.1.6) we get the
uniform boundedness of the sequence {6} in the spaces L4(0,T, W4(£2)), which completes the
proof. O

Lemma 3.1.3. Let fr — f weakly in L'(Q). Then the sequence {V0y} converges strongly to V0
in L*(0, T, L*()).
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Proof. Let us define a test function

e s>k,
e(s)=4¢ s s <e, (3.1.7)
—e s< —¢,

for fixed € > 0. Subtracting equation (3.0.1) with function on right-hand side f, and f,,, and
using the test function ¢(6,, — 0,,) we obtain

/ (0, —0,,)(T) dz + / V(0 — Om)* dzdt =
Q n,m,e

/ / o0, — 0 )dxdt+/@(m(eo)—Tm(eo))dx,
Q
where ®(s) = [ @(7)dT and Dy e = {(x,t) € Q% (0,T) : |0p(x,t) — Op(x,t)| < €}. The

sequence 7}(00) is Convergent to 0y in L'(Q), hence, we can find ng such that for every n, m
greater than ng we have [, ®(7,(00) — Tm(6o)) < €. The function ® is nonnegative and the
right-hand side of the equation above is bounded (|| fxllz1 (0,7, () < B), hence

/ |V(0n — 0m)?dzdt <2eB+e= (2B + 1)e.

The Holder inequality yields

N

1
2
/ IV (0, — 0,,)|dzdt < (/ V(6 — 0, dz dt) (meas(Dym.c))

1

< C(2B + 1)z2¢2.

Using the decomposition of Q@ = Dy, e U (Q \ Dpm,) we have to consider the integral over the
second set.

q

/ |v(9n - 0m)| drdt < </ |v(0n - 9m)|q dz dt) (meas(Q \ Dn,m,s))l_%
Q\Dn m,e Q\Dn,m,s
(3.1.8)

The first term on the right-hand side is bounded, since the sequence {6, } is uniformly bounded
in LI(0, T, W14(Q)). The sequence {6,} is a Cauchy sequence in L' (0,7, L*(£2)), so there exists

1
no such that for all n,m > ny occur (meas(Q\Dnvmya))kE < €. Then, from the previous
inequalities we obtain

/ V6, — V6y| da dt = / V(0 — 0)| dar dt + / V(6 — 6,n)] dar it
Q Dn,m,e Q\Dnm,e (3.1.9)

1
< c1€2 + c9e

which implies that {V6,} is a Cauchy sequence in L'(0, 7T, L'(£2)).
O

Lemma 3.1.4 (Aubin-Lions, Lemma 7.7 from [65]). Let Vi, Va be Banach spaces, and V3 be a
metrizable Hausdorff locally convexr space, Vy be separable and reflexive, Vi CC Vo (a compact
embedding), Vo C V3 (a continuous embedding), 1 < p < oo, 1 < q < oo. Then {u : u €
LP(0,T,V1);us € LY0,T,V3)} cC LP(0,T,Va) (a compact embedding).



32 CHAPTER 3. SOLUTION TO HEAT EQUATION

From the uniform boundedness of the sequence {fi.} in L(0,T, L*(£2)) and from the uniform
boundedness of the sequence {0} in L9(0, T, W4(2)) we obtain that {(6;):} is a bounded se-
quence in the space L (0, T, W~14(Q))). Consequently, the sequence {f} is relatively compact in
LY(0,T, L*(9)). Due to Lemma and Lemmawe know that the sequence {6} converges
strongly to 6 in L9(0, T, W14(£2)). Moreover, (6y); converges strongly to 8; in L'(0,T; W ~22(Q))
by Rellich-Kondrachov’s theorem. Thus, ) converges strongly to 6 in C([0,T], W~2%2(Q)) and
0x(-,0) converges to 6(-,0) in W~22(Q).

Additionally, in Chapter |4 and in Chapter [5| existence of temperature 6 gives us information
about the convergence of right-hand sides of heat equations. Thus, we may pass to the limit in
heat equation.

Lemma 3.1.5. Let fi, — f weakly in L*(Q) and 0y belongs to L'(Q). Then, for q < %
(q < 3 when N = 3) there exists 0 € LI(0,T, Wh1(Q)) N C([0,T), W~2%(Q)) - a solution to the
system

0, —AN0=f inQx(0,T),
9 — on 99 x (0,7, (3.1.10)

on

0(x,0) = 6bp(z) in Q.

Proof. Choosing for (3.0.1) the test function ¢ € C°([o0,T"), C*(Q2)), we get

/OT/an)mxdt—/OT/Qanpdxdt:/OT/anwdxdt_
Then
_/OT/Qﬁniptd:Udt—l-/QHdexE

T T o0 T
+/ /V@n-vwdxdt—/ "wdxdt—/ /fnwdwdt.
0o Jo 0 Joo On 0o Jo
And finally

—/OT/QG,Zz/Jtdxdt+/OT/QV9n-dexdt:/OT/anwd:cdt—i-/ﬂTn(Qo)wdx.

Using the convergence of the temperatures’ sequence we obtain
T T T
—/ /th—k/ /VG'VI/J:/ /fl/}—k/t%d).
0 JQ 0o Jo 0o Jo Q

Remark. The solution 6 obtained by Boccardo & Gallouét’s approach is not unique.

3.2 Renormalised approach

The second approach is to find the renormalised solution. The notion of renormalised solution
for parabolic equation was introduced in [13, [I4], but only for Dirichlet boundary conditions.
Some proofs from [13] [14] require modification for the case of Neumann boundary conditions.
Moreover, since the heat equation is one out of equations from the whole system, we obtain the
result in two steps. Firstly, having only the uniform boundedness of right-hand sides we obtain
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the existence of temperature 6 and almost pointwise convergence of approximate temperatures
0r. to 0 as k tends to co. Again, we consider systems of equations

(Or)t — Al = fr, in Q,
P =0 on 9Q x (0,7, (3.2.1)
Or(t = 0) = 0o, inQ

where for every k € N function fj, belongs to L?(Q), the sequence {f} is uniformly bounded in
LY(Q) and 6 o belongs to L?(£2) and strongly converges to 6y in L'(2) as k tends to oo.

Secondly, usage of pointwise convergence way prove the convergence of right-hand side of heat
equation, see Chapter [f] This information is necessary to complete the prove of renormalised
solution.

Definition 3.2.1 (Renormalised solution to heat equation). Let f belong to L*(Q) and 6y belong
to LY(Q). A real-valued function 6 defined on Q is a renormalised solution of heat equation (3.2.1))

if
a) 0 is a measurable function such that Tx () belongs to L?(0, T, W1H2(2)) for all positive K ;

b) for all positive ¢
Tik+c(0) — T (0) =0 (3.2.2)

in L2(0, T,W'2(Q)) as K goes to oo;
c) and 0(t = 0) = bp.

Moreover, for all functions S € C®(R), such that S" belongs to C§°(R) (S’ has a compact
support), the following equality holds

—/ (622 dxdt+/ 5(00)¢(x,0)d3:+/ S'(0)V0 - Vo da dt

Q o “ @ (3.2.3)

+/ S“(e)|v0|2¢dxdt:/ fS'(0)pdzdt
Q Q

where ¢ € C°([—o0,T),C>*()).
We use the notation limy,;_,, when the order in the passing to the limit is not relevant, i.e.

lim Fj; = lim lim Fi; = lim lim F};.
kjil—oco k—ool—oo -0 k—o0

Our reasoning is different then the one presented in [13], e.g. we divide Lemma 1 from
[13] into two lemmas. Firstly, our goal is to get the existence of temperature and its almost
pointwise convergence in ). Convergence of right-hand sides of heat equations is a consequence
of existence of temperature and it requires some calculation, see Chapter [0 For different models
we have different convergence, i.e. strong (for Mro6z model) or weak (for Norton-Hoff-type model
and model with growth conditions in generalized Orlicz spaces). These differences cause different
properties of temperature, see Lemma, [3.2.2]

Lemma 3.2.1. Let us assume that the sequence {fi} is uniformly bounded in L'(Q). Then,
there exists a subsequence of the sequence {0} (still denoted by k) and measurable function 6,
such that when k tends to oo and for any fixed positive real number K the following conditions
are satisfied
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a) Oy converges to 0 almost everywhere in Q;

b) Tk (0)) converges weakly to T () in L2(0,T, WhH2(1Q)).

Proof. Let us take Tk (0y) as a test function in (3.2.1). Then for ¢t € (0,7T) it holds

/ /aekTK Or) dxdt+/ /IVTK (61 d dt = / /fka (0k) da dt, (3.2.4)

and
T t 2 _ [ T T x
/QTK(ak)(t)dH/o /Q\VTK(ek)y dxdt/o /Qfm(ek)d dt+/ﬂTK(ek,0)d  (325)

where TK fo Tk (z)dz is a positive real valued function. Using definition of the truncation
and linear growth of functlon TK( ) at infinity, the following estimate holds

N t
| T+ [ [ VTR drat < KISl + CONBraliiey (326)

To show that sequence {7 (f))} is uniformly bounded in L*(0, T, W'?(Q2)), it is enough to
estimate || Tk (0k)lz2(qQ) by [Tk (Ok)llL1 (@) and [|[VTk (0k)| 12(qg)- By Poincaré inequality we get

1 Tr (Ok) | 22(@) < Tk (Ok) — (T (Ok))ellL2(@) + (T (Ok))allL2(q)

(3.2.7)
<|IVTk (Ol L2(@) + (T (0k))all 22(q)

where by (Tx(0r))a we denote the mean value. Using the definition of truncation operator we

obtain
1 2 K
~ B 0k> ‘Hk’ <
0.) — 2( ’ 3.2.8
Tk ( k)—{ K2+ K(0k] — K) |6k > K, (328

and then it remains to show the estimates for (7Tx (0x))qa

/TK(Gk)|2dw:/ \ekyzdaer/ K2d$§2/7'K(9k)dx. (3.2.9)
Q {ze:|0k|<K} {ze:|0k|>K} Q

Finite measure of @ implies that sequence {7 (6x)} is uniformly bounded in L?(0, T, W12(Q)),
which completes the proof. O

If we have the convergence of right-hand side functions of heat equation we may improve the
result from Lemma [B.2.1]

Lemma 3.2.2. Let us assume that the sequence { fi.} converges weakly to f in L*(Q) with k — .
For a subsequence {0y} from Lemma and for any fized positive real number K there exists
the following limit

7,E—00

lim / IVTK(ek - 91)|2 dzdt = 0. (3.2.10)
Q

Moreover, if {fi} converges strongly to f then 6 belongs to C([0,T], L'(£2)).
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Proof. To prove (3.2.10) we use Tx (0x — 0;) as a test function for difference of two approximate
equations (3.2.1)), i.e.

O (05— 00~ A0~ 00) = fi— f. (3:2.11)

Thus, after integration over Q and time interval (0,7") we obtain

/fK(Qk—QZ)(T)dm—{—/ |VTK(9k—95)|2dxdt
Q Q
) (3.2.12)
_ / (i — )T (O — 00) dardt + / Tic (B0 — O10) e
Q Q

Positivity of the first term on the left-hand side in abovementioned equation, boundedness of
T (0 — 0;), weak convergences of the sequence { fx} and strong convergence of initial conditions
imply that

lim / |V T (0 — 6;)]* dzdt = 0. (3.2.13)
Q

k,l—o0

Let us assume that {fx} converges strongly to f. For § > 0, let us test (3.2.11]) by function
%7:5(91@ —6;). Then, we get

t
5 [ e oot s [ [ VT, - o) dwa
& 0 JQ (3.2.14)

1 [t 1 [ -
= / /(fk — fl)7j;(9k — 91) dxdt + / 7:5(9k,0 — 91’0) dz.
0 Jo Ja o Jo
Using the positivity of the second term of the left-hand side we obtain
1 ~ t 1 .
/ Ts(0r — 0;)(t) dx < / / |fx — fil dzdt + / Ts(Or0 — 610) da. (3.2.15)
0 Q 0 JQ 0 Q

Passing to the limit with § tends to 0 we obtain

fim 5 [ 756~ 00(0)dz = [ (0= ) (1),

6—0

1 3 (3.2.16)
lim / 7:;(9;670 — 01,0) dz = /(0]@0 — 91,0) dzx.
500 Q Q
Therefore,
t
/(9k —0)(t)dx < / / | fe — fil dz dt + / (0k,0 — b1,0) dz, (3.2.17)
Q 0 JQ Q

and we conclude that the sequence {6} is a Cauchy sequence in C([0,T], L'(£2)), hence there
exist @ € C([0,T], L*(£2)), such that 8, — 6 in C([0,T], L' (2)) as k tends to oo.
O

Let us take any 77 > T and let us extend fx by 0 on Q x (0,7"). Then we denote Q' =
Q x (T, T") and we consider the following problem

GE— Ao =fr, inQ
P = on 9Q x (0,T"), (3.2.18)
Ok(t = O) = Qk,() in Q.

Thus, we know that there exists an unique solution 6Ak and GAk = 0, a.e. on (). Hence, later we
do not distinguish these two solutions.

Now, our goal is to prove that the convergence of a sequence {Tx(0x)} is strong. For this
purpose we start with auxiliary Lemma.
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Lemma 3.2.3 (Lemma 2 from [13]). Let H and Z be two real valued functions which belong to
W2°(R) such that H' and Z' have compact supports with Z(0) = Z'(0) = 0. Then

Jim (T" — t)H" (0x) Z (0 — 6;)|VO|* dzdt = 0. (3.2.19)
=00 Q'

Proof. Let 0;,0; be two different solutions to problem . Then taking the difference of
these equations we get

(O — 1)t — A0k — 01) = fr — fi- (3.2.20)
Since Z' and H are Lipschitz bounded functions with Z’(0) = 0, Z/(6, — ;) H () may be used
as a test function in . Thus,

/QT, /OT /Q(Hk’ —00):Z' (O — 01)H (0x) dw dt dr

T T
’ /0 /0 /Q(W’f —V0) -V (2'(0k = 0)H (0))) dzdtdr  (3.2.21)

_/OTI /OT/Q(fk—fl)Z’(Gk—HI)H(Gk)dmdth.

Choosing now Z(6y, — 0;)H'(0y) as a test function in the equation (3.2.18))y) for 6 gives

/OTf /0 /Q (0k):Z (0 — 0,)H'(0),) da dt AT + /OT' /0 /Q V6.V (Z(6x — 6)H'(6,)) da dt dr

:/OT/ /OT/kaZ(Hk—QZ)H’(Gk)d:cdth.

(3.2.22)

Since 6 — 6 almost pointwise in Q' and Z, H,Z', H' are Lipschitz bounded functions, Z(6 —
0,)H'(0x) and Z'(0, —6;) H (0) both converge to 0 almost pointwise as k and [ go to oo. Moreover,
using the weak convergence of {f;} in L'(Q), we conclude that both right-hand sides of ([3.2.21])

and (3.2.22)) tend to 0 as k and [ go to oo.

Integration by parts results in

/OT/ /(]T/Q(Qk)tZ(Qk — 0)H'(0) dz dtdr = /OT/ /OT/Q(H(Qk))tZ(Qk —0;)dzdtdr

:_/OTI /OT/QH(Hk)(Z(Gk—9;))tdmdtdr
+/T, [/ﬂ Z(Gk—el)H(Gk)de dr

0
T rT
/ / (O — 002" (O — 0, H(0)) das it dr
0 0 Q

+ / Z(0r — 6;)H (0) dzdT — T'/ Z (01,0 — 61,0)H 0k ) de.
! Q
(3.2.23)
We know that 6§, — 6 a.e. in @' and functions Z, H belong to W2>(R). Thus, it provides to

lim Z(0r — 0;)H (0)dxdr =0,
k,l—o00 Q'

lim T/ Z(9k70 — Gl,O)H(Hkyg) dz = 0.
Q

k,l—o00

(3.2.24)
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And then we obtain

T /1 T r7
lim / / (04):Z(05—0) H'(6) dz dt dr — — lim / / (04—60): 2" (05 —0)) H(6) dz dt dr.
0 Q 0 Q)

k,l—o0 0 k,l—o0 0
(3.2.25)

Vanishing of right-hand sides of (3.2.21)), (3.2.22]) and equality ([3.2.25)) provides that

i T
lim / /0 (V64 — V60) -V (270 — 0)H(6y)) dt d dr

k‘,l*)OO 0

- (3.2.26)
=— lim // VO -V (Z(0 — 6)H'(6))) dt dadr.

k,l—o00

In the abovementloned equation we have the following situation. We consider limits in the

form of fo fQ fO a(z,t)dt dx dr. Using Fubini theorem we may change the order of integration
and we obtain

/OT//Q/OTCL(;U,t)dtdxdT:/OT//Q/tT/ dr a(m,t)dmdt:/OT//Q(T’—t)a(x,t)dxdt (3.2.27)

Thus, two terms in (3.2.26)) may be rewritten in the form of

/ ' / / (VO = V0,) - V (Z'(0) — 0,) H (0r)) dt dwdr

_ / 2" (8 — 0 H(0)|V (0 — 64) | v dt+/ (T' = )2 (0 — 6) H'(61)V (0 — 64) - VO, dir It

/

=By =Fp
(3.2.28)

/T// VO -V (Z(6k — 6)H'(6))) dt dz dr

= //(T ) Z' (0 — ) H' (04)V (0 — Ok) - VO, dw dt+/ (T' =) Z(6, — 0) H" (0x) | VO |* dz dt .

!

Rk gk
(3.2.29)

The next step of the proof is to show that Ef(’l and F]I?l converge to zero as k and [ go to oo.
Since (3.2.26)) holds, it will imply that G];(’l converges to zero as k and [ go to co. Let us take a
positive real number M such that supp(H') C [-M, +M] and supp(Z’) C [-M, +M]. Then, the
following estimate holds

Ep < TN 2" || ooy | H | Lo ey /Q IV Tar (0 — 00)* d dt (3.2.30)
Using Lemma [3.2.2] we obtain
klllm EK =0. (3.2.31)
— 00

7T]

Similarly, F2" is estimated as follows

Flk(’l < THZ,HLOO(R)”H/HLOO(R) /Q/ VT (0 — Hk)HVTM(Hk)’ dx dt. (3.2.32)
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Using Holder’s inequality and again Lemma [3.2.2) we get

lim Fi! =0, (3.2.33)

k,l—oc0
which completes the proof. ]
Now, we pass to the main theorem of this section.

Theorem 3.2.1. Let K be a fized positive real number. The sequence {Tx (0))} strongly converges
to T () in L2(0, T, WhH2(€)).

Proof. The main point of the following proof is to show that

lim [ (T —t)|VTx(0) — VTx(0)]* dzdt = 0. (3.2.34)

k—o00 Q/

Since 6}, is the unique solution of the problem ((3.2.18)) it is obvious that

lim [ (T — )|V (0k) — VTx(0)? > (I' — T) lim /Q VT3 (0k) — VT ()2 > 0. (3.2.35)

k—o0 Q' k—o0
Let us start with decomposition of set @’ into four subsets:
o {(z,t) e @ : |0kl < K}N{(x,t) €Q : |6 < K};

o« (@0 eQ: 0 < Kyn{(@,t) € Q' 6] = K};
e {mt) €@ 10 = KIn{(e,) € Q' 0] < K}
e and {(z,t) € Q' : |0k| > K} n{(x,t) € Q" : 16| > K}.

Applying this decomposition and using the truncation operator we obtain
/ (T — 1)V T (61) — Vi (0) 2 dar lt

(T" = 1)|VOy, — VO |* dz dt

/{(%t)GQ’: 10| <K}N{(z,t)€Q’: |0;|<K}

— Akl
_AK

+/ (T" — )| VO |* dz dt
{(2,)€Q": |0x|<K}N{(z,)€Q’: |0,>K}

(3.2.36)

k)l
=By

+/ (T" — )|V, > dz dt
{(z,t)eQ’: |0k|>KIN{(z,t)eQ’: |0;|<K}

_pgkl
,BK

(T' —t)0dx dt.

/

)
{(z,t)eQ": |0x|2K}0{(z,t)€Q": 6,2 K}

=0

We may observe that B}‘;’l and Bl;{’l are symmetric with respect to k£ and [. Our goal is to show

that Al;él and Bﬁ(’l converge to 0 with &k, — oo.
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The term A';{’l is easily estimated since
o<y < | (T = )|V(0r — 0,)[* da dt
{(z,t)EQ’: |0—0;|<2K}
_ / (T' = )|V Tax (61, — 6,)] der e (3.2.37)
Q/
<T | |VTar (6 —6)|* dzdt.
Q/
Using Lemma [3.2.2] we conclude that

lim AR =o0. 2.
ks K 0 (3:2.:38)
The next step of the proof is to show the estimates for Bf(’l. Let K’ be any positive real
number. Then we split the set {(z,t) € Q' : |0x] < K} N{(z,t) € Q" : |6;] > K} into two
subsets {(z,t) € Q" : |0k| < K} N{(z,t) € Q" : |6;| > K} N{(x,t) € Q" : |0 — ;] < K'} and
{(x,t) e Q" : 0] < K} N {(z,t) €@ : |6;] > K}Nn{(x,t) € Q: |0 — O] > K'}. Thus

okl
=Bj

B _/ (T' — t)| VO |? dz dt
{(@H)eQ": 05| <KIN{(21)€Q": 10> K}N{(H)EQ": |0x—0| <K'} (3.2.39)

+/ (T' — 1)| VO |> dz dt .
{(z)€Q": | <K}N{(2,1)€Q": 6i|>KIN{(z,)€Q": |6,—6i>K"}

_pkit
_32

Moreover, the following inequality holds

0< Bi = / (T" = )| V6,2 dz dt
{(2.)€Q": 6x|<KIN{(z)€Q: 012K IN{(z.)€Q': [65—6| <K'}

(T =) (IV (0, — ) |* + 2V, - VO, — |V|?) dzdt

/{|9k|<K}ﬂ{91|ZK}Q{|‘91@—91|§K'}

< (T =) (|V (0, — ) + 2V0, - VO, — |V|?) dzdt

/{|9k|<K}ﬂ{KSI9z<K+K’}

<

/ (T" = t)|V(0 — 6)|* dz dt
{(z,)eQ’: |0x|<K}N{(z,t)eQ’: K<|0)|<K+K'}

+ 2/ (T" — )Vl - VO dx dt
{(z)eQ": |0x|<K}N{(x,)€Q": K<|0)|<K+K'}
<T | |VTarxir (0 —6)>dzdt
Q/
+ 2/ (T’ —t)VO - VO, dx dt
{(@,H)eqQ’: 6x|<KIN{(z,t)eQ": K<|0;|<K+K'}
(3.2.40)

By Lemma the first term in the right-hand side of (3.2.40) converges to 0 when k and [ go
to co. To deal with the second one let us define the following function

0 |s| < K,

O (s)={ s— Ksgn(s) K <|s| <K (3.2.41)
K'sgn(s) K' <|s].
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Thus, the second term of right-hand side of (3.2.40) is equal to

/ (T" — )V - VO, dx dt
{(z,t)€Q: |0k |<K}IN{(z,t)eQ’: K<|0|<K+K'} (3.2.42)

_ / (T = )V T (6,) VOK () dz dt.
Through the use of @?(9;) as a test function in the equation (3.2.18]) for 6; we obtain

t t .
/ &K (0)(t) dz + / / VOK' (0))2 dz dt = / / FOK (0)) dz dt + / OK (B1.0) da, (3.2.43)
Q 0 JO 0 JO Q

where O%'(s) = IN O%'(7)dr is a positive real valued function. This provides that the sequence
{VOX'(6,)} is uniformly bounded in L? Q') (for any fixed K and K’). Using the same argu-
mentation as in the proof of Lemma [3.2.1| we obtain that the sequence {©%'(6;)} is uniformly
bounded in L?(0,T", WH2(£2)). '

Convergence of sequence {#;} to 6 almost everywhere with [ — oo implies that sequence
{0K'(6))} converges weakly to ©%' () in L2(0, T, WH2(£2)). Passing to the limit with [ — oo and
then & — oo (or reversibly, since k and [ are independent) we obtain

lim lim | (T"—t)VTk(0,)VOKX (6)) dadt = / (T' — ) VT (0)VOR (9) dzdt.  (3.2.44)

k—o0 l—00 Q' /

Furthermore, it is obvious that T (s) = Tx (Tx+1(s)) and OK (s) = K (T, x/(s)). Applying
those equalities to (3.2.44]) and using the chain rule we get

VT(O)VOK () dzdt = | TH0)(OK Y (0)VTi41(0)V Tk (0) dz dt. (3.2.45)
Q/ Q/

Due to definition of Tx and ©%' the function T7(0)(0% ) (0)V Tk +1(0)VTi k() is equal to 0
a.e. in Q. This information, (3.2.40), (3.2.42)) and (3.2.44) imply that

lim BY =o. (3.2.46)

k,l—o00

To finish the proof it is enough to show that Bg’l goes to 0 with k,I — oco. For this purpose
we use Lemma The natural choice of H” () in (8.2.19) is |7/ (0x)|>. Unfortunately, this
is not the proper choice, because if H"(0y) = |T}-(0x)|* then H(6)) does not belong to W2 (R).
Hence, for positive d let us define the function

1 |s] < K,
(HY)'(s) =8 —K6 K<|s|<K+31 (3.2.47)
1
0 K+ 1.

Deriving HY(s) from (3.2.47), together with the conditions H¢ (0) = (H)'(0) = 0 we obtain
the function which belongs to W2 (R) and its support supp((H9)') is contained in the interval
[-K — %, K + 1]. Moreover, the sequence {(H%)"} converges to (7})? as § goes to zero. Thus,
using (3.2.47) in (3.2.19)) we get

lim (T" — t)(H(6,))" Z(6r — 6,)|VOi|*> = 0 (3.2.48)
k=00 J{(z,t)eQ": 0x|<K}
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and then

lim (T" = t)Z(0), — 0)|VO|* dz dt
kl=oo J{(@t)eQ': |0xI<K}

kil {(z,t)eQ": K<\9k|<K+%}
(3.2.49)

for any §. If § tends to zero in (3.2.49) then

lim (T" —t)Z(0), — 0))|VO|* dz dt
kil=oo J{(wt)eQ': |0xI<K}

=Klim |[J lim / (T/ — t)Z(@k — 91)|V0k‘2 dzdt | .
6—0 k,l—oc0 {(z,H)eQ": KSWHSK"‘%}

(3.2.50)

Furthermore, it holds that
5 lim / (T~ 0)2(6; — )|V, da |
kl=00 Ji(zt)eQ": K<|04|<K+1}
< 0T 2] ey | 0,2 dr
{(z,1)eQ": K<|0k|<K+3}
(3.2.51)

1 1
To estimate the right-hand side of (3.2.51)) let us use dO;(0x) (where ©-()) is defined in
(3.2.41))) as a test function in (3.2.18]). We obtain

~ 1
5/ 05 (01)(T) dx+5/ VO, |* da dt
Q {(z.t)eQ": K<|0k|<K+3}

) ) (3.2.52)
=6 [ f°O0(0;)dzdt+0 / O3 (0y0) dx
Q Q

1 1

where O3 (s) = [) ©%(7)dr is a positive real valued function with linear growth at infinity.
Moreover, almost pointwise convergence of {63} and weak convergence of {fz} in L'(Q’) imply
that

1 1
lim / [05 O dedi = [ fO3.(0)dedt. (3.2.53)
Q' Q'

k—o0

Using strong convergence of initial condition 6 o to 6y in L'(€2) and (3.2.53)) in (3.2.52) we obtain

5 ~ 1
§ lim VO] dz dt < 5/ fOK(0) da:dt~|—6/ 05 (0p)dz  (3.2.54)
k=00 J{(a)eQ: K<Ioy<K+}) o o

1 1
Sequences {0} ()} and {00 ()} converge almost pointwise to 0 as ¢ goes to zero. Moreover,
terms on the right-hand side of (3.2.54)) are uniformly bounded, thus we conclude that right-hand

side of (3.2.54)) convergence to 0. Then

lim [5 lim

/ |VO,|? dzdt| = 0. (3.2.55)
6—0 k—o0 {(z)eQ": K§|0k\§K+%}
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According to ([3.2.50) and (3.2.51)) we deduce that

lim (T —t)Z (0 — 6;)|VO;)? dzdt = 0 (3.2.56)
kl=oo J{(wt)eQ': |0xI<K}

Now, let us take Z € W2>(R) such that Z(0) = Z’(0) = 0, Z is positive and Z(s) = 1 for
|s| > K’. This provides to equation
lim (T" — )|V > dzdt = 0, (3.2.57)
P00 J{(20)€Q": 10k <K N {(2,)€Q": 105—01]> K"}

which immediately leads to

lim B! =o. (3.2.58)

k,l—o0

We decomposed @' into a few subsets and showed that each of them converges to 0 with &,
going to oo. Thus, we conclude that

Jim (T' — )|V Tk (0k) — VTx(6;)|* dzdt = 0, (3.2.59)
,t—00 Q'

and it provides to

lim [ (T —)|VTx () — VT (6)]? dz dt
k,l—00 Q'

= lim [ (T =t)|VTx(O))?dedt —2 lim [ (T’ —t)VTx (k) - VT (6;)? dzdt
k,l—o00 Q' k,l—o00 Q'

+ lim [ (T —t)|VTx(6)|*dzdt = 0.
k,l—o0 Q'

(3.2.60)

Since k and [ are independent and the sequence {V7Tx (6;)} is weakly convergent in L%(Q’), we
rewrite the abovementioned equation as follows

lim [ (T = )|V Tk (00)]? dadt = / (T — )|V Tk (6)2 du dt. (3.2.61)

k—o00 Q' ’

Through the use of weak convergence of {V Tk ()} and (3.2.61)), we get

lim [ (T —)|VTx (%) — VT (0)* dz dt

k—o0 Q'

—lim [ (T = VT2 dzdt — 25im [ (T — )V Tic(0x) - VTic (6) da dt
k—o0 Q' e—0 Q'

(3.2.62)
+ / (T" = t)|VTx(0)|* dz dt
Q/

:2/ (T’—t)]VTK(9)|2dxdt—2/ (T' = )|V Tic (0) d dt = 0,
Q’ Q’

which completes the proof.
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To finish the proof of existence of renormalised solution it is enough to prove that (3.2.2)) and
(3.2.3]) hold. Let us start with the proof of (3.2.2).

Lemma 3.2.4. For all positive c it holds that
Ticte(0) = Tic(8) = 0 (3.2.63)
in L2(0, T,W'2(Q)) as K goes to co.

Proof. Let ¢ be a positive number. We use test function Tx4.(0x) — Tk (k) as a test function in

(3.2.1). Then,

/(9k)t(TK+c(9k:) — T (0r)) dz dt+/ VO, - V(Tk c(0r) — T (0k)) do dt
Q @ (3.2.64)
- /Q FelTic e(01) — Tic(6x) da dt.

Using chain rule we obtain

/Q (Ticrelr) — Tic(04))(t) dz + /Q VOi -V (Ticse(0h) — Tic (6)) da

_ /Q Fo(Ticse(B1) — Tic (61)) dardt + /Q (Ticrelbr0) — Tic (r0)) da
(3.2.65)

where Tx (r) = Jo Tk (z) dz and Ticre(r) = Jo Ti+c(2) dz. Furthermore, Ticre(Or) — T (0x) is a
positive function (since c is positive). Thus

/ v, - V(TK+C(9k) - TK(Hk)) dx dt

Q ) ) (3.2.66)

< / Se(Tic+o(Bk) — Tic(04)) dar dt + / (TicrelOr0) — Tic (Or0)) da
Q Q

We may observe that V(Txc(0x) — Ti (0k)) is equal to 0 when 6 does not belong to {(z,t) €
Q : K < |0x] < K+ c¢}. Moreover, on {(z,t) € Q : K < |0;] < K + ¢} it holds that
VO = V(Tk+c(0k) — T (0k)). Thus,

/ |V (T +e(0k) — T (01))|* da dt
{(z,1)eQ: K<|0k|<K+C}

S/fk(Tf<+c(9k)—R(Hk))dwdtJr/(’ﬁqc(Hk,o)—7}<(Hk,o))dx-
Q Q
(3.2.67)

Almost pointwise convergence of {0} to 6 in @ with ¥ — oo and weak convergence of the
sequence {f} to f in L'(Q) with & — oo imply that fQ fe(Tr4e(0r) — Ti(0r)) dx dt tends to
fQ f(Tr1e(0) — Tk (0)) dx dt as k goes to co. Furthermore, using the strong convergence of initial
conditions and by Lemma [3.2.1 we obtain

IV (Trre(0) — T (0)))? da dt

/{(wvt)EQ: K<|0|<K+c} (3.2.68)

< / F (Ticse(6) — Tic(8)) ddt + / (Tic+e(60) — Tic(60) d.
Q Q
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Ti+c(0) — Ti(0) is bounded by ¢ and it converges to 0 a.e. in Q. Then,

lim / F(Ticse(6) — Tic(8)) dar dt = . (3.2.69)
K—o0
Moreover,
/(7-}(4_0(90) — 77((90)) dx < C/ ‘90’ dz, (3.2.70)
Q {zeQ: |00|>K}
which implies that right-hand side of ([3.2.68]) converges to 0 with K goes to co. This proves that
0 satisfies (3.2.63)). O

Multiplying (3.2.1) by S’(0x)¢, where S € C*°(R), S’ has a compact support and ¢ €
Cgo([_oo7T)7COO(Q))7 we get

—/ S(Hk)?;f dxdt—/S(ak,O)gﬁ(gg,o) da:—i—/ S'(0,) V0, - Vo dz dt
Q “ @ (3.2.71)

+/ S”(el)\vaky%dxdt:/ Fu8'(01) da dit.
Q Q

S’ has a compact support, hence there exist 0 < M < oo such that supp(S’) C [-M, M]. This
allows us to enter the truncations operator into equation (3.2.71)). Thus

/ S(0) —dxdt— / S(0.0)6(x, 0) d + / S (Tas (01))V Tas (61) - Vb dt
Q (3.2.72)
Q Q

Using pointwise convergence of {6}, bounded character of S’,;S” and strong convergence of
{Tam(6k)} we obtain the following convergences

S (Tar(0x))VTar(0r) — S (Tar(0))VTar(0) in LQ(Q,R?’),
S"(Tar(0x) IV Tar (0k) 12 = 8" (Tar (0))[VTar (0)]*  in LH(Q), (3.2.73)
JiS" (T () = £S5 (Taa (0)) in L'(Q).

Hence, passing to the limit with k going to oo in (3.2.72) we obtain

_ / 5022 dzat - / S(60)6(,0) dz + / S (Tt (0)VTas (0) - Vo dar dlt
@ o ¢ @ (3.2.74)

—I-/ SII(TM(9>)|VTM(0)|2¢d$dt:/ S (Tar ()¢ dx dt.
Q Q

And finally, using the compact support of S’ we can omit the truncations in (3.2.74) and we
obtain

/s ddt—/SHo dea:—i—/S’ )0 - Vo da dt

(3.2.75)

+/ S"(0)|Vo qﬁdxdt—/ £8'(0)pdz dt.
Q Q

It completes the proof of renormalised solution’s existence to a parabolic equation with Neumann
boundary condition.
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3.2.1 Uniqueness
Lemma 3.2.5. Assume that 0y 1,002 belong to LY(Q) and fi, fo belong in LY(Q) and that they

satisfy
fo1 < b6yo,
01 =702 (3.2.76)
fi < fo

Then if 61 and 02 are two renormalised solutions for data (0.1, f1) and (6o2, f2), respectively, we
have

61 < 65, (3.2.77)

almost everywhere in Q.

Proof. Multiplying (3.2.1)) for #; and 65 by test functions S’(61)¢ and S’(62)¢ respectively, where
S is C*°(R)-function ans S’ has a compact support. Then, after integration over Q x (0,t) and
then over (0,7), we obtain

ATAiéai$ﬁ¢dx“d”*AT[ijy””vﬁ‘V¢¢““dH1ATAiLS%mnva¢Mﬂsa
:/T/t/ f15'(01)¢ dx ds dt.

/ // Podras dt*/ //S (62) V6 dedsdH/ //S (02) V020 da ds dt
:/0 /O/szsl(eg)¢dxdsdt.

Subtracting these equations we obtain

/// 02))¢dxd8dt+/ // (5'(61)V0, — S'(02)Vbs) - Vo da ds dt

" 2 qn 2 rds
+/0 /O/Q(S (01)[V01]? — S"(0)[V05[?) ¢ dards dt
T rt
:/ / /(fls’(ﬂl)—fQS/(HQ))gbdxdsdt
0 0 JQ

Now, let h be C§°(R)-function such that:

h(s) = { (1) |25|; L (3.2.78)

and ||h||ze < 1. Then we may define

1 ‘S|Sn_17

n(s) = { h(s — (n— Dsg(s)) n—13> s, (3.2.79)

where sg(s) denotes the sign of s. Moreover, we define

Sn(s) = /OS hy (1) dT. (3.2.80)
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For some positive M let us take the test function ¢ = 7,5 (S,(61) — Sn(62)), where T, (Sn(61) —

S, (62)) denote the positive part of Tas(Sy(61) — Sn(62)). It is obvious that 7,7 (Sn(61) — Sy (62))
belongs to L2(0,T, W2(2)) N L°*(Q). Then

/T /t/ a(Sn(Gl) — Sn(92))7—]\44r(5n(91) — S, (62))dzdsdt

/// (SL(6:)V61 — S..(62)V05) - VT35 (S (61) — Sa(0)) dar ds dt

(3.2.81)
+ /0 /0 [ (100170 — S1(62)[T027) T3 (52(61) = S,(62) d d
/ / / f15 91 fQS/ (92))T+( (01) (92)) d.%‘ dS dt.
It is obvious that for the first term on the left-hand side it holds
Y[ O(Sn(61) — Sn(f2)) OTu([S Sn(02)]%)
/0 /Q pn Tab(Sn(01) — Sn(62)) dzds = / / dx dt
/ Tar([Sa(61) — Su(02)] ) (1) da

/ Tar([Sn(B0,1) — Sn(f02)]T) da,

where Th/(s = J5 Tar(7) d7. Moreover, the choice of sequence of function {S,}22, causes that
the followmg convergences

Sn(01) — Sn(tgg) — 91 — (92
(f1.55,(61) — fZS;z(HZ))TA}(Sn 01) — Sn(62)) — (fr — fg)TA—}(@l —69) (3.2.82)
Sn(00,1) — Sn(6o,2) = Bo,1 — 6o 2

hold strongly in L'(Q) and L'(Q), respectively, as n — oco. Let us focus on the second and the
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third term on the left-hand side of (3.2.81)). It is obvious that

/// w(01)V01 — 87,(02)V02) - VT (Sn(61) — Sn(02)) dz ds dt
/ / / (VSn(61) — VSn(62)) - VT3 (Sn(61) — Sn(62)) dz ds dt

_/ / (VS (01) — VS (82)) - V(Sn(61) — Sn(6a)) da ds dt
(2,5)€Qx(0,t): 0<V Sy (01)—V S (02)<M}

/ / IVSn(01) — VS, (62)]* dzdsdt > 0,
(x,5)€Qx(0,t): 0<V Sy, (01)—V Sy (82)<M}

‘/ // (Sn(01) V0L = S1(62)[V0s[?) Ty (Sn(01) — (92))dxdsdt’

\/ ) (SLEIVAI — SLO)V0I) Ty (Su(61) — Si(6)) |
= T||S}|| o= R) M/ V0| da dt
{(z,t)€Q: n<|61|<n+1}
+ T||Sp|| poo () M V0|2 dz dt.

{(z,t)eQ: n<|01|<n+1}
(3.2.83)

Using Lemma [3:2.4] we obtain that the right-hand side of abovementioned equation tends to 0 as
n goes to co. Then we may rewrite (3.2.81]) in the following form

T t
/Q;rM([e1 — 0,]*) da dt —/0 /O /Q(fl )T — eg)dxdsdHT/QfM([em — Goa]t) da.
(3.2.84)

Since 0y1 < bp2 and fi < fo, then the rlght hand side of (| is nonpositive and thus
’TM([91 —05] 1) is nonpositive. Since function Tas is nonegative (see the deﬁnltlon) and nonpositive,
we obtain that [#; — 62]T is equal to 0. And this implies that ; < 62, which completes the
proof. O
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Chapter 4

Mro6z model

The subject of this chapter is to consider a general class of thermo-visco-elastic models, to which
belongs the Mroz model, cf. [57]. In 1967 a Polish engineer prof. Z. Mroz formulated the
hardening rule, where the dependency between visco-elastic constitutive function and deviatoric
part of Cauchy stress tensor was linear, i.e. G(6,T%) = G1(9)T?. Our goal is to present the
proof of existence of solution to visco-elastic models of Mroz-type. Let us start with formulation
of assumptions on constitutive function G.

Assumption 4.0.1. For the function G(-,-) the following conditions hold
a) G(0,T) is continuous with respect to 6 and T?;
b) (GO, TS — G0, T9)) : (TS —T%) >0, where TS # T4, T1, T3 belong to S3;
¢) |G, TY| < C|T?, where T belongs to S* and C' is a positive constant;
d) G0, T : T > B|T?, where T belongs to S® and B is a positive constant;
Constants C' and B are independent of temperature 6.

We have to additionally assume that Q C R? is an open bounded set with a C? boundary and
moreover, the considered body is homogeneous in space, i.e. function G' and operator D do not
depend on spatial variable x.

The results included in this chapter are a combination of two papers. In [33], we showed the
sketch of the proof for models satisfying Assumption Here, we present different proof. We
modify the proof from [33] by using the results obtained in [32]. The main idea is still the same,
i.e. we still use Young measure tools to complete each limit passage. The differences between
these proofs lie in transformation of a system into homogeneous boundary-value problem and in
the estimates for approximate solutions.

This chapter is divided into three sections. Firstly, we recall well known facts regarding
Young measures. We formulate theorems, lemmas ans their proofs. Then, we formulate the main
theorem of this chapter. And finally, we present full proof of solutions existence.

4.1 Young measure tools

We begin this section with a few general remarks about Young measures. Let n,m € N and FE
be a measurable subset of R”. And let us consider the sequence {z;} such that z; : £ — R™.
The Young measure is a limiting probability distribution as j — oo of the value z; near point
x € R™. In the case of many sequences, e.g. sequence which converges only weakly, we are
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not able to predict how the nonlinear function of this sequence will behave. For example, the
weak convergence of velocity does not hold any information about the kinetic energy. The first
individual who investigated the failure of classical minimization was L.C. Young in the 1930’s.

The Young measures may be a very useful tool to get more information about the sequence
behaviour. The idea of looking at the limit of the sequence as a probability distribution comes
from L.C. Young [86]. Young applied this technique for problems of calculus of variations without
the minimizer in a classical sense. Later, application of Young measures for many other problems
was shown, e.g. for optimal control, cf. [52, [83] [86], or nonlinear hyperbolic equations, see [77],
as well as many others.

Let us consider a measurable set £ C R™. By Cy(R™) we denote the closure of continuous
functions on R™ with a compact support. Co(R™) with a norm defined by || f||oc = supyegm |f(A)]
is a Banach space. By Riesz representation theorem, see e.g. [42], p.364], the dual space to Cp(R™)
is a Banach space M(R™) of bounded Radon measures on R™. The duality pair between Cp(R™)
and M(R™) is defined by

(v, f) = o F) dv(N). (4.1.1)
Let us denote also by L{°(E, M(R™)) the space of weak* measurable maps v : E — M(R™)
that are bounded. Moreover, L°(E, M(R™)) is the dual of the separable space L'(E, Co(R™)),
cf. |27, p.588|, and the duality pairing is given by

(mW%iéWA%W@JMM (41.2)

In this section, we present a few theorems and lemmas which are used to prove the existence of
solutions to thermo-visco-elastic models. We also use this tools in Chapter [ff Theorem and
Lemma — Lemma come from [58]. For the fundamental theorem on Young measures
we also refer the reader to [9]. Proof of Theorem come partially from [58] and partially
from [9]. Proofs of lemmas presented below come from [58], but with some additional comment
to improve its readability. In its application to nonlinear partial differential equation it is very
important that in the fundamental theorem on Young measures we prove point (v), which says
that this approach may be used for unbounded functions, e.g. potential energy.

Theorem 4.1.1 (Fundamental theorem on Young measures, Theorem 3.1 from [58]). Let E C R™
be a measurable set of finite measures and let z; : E — R™ be a sequence of measurable functions.
Then there exist a subsequence (still denote by z;) and weak™ measurable map v, : E — M(R™)
such that the following holds

(i) ve >0, [|Vell pmrm) = Jgm dve <1, for a.e. z € E;

(ii) for all f € Co(R™)
) 2T in L<(E), (11.3)

where

f@) = v, [) = | F(A) dve(N); (4.1.4)

Rm
(iii) Let K C R™ be compact. If dist(z;, K) — 0 in measure then

supp vy C K; (4.1.5)
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(iv) Furthermore one has
vzl m@emy =1, (4.1.6)
for a.a. x € E if and only if the sequence does not go to infinity, i.e. if

lim sup meas({|z;| > M}) = 0; (4.1.7)
M—oo

(v) if (4.1.6) holds, A C E is measurable, f € C(R™) and if
the set {f(z;)} is relatively weakly compact in L'(A), (4.1.8)

then
f(zj) = [ in L'A), f(z) = (va, f); (4.1.9)

(vi) If (4.1.6) holds, then in (iii) one can replace ’if” by ’if and only if .

Proof. The idea of this proof is not to consider a real valued vector functions z; : E — R™, but
passing to maps v/ : E — M(R™). Let us define

v (x) = 6, (a)- (4.1.10)
By we obtain ‘
(), f) = f(z(x)) (4.1.11)

for f € Co(R™) and [|v7 ()| pyrny = 1. This implies that 27 belongs to Ly (E, M(R™)). Hence,
by the Banach-Alaoglu theorem (see [16, Theorem 3.16, page 66]) we obtain that there exists a
subsequence of {v7} (still denoted by {+7}) such that

V() S in L°(E, M(R™)). (4.1.12)

We should remember that by v, we denote v(z). Lower semicontinuity of the norm implies that
[vellpm@my < 1 for ae. € E. Let us take a function ¥ € L'(E, Co(R™)). Using [@.1.12) we get

/E\I/(:U,zj(x))dzz:/E<uj(-),\11(x,-)>dx—>/E<Vm(~),\11(x,-)>dx (4.1.13)

as j — oo. Taking ¥(x, \) = () f(A\) where ¢p € LY(E) and f € Cy(R™) are arbitrary functions
we obtain

/ () (2(x)) da / b)Y (), £()) da, (4.1.14)
E E

which implies (i7). Moreover, considering all functions f > 0, ¢ > 0 we get that v, > 0, which
finishes the proof of (7).
Let us take arbitrary function f € Co(R™ \ K). To prove (i) it is suffient to show that

(V, ) = 0. (4.1.15)
Let us take arbitrary € > 0, then there exists C¢ such that the following inequality holds
|f(N)] < e+ Cedist(A, K), (4.1.16)

and then
(IFN)] = ) < Cdist(), K), (4.1.17)
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where we denote a positive part of - by (-)*. Since dist(z;, K) — 0 in measure as j goes to oo
then also (|f(z;)] — €)™ — 0 in measure. By (ii) we get

(va, (If] = €)T) =0 (4.1.18)

for a.e. x € E. Since € > ( is arbitrary constant (4.1.15)) follows.
To prove (iv) let us define the "hat’ function

1 Al <M,
oA\ =4 14+ M—|\ M<|A\<M+1, (4.1.19)
0 M+1<|),

for positive M. Then

fim qSM(zj(x))dx:/E(Vm,qﬁM)dxS/E<Vm,1>daj:/Eny||M(Rm) d.  (4.1.20)

J—7® JE
Moreover
0= 6u(ey @) do < meas({]z] > M), (4.1.21)
and thus
meas(E) — meas({|z;| > M}) < /E¢M(zj(:c)) dz. (4.1.22)

Passing to the limit with j — co we get
meas(E) — sup meas({|z;| > M}) < /E Vel mermy Az, (4.1.23)
J
and then with M — oo
meas(E) — ]\}linoo sgp meas({|z;| > M}) < /E Vel pm(rmy dv. (4.1.24)

Finally, if limps_,o0 sup; meas({|z;| > M}) = 0 then ||v;|| s = 1. We prove the second implication
by contradiction. Let us assume that there exists € > 0 and sequence of pairs {(Mj, ji)} such
that M}, — oo as k — oo and meas({|z;,| > Mj}) > €. Let us take some positive M

lim /E(;SM(zjk(az))dx:/E<Vx,¢M>dx. (4.1.25)

k—o00

Then there exists sufficiently large k, such that My > M 4+ 1 and the following inequality holds
/ o (zj, () de < meas(E) — e. (4.1.26)
E

By monotone convergence theorem we may pass in (4.1.25) to the limit with M going to oo.
Then by (4.1.26)) we obtain

/HVIHM(Rm)dx:/<V1"71> dx
E E

= lim Vg, dz
] (e da) (4.1.27)

= lim lim /EgﬁM(zjk(a:))da:
€

M —o00 k—00

< meas(F) — ¢,
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which stays in a contradiction with ||| vq@mm) = 1.
To prove (v) it is enough to consider only positive functions f € C(R™). Since holds,
then by (iv) we get
f(z) = x  in L'(A). (4.1.28)

Let far(A) = @ar(N) f(A), where ®p/(X\) was defined by (4.1.19)). Let us take ¥ € L*°(A). Then

| /A U(far(z) — f(2))) da] < C 1 (z) d, (4.1.29)

{z€A: |zj|>M}

where constant C' depends on the choice of ¥. By Dunford-Petittis theorem [56, Theorem T23|
relatively weak compact set is also uniformly integrable, hence for all € > 0 there exists R > 0
such that

sup

JjeN /{&?GAr [f(z;)I=R}
Then we may continue the estimates in (4.1.29)) as follows

f(zj)|dz <. (4.1.30)

| / U(far(z) — f(z5)) da| < C F(z)lda
A

{z€A: |z;|>M}

=C | (z)| dw
{z€A: |z >M}n{zeA: |f(z)[2R}

+C |f(zj)] dz
{z€A: |zj|>M}In{z€A: |f(z;)|<R} (4.1.31)

<C |f(z)| dz
{weA: |f(z))| 2R}

+C |f(z;)| do
{zed: |zj|>M}n{zeA: |f(z)|<R}
<Ce+ CRmeas({x € A: |z| > M}).

For sufficiently large M the right-hand side of (4.1.31) may be bounded by 2¢C. Since ¢ > 0 is
an arbitrary constant then

M—oc0

lim \I/fM(zj)dx:/\I/f(zj)dx (4.1.32)
A A

for all ¥ € L>°(A). Moreover

lim [ Wfu(z) = / U vy, far) da. (4.1.33)
J—00 A A

Since {fy} is an increasing sequence then we may pass to the limit with M — oo in (4.1.33) by
using the monotone convergence theorem. Also we may pass to the limit with j — oo in (4.1.32)).
Then we get

/\11<Vx,f>dl‘: lim W(Vm,fM>dx:/\led:z:, (4.1.34)
A M—oo J 4 A

which completes the proof of (v).
Finally, let us prove (vi). We define the function f(A) = min(dist(\, K),1). Then the set
{f(2;)} is relatively weakly compact in L'(E) and by applying (v) we obtain

lim [ ¢min(dist(z;, K),1) = /JE(ﬁ(Vx(-),min(dist(-,K), 1)) =0. (4.1.35)

j—)OO E
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for every ¢ € L>°(F). The last equality holds because supports of function f and measure v, are
disjoint.
O

Definition 4.1.1. Let f, f,, : E — R™ be measurable functions. We say that the sequence {fn}
converges in measure to f, if for every e > 0 holds

lim meas({z € E: |f(z) — fu(z)| > €}) =0. (4.1.36)
n—oo
On the basis of fundamental theorem on Young measures we know that Young measure exists.
Now, we prove its properties which are used latterly. The following lemmas come from [58], see
also [61]. Similar technique was used in [211 [34] [73].

Lemma 4.1.1 (Corollary 3.2 from [58] ). Suppose that a sequence z; of measurable functions
from E to R™ generates the Young measure v : E — M(R™). Then z; — z in measure if and
only if vy = 0,y a.e..

Proof. Let us assume that z; — z in measure. Then also f(z;) — f(z) in measure for all

f € Co(R™). By Theorem (74) we obtain that

/ U(v,, fyde = lim [ ¥f(z)de = / U f(z(z))de, (4.1.37)

E J—00 E B

for all f € Co(R™) and ¥ € L' (E). Thus v, = d(z) and the proof of first implication is complete.
Let vy = 0,(;) a.e. in E. Since {v; },cp is weak™ measurable then the function z is measurable.

We define a continuous function ¢ : Ry — [0, 1] by

0 r <3,
¢(x) = continuous § <x <, (4.1.38)
1 e <,

for some positive e. Using Theorem (v) for function f(A) = ¢(|A — a|) for some constant
a € R™ we obtain

lim f(zj)dx:/E@x,f}daz

j—)OO E
= dx = — dr = — d
Jterde= [ o= a)da /{E LY

Since ¢(|z—al) < 1 then the right-hand side of (4.1.39) is bounded by meas({z € E : |z(z)—a| >
$}). Moreover, the left-hand side of (4.1.39) may be estimated by

(4.1.39)

lim [ f(zj)dz = lim / o(lzj —al)dx
j—oo g

j—)OO E
~ lim ( / o ~ado+ [ ¢<rzj—a\>dm>
J—00 {z€E: $<|7j(z)—al<e} {z€E: |zj(xz)—al>€}

> limsup/ &(|zj — al) dz
j—00 {z€E: |z;j(xz)—a|>€}

= limsupmeas({x € E: |z;(z) — a| > €}).
Jj—00

(4.1.40)
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Hence

limsupmeas({x € E: |zj(z) —a|] > €}) <meas({z € E: |2(z) —al > %}) (4.1.41)

Jj—0o0

Furthermore, similar inequality holds if we choose piecewise constant measurable functions w :
E — R™. Let w(z) =), 1y,(z)a; then

limsup meas({z € £ : |zj(z) — w(z)| > €}) = limsup meas Z({x €xi: |zj(x) —ai| > €})

J—o0 j—roo i

= Zlimsup meas({z € x; : |zj(x) — a;| > €})
i Jj—o00

< Zmeas({x exi: |z(x) —ai > g})

= meas({z € B : |2(z) — w(z)| > §}>.

(4.1.42)
Thus
limsup meas({z € E : |z;(z) — z(z)| > €})
j—o0
<limsupmeas({z € £ : |z(z) —w(z)| > %})
e (4.1.43)

+ limsupmeas({z € E: |z(z) —w(z)| > g})

Jj—0o0

<2meas({z € E: |z(z) —w(x)| > i})

The right-hand side of (4.1.43) may be made arbitrary small, because we may approximate every
measurable function by piecewise constant functions. O

Lemma 4.1.2 (Corollary 3.3 from [58] ). Suppose that the sequence of maps z; : E — R™
generates Young measure v : E— M(R™). Let f: E x R™ — R™ be a Carathéodory function
(i.e. measurable in the first argument and continuous in the second). Let us also assume that the
negative part f~(z,z;(z)) is weakly relatively compact in L'(E). Then

lim inf/ flz, zj(x))de > / f(z, A) dvg(N) dz (4.1.44)
J—ee JE E JRA

If, in addition, the sequence of functions {f*(-,z;()) + f~(-,2;(:))} is weakly relatively compact

in LY(E), then

fCiz() = » FEA) dve(X) in LY(E). (4.1.45)

Proof. The proof of this lemma consist of four steps. Firstly, we prove this lemma for positive
function f with support contained in some ball. Then, we remove the condition on supports
boundedness (step 2.) and we remove the assumption on positivity of function (step 3.). The
last step is to show that holds.

Step 1. Let us start the proof with considering the case of positive function f > 0. Moreover,
we assume that f(x,\) = 0 if |A| > R for some positive R. By Scorza-Dragoni theorem (see
e.g. [0, Theorem 12.1.3|) there exists an increasing sequence of compact sets Ej such that
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meas(E \ Ey) — 0 as k — oo and f|g, xrm is continuous. Let us define Fj, : E — Co(R™)
by Fg(x,+) = 1g, (z)f(z,-). It is obvious that Fj, € L'(E;Co(R™)). Moreover, 02, (x) X v, in
LY (E, M(R™)) as j — oco. Hence

/fxzj dx>/fxzj dx—/kaz]

/(5 () Fr(, dfc—>/ Vg, Fi(x,+)) dz (4.1.46)

// Fi(z, A) dvg (A dm—/ fz, \)dvg(N) dx
m B, JR™

as j — oo. By monotone convergence theorem, as k — oo, we obtain

/ sz (a)) da > / ) dus (M) da (4.1.47)
E E JR™

Passing to the limit with j — oo we complete the step 1.
Step 2. To remove the assumption that support of function f(z,-) is contained in a ball, let us
consider an increasing sequence {1;} C Co(R™), such that 7; converges to 1 as [ goes to co. Then

let fl(x7)‘) = f(%)\)m()\) and by

/E fil, 2 (@) da > /E /R il X) dve(3) da. (4.1.48)

holds for every [ € N. By applying again the monotone convergence theorem we may pass to the
limit with [ — oo and finish the proof of step 2. Moreover, by using shifts, holds for
every function bounded from below.
Step 3.

Since {f~(z,2;(x))} is relatively weakly compact in L!(E), by [56, Theorem T23], then it is
uniformly integrable. Hence, for every € > 0 there exists positive M such that

sup

/ [ (z,2j(z)) de <e. (4.1.49)
J JH{zeE: |f~ (.2 (@)) =M}

Let us define an auxiliary function
faur(z, A) = max(f(x, \), —M). (4.1.50)

Then by use of conclusion from step 2. we obtain

lim inf /E Far(, 25(2)) der > /E [ ) () do > /E [ Ha N de. (@15)

J—00

Moreover, definition of function f3; and uniform integrability of f~ implies

liminf/EfM(x,zj(x))daz = liminf/E (fi(@, 2 (2)) — fi(@,2i(2))) da

J—00 J—00

= limint (/Eﬁ(x,zj(x))dx—[Ef(a;,zj(x))dx

4 / I (@, 2(2)) dx)
{zeb: |f~(z,2;(x)) |2 M}

= lim inf (/ f(x,zj(x))dx—}-/ f_(x,zj(x))dx)
J7ee \JE {zeB: |f~ (2,2 (2))| =M}

§liminf/ f(z, zj(x))dz + €.
E

j—o0

(4.1.52)
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Hence
lim inf / f(,z(x)) de + e > / Fl, N) dva(A) da, (4.1.53)
and since € > 0 is an arbitrary constant, the proof of step 3. is finished.
Step 4.
It is sufficient to observe that is an application of to fz,\) = £o(x) f(2, \)
for all positive ¢ € L*(E). O

Lemma 4.1.3 (Corollary 3.4 from [58] ). Let E C R? and let u; : E — R" |, v; : E — R™
be measurable and suppose that u; — u a.e. while v; generates the Young measure v. Then the
sequence of pairs (uj,vj) : E — R"™ generates the Young measure v — Su(a) @ V-

Proof. Let us take the following functions ¢ € Co(R"), ¢ € Co(R™) and n € LY(E). Since uj; — u
a.e. in E then also ¢(u;) — ¢(u) a.e. in E. Using Lebesgue’s dominated convergence theorem
we obtain that né(u;) — n¢(u) in LY(E). Furthermore, by Theorem (71) we get

PY(v;) > in L°(E)  and  (x) = (vg, ). (4.1.54)

Let us denote by ¢ ® 1 the tensor product. Then
@@ o0 de = [ not)i;) da
— /Engb(u)@/:c, V) dz, (4.1.55)
~ [ 1lbu @ v @ 0 da
as j — 0o. Then, by the density of linear combinations of products ¢ ®1) in Co(R"™), we obtain
(6 @ V) (uj,v;) = (6,) @ v, p ® 1) in LP(E), (4.1.56)

which completes the proof. O

The following Lemma comes from [34], Theorem 1.2]. Use of this lemma in the proof of
existence is a crucial step of the main theorem of this chapter.

Lemma 4.1.4. Let Q C R™ be a measurable set of finite measure, let Q = Q x (0,T) and let an
operator A(x,t,s,£) : @ x Ry x R™ x R™ — R", satisfy the following conditions:

(i) A(z,t,s,&) is a Carathéodory function (measurable w.r.t. (xz,t) and continuous w.r.t. (s,§));

(i1) For allz € Q, t €[0,T], s € R™ and &,& € R", & # &

(A(a;,t, 5,61) — A, t, s,gQ)) : (51 - gg) >0 (4.1.57)
(11i) There exist positive constants ci, co such that for p > 1 it is held that
A(x7t787§) f 2 Cl|€’pa (4158)
and
|A(z,t,5,6)| < el (4.1.59)

Let y; : Q@ — R™ and zj : Q — R" be sequences of measurable functions such that
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() yj =y a.e inQ;
(v) zj = z in LP(Q) and A(x,t,y;,2;) = A* in L#(Q),

(vi)
lim sup/ Az, t,yj,25) - zjdedt < / A" zdx dt. (4.1.60)
Q

j—00 Q
Then there exists a subsequence of {z;}, such that z; — z in LP(Q).

Proof. We start the proof with applying Lemma to the function A(x,t,y;,2;) - z;. Since
condition (i77) is held, A(z,t,y;, z;) - z; is positive for every j € N, the sequence of negative parts
is relatively weakly compact in L'(Q). Then we obtain

limsup/ Az, t,yj,25) - zjdedt > / / Az, t,s,A) - Adpg (s, \) dz dt (4.1.61)
Q mxR"

j—00

where p, is the Young measure generated by the sequence (y,,z,). By Lemma we may
characterize this measure more precisely, i.e

Mﬂf,t(sa )‘) = Oy(z,t) (S) @ Vx,t()‘)u (4162)

since y; converges to y a.e. in @ and sequence {z;} generate the Young measure v, ;. Then
/ / Az, t,s,A) - Adpg (s, A) dedt = / Az, t,y, A) - Advg(X)dedt.  (4.1.63)
R™ xR™ R”

Moreover, the set {z;} is bounded in LP(Q) hence it is relatively weakly compact in L'(Q). Using
Theorem we obtain that z(x,t) = [gn Advg (). Applying the same argument to function
A(y -y ) we get A* = [pn Az, t,y, /\) dvg (). By combining these results with condition (vi)

and (4.1.61)) we get
// (x,t,y, A) - )\dum()\)dzndt</A* zdzdt

// (,t,y, \) dvg ¢ (A) - / Advg ¢ (N) do dt.

(4.1.64)

Let us define
h(z,t,\) := <A(:U,t,y, A)—A <aj,t, Y, gdym(g)>> : <)\ _
Rn

Monotonicity of A with respect to last variable implies that

5dyx,t(g)> . (4.1.65)

Rn

// h(z,t, ) dvg(A) dedt > 0. (4.1.66)
Thus
// h(z,t, ) dvg (X)) dz dt
QJR
_ / / A(x,t,y,)\)~<x\— gdux,t(g)> dvy4(A) dar dt (4.1.67)
Q n R

—/ / A <x,t,y, fduw,t(§)> . <)\— §duw,t(§)> dvg+(X) dz dt
Q Jrn Rn Rn
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The second term of right-hand side is equal to zero. Indeed, changing the variables we obtain

/Q/nA <$7t73/,/Rn§de,t(§)> : ()\— /Rnfdl/x,t@)) dvg(N) dedt
:/ / A (x,t,y, fdyz,t(§)> “Adyg (X)) dz dt
Q Jrr E"

/ / A (w,t, Y, fdl/x7t(§)) . Edvy +(€) dvg(N) de dt (4.1.68)
Q Jrn R" Rn

-/ A(x,t,y, / adux,t(@)- £ v, 4(€) du dt
Q Rn Rn

_/QA (ac,t,y,/Rn{dux,t(g)> '/Rnfd””vt(é) o dt

Coming back to (4.1.67)) we get
/ / h(z,t, ) dve o (V) da df = / / A, t,9, ) - Advp s (A) da dt
Q n Q n

(4.1.69)
— / / Az, t,y, \) dvg ¢ () - / Advg +(N) dz dt.
Q n Rn
Using (4.1.64) and (4.1.66) we get
/ h(z,t,\) dvg (A) =0, (4.1.70)
for a.a. (z,t) € Q. Using (4.1.65) and properties of a measure v, ¢ we obtain that
hz,t,A\) =0 <— A-— / Edvy4(€) = 0. (4.1.71)

Moreover, by the support of function h(z,t,-) and measure v, are disjoint for a.a
(z,t) € Q. This implies v, = §,(,) a.e..

By Lemma we obtain that z; converges to z in measure. Then there exists a subsequence
of {z;} such that z; — z a.e.. Moreover, using Lemma [4.1.3] and assumption (vi) we get

limsup/ Az, t,y;,25) - zjdedt < / Az, t,y,z) - zdedt < liminf/ Az, t,yj,25) - zjde dt.
Q Q

Jj—00 Q j—s00

Let us define g, = A(z,t,yn, 2n) - 2o, and g = A(z,t,y, 2) - z. We know that
g >0, geLYQ), / gndz dt — / gdxdt, g, — gae. in Q. (4.1.72)
Q Q
Furthermore

/]gn—g|dxdt:/(gn—g)dxdt+2/ max{(g — gn),0} dz. (4.1.73)
Q Q Q

By Lebesgue’s dominated convergence theorem we get that the sequence {A(z,t,y;,z2;) - 25}
converges to A(x,t,y,z) -z in L'(Q) as j goes to oo. Thus, it is uniformly integrable and by
assumption (i7i) also the sequence |z;|P is uniformly integrable. Using Vitali’s Theorem [53]
Lemma 2.11] yields that z; — 2z in LP(Q), which completes the proof.

]
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4.2 Formulation of problem

Let us define ng(ﬂ, R3) == {u € WL2(Q,R3) : u = g, on 9N}. Now, we are ready to formulate
the solution’s definition and the main theorem of this chapter.

Definition 4.2.1. Solution to Mroz model
Let q € (1,2). The triple of functions (u,T,0) is a weak solution to the system (1.2.2)) when

u € L*(0,T, W, 2(Q,R?)),
T € L*(Q,S%), (4.2.1)
6 € L0, T, Wh1(Q)) N C([0,T], W—>2(Q)),

and it satisfies

T T
/ /T:chdmdt:/ /f-cpdxdt, (4.2.2)
0 Q 0 Q

where T is deviatoric part of Cauchy stress tensor T = D(e(u) — €P), and

_/()T/Qe¢td:cdt_/990(x)¢(07x) da
+/OT/Qv9.V¢dxdt_/OT/mg€¢dxdt:/OT/QTd:Gw?Td)qsdmdt,

for every test function ¢ € C*([0,T],C°(Q,R3)) and ¢ € C°([—00,T),C>(R)). Furthermore,
the visco-elastic strain tensor can be recovered from the equation on its evolution, i.e.

(4.2.3)

eP(z,t) = ef(z) + /0 GO(z,7), Tz, 7))dr, (4.2.4)

for a.e. x € Q andt €[0,T). Then €P belongs to W2(0,T, L*(Q,S3)).

Theorem 4.2.1. Let initial conditions satisfy 0y € L*(Q), b € L*(Q,83), boundary conditions
satisfy g,, € LQ(O,T,H%(E?Q,R?’)) and go € L*(0,T, L3(0R2)), function f € L*(0, T, W ~12(Q,R?))
and function G(-,-) satisfy the same condition as in Assumptions|4.0.1. Then there ezists a weak

solution according to Definition to system ((1.2.2)).

4.3 Proof of Theorem [4.2.1]

Proof of Theorem [£:2.T] contains a few steps. Some elements of this reasoning can be found in
Chapter [2] and in Chapter [3| and for more details we refer the reader to these chapters. This
section is organized as follows: in Section we concentrate on transforming of full thermo-
visco-elastic problem into a homogeneous boundary-value problem, which allows us to focus on
the homogeneous boundary-value problem. Sections [4.3.2] and [4.3.3] are dedicated to show the
uniform boundedness of approximate solutions. Results presented in Section [£.3.3] are valid for
other models presented in this dissertation and we refer to it in the next chapters. Finally, due
to use of two level approximation, we pass to limit with [ — oo in Section 4.3.4] and with k£ — oo

in Section {.3.5]
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4.3.1 Transformation to a homogeneous boundary-value problem

The idea of transformation to homogeneous boundary-value problems was discuss in Chapter
Let us consider two systems of equations with given initial and boundary data.

—divT =f inQx(0,7),
T =Dé inQx(0,7T), (4.3.1)
w =g, onodQx(0,T),

and )
0 —A0 =0 inQx(0,T),
2 =gy ondQx(0,T), (4.3.2)

0(1‘,0) :90 in Q.

Lemma 4.3.1. Let initial condition satisfy 6y € L2(2), boundary conditions satisfy g, €

1
Lr(0,T, W1_5’p(89))3, go € L2(0,T, L?(09)) and also the volume force f belongs to LP(0,T, W ~1P(Q, R3)).
Then, there exists a solution of systems (4.3.1) and (4.3.2). Additionally, the estimate holds:

@]l oo, wir () < C1[1gll . | Fll e 0,7, w12 (0,R3))

1-1 p
Lp(0,7, W~ 7P (90,R3)
10]] oo (0.7, 212y + 100l 207 w1202y < Co (\|99||L2(0,T,L2(ag)) + ||§0||L2(Q)> :

Moreover, 8 belongs to C([0,T], L*(Q)).

Proof. From the trace theorem [82, Chapter II| there exists g € LP(0,T, WP (€, R?)) such that
gloa = g, Therefore, instead of finding the solution @ to (4.3.1]) we focus on finding the solution
u; to system

{ ~divDe(@) = f+divDe(g) inQx(0,7), (4.3.3)

u = 0 on 90 x (0,T).
It can be immediately observed that solution to (4.3.1)) @ is a sum of @1 and g. The existence of
solution to elastostatic problem (4.3.3]) and its estimate is obtained by usage [82, Corollary 4.4].

The proof and estimates for heat equation are standard. This results can be found, for example,
in [29]. O

For Mroéz model, i.e. p = 2, the boundary data satisfy the assumptions from Theorem [4.2.1
and we may transform the problem into homogeneous boundary value problem. Then data are
coming into the system by shifts of the solutions in nonlinear function G(-,-). Thus, it is sufficient
to consider the following system of equations

—divT =0,
T = D(e — &),
e’ =GO +6,T+T?), (434)
0, — A0 = (T + T : G6+0,T" + T,
with initial conditions: .
(a8 g (429

and homogeneous boundary condition on displacement and temperature.

We start the proof with the definition of approximate system of equations and approximate
solutions, see . Moreover, we know that the approximate solutions are absolutely continu-
ous on some time interval (0,t*), see Lemma . Our goal is to show that these solutions exist
on the whole time interval (0,7") and that limits of these sequences exist and fulfill Definition

E2.1
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4.3.2 Potential Energy estimates

As we mentioned in the introduction, the uniform estimates for approximate solutions are con-
sequences of finite initial energy. Density of energy in quasi-static case consists of potential and
thermal energy. Let us start with the estimates regarding potential energy, see Definition [T.4.1]
The estimates for the temperature are the subject of next section.

Lemma 4.3.2. There exists a constant C, which is independent of k and [, such that

~d
tS[%pT} E(e(ury), szl)(t) +c|T + T%JH%Q(O,T,LQ(Q)) < C. (4.3.6)
€10,

Proof. The potential energy of approximate solutions is an absolutely continuous function. Hence,
calculating the time derivative of £(t) for a.a. t € [0,7] we obtain

d

%S(e(ukjl)je};l) = /QD(s(ukJ) —epy)  (e(ugy))ede

(4.3.7)
— /QD(e(uk,l) —epy): (epy)eda.

Using the approximate system of equations we the changes of potential energy. At the beginning
let us multiply - by {( ay )t )i} for each n < k. After summing obtained equations over
n=1,..k we get

/QD(E(’U,kJ) —epy)  (e(ugy)edz = 0. (4.3.8)

Hence, the first term in (4.3.7) vanishes. Consequently, we multiply (2.2.8)) 4 by 47} for every
m =1,...,1. Summing over m = 1,...,[, we obtain the identity, which is equivalent to

/ (eh )i : Tryda = / G0 + Oy, T+ T¢) : Ty da. (4.3.9)
Q Q
And thus

d

2 ee(uni), <)) /G 64 0, T+ T8 T do, (4.3.10)

where we use the properties of traceless matrices, i.e. if A = A then A%: B = A?: B%. Using
Assumption and the Young inequality we get

d = d 5 ~d
dtg( (uk,l)’sg,l) = /Q(T +Tg7l):G(9+0kJ,T JrT%J) dx

+ / T GO+ 6,, T+ T}, du
Q

IN

- d -d ~ -d
—BIT" + T3 7 2) + 1T | 2@lIGO + 01, T + T4 )l 2

- d - d ~ - d
—BIT" +Tf1172(q) + ONT 721 + el GO+ 0hp, T + T )7 20

IN

where € < %, with a constant C' coming from Assumption Hence, we estimate the last
term as follows 4
NG+ 01, T + T ) Ry < Ol + T B, (13.11)
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and the choice of € implies that C%e = g Finally, integrating over (0,t¢), with 0 < t < T we
obtain

B ~d
E(e(urn) ) () + ST + T3l 72007, 020)

) (4.3.12)
(T 7207, 12(0y) + E(E(una), €} )(0),

which completes the proof. O

Remark. Using Lemma[{.53.3 and Assumption we immediately observe that the following
inequalities hold

(@,8%) < 1,

”Tz,l”LQ(o,T,m(Q,SS)) < cg,
~ ~d
IG(0 + 0.1, T + T ) 2 0.1,12(02.5%) < €3,
~ d - ‘""d
H(T + Tg,l) : G(Q + 9].37[, T + Tt]z,l)HLl(O,T,Ll(Q,S3)) S Cy4,

(4.3.13)

for all k,1 € N. Moreover, constants c1, ca, c3 as well as cq4 are independent of approximation
parameters k and l. Uniform boundedness from (4.3.13)1)_(3) implies existence of weak limits
for each of these quantities.

Lemma 4.3.3. The sequence {(Eg’l)t} is uniformly bounded in L*(0,T, (H*(2,S8%))") with respect
to l.

Proof. Let ¢ € L*(0,T, H*(Q,S%)). Let us notice that (P* + P]é’f)(szl)t = (e} ). Using the
orthogonality of the subspaces lin{e(wi),...,e(wy)} and lin{{;,...,¢;} in the sense of scalar
product (-,-)p we obtain

T r I,k
/ (R )i @) p| dt = / [(P* + P5)(eR )i, o) p| dz
0 0
T
= /0 (€2 ). (P* + Ppi)e)pldt (4.3.14)

T T
k
< /0 (8 ) Pro)p| i + /O (€8 )i P b dt,

where P* and P! ’2 are prOJectlons on lin{e(w,)}*_, and lin{¢* }!
of (,-)p, see Deﬁnmon Then, we may estimate

m—1, respectively, in the sense

T T
5 ~d
/0 |((€E,Z)t7¢)D’dt§/0 |/QDG(91<;J+9,T%J+T )P da| dt
T ~ ~
+/O I/QDG(Gk,mLG,T%,ZJrT) Pl dz| dt
T . y (4.3.15)
<af r/ GO0, + 0, T, + ) Prep da]
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where we use the identity (2.1.31) in the last inequality. We continue the estimates as follows
T T R 4
/ |((€£7l)t,90)p|dt§d/ ]/G(9+9k7l,T + T ) Prodal dt
0 0 Q
T
~ - d
+d/ |/G(e+ek,l,:r LT ) (P o (Id— PF))pdaldt
0 Q
T j 7d d k
<d [ 16+ 00 T+ TL) )| Pl
T
N ~d L.k
+d/0 IGO0 + 010, T + T4 )| 12() | (Pyys © (Id = P¥))pl| 2y dt
g 5 wd d k
< de [ 160+ 00s '+ TL) )| Pl
T
. ~ - d
+d0/0 IG(0 + 0x0, T + T )| 2y | (Piys 0 (Id — P*) | oy dt
T ~ 4 .
< dolh [ 160+ 800 T+ Tz oy e
T ~ ~d
2 [ G0+ 000 T+ T e (1 = PPl ey
T ~ 4 ;
< e [ 160 + 00T+ Tl oyl oy

T
~ ~ ~d
T de(k) /0 1G@ + 010, T+ T8 2 ol 2=

s - d
< 2de(k)E|G(0 + Okt T" + T ) 20,2200 19l 20,7, 15())
(4.3.16)

where ¢ is an optimal embedding constant of H*(£2,S83) C L?(£,S83). Consequently, there exists
C(k) > 0 such that

T
s [l el dt < CK) (4317)
@EL2(0,T,H5(Q)) 0

H‘PHL2(O,T,HS(Q))S1

and hence the sequence {(e},);} is uniformly bounded in L?(0, T, (H*(£2, S%))"). O

4.3.3 Uniform boundedness of temperature

Results presented in this section hold for every model considered in this dissertation. Difference
between considered models result from assumptions on the function describing the evolution of
visco-elastic strain. The heat equation stays the same in all cases. We draw our attention to all
small differences which may appear in next chapters.

Lemma 4.3.4. The sequence {0} is uniformly bounded in L>(0,T; L'(2)) with respect to k
and 1.

Proof. It can be immediately observed that
P ~ - d
S 10k (D)l 1) < CINT"+T4)) : GO+ 0k, T+ T4 )l 207,00 ()) + 160l 22 ()

and Lemma [.3.2 holds. O
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Lemma implies that the internal energy of € is finite at any time ¢ € [0, T if the initial
internal energy is finite. It is possible to prove better estimates for the temperature, however this
estimate is uniform only with respect to [ and not with respect to k. We provide the details in
the proceeding lemma.

Lemma 4.3.5. There exists a constant C, depending on the domain Q and the time interval
(0,T), such that for every k € N

sup H%l(ﬂ”%z(@) + 110k, %Q(O,T,W1v2(Q)) + ||(9k7l)tH%Z(O,T,W*L?(Q))
0<t<T

(4.3.18)
iy - - d
< C’(HE((T +T5) GO+ 0, T + T%,l)) 7200, 22(2)) + H77c<90)H%2(Q)>-

The proof follows from the standard tools for parabolic equations, see e.g. Evans [29].
Proof. Using standard tools for parabolic equations we obtain
sup (|0t ()72 + V0l 2007 r200)) + 1Okl F 20,0120
0<t<T
~d ~ ~d
< C(HTk((T +T4,): GO+ 0, T + Tﬁ,l))”%Q(o,T,LQ(Q)) + ||Tk(‘90)||L2(Q))-
(4.3.19)

Due to the Neumann boundary condition we cannot use Poincaré inequality in a straightforward
way. Let us define an operator (6)q as an average of function § on Q. Then

10kl 20,7, 22)) < 10k — (Or)allz0,1,22(0) + 1 Ok)llL20.1,22(0)-

Applying the Poincaré inequality for functions from W2(Q) we get boundedness of the first term
on the left-hand side by C||Vé
(Holder inequality)

12(0,7,02())- For the second one we use simple calculations

T
1Ok)ell72(0.7, 220 _/0 /Q(Qk,l)?z dz dt

_/OT/Q <M/§29k,ldy)2 dx dt 2
meai(ﬂ)?/OT/Q ((/QWk,lde)émeas(Q)é) dz dt

1 T )
= 0 dy dz dt
meas(Q)/O /Q/Q| kal” dy dz

From (4.3.19) we know that [, |0.1(t)|* dy is bounded for every t € (0,7'), what completes the
proof. O

IN

All terms on the right-hand side of are bounded and the boundary is independent of
[, hence, for every k € N we choose the subsequence {6} (with respect to {) which converges
weakly to 6, in L2(0,7, W2(Q2)) and the subsequence {0}.;} which converges weakly to ) in
L2(0,T,W~12(Q)). Let us denote this subsequence by {6}

Remark. The uniform boundedness of solutions implies the global existence of approximate so-
lutions, i.e. existence of solutions {a} ,(t), B(t), Vi, (1), 074 (t)} on the whole time interval [0,T]
foreachn=1,...k and m=1,...,1.
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4.3.4 Limit passage with [ going to oo

Due to low regularity of the right-hand side of heat equation and due to necessity of using Boc-
cardo and Galllouét approach, see Section [3.I] We firstly pass to the limit with approximation
parameter for temperature. Let us multiply the system by smooth time-dependent func-
tions and integrate over [0,7]. Then we may rewrite the system as follows. For momentum
equation

T
/ / Ty : Vwppi(t)dedt =0, n=1,...,k. (4.3.20)
0o JO
Evolutionary equation for visco-elastic strain can be presented as

T
/ /(Eg,z)t : De(wy, )pa(t) dz dt
o Ja

T
:/ /G(9—|—0k7l,Td+T%7l):Ds(wn)gog(t)dmdt, n=1, ..k
0 Q

- (4.3.21)
/ /(Sg,z)t : DCpa(t) da dt
0 Q
T ~ ~d
:/ /G(9+0k7l,T +T1) : D¢ ps(t)dadt, m=1,..,1
0 Q
And finally, balance of energy may be rewritten as
T T
—/ / Ok 104 (t) v dz dt — / Oo(x)4(0)vy, dz +/ / Vi1 - Vopea(t) de dt
0 Ja @ 0 Ja (4.3.22)

T ~ ~
_ / / To (@ + T4 : GO+ 00, T+ TLy) ) palt)o dadt,
0 Q

for every m = 1,...,1. Furthermore, (4.3.20) — (4.3.22) hold for all test functions ¢1, @2, @3 €
C([0,T)) and 4 € C([—00,T)).

Using uniform boundedness of approximate solutions sequences obtained in the previous sec-
tions, we get (passing to the subsequence if it is necessary) the following convergences

Ty, — Ty weakly in L?(Q, S?),
TZ,z - Tf weakly in L%(Q,S3),
G(é + ek,l, Td + T%,l) — X Weakly in LQ(Q7 Sg)? (4 ; 23)
Ok, — Ok weakly in L2(0, T, W12(Q)), -9
O — Ok a.e. in Q,
(sg,l)t — (e weakly in L2(0,T, (H*(Q2,S%))").

Now passing to the limit in (4.3.20)—(4.3.21)) results in

T
/ / Ty : Vwyppi(t)dedt =0, n=1,...,k (4.3.24)
0 Q

and
T T
/ /(eg)t : De(wy,)p2(t)dedt = / / X : De(wy)pa(t)dedt, n=1,..k,
0o Ja 0 Ja (4.3.25)

T T
| [ Detntyazat= [ [ xi Dékga(ydaat, men,
0 Q 0 Q
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hold for every test function 1, @2, 3 € C*([0,T]). Density of lin{¢~, °_in L*(Q,S?) implies
that

T T
/ /(65),5 cpdadt = / / X pdrdt (4.3.26)
0 Q 0 Q

holds for all ¢ € C°°([0, T], L?(©2,S?)) and then also for all ¢ € L?(0,T; L*(Q2,S?)).
It remains to pass to the limit in (4.3.22). To do this, we should identify the limit of the
right-hand side term

T
/ / T (G0 + 00 T+ 1) - (@ 4 7)) doat (4.3.27)
0 Q

The characterization of the limit is not obvious as we are dealing with a product of two weakly
converging sequences. For this purpose we will use Young measures tools which were introduced
in Section [A.I] Moreover, we should identify x;, which can also be done by the use of Young
measures tools.

Lemma 4.3.6. The following inequality holds for the solution of approximate system

T t
limsup/ / GO+ 0y, T +T4,)  Thdedt < / / Xy : TEdz dt, (4.3.28)
0 Q 0 JQ

l—00
for every T € (0,T).

Proof. For each > 0,7 <T — p,s >0, let ¢, - : Ry — Ry be defined as follows

1 for se€[0,7),
Yur(s) = —%(s —7)+1 for ser,7+ p), (4.3.29)
0 for s>71+4 p.

Next we shall use (4.3.10)) and multiply it by 4, -(¢) and integrate over (0,T)

T T
/ %E(E(uk,l)’ 5571) ¢u,7’ dt =-— / / G(9 + 0k,l> Td + T(lil) : T(Iil @Z)u,f dz dt. (43'30)
0 0 Q

Let us now integrate by parts the left-hand side of (4.3.30))

d 1

T iy
/ () €)Yy dt = M / E(e(ury),ep,) dt — E(e(ury), ef)(0). (4.3.31)
0 T

Passing to the limit in (4.3.31]) with [ — co we obtain

T

. d

lim 1nf/ deE(E(Uk,l),EEJ)l/’u,T de
0

|—00
S et > . b
= liminf — E(e(ury), ep,)dt — lim E(e(ug,),er,)(0) (4.3.32)
=00 IU, T ’ l—00 )
AR
> [ e )t — el D)0

Note that the last inequality holds due to weak lower semicontinuity in L2(0, T, L?(£2; S?)). Con-
vergence of the initial potential energy is a consequence of strong convergence of initial condition
for visco-elastic strain tensor.
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Now the problem is low regularity of {(a})¢}. Since aj is a limit of absolutely continuous
functions, (a}); cannot be used as a test function in (4.3.24). Hence, we use time mollifier to
solve this problem. Let us take ¢1(t) = ((af)t* el 1,)) *7e, as a test function in (4.3.24)), where
ne is a standard mollifier with respect to time and € < min(¢;,7 —t¢2). Then

T
/ /QTk ce(((ag)t * mel(r, 1)) * Newy) dodt = 0. (4.3.33)
0

Summing over n = 1, ..., k and using the properties of convolution we obtain
to
/ / D (e(uy) — ) #ne : (e(uk) * ne)¢ dzdt = 0. (4.3.34)
t1 Q
Let us take o = (T * el (s, 1,)) * 7e, as a test function in (4.3.26). Thus we get

T T
/0 /Q(Eg)t Tk Ml py 1)) * ne dz = /0 /ka Tk * Ml 1y)) * Me da. (4.3.35)

Using the properties of convolution, we rewrite it in the following way
to to
/ / D(e(uy) —€}) *ne : (€} *ne)p dadt = / / Xk * Ne © Tk *ne da dt. (4.3.36)
t1 Q t1 Q
Subtracting (4.3.34) and (4.3.36)) we obtain

to to
/ / D(e(uy) —€f) *ne : ((e(ug) —€}) *ne)s dodt = —/ / Xi *Me : Tr*nedxdt, (4.3.37)
t1 Q t1 Q

and then

t to
/ D(e(uy) — €}) *ne : (e(ug) — &) xnedz t2 = —/ / X *Me : Tk *nedrdt.  (4.3.38)
Q 1 t1 Q

Since {e(uy) — e}} belongs to L>(0,T, L*(2)) and X, Tk, belong to L*(0, T, L*(Q2)), we pass to
the limit with e — 0. We obtain

1 : te
/ D(e(uy) — €P) : (e(uy) — €P) da|” _—/ /xk;ngxdt. (4.3.39)
2 Ja t tn Ja

Since e(ux) — €f € Cyw([0,T], L*(Q2,S?)) then we may pass with ¢; — 0, replace to by t and
conclude (using the definition of potential energy) that

t
E(e(ug), €P) (1) — E(e(uy), eP)(0) = — / / X, : T% dz ds. (4.3.40)
0 JQ
Multiplying (4.3.40) by % and integrating over the interval (7,7 + p) we get

g T+ t
; / “g<e<Uk>,ez’><t>dt_5<e(Uk>,eg><o>=—; / ' /0 /Q s Tl drdsdt.  (4.3.41)

For conciseness of further calculations let us define

F(s) = /ka(s) T (s) da. (4.3.42)
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It is obvious that F belongs to L'(0,7"). Applying Fubini theorem we have
TN 1
/ / )dsdi = /R Lozae (1 ez (DF(s) dsdr

1
:/R<Iu/Rl{OSSSt}(S)l{TStST+M}(t) dt) F(s)ds.

The crucial observation is that

1
VYur(s) = M/R1{0<s<t}(3)1{7<t<~r+u}(t) dt, (4.3.44)

(4.3.43)

and then

_/T+“/ s)dsdt = / F(8)tpr (s ds_//xk T4, - dz ds (4.3.45)

Finally, using (4.3.30)), (4.3.32) and (4.3.41]) we conclude

T T - -
_ / / Xy, : T, - dz dt < liminf (—/ / GO+ 60, T +T%) T, da;dt) ,
0 Q =00 0 Q ’ ’
(4.3.46)
which is nothing else than

T ~ ~ T
lim sup / / G(9+0k,l,Td+T§il) TRy Yurdadt < / / Xt TS Wy, dedt.  (4.3.47)
Q 0 Q

l—o0

To finish the proof let us observe that

lim sup/ / G0+ 04y, T + T, : T{, dzdt
Q

l—o00

~ limsup / / G+ 0,0, 7'+ T4 - (T + T4 deat
Q

l—o0

- lim/ /G(0~+9kvl,Td+TiJ):Tddxdt (4.3.48)
Q

l—00 0

T+0 _ B N
< lim sup/ / GO+ 04, T +T¢) : (T" + T ) dadt
Q

l—00

T ~ ~

~ lim / / G0+ 60, T + 1%, T dz dt,
=00 Jo Q ’

where the last inequality is caused by definition of ¢, » and positivity of G(Q~ + 0y, Td + Tfil) :

(Td + Tg,l)' Then the estimate may follow

lim sup/ / G0+ Oy, T+ T%,l) : T%l dzdt
Q

l—o0

T+p1 ~ ~
< lim sup/ / G(0 + Oy, T+ Tg’l) : Tfil - dedt

l—00

. (4.3.49)

=00

—lim/ /G9+9kl,T —l—T NE T dz dt

l—o0
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Hence, using (4.3.47)) to the first term on the right-hand side of abovementioned equation and
using the identity ¢, - = 1 on [0, 7] to remaining terms we obtain

limsup/ /G(0~+9k7l,Td+Tﬁ,l) LT e dt
Q

=00
T+N
g/ /Xk:Tg Y- dadt
0

T+ _
+ lim /G0+9kl,T + T8 T, dedt

T+ T+p N ~d d ~d
/ / Xpo : T by dodt + hm / GO0+ 01, T +Thy): Ty tbprdadt.
Q
(4.3.50)

Passing with p — 0 results in (4.3.28]). The proof is complete. ]

Now, we use Theorem to finish the limit passage in heat equation. In our case G(-,-) is
a nonlinear function. Let us check the assumptions of Theorem The conditions (i) — (#i7)
are held, because of Assumption [£.0.1] Due to the energy estimate and uniform boundedness
of temperature {6}, condition (iv) is fulfilled. Uniform boundedness of the sequences {Tg’l}

and {G(0 + 0k7l,Td + Tfil)} with respect to ! in L?(Q,S3) implies that the condition (v) is
satisfied. Finally, the last condition (vi) is a result of Lemmam Hence, for every k € N there
exists the subsequence {T‘,il} which converges to T'¢ in L?(Q, 83) with [ — co. Moreover, using

. . ~ ~d
Lebesgue’s dominated convergence theorem there exists a subsequence {G( + 0y, T + Tiyl)}

which converges to G(6 + 0y, T + chl) in L2(Q, 83) with [ — co. Consequently, product {G(0 +
9k717Td + T%J) : Til} converges to G(é + Qk,Td + Tﬁ) : T% in L'(Q,S?) with [ going to oo.
Hence, we pass to the limit in (4.3.22) and

T T
—/ /Gkgpﬁl(t) dxdt—/@o(x)gm(O) dx—i—/ /Vﬁk‘chzldxdt
0 Q Q 0 Q

7 (4.3.51)
~d d ~ ~d d
:/ /Tk<(T +TY) GO+ 0, T+ TY))) padedr,
0 Q

holds for every test function ¢4 € C2°([—00,T)).

Lemma 4.3.7. The sequence {e}} is uniformly bounded in W'2(0,T, L*(Q,S?)) with respect
to k.

Proof. By Assumption and the fact that the constant C' is independent of temperature, we
get

eb(z,t) = ef(z,0) + /0 (eP(,s))s ds.

Hence

PP (z,t) < 2/eb|*(a, O)—l—2t1/2/ 1(eP)s](z, 8) ds



4.3. PROOF OF THEOREM 421 71

and consequently

ell*(z,t)dedt <2 ep (z,0) dxdt+2t1/2 (e z,s)dsdxdt
k r)

)(1+// G0+ 0, T" +Tg)\2)dsdx
QJo

T ~d
gC(T)(1+/ /\T + T4%) dz dt.

0 Q

It follows from Lemma that the right-hand side is uniformly bounded. O

Lemma 4.3.8. The sequence {uy} is uniformly bounded in L*(0,T, W&’Q(Q,R?’)) with respect
to k.

Proof. Using the triangle inequality and the fact that the operator D is positively definite, we
obtain

e(up) [ < 2le(ur) — B2 +2/eP? < c|Th|? + 2P (4.3.52)

Integrating over  x (0,7) we get

T T T
2 2 p|2
e(uy dxdtgc/ / Ty dxdt+2/ / er|*dzdt
/o /Q| (1) 0 Q‘ | 0 Q| t! (4.3.53)

< CHTkH%Q(O,T,L?(Q)) + 2H€£||2L2(0,T,L2(Q))-

Due to Lemma [4.3.2] the sequence {T';,} is uniformly bounded in L?(0, T, L?(£2,S%)). The tensor
e(ug) is the symmetrlc gradient of displacement, thus using Korn inequality (cf. [53, Theorem
1.10]) we conclude that the sequence {u} is uniformly bounded in L?(0, T, 1/1/01’2((27 R3)). O

4.3.5 Passing to the limit with k£ going to oo

To complete the proof we make the second limit passage in the approximate system of equations.
In previous sections we have presented the uniform boundedness of solutions sequences. Hence,
we have the following convergences

up — u weakly in L?(0,T, W01’2(Q,R3)),

T,—~T weakly in L?(Q, S?),

T¢ —~ 11 weakly in L%(Q,S3), (4.3.54)
G0+ 6, T +T)) = x weakly in L2(Q,S3),

gp — eP weakly in L?(Q, S3).

Using these convergences we make the limit passage in (4.3.24)) and (4.3.26)) and we get

T
/ /T:chlda:dt:O
/ /et podxdt = / /x o dadt

for ¢, € L?(0,T,L?(2,R3)) and ¢, € L%(0,T, L*(Q, S?)).
As previously we should carefully consider the right-hand side of heat equation as a product
of two weakly converging sequences. We have also problem with identification of x.

(4.3.55)
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Since the sequences {G(0 + 0y, T +T4%)} and {Td + T} are uniformly bounded in L*(Q, S3)

then also the sequence {G(6 + 6y, T+ T (Td +T%)} is uniformly bounded in L'(Q). Using
Boccardo and Galllouét approach for Neumann boundary condition, see Chapter [2| Section
there exists a subsequence {6} such that 6, — 0 in LI(0, T, WH4(Q2)) for every q € (1, %)
Hence, it remains to identify the limit of the right-hand side of the heat equation and to
identify x. As in previous limit passage we use Theorem and we prove that x = G(é +

G,Td + T%). The only difficulties concentrate on checking that assumption (vi) from Theorem
MI14is fulfilled.

Lemma 4.3.9. The following inequality holds for the solution of approximate system

limsup/ /G(é+0k,Td+Tg):ngxdt§/ /X:Tddacdt, (4.3.56)
Q 0 Q

l—00
for every T € (0,T).

Proof. For each p > 0,7 < T — p,s > 0, let ¥, : R — R4 be defined by (4.3.29). Due to
(4.3.40) we obtain

T T
/ dd E(e(ug),ep) Yurdt = — / / G0+ 04, T +T%) : T, - dardt. (4.3.57)
0 a7 0 JQ
Let us integrate by parts the left-hand side of (4.3.57))
T d 1 T+
/ (). <)t = / E(e(u), €2)(t) dt — E(e(uy), €2)(0). (4.3.58)
0 T

Passing to the limit in (4.3.58]) with k& — co we obtain

T
d
lim inf / % g (e(uy), €P) o dt
0 dT

k—o0
T+
= 1igl_1)i£f i /T ' E(e(uy),ef) dt — kh_)ngo E(e(ur),€})(0) (4.3.59)
> 1 /T+u E(e(u),eP) dt — E(e(u), €P)(0).
e

Note that the last inequality holds due to the weak lower semicontinuity in L?(0, T, L*(Q2; S?)).
We cannot use u; as a test function because it is not regular enough with respect to time.
Using the time mollifier can help us in dealing with that issue. Then (u; *Uel(tm)) *7)c 1S a proper

test function to (4.3.55)(1). Further, we use (T * nel, 4,)) * 7 as a test function in (4.3.55)) (2.
Hence

/ /T W)t * Nel g 1,)) * Ne dwdt = 0,

/ /st (T * el 1)) ¥ nedzdt = / / (T *nely, 1)) * medx dt,

and then
/ /T*m. u)¢ x nedrdt =0,

to to
/ /Ef*ﬁeiT*mdivdt:/ /x*nezT*nedxdt.
t1 Q t1 Q

(4.3.60)

(4.3.61)
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Subtracting (4.3.61))(1) and ( m we get

to to
/ / Txn: ((e(u) —eP)xne)ydedt = —/ / X *Ne : T xnedxdt (4.3.62)
t1 Q t1 Q
and then .
2
/T*ne. u) — eP) xn.dx ——/ /X*nezT*nedajdt. (4.3.63)
t1 Q

Since e(u) — &P belongs to L>(0,T, L?(2,S%)) and x, T belongs to L?(0,T, L?(£2,S?)) we may
pass to limit with e going to 0 for a.a. t1,t2 € (0,7)
to
/ / x : T dzdt. (4.3.64)
t1

/ﬂT:(r—:( ) —€P) dx

Using the same argumentation as in Lemma [£.3.6] we may pass to the limit t; — 0. Finally,
repeating the reasoning with function ¢, » we complete the proof.

O
By Theorem we improve convergence from (4.3.54)) to
up = u in L2(0,T, W, (%)),
T, —T in L?(Q,S?),
T¢ — T in L2(Q, S3), (4.3.65)
GO+ 0, T +T%) - GO.T) in L2(Q,S3),
ep — eP in WH2(0,T, L3(9)).

Additionally, we have G(6+ 0, T" +T3) - (T" +T%) — GO +0, T+ T : (T" + T%) in LY(Q).
Using these convergences we pass to the limit in (4.3.24)), (4.3.26]) and (4.3.51) with k& going to
oo, we obtain

//D ) —€eP): Ve, dzdt = //f ; dr dt,
/ /sf:«deafdt:/ /G(5+9,T +T7) : pydadt,
0 Q 0 Q
T
—/ /9(903)td33dt—/ 0o(x)p3(0,x) dx
0o Jo Q

T T
+/ /V@-Vgpgdxdt:/ /(Td—l—Td):G(9—|—9,Td~|—Td)gogdmdt,
0 Q 0 Q

(4.3.66)

for ¢, € L2(0, T, L*(Q,R?)), ¢, € L*(0,T, LX(Q,8%)) and 3 € C°(0, T, C®(R)).
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Chapter 5

Norton-Hoff-type models

The subject of this chapter is to present the existence theorem for models of Norton-Hoff-type
hardening rule. This class of models is a natural extension of the Mr6z model. We generalize the
assumption on constitutive function in two ways. Firstly, we allow the p-growth instead of linear
growth in Mr6z model. Moreover, the visco-elastic constitutive function G is merely monotone
and may fail to be strictly monotone. These two changes imply application of other techniques.

Let us assume that © C R? is an open bounded set with a C? boundary and moreover, the
body is homogeneous in space. Then we may formulate the assumptions on constitutive function
describing the Norton-Hoff-types models.

Assumption 5.0.1. The function G(0, Td) is continuous with respect to 0 and T® and for p > 2
satisfies the following conditions:

a) (G0, TY) — G(0,T9)) : (T{—T3) >0, for all T{, T3 € S3 and 6 € Ry;
b) |G(0, T < C(1 + TP, where T € S3, 0 € Ry;
¢) GO, T : T? > p|TP, where T € S3, 6 € Ry,

where C and B are positive constants, independent of the temperature 6.

Motivation for current considerations were the results of Alber and Chetminski [3] and of
Hoémberg [43]. In [3] the authors considered the quasi-static visco-elasticity models with Norton-
Hoft constitutive function

G(T) = o|T|P°T, (5.0.1)

with p > 2. The parameter ¢ was a positive constant.The idea of proof in [3] was to formulate
the problem in a way that it fits to the abstract theory of maximal monotone operators, cf. [10].

In the contrast to [3] we include thermal effects of the process. As we mentioned at the
beginning of this dissertation we consider materials without thermal expansion. Hence, thermal
effects appear only in the form of additional equation on heat conductivity and by taking into
account the dependency of the constitutive function G(-,-) on the temperature. This depen-
dence, i.e. the dependence of G(-,-) on temperature, destroys the monotone character of the
model and it requires different approach. Moreover, in our case the function G depends only on
deviatoric part of Cauchy stress tensor and it has technical consequences. Contrary to the proof
of Alber and Chetminski, where they showed that T belongs to LP(0,T, LP(Q,8%)) for p > 2,
the estimates conducted in the present situation provide us only with the fact that T" belongs to
L?(0,T,L*(Q,S8%)).

In [43] Homberg considered more general physical phenomena. Besides deformations and
temperature Homberg was interested in electro-magnetic effects and concentrations of different
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phases of material. Changes of temperature have got the influence on concentrations. This de-
pendency was prescribed by a general operator P|-], which has got good properties. Visco-elastic
constitutive functions depend on these concentrations instead of temperature. This assumption
and linear dependency between function G and deviatoric part of Cauchy stress tensor (Mroz
model) implied that there are no problems with nonlinearities. The similarities between Hom-
berg’s paper and our result lie in the construction of approximated problem (truncation of the
terms that are only integrable) and in the approach used in order to deal with right-hand side
of heat equation. Nevertheless, because of the different structure of the problem, Hémberg could
show strong convergence of approximated sequence of the Cauchy stress tensor. For the concept
of showing this strong convergence let us observe that in the case of linear Mroéz relation, and
in fact also in the case of Norton-Hoff relation , the stronger condition than monotonicity
holds, namely the uniform monotonicity condition

G(0,T1) - G(6,T9)) : (T{ — T%) > c|T{ — T3P, (5.0.2)

for all T, T4 € S3 and 6 € R... For the proof see e.g. [53).

Results presented in this Chapter come from [32]. Here, we skip some details which are
analogous to the one used in Chapter @] The following chapter is organized as follows: Section
£l is dedicated to definition of solution and formulation of main Theorem. In Section [(.2] we
show the proof of this theorem. In a few places the proof goes in the same way as for Mr6z model.
Therefore, minor details are omitted.

5.1 Formulation of the problem

Definition 5.1.1 (Solution to Norton-Hoff-type model). Let p > 2, g < % and p' =p/(p—1).
The triple of functions

w e LV (0, T, Wa?' (Q, R?))
T € L*(0,T, L*(2, S?))

and

6 € LU0, T,WH1(Q)) N C([0,T], W—>*(2))
1s a weak solution to the system if

T T
/ /T:V(pdl‘dt:/ /f-cpdacdt, (5.1.1)
0 Q 0 Q

T = D(e(u) — eP), (5.1.2)

d
/OT/ngtdxdt/Hg(x)gb(O,x) dz
/ /V@ V¢dxdt—/ /angqsdxdt /OT/QTd:G(H,Td)gbdxdt,

holds for every test function ¢ € C°°([0,T],C(,R3)) and ¢ € C([—o0,T),C>®(R)). Fur-

thermore, the visco-elastic strain tensor can be recovered from the equation on its evolution, i.e.

where

(5.1.3)

eP(x, 1) — eP(x) + /O G0z, 7), Tz, 7)) dr. (5.1.4)

for a.e. x € Q and t € [0,T). Moreover, e® € W' (0,T, L (Q,S3)).
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Theorem 5.1.1. Let p > 2 and let initial conditions satisfy 0y € L'(Q), e} € L?(Q,S3),

boundary conditions satisfy g € LP(0,T, Wlf%’p((?ﬂ,R?’)), ge € L?(0,T,L*(00)) and volume
force f € LP(0, T, W=1P(Q,R3)) and function G(-,-) satisfy the Assumption m Then there
exists a weak solution to system ((1.2.2)).

5.2 Proof of Theorem [5.1.1]

The proof of Theorem [5.1.1]is similar to the proof of Theorem [1.2.1] We point out the differences
of these proofs. Differences between assumptions on Norton-Hoff-type models and Mr6z models
appear in: non-strictly monotone condition with respect to the second variable and p-growth
condition of function with respect to second variable. We do not use Young measures tools in
the proof, since non-strictly monotone condition with respect to second variable is not sufficient
to show that the Young measure reduces to a Dirac measure. Thus, we use Minty-Browder trick
to deal with this issue.

In Section [5.2.1] we present transformation into homoguouens boundary-value problem and
the energy estimates of approximate solutions. Section and Section [5.2.3| are dedicated to
limit passage with approximation parameters.

5.2.1 Energy estimates

Using the same argumentation as in Chapter [4] see Lemma we can transform the system
into homogenoues boundary value problem and then using results discussed in Chapter [2] we
construct the approximate systems of equations.

Now, we show the uniform boundedness of approximate solutions. As in the case of Mroz
model, the uniform estimates are the consequences of finite energy of the system. Estimates for
potential energy are similar to previous ones.

Lemma 5.2.1. There exists a constant C which is uniform with respect to k and | such that

~d
ts[%pT]g(E(uk,l)7€£,l)(t) +CHT +T l”Lp(()TLp ) < C. (5'2'1)
€ )

Proof. Let us start the proof in the same way as proof of Lemma [£:3.2] Since the potential
energy is absolutely continuous function, we calculate time derivative of £(¢) and then after
simple calculation we obtain

d
@8(6('&]6’[) Ekl /G 0+0kl,T +Tkl) Tkldx (522)

Using growth condition of function G, Holder inequality and Young inequality we get

d

~d ~ .y
et ey == [ (@14 L) GO +0, 7"+ T ) da

+ / T GO+ 0, T" + T, dx
Q

IN

~d ~d
BT+ Ty + 1T @ IGO + 000, T+ TE )
~d d /
- z,l Lr(Q Q kla %[ !
< —BIT" + Ti,ll} () + ()17, ) HelGo+0 + Tl

(@)
(5.2.3)
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where € = D TTeTIR A constant C' comes from Assumption . Hence, by the Jensen inequality,

the last term may be estimated as follows

« - d
|G+ 04y, T, +T")

/ ~d P
e @ gcpe/ﬂ(1+|:r + T 0D dy

< Cp'e/ (1+|T" + T, )P da
Q (5.2.4)

! op— ~d
< "2 (101 + T+ T o))
B B d ) p
< SO+ STk + T ()
To finish the proof we integrate (5.2.3]) over time interval (0,¢), with 0 <¢ < T and we get

B ~d
E(e(una),ep,)(t) + §||Tg,l + T o o.1, L0 () (5.2.5)

~d B
< AT By 1. my + E (e, 2,)(0) + 210,
OJ

Remark. From Lemma we immediately notice that the sequence {Tg’l} is uniformly bounded
i the space LP(Q,S;;’) with respect to k and . Additionally, combining Assumption with

Lemma|5.2. 1| we conclude the uniform boundedness of the sequence {G(§+ 011, Td—l—T‘,il)} wn the

space Lp/(Q, 83). Summing up, we obtain the uniform boundedness of the sequence {(Td —l—TzJ) :
~ ~ d .
G0+ 0, T+ T} in LYQ).

Remark. The uniform boundedness of the potential energy implies that the sequence {T'k;} is
uniformly bounded in L°°(0,T, L*(2,S%)) and in particular in L?(Q,S3).

As a consequence of Lemma [5.2.1] we may observe that the regularity with respect to spatial
variable of Cauchy stress tensor and its deviatoric part are significantly different. Deviatoric
part of Cauchy stress tensor has higher integrability. We point this out, because it causes main
changes in the proof of Theorem [5.1.1] in comparison with proof of Theorem

Lemma 5.2.2. The sequence {(e} )¢} is uniformly bounded in L¥(0,T, (H5(Q,S%))") with respect
tol.

The proof of this lemma is similar to the proof of Lemma, The only difference is that
we should use the Holder inequality with p and p’ instead of 2.
Next lemmas are the same as in previous chapter. The regularity of product {(Td + Tg’l) :
~ ~d . . . .
GO+ 6k, T + Tﬁ}l)} is the same as for Mr6z model. Different assumptions on function G(-,-)

in Mréz and Norton-Hoff-type models do not affect temperature results. To see these proofs we
refer the reader to Chapter

Lemma 5.2.3. The sequence {0} is uniformly bounded in L>(0,T; L'(2)) with respect to k
and 1.

Lemma 5.2.4. There exists a constant C, depending on the domain Q and the time interval
(0,T), such that for every k € N

sup ||9k,l(t)”%2(ﬂ) + Hek,lH%?(O,T,Wl’Q(Q)) + ||(Qk,l)tH%Z(O,T,W*I’z(ﬂ))
ost=T (5.2.6)
~d ~ ~d o
< C(IT (@ + T4 : GO+ 000, T + T ) 20 1,500 + 1T500) 200y )
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Remark. The uniform boundedness of solutions implies the global existence of approrimate so-
lutions, i.e. existence of solutions {a ,(t), B1(t), Vi, (t), 67 (t)} on the whole time interval [0, T]
foreachn=1,...k and m=1,...1.

5.2.2 Limit passage | — oo and uniform estimates.

Let us multiply the system (2.2.8]) by smooth time-dependent functions, integrate over [0, 7] and
then rewrite the system as follows

T
/ / Ty : Vwppi(t)dedt =0, n=1,...,k, (5.2.7)
0 Q

T
/ /(Ezl)t : De(wy,)p2(t) dx dt
0 Q

T
= / / G0+ 0y, T+ T%,l) : De(wy)p2(t)dedt, n=1,..k,
Q

T
| [ D arar
0 Q

T ~ ~
:/ /G(9+9k,l,Td+TgJ):Dcfngpg(t)dxdt, m=1,l,
0 Q

(5.2.8)

and form=1,...,1

T T
—/ / 0.1 (t) v dzz dt — / 0o(x)4(0)vy, do + / / Vi1 - 0a(t) Vo, dedt
0o Jo Q 0o Jo

T
- d ~ - d
= / / Ti ((T + Tg,l) : G(@ + Qk’l,T + Tz}ﬂ) g04(t)vm dz dt,
0 Q
(5.2.9)
holds for every test function ¢1, 2, ps € C°([0,T]) and ¢4 € C°([—00,T)).
Firstly, we pass to the limit with approximation parameter for temperature. In previous

section we proved uniform boundedness with respect to [ for appropriate sequences. Then, at
least for a subsequence, but still denoted by the index I, we get the following convergences

Ty, — Tk weakly in L?(Q,S?),
T, —~ T} weakly in LP(Q, S3),
G’(Q~ + Hk,l,Td + T(Iil) — x; weakly in LPI(Q,S[:;’), (5.2.10)
Or.1 — Oy weakly in L2(0, T, W12(Q)), o
O, — O a.e. in @,
(ei”l)t — () weakly in L? (0, T, (H*(Q,S%))).
Passing now to the limit in (5.2.7)-(5.2.8)) yields
T
/ /Tk :Vwppi(t)dedt =0, n=1,... k, (5.2.11)
0 Jo
and
T
/ /(ek) De(wy,)p2(t)dedt = / / X : De(wy)p2(t)dedt, n=1,..k,
0 (5.2.12)

//sk : DCE s (1) dxdt:/ /ka:Dc’;Lgo?,(t)dg;dt, m €N,
0
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o0

holds for every test function ¢y, @2, 03 € C*([0,T]). Basis functions lin{¢% 1°°_, are dense in

LP(£,83), hence we conclude that

T T
/ /(sg)t cpdrdt = / / Xy : pdrdt (5.2.13)
0o Ja o Ja

holds for all ¢ € C*°([0,T], LP(£2,S8?)) and then also for all ¢ € LP(Q,S?).
The remaining part of this section is dedicated to identification of weak limit of the nonlinear
term x;, and showing the convergence of right-hand side of heat equation (5.2.9). As previously

(Td + T%J) : G’(@~ + Ok, T + Tﬁ7l) is a product of two weakly convergent sequences. The same
problem was considered for Mroz model. Since we have different monotone condition on function
G(-,-), we do not use Young measures to identify the nonlinear term.

Our idea is to solve this problem in three steps method. The first step is to show the limiting
inequality as in Lemma The second one is to identify the weak limit x; by usage of

~d
Minty-Browder trick. And finally, we prove the weak convergence of the product (T + T%J) :
~ ~d
G0+ 0y, T" +T7)).
Step 1. Limiting inequality.

Lemma 5.2.5. The following inequality holds for the solution of approximate system

t N 5 t
lim Sup/ / G0+ 0, T + T¢) : T dedt < / / Xy - TS dz dt. (5.2.14)
0 JQ 0 JQ

l—0o0

Proof of this lemma is the same as of Lemma The only difference in the proof is to pass
to the limit with convolution in LP space instead of L? space. Hence, we can omit this proof and
refer the reader to the proof of

Step 2. Minty-Browder trick

From the monotonicity condition of the function G(-,-) we obtain

/ (GO + 00 T 4 )~ GO+ 00, T+ W) 2 (T W) dr > 0
a ’ : (5.2.15)

VWee [P(Q,S3).

Hence
T ~ g T ~ . g
/ /G(0+9k7l,T +Tg,l):Tg,lda;dt—/ /G(9+ek,l,T +T¢) : Whdzdt
0 Q 0 Q

T
—/ / G0+ 0, T" + W) ; (TgJ - Wd) dz dt > 0.
0 Q
(5.2.16)

Our goal is to pass to the limit with [ — oo in . Limit of the first term comes from Lemma
5.2.5, There is no problem with limit passage in the second term since G(é—i—&k,l, Td—kTi,l) — Xk
in L”(Q, S3). It remains to consider the last term from (5.2.16).

The pointwise convergence of {6x;} implies the pointwise convergence of {G(6 + GkJ,Td +
WY to {G(O + Qk,’f’d + W9)}. The function \Td + W P~1 belongs to L” (Q), hence the
sequence {G(0 + 011, 7 + W%} is uniformly bounded in L¥' (Q, S3). By Lebesgue’s dominated
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convergence theorem we obtain that G( -+ 6y, T4+ W) = G(0 + 6y, T4+ W) in LP(Q,S3)
for every W9 e LP(Q,SEI)’). Letting [ — oo in (5.2.16)), we get

T ~ ~
/ / (ch — GO+ 0, T + Wd)) (T8 - WHdzdt >0 YV We LP(Q,S3). (5.2.17)
0 JO
Let us take W9 = T% — \U?, where U? € LP(Q,S83) and A > 0. Then we obtain
T ~ - d
/ / (Xk G+ 0, T+ T - )\Ud)) C AU dedt >0 YU e LP(Q,S3).  (5.2.18)
0 JO
Hence, dividing by A, we get
T ~ - d
/ / (Xk G+ 0, T + T - AUd)) Uldzdt >0 YULe LP(Q,83).  (5.2.19)
0 Jo
Letting A — 0 we obtain
T . - d
/ / (i~ G+, T+ 1Y) Ul dzar >0 VUL 1207, 7(Q.S).  (5220)
0 JO
Repeating the reasoning with negative A we obtain the opposite inequality. Hence
T ~ ~d
/ / (xk ~ GO+ 6, T" + Tg)) Uldzdt=0 VYU?e LP(Q,S). (5.2.21)
0 JO

Thus implies
xp =GO+ 0, T+ T ae inQ. (5.2.22)
Consequently for every k € N

~ ~d ~ ~d
GO+ 0k, T +TF) = GO+ 0, T + T4,

in LPI(Q,S(?) as [ — oo.
Step 3. Limit of the right-hand side of heat equation.

Lemma 5.2.6. For each k € N it holds

T ~ ~ ~
lim/ /G(9+9k7,,Td+Tgl> (T + T )) de dt
l—oo Jo Ja ’ ’

. (5.2.23)
:/ /G(é+9k,Td+Tg) (T + T9) dz dt.
0 Q

Proof. Using monotonicity of the function G(-,-)
’ 5 ~d d . 4 . . .
0< / / (G(H + 0k, T +Ty) — GO+ 0k, T + Tk)> (T, — T) dedt
0o Jo

T
_ / / (G(e + 0, T+ T (T, — T — GO+ 6, T +TY) : (T, - Tg)) da dt.
0 Q
(5.2.24)
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Passing with [ to co we get that the second term from right-hand side of ([5.2.24]) converges to
zero. Furthermore, using Lemma [5.2.5] we obtain

T
0< limsup/ / GO+ 6, T +TL) : (T, + T =T T} dw
0 Q

l—o0
T
. ~ ~d d ~d d
:hmsup/ /G(G—I—QM,T +Thy) (T +Tyy)dedt (5.2.25)
l—o0 0 Q
T ~ - d - d
— lim / /G(Q—FQk,l,T +T§cll) (T —|—T%) dxdt <O0.
=00 Jo Q ’
Hence
T . - d - d
lim/ /G(ewk,l,:r 1Y) (T T ) daat
I—oo Jo Ja ’ :
T ~ —d v ed o
= lim/ /G(Q—i—gk’l,T +T%) : (T +Tk)da:dt
=0 Jo Q
T ~ ~d d ~d d
= GO+0,T +Ty): (T +T4)dxdt,
0 Q
which completes the proof. O

After three steps method we may pass to the limit in the heat equation, namely for all
w4 € C®([—00,T] x ) we obtain

T T
—/ /Hk(cp4)td33dt—/Qk(x,0)4p4(x,0) d:L‘+/ /V@k-Vw4d:L‘dt
0o Ja Q 0o Ja
T 4 ] 3 iy .
_ ﬁ((T +TH GO+ 0, T +Tk)) o4 dz dt.
0o Jo

Next two lemmas are similar to Lemmas and [£.3.8] We omit its proofs but we should
mention that it is crucial that p > 2.

Lemma 5.2.7. The sequence {e}} is uniformly bounded in W' (0,T, L (Q, %)) with respect
to k.

Lemma 5.2.8. The sequence {uy} is uniformly bounded in (0, T, Wol’pl(Q,R:g)) with respect
to k.

(5.2.26)

5.2.3 Limit passage k — oo

We start the second limit passage with considerations on the temperature sequence. Uniform

boundedness of sequence {(Td—i—Tﬁ) : G(O+6y, Td—l—T%)} in L!(Q) allows us to use the Boccardo
and Gallouét approach, see Chapter [2| Section [3.1] We obtain that there exists a subsequence
{01} such that for each 1 < ¢ < :

0r — 0 weakly in L9(0, T, Wh(Q)). (5.2.27)

Furthermore, uniform estimates from the previous sections imply that the following convergences

hold

O — 0 a.e. in Q,
up — u weakly in LF' (0, T, Wl ¥ (Q, R3)),
T,—~T weakly in L?(Q, S?),
Tz N weakly in LP(Q,S3) (5.2.28)

G0+ Hk,Td + Tz) — x  weakly in L”
(el)e — (eP)y weakly in L¥'

);
)

Q.S
(@,
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Consequently, passing to the limit with £ — oo in (5.2.11]), (5.2.13)) we obtain

T
/ / T:Vedrdt =0, (5.2.29)
0 Q

for all ¢ € C>°([0,T], L?(2,S?)) and then also for all ¢ € L?(Q,S?), and

T T
/0 /Q(sp)t cpdadt = /0 /QX cpdadt (5.2.30)
for all 1 € LP(Q, S?).

We use three steps method to characterize x and to identify weak limit of right-hand side
of (5.2.26). Now, it is very important to carefully consider the first step. There appear some
difficulties in the limiting inequality and we cannot obtain it by the same argumentation as in

Lemma [1.3.6

Lemma 5.2.9. The following inequality holds for the solution of approximate systems

to ~ B t2
limsup/ / GO+ 0, T+ T : Tl dzdt < / / x : T dz dt. (5.2.31)
0 Q 0 Q

k—o0

Proof. Due to (5.2.22)) we can rewrite (4.3.40)) as follows

%E(E(uk), ef)=— /Q GO+ 0, T +T9) : T da. (5.2.32)

We multiply the above identity by v, given by formula (4.3.29) and integrate over (0,7).
Passing to the limit & — oo we proceed in the same manner as in the proof of Lemma and
we obtain

T
d
lim inf / @ g (e(uy), @)t dt
0 dT

k—oo
= likrggéf lll /TTJFM E(e(uy),ef)dt — kll)ngo E(e(ur),€})(0) (5.2.33)
> 1/T+M8(s(uk) eP) (1) dt — E(e(u), €P)(0).
), ok ’

For the final step of the proof we need to show that the energy equality holds. Proceeding
similarly as in previous limit passage, we shall use as a test function u; mollified with respect
to time. Now, we cannot do this, because of low regularity of u with respect to space (p’ < 2).
Therefore, we proceed differently. We use an approximate sequence as a test function in the
limit identity . For u; we do not have a problem with spatial regularity, because it
is a finite combination of basis functions. Hence, we take in the test function ¢ =
(wk * M)l 1)) * Me, Where again 7. is a standard mollifier and we mollify with respect to time

/:2 /QD(E(U) —eP)xne: (e(ug) xne)ydedt = 0. (5.2.34)

To complete the calculations, we use ¥ = ((T? * Nel(, t2)) * M as a test function in (5.2.13)).

Having (5.2.22)) in mind, we obtain

to t2 - ~
/ /(elk) xNe)t : T xnedadt = / / G(H—G—Gk,Td—l—Tg) * e : T % ne dx dt. (5.2.35)
t1 Q t1 Q
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Products in (5.2.35)) are well defined, since for the matrices A € 83 and B € S? the equivalence
A:Bo— A: B holds and tensor T¢ belongs to LP(Q,S3). Subtracting (5.2-35) from (5.2.34)
we get

to t2 ~ ~
/ / T xne : (e(ug) —€ef)exnedadt = —/ / (:?’(9—1—9,%,Td—i—Tg)*n6 T, dz dt. (5.2.36)
t1 Q Q

For every € > 0 the sequence {(e(uy) — €}); * ¢} belongs to L*(Q,S3) and is uniformly bounded

in L2(Q, S3). Moreover, {G/(0+0y, Td—l—Tg) 7} belongs to LP' (Q, %) and is uniformly bounded
in this space. Hence, we pass to the limit with £ — oo

to
/ /T*nﬁ. u) — eP)yxn.dedt = — / /X*ﬁe T % . dz: dt.

Using the properties of convolution we get
to
/T*ne. —sp)*mdx —/ /X*ne:Td*nedazdt,
t1 Q

and finally by passing to the limit with ¢ — 0 and then with ¢; — 0
to
/ D(e(u) —€P) : (e(u) — €P) d:c / / x : T¢dz dt. (5.2.37)

We multiply (5.2.37) by 1 and integrate over (7,7 + u) and proceed now in the same manner as
in the proof of Lemma [4.3.6]

Again we identify the weak limit x by using the Minty-Browder trick and get x = G(6 +
~d
0, T + Td). Moreover, we obtain

GO+ 0, T + T8 : (T +TH —~ GO +0. T + T : (T" + TY, (5.2.38)
weakly in L'(Q). Furthermore,
o (G(é 40, T+ T - (T + Tg)) —~GO+0,T"+ 1% (T + 1Y, (5.2.39)

weakly in L'(Q). Here, coming back to removed boundary value problems we conclude that

/OT/Q <T+T) :V‘Pdﬂ”dt:/oT/Qf'wdxdt, (5.2.40)

T = D(e(u) —eP), T =e(a), (5.2.41)
and ¢ € C([0,T],C(Q,R3)). Moreover,

/ / ¢tdxdt—/g(éo(x)+00( (x,0) dx—i—/ /V ) - Vodadt

T
— — 7 dy . (3P Fd d
/0 /mgeaﬁdsdt /0 /Q(T +T%: GO +0,T +T)¢)d(:pdt, |
5.2.42

where

for ¢ € C°([—00,T],C*(£2)) and
eP(x,t) = P (x) + /t GO +0,T" + T dr. (5.2.43)
0

That completes the proof of Theorem [5.1.1



Chapter 6

Models with growth conditions in
generalized Orlicz spaces

In this chapter we extend the results presented previously. The growth conditions in the general-
ized Orlicz spaces for visco-elastic constitutive function are natural extensions of Norton-Hoff-type
model. First of all, the use of generalized Orlicz spaces takes into consideration more rapid growth
than determined by polynomial growth condition (providing solution in Lebesgue spaces), hence
it is a better approximation of Prandtl-Reuss model. Secondly, the choice of generalized Orlicz
space allows us to consider non-homogeneous materials. Results presented in this chapter are
based on [4§].

We assume that the body Q C R? is an open bounded set with a C? boundary. In previous
chapters we considered only homogeneous materials. Here, we omit this assumption. In the case
of generalized Orlicz spaces, the N-function depends on spatial variable . Thus, in different
regions of ) we may have different growth conditions. Furthermore, operator D and function G
may also depend on the spatial variable.

Assumption 6.0.1. The function G(x,0, Td) is a Carethéodory function, i.e. is measurable with
respect to x and continuous with respect to 0 and T?, and what is more, it satisfies the following
conditions:

a) (G(z,0,TY) — G(2,0,T3)) : (T$ —T%) >0, for all T$, TS € S3 and § € Ry;

b) G(z,0,T% : T¢ > c(M(x,Td)—i—M*(x,G(m,Q,Td))) for a.a. z € Q, where T? € 83,
0 € Ry and c is a positive constant independent of temperature 0;

¢) G(z,0,0) =0 for a.a. x € Q.

Moreover, M is an N-function and M™ is an N-function complementary to M. The class of
N-functions is restricted as follows:

1) the inequality holds
/M*(:U,A(x,t))dazdtg/ AR dz dt; (6.0.1)
Q Q

2) M* satisfies the Ay-condition.

Further, we write G(6, Td) instead of G(z, 6, Td). We keep in mind that one of variables of
function G is x but we omit repetitions in order to make the content more clear for the reader.

85
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Studying mechanical problems in Orlicz spaces is not an isolated issue. The problem of
visco-elastic deformation involving Orlicz spaces was considered in [21], but only in the case of
N-function independent of spatial variable . In the case of N-function which depends on the
spatial variable x some accurate assumptions must be done. There are two possible ways to do
it. Firstly, we may assume the regularity with respect to z, e.g. log-Holder continuity in [74] [75].
And secondly, upper or lower growth condition of an N-function with respect to the last variable
can be considered, e.g. see [35, 36} [37, [84]. There are no results for thermo-visco-elastic problems
without any upper and lower growth condition on N-function with respect to the last variable.

In the contrast to results presented in Chapter [4] and Chapter [5| we use another approach to
heat equation. In Chapter [3| we presented two different approaches which may be used to solve
heat equation. As previously, by Assumption we know that the right-hand side function
G(0, Td) : T% is only an integrable function. Here, we prove existence of renormalised solution to
heat equation, see Section The use of different approach than one used in previous models
causes another definition of solutlon to heat equation, see Definition [6.2.2] Similarly as for
prev1ous model we approximate the difference o— 0, where 0 is a solution to cutting off problem,
see , and 0 is a solution to whole system of equations. In the contrast to Boccardo and
Gallouét’s solution the difference 8 — 6 appears in the definition of renormalised solution, see
Definition [6.2.2

This chapter is organised as follows. In Section we make some general remarks about
generalised Orlicz space. We quote main definitions and prove important lemmas. In Section [6.2]
we present the statement of the main theorem of this chapter. Finally, Section [6.3|is dedicated
to the proof.

6.1 Generalized Orlicz spaces

We recall important definitions which will be used to formulate the statement of this chapter.
Let us start with the repetition of generalized Orlicz spaces. For general concept of Orlicz spaces
we refer the reader to [1, [49] 59, [64]. Let us start with the definition of N-function.

Definition 6.1.1. Let Q be a bounded open domain in R®. A function M : Q x 83 — R is said
to be N-function if it satisfies the following conditions:

1) M is a Carathéodory function such that M(x,€) = 0 if and only if &€ = 0;
2) M(x,&) = M(z,—€&) a.e. in;

3) M(x,€) is a convex function with respect to &;

4) limpg o M (z,€)/|§| = 0 for a. a. x € Q;

) limg oo M(2,€)/|€] = 00 for a. a. x € Q.

Definition 6.1.2. The complementary function M* to a function M is defined by

M*(w,m) = sup (& : m— M(x,€)), (6.1.1)
ness

forme S zeq.

Remark. A complementary function M* to N-function M is also an N -function.
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The generalized Orlicz class £y/(Q, S?) is the set of all measurable functions £ : Q — S such
that

/ M(z,€&(x,t)) dedt < 0. (6.1.2)
Q

The generalized Orlicz space Ly (Q,S?) can be defined as the smallest linear space containing
L(Q,S?). It is a Banach space with respect to the Orlicz norm

||§\|07M:sup{/Q£:17dxdt: n e Ly (Q,S%), /QM*(x,n)dxdt<1} (6.1.3)

or equivalently with respect to Luxemburg norm
t
€Il L.ar = inf {)\ >0: / M (x, S(i’ )> drxdt < 1} . (6.1.4)
Q

By En(Q,S?) we denote the closure of the set of bounded functions in | - || o-norm.

Definition 6.1.3. We say that an N-function M satisfies Aq-condition if for almost all x € €
and for all € € S3, there exist a constant ¢ and nonnegative integrable function h : 0 — R such
that

M(x,28) < cM(z,§) + h(z). (6.1.5)

If this condition fails, we lose numerous properties of the space L (Q,S?) like separability, re-
flexivity, cf. [1,/59] and many others. In particular, if (6.1.5) holds, then £3/(Q,S?) = Ly (Q, S3).

Remark. For every M the following inclusion holds
Eum(Q,8%) € Lum(Q,S8%) € Lu(Q, S?). (6.1.6)
If M satisfies the Ag-condition, then Ep(Q,S?) = Ly (Q,S?).
The proof of abovementioned remark comes from [37, Proposition A.2|.

Proof. Inclusions in are obvious. We show that if M satisfies As-condition, £3/(Q,S?)
is a vector space. Then, by definition of Orlicz spaces Ly (Q,S?) and Ej(Q,S?) the proof is
complete.

Let M satisfy As-condition. Below we prove that pointwise addition and scalar multiplication
are invariant in £y7(Q,S%). M(z,-) is a convex function with respect to second variable, thus for

£,¢ € Ly(Q,S?) it holds

/QM(;U,ﬁ(t,a?)—i-C(t,a;))dxdt:/ M(m,Qg(t’x);C(t’x)>dxdt

Q
§c(/@M(w,&(t,x))dxdt—i—/q)M(:c,C(t,x))dxdt) —l—/Qh(:C)dxdt<oo,
(6.1.7)

where constant ¢ and function h come from Definition |6.1.3] Let n € N such that |A| < 2" then

/M(:c,)\ﬁ)dxdt:/M(w,(sgnA)?”{)dxdtScn/M(x,ﬁ)dxdt+n/h($)dxdt<oo
Q Q Q Q

(6.1.8)
which completes the proof.
O
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The space Ly+(Q,S?) is the dual space of Ep(Q,S?). The functional

p(ﬁ):/QM(a:,ﬁ)dxdt (6.1.9)

is a modular.

Definition 6.1.4. We say that a sequence {§;}32, convergences modularly to § in Ly (Q,S?) if
there exists A > 0 such that

/QM(:):, Eiié) Az dt — 0 (6.1.10)

We will use the notation §; M, & for modular convergence in Ly (Q,S?).

Assumption [6.0.1] requires the usage of basic tools regarding generalized Orlicz spaces. Here
we present some basic lemmas, which are used in the proof regarding existence of solution to
thermo-visco-elastic models. The following lemmas and their proofs come from [37]. They may
be also found in [28], 35, 89, [85] and many other publications.

Lemma 6.1.1 (Fenchel-Young inequality). Let M be an N-function and M* be complementary
to M. Then following inequality is satisfied

€ :m| < M(z,€) + M*(z,m) (6.1.11)
for all &, m € 8 and for almost all x € Q.

Fenchel-Young inequality is a consequence of definition of complementary N-function, see
Definition [6.1.2]

Lemma 6.1.2 (Holder inequality). Let M be an N-function and M* be complementary to M.
Then the following inequality is satisfied

| /Q & ndadt] < 2€]Lalnlar- (6.1.12)

Proof. By applying the Young inequality to the product of —&  and

[I3F%Y;

/ 3 : i dxdtﬁ/M(m,£>dmdt+/M*(ﬂs,n)dxdtzQ,
o €l mllzne 0 1€ 2,11 0 7|2, 01+
(6.1.13)

where the last equality is the consequence of Luxemburg norms definition. O

—1— we obtain
||77||L,M*

Lemma 6.1.3 (Lemma A.3 from [37]). Let &, : Q — R? be a measurable sequence. Then &, M, £
in Ly (Q,S3) modularly if and only if €&, — & in measure and there exists some X > 0 such that
the sequence {M(-,\€;)} is uniformly integrable, i.e.

lim sup/ M(z,\;)dzdt | =0. (6.1.14)
R—oo \ 4eN J{(t,3): |M(z,\E;)|>R}
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Proof. Note that &; — £ in measure if and only if M (-, (§; —§)/\) — 0 in measure for all A > 0.
Moreover, the convergence §; — & in measure implies that for all measurable sets A C @ it holds

liminf/M(x,ﬁj)dxdtZ/M(x,E)dxdt. (6.1.15)
A A

Jj—o0

Note also that the convexity of M implies

§—§ §; 3
< 1.
/AM(l’, N )dxdt_/AM< 2)\>dxdt+/AM< 2)\)d:cdt (6.1.16)
Hence by the classical Vitali’s lemma for f;(z) = M(z, (§;—§)/A) we obtain that f; — 0 strongly
in LY(Q). O

Lemma 6.1.4 (Lemma A.4 from [37]). Let M be an N -function and for alli € N, let fQ M(z,&;)dzdt <
C. Then the sequence {&;} is uniformly integrable.

Proof. Let us define 0(R) = ming—g M(x,£)/|€|. Then, for all j € N, it holds

M(xvsj)

/ M, &(t,)) da dt = / €| de dt
{(2,)€Qs [¢(2,t)| >R} leneQ: 1g@oizr) 18] (6.1.17)
> 5(3)/ €| da dt.
{(z,t)eQ: |€;(x,t)| >R}
Since the left-hand side is bounded, we obtain
sup/ €;(t,z)|drdt < £ (6.1.18)
JeN J{(@1)€@: Ig (@) 2R} o(R)
Function §(R) is increasing, hence the proof is complete. ]

Lemma 6.1.5 (Lemma A.5 from [37]). Let M be an N-function and M* its complementary
function. Suppose that the sequences ®; : Q — S® and ¥; : Q — S are uniformly bounded

in LM(Q S3) and Ly+(Q,S?), respectively. Moreover, ®; M g modularly in Ly (Q,S?) and
P; M modularly in Ly (Q,S3). Then, ®; : ¥; — & : ¥ strongly in L' (Q).

Proof. Owing to Lemma/6.1.3|the modular convergence of {®;} and {®;} implies the convergence
in measure of these sequences and consequently also the convergence in measure of the product.
Hence it is sufficient to show the uniform integrability of {¥; : ®;}. Notice that it is equivalent
with the uniform integrability of the term {‘/I\l—lj : %} for any A1, A2 > 0. The assumptions of the
proposition provide that there exist some A1, A2 > 0 such that the sequences

B2} e far (2 2) 6119

are uniformly integrable. Hence, let us use the same constants and estimate with the help of
Fenchel-Young inequality

‘i’l i ‘<M( ‘i’l)+M(x i) (6.1.20)

Obviously, the uniform integrability of the right-hand side provides the uniform integrability of
the left-hand side and this yields the assertion. ]
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Lemma 6.1.6 (Lemma A.6 from [37]). Let p; be a standard mollifier, i.e. p € C*(R), p has
a compact support and [p p(T)dr = 1, p(1) = p(—7). We define pi(t) = ip(it). Moreover,
let x denote a convolution in the variable 7. Then for any function ® : Q — S3, such that
& c LY(Q,S8?), it holds

pix®— P in measure as i — 0. (6.1.21)

Proof. For a.a. x € ) the function ¥(-,z) € L*(0,T) and p; * ¥(-,x) — ¥(-,x) in L(0,T) and
hence p; * ¥ — W in measure on the set [0, 7] x Q. O

Lemma 6.1.7 (Lemma A.7 from [37]). Let p; be a standard mollifier. Given an N -function M
and a function ® : Q — S such that ® € Ly(Q), the sequence {M(x, p; * ®)} is uniformly
integrable.

Proof. We start with an abstract fact concerning the uniform integrability. Namely, the following
two conditions are equivalent for any measurable sequence {§;}

(a) Ve > 036> 0:supjensupa<s [4 1§,/ dzdt <e

+
(b) Ve> 030> 0:sup,ey fQ (\Ej] — %) < € where we use the same notation as in previous

chapters, i.e. 27 = max{0, z}.

The implication (a) = (b) is obvious. There exists v > 0 such that there exists A’ = {(x,t) €
Q: [&]> %} with meas(A’) <. Then

sup [ [€;]dzdt <, (6.1.22)
jeNJ A
and
/(|g| 1)d dt<etl (6.1.23)
sup J—— ) dedt<e+ —, 1.
jeN J A/ I Nal Nal
+
By the proper choice of A’ we obtain SUpjen fQ (\é’j\ — %) dedt < e+ %, which completes

this implication. To show that also (b) = (a) holds, let us estimate

1 1
sup  sup £ ldedt =sup sup / £ ——=+ —=|dzdt
jEN meas(A)<5/A‘ i jEN meas(A)<s A| ERVZ) \/3‘

1 +
<sup sup /A <|£j| - \/5) drdt+ sup meas(A)

1
jEN meas(A)<s meas(A)<s V6

1 +
< V6 +su /< .—> dz dt
jell\lg Q ‘€]| Vo

<Vi+e
(6.1.24)
Notice that since M is a convex function, the following inequality holds for all § > 0:
1 1
/ |M(z,®) — gﬁdxdt > / |M(z,pj = ) — 5“ dz dt. (6.1.25)
Q Q

Finally, since ¥ € L3/(Q), also fQ |M (x, ®)—(1/+/6)|* dx dt is finite and hence taking supremum
over j € N in abovementioned equation we prove the assertion.
O
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6.2 Formulation of the problem

Heterogeneity of domain €2 implies the need of making the assumptions on regularity of component
in regards of operator D.

Assumption 6.2.1. Let the operator D : 83 — 83 be a four-index matriz, i.e.

D = D(z) = {di,j,k,l(fv)}ij,k,l:l (6.2.1)
and the following equalities hold
di k() = djipi(x),  dijri(r) =dijik(x) and dijri(r) = dggj(v), (6.2.2)

where function d; ;1. belongs to WLP(Q) for each i, j, k,1 =1,2,3 and for some p > 3. Moreover,
let D be linear, positively definite and bounded.

Assumption on function G(-,-) causes use of space for displacement.
Definition 6.2.1. Let us define the space BDy+(Q,R3) by formula

BDy+(Q,R*) = {ue L'(ULR?) :  e(u) € Ly (2,8%)}. (6.2.3)
The space BDy+(Q,R3) is a Banach space with a norm

lullBpy @ = lullzy @) + lle(w)ar- (6.2.4)

Space BDjs+(Q,R3) is a subspace of the space of bounded deformations BD(Q,RR?)
BD(Q,R*) ={ue L'(Q,R*) : [e(u)];; € M(Q)}, (6.2.5)

where M(Q) is a space of bounded measures on @ and [e(u)];; = %(g;; + g%z), cf. [38].

According to [80, Theorem 1.1] there exist a unique continuous operator vy from BDjs+(Q) onto
LY((0,T) x 08) such that the generalized Green formula

T
2/Q¢Ei’j(u) dzdt = — A?(uzgi + u]gj]) —i—/o - d(yo(ui)n; +vo(uj)n;)dH? At (6.2.6)

hold for every ¢ € C*(Q) and where n = (n1,n2,n3)7 is an unite outward normal vector on 9
and H? is the 2-Hausdorff measure. Moreover, BD(Q, R?) is compactly embedded in L4(Q, R?)
for every 1 < g < %, see [80, Remark 2.3].

Furthermore, we understand v € BD s+ (Q,R?) + L>(0, T, W2?(Q,R3)) in the following way:
There exists a decomposition v = vi+vy , where v1 € BDy«(Q,R3) and vy € L®(0, T, W*P(Q, R3)).

Definition 6.2.2 (Weak-renormalised solution of the system (1.2.2)) ). The triple of functions
w € BDy+(Q,R3) + L0, T, W?P(Q,R?)), T € L*(Q,S?) and a measurable function 6 such
that for every K € N, Tx(0) € L*(0,T,WY2(Q)) is a weak-renormalised solution of the system

(11.2.2) when
T T
/ /T:Vgodxdt:/ /f-cpdxdt, (6.2.7)
0 JO 0 JO

T = D(e(u) — €P), (6.2.8)

where
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holds for every test function @ € C*([0,T],C°(Q,R3)) and

— —~% zdt— — 0, x z "0 —0 —0)- z
/QS(e ), dodt /QS(GO 00)p(x,0) d +/QS(€ 0V (0 —0) - Vo dw dt

+/ S"(0—0)|V(0—0)|>pdadt = / G0, T : TS (0 — 0)p dx dt
¢ ¢ (6.2.9)

holds for every test function ¢ € C2°([—00,T),C>(R2)), for every function S € C*°(R) such that
S" € C§°(R) and for 6 which is a solution of the problem

0,—N0 = 0 inQx(0,T),
. %0 = go on 02 x (0,T), (6.2.10)
0(z,0) = 6y inQ,

where Oy € L2(Q). Furthermore, the visco-elastic strain tensor can be recovered from the equation
on its evolution, i.e.

eP(z,t) = ef (z) + /0 G(O(x, 1), Tz, 1)) dr, (6.2.11)

for a.e. x € Q andt € [0,T) also eP,ef € Ly+(Q).

Theorem 6.2.1. Let initial conditions satisfy 0y € L'(Q), €5 € La+(Q,83), boundary conditions
satisfy go € L*(0,T, L2(0R)), for p > 3 function g € L>(0,T, W?P(Q,R?)) and volume force
f € L%(0,T, LP(Q,R3)), also function G(-,-) satisfy the same condition as in Assumptionsm
and let operator D satisfy Assumption m Then there exists a weak solution to system .

6.3 Proof of Theorem [6.2.1]

The idea of the proof is similar to proofs presented in previous chapters. We use two level Galerkin
approximations to construct the approximate system of equations. Use of growth condition in
Orlicz spaces instead of growth condition in Lebesgue spaces implies usage of different analytic
tools. For example, we use Minty-Browder trick in nonreflexive spaces, see [84], to identify the
weak limit of nonlinear term. Moreover, to prove the convergence of right-hand side term of heat
equation we apply the biting limit, cf. [8], and Young measures tools, which were described in
Chapter

Construction of the proof is similar to previous cases. We start with cutting off the boundary
conditions, Section [6.3.1] Then, we construct the approximate solutions and show their uniform
boundedness, see Section [6.3.2} Finally, we pass to the limit independently with approximation
parameter for temperature (Section and with approximation parameter for displacement

(Section [6.3.4)).
6.3.1 Transformation to a homogeneous boundary-value-problem

As we mentioned in Chapter [2 our idea is to consider three systems of equations, i.e. two systems
which take the boundary conditions for displacement and heat flux. i.e.

—divT = f in Q x (0,7),
T = De(a) inQx(0,7), (6.3.1)
u =g on 092 x (0,7),
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and
6, —AG = 0 inQx(0,T),
9 = gy on 0 x(0,7), (6.3.2)
9(.%’,0) = 90 in Q,

and one with homogeneous boundary conditions
—divT =0,
T = D(e(u) - Ep)
e =GO+0,T + 17,
0, — A0 = (T +T% : G(6+0,T" +T%.

(6.3.3)

By the following lemma we show the existence of solutions to (6.3.1) and (6.3.2). In the rest of

this chapter we prove that solution to the last system exists.

Lemma 6.3.1. Forp > 3, let §y € L*(Q), g € L°(0, T, W?P(Q, R3)) 9 e L2(0,T, L%(09)) and
f € L>(0,T,LP(Q,R3)). Then there exists a solution to systems (6.3.1]) and - Addition-
ally, the following estimates hold:

|| 100 0,720 (02)) < C1 (gl oo 0, w20 (0)) + 1 F Lo 07,00 (2))) »

1011 £ow 0.7,21.(2)) + 10Nl 20,7 m1.2(0)) < Co (ngHLZ(o,T,m(aQ)) + HéO”L?(Q)) :
Moreover, 0 belongs to C([0,T], L*(Q)) and the following estimate for Cauchy stress tensor holds

1T 1) < Cs (Igll 0. w2e) + 1 £l o,00(9)) - (6.3.4)

Proof. The results for temperature were discussed in previous chapters, hence let us focus on
ex1stence of the elastostatic problem. The idea of proof is the same as in the proof of Lemma
The main difference between is that we require more regularity of Cauchy stress tensor T.
It is caused by usage of Minty-Browder trick in nonreflexive spaces and estimate [6.3.4] is crucial
in the next steps of main Theorems proof.

Rewriting the solution in the form @ = w; + g, we may replace finding @ by finding %, where
it is a solution to system

{ —diVDE(flrl) = f+diVD€(g) in Q x (07T)) (6.3.5)

@ = 0 on 9 x (0,7).

Function f + div De(g) belongs to L*°(0,T, LP(Q2,R3)). By [82, Theorem 7.1] we know that
there exists an unique solution @, € L°°(0,T, W2P(2,R?)). For p > 3, using the general Sobolev
inequalities |29, Theorem 6, p. 270] we obtain the inequality (6.3.4)). O

6.3.2 Boundedness of energy

Following the procedure presented in Chapter[2]we construct the approximate system of equations.
Finite initial energy of the system implies the boundedness of approximate solutions. Let us start
with estimates for potential energy, see Definition [1.4.1]
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Lemma 6.3.2. There exists a constant C (uniform with respect to k and 1) such that

(2, G(0 + 01, T +T4,)) dav dt

E(e(uny), ef,)(t)
y (6.3.6)
c/ M(z, T +Tﬁ7l)d$dt <C,

where ¢ is a constant Assumption and d = min(1,¢). Moreover, constant C' depends on
solution of additional problem (6.3.1) and potential energy in the initial time

C = /M d:):dt—i—é'( e(ug,),ep,)(0). (6.3.7)

Since T belongs to L>(Q), the constant C' in (6.3.2) is finite.

Proof. Let us start with calculating the time derivative of the potential energy £(t). For a.a.
t € [0, T] we obtain

Terms on the right-hand side of abovementioned equation may be rewritten with application of

approximate system of equations (2.2.8). Firstly, for each n < k let us multiply (2.2.8)1 by (o).
After summing over n = 1,..., k we get

/Q D(e(ugy) — €)= ((un)) dz = 0. (6.3.8)

Then for each n < k let us multiply (2.2.8)3 by 7, and for each m <[ let us multiply (2.2.8)4
by d;;. Summing over n =1, ..,k and m = 1, ...,] we obtain

~ - d
/Q(Ezl)t : D(s(uk’l) — EZZ) dzr = /QG(9 + ek,lyT + T?cl,l) : Tle dzx. (6.3.9)
Hence
d
@E(e(uk,l) Ekl / G 6+9kl,T +Tkl) Tkldfl,’ (6.3.10)

and then

d

€ (e(ury), b)) /G 6400, T+ T4 (T + TY,) do

~d
+/ G(9+9k7l,T +Tk:7l) ZT de’
Q

Thus, using Assumption [6.0.1] and Fenchel-Young inequality we estimate the changes of potential
energy by

d ~ . .
ZE(e(ury), ef)) < —c (/ M(e, T+ T8, de + / M*(x,G(6 + 040, T + T},)) dx)
’ Q Q

2 . d_, = =
+/QM(a;, de)dx+/QM*(:c,2G(9+9k,l,Td+Tz,z))dxa
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where d = min(1, ¢). Then, by convexity of N-function, we obtain

CE(e(uin), <) < —c </ M T+ T o+ [ M0G0+ 00, T+ 1) d:z:)
Q Q

2 d - .
+/M(x, de)dx+2/M*(x,G(Q-i-Qk,l,TdﬂLTg,l))de
Q Q

Finally, integrating over time interval (0,¢), with 0 <¢ < T we obtain
p - d d 2c—d N ~ -~ d d
E(e(ury), ey )(t) +c [ M(z,T —i—Tk,l)da?dt—i—T M*(z,G(0 4 Opy, T +Ty,)) dwdt
' Q Q

9.
g/M(m, gTd)dxdt—i—c‘:(éi(uk,l)ﬁgl)(o)‘
0 ,

which completes the proof. O

Remark. From Lemma we know that the sequence {Tﬁ’l} is uniformly bounded in Ly (Q,S®)

with respect to k and I, as well as the sequence {G’(9~ + Qk,l,Td + T%,l)} s uniformly bounded in
the space Ly+(Q,S) with respect to k and 1. Hence, using the Fenchel-Young inequality, the

sequence {(Td + Tg,l) cG(0+ Or.1, T+ Tfil)} is uniformly bounded in L'(Q).

Remark. On basis of Lemma the sequence {Ty;} is uniformly bounded in L>(0, T, L?(2, S3))
and in particular in L?(0,T, L*(Q,S%)).

The following lemma is similar to Lemma [£.3:3] and Lemma [5.2.2] In the proof we use the
projections, see Definition [2.1.2] The differences in the estimates are caused by looking for the
solutions in another functional spaces.

Lemma 6.3.3. The sequence {(e¥,):} is uniformly bounded in L*(0,T, (H*(Q,S*))’) with respect
to 1.

Proof. Let ¢ € L>(0,T, H*(Q,S%)) . Since (Pk+P£’§)(s£l)t = (e} )+ we may estimate as follows

T T Lk
/ (8 e @)l dt = / (8 )0 (P + PEA)) p dt
0 0 (6.3.11)

T T
< /0 (P )i PE) ] dt + /0 (€0 ) P ) p dt.

Thus
T T 5 -~ d 4 .
| eoneiplar< [ 1] [ DG+ 0., 7"+ TP dala
T ~ ~
+/ |/DG(@+0k,l7Td+Ti,l)P£’§<pdm]dt

0 Q

g 7] Fd d k

<d /0 IG(+ 000, T+ T )| s e | Pl ey

T
~ ~d
+d /0 IG (0 + 0k, T + T ) 12 | (Pys 0 (Id — P*)) || poo o it
(6.3.12)
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As s € (2,2], then by Sobolev inequality we get HPL’[’zgaHLoo(Q) < EHP}_}@(PHHS(Q) and || P*o|| 00 () <
| P He (), Where ¢ is an optimal embedding constant. Then, we may proceed similarly as in
the proof of Lemma

T T
. = - d
/0 |((ef )i p)p|dt < dc/o IGO0 + 040, T + T )| () PRl s ()

T
- ~ ~d
+de /0 1G@ + 610, T+ T )12 | (P o (Id — PF))epl| e
T ~ 4 .
< dC(k)é/O IGO0 + O, T + T )l )l s () A2

T
. ~ ~d
T de(k) /0 1G@ + 000, T+ T8 )11 ol 2= e
- ~ ~d
< 2ded|G(0 + Oy, T + T4 ) | 1110l Loo (0.7, 175 (02))-
(6.3.13)

It is obvious that ||G(8 + 6, T+ Tzl)Hp(Q) is bounded. Hence, there exists C' > 0 such that

T
s [ (e ehnldr < COb), (6.3.14)
0

PEL(0,T,HS())
el Loo (0,1, 5 (2)) <1

and hence the sequence {(e},);} is uniformly bounded in L*(0, T, (H*(£2, S%))"). O

~d ~ ~d
Since {(T" + Tg’l) GO+ 6k, T + Tg’l)} is uniformly bounded in L!(Q) the lemmas for
temperature remain the same as in models mentioned previously. Estimates in Lemma [6.3.5
depend on k and it forces us to use two level Galerkin approximation.

Lemma 6.3.4. The sequence {0} is uniformly bounded in L>(0,T; L'(S2)) with respect to k
and .

Lemma 6.3.5. There exists a constant C, depending on the domain Q and the time interval
(0,7T), such that for every k € N

sup [0k, () 172 + 10k1ll72(0.7,m1.2(0)) + 1Okl 220 w120
0<t<T

(6.3.15)
~d = ~d
< C(IT((@* + T : GO+ 000, T+ T4) 02,0200 + 1Te(00) 2y )-

We observe that the uniform boundedness of solutions (Lemma and Lemmal6.3.5)) implies
the global existence of approximate solutions. For each n =1, ...,k and m = 1, ..., the solutions
{ag, (), B (), v, (8), 67 (t) } exist on the whole time interval [0, 7.

6.3.3 Limit passage | — oo and uniform estimates

Multiplying (2.2.8]) by time dependent test functions ¢i(t), p2(t), @3(t) € C*°([0,T]) and p4(t) €
C2°([—00,T)) and then after integration over time interval (0,7"), we obtain the following system
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of equations

/ /Tkl (wn)gol( )da:dt—O
/ /skl e(w, gpg()dxdt—/ /G@—i—@kl,T —|—Tkl) e(wpm,)p2(t) dedt
/0 /Q(sg,l)t: E ot )d:rdt—/ /G 64 0 T4 T8) : ¢hpa(t) dedt (6.3.16)
T
—/0 /QQk;,zvmsDZ(t) dfﬂdt—/g9o7k,z(l‘)vm904(0)d$+/0 /Qvek,l'VUmm(t) da dt

T
_ / /ﬁ((Td T8 G+ O, T+ T ) ) omepa(t) da i
0 Q

where the first and the second equation hold for n = 1,..., k and the third and the fourth hold
for m =1, ...,1. Moreover, it holds Tk; = D(e(uy,;) — €} ;).
Uniform boundedness proved in previous section implies that the following convergences holds

Ty, — T weakly in L?(Q, S?),
Ti, —* T} weakly* in Ly (Q,S3),
G0+ 040, T + T ) = X, weakly* in Ly (Q. 57). (6.3.17)
Ok — Ok weakly in L2(0,T, WL?(Q))’ -0.
Or,1 — Ok a.e. in Q x (0,7),
(sz,l)t - (sz)t weakly in LI(O’T’ (HS(Q,S3)),)7

with [ — oo and with the use of appropriate subsequences if it is necessary. Using these con-
vergences we pass to the limit in (6.3.16)) with [ — oco. Then, for n = 1,....,k and m € N, it

holds
/ /Tk e(wy)p1(t)dzdt =0,

/ / eP)t : e(wm)p2(t) da dt = / /Xk e(wpm,)p2(t) dz dt, (6.3.18)

/ /Q<ef:>t Chostarar = [ [ s chontasar

Moreover, {e(wy), ¢, tn=1,.. k:m=1,...00 is & base of whole space H*(€2, S3) and abomentioned equa-

tions can be replaced by
T T
/ /(Ei’)t :¢dxdt = / / Xk : ¢dxdt (6.3.19)
0 JQ 0o JQ

for ¢ € L>(0,T, H*(Q,S?)). To show that holds also for all ¢ € Ly (Q,S?) we proceed
similarly as in [35] 37, [48].

It still remains to make the limit passage in ( ) and to identify the weak limit x. As we
know the same problems appeared in models c0n31dered previously. For this purpose, we repeat
three-step method presented in Chapter [3]

All calculations in three-step method for Norton-Hoff-type model and model with growth
conditions in generalized Orlicz spaces are significantly different. Only some parts of proof of
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Lemma [6.3.6] are the same as those related to Norton-Hoff-type models. We skip these parts and
for more details we refer the reader to Chapter [dl To prove the limiting inequality we use lemmas
presented in Section In the second step we use Minty-Browder trick for Orlicz space, see [84].
And finally, to show the convergence of {(Td + Tg’l) GO+ Oy, T+ Tgl)} we use biting limit
and Young measures tools.

Step 1. Limiting inequality.

Lemma 6.3.6. The following inequality holds for the solution of approximate systems.

limsup/ / G0+ Okvl,j’d + Tgl) : T‘,il dzdt < / / X : TEdz dt. (6.3.20)
0 JQ 0 JQ

l—o0
for every T € (0,T).

Proof. At the beginning of the proof procedure is the same as in proof of Lemma [£.3.6] We
multiply by function v, +(t), see , and then all of the computation proceed the
same way as previously. The difference appears when we want to make a limit passage with e — 0
in the following equation

to t2
/ / D(e(up)—ep)*ne : ((e(ur) —ef) *nc), dedt = —/ / Xi*7e : T¢sne dz dt. (6.3.21)
t1 Q t1 Q

Since e(uy) — €}, belongs to L?(Q,S®) we may pass to the limit on the left-hand side of equation
, but to make a limit passage on right-hand side we should use lemmas presented in
Section [6.1]

From Lemma sequences { M (z, T¢*n.)} and {M*(z, Xy * )} are uniformly integrable.
Moreover, {T‘,f % )¢ e converges in measure to T‘,f and {x}, * 7¢ }e converges in measure to x; (by
Lemma as € goes to 0. Uniform integrability of the sequence and convergence in measure
of this sequence implies (by Lemma that

T % 1, M, T¢ modularly in L/ (Q), (6.3.22)
X * e M Xk modularly in Ly+(Q),

as € = 0. Then, using Lemma we complete the limit passage in (6.3.21)) and we obtain

3 [ Dietu) = D) (elw) — <) s

to to
——/ /xk:ngxdt. (6.3.23)
t1 t1 Q

The rest part of the proof is similar to proof of Lemma hence we omit this part.
O

Step 2. Minty-Browder tick.
Let us take s € (0,7] and let us define @Q* = Q x (0, s). By monotonicity condition of function
G(0,-) we obtain

/ (G(é + 0k, T+ T — GO+ 6, T + Wd)) (T~ W) dadt > 0

(6.3.24)
v Wee L®(Q,S83).
Lemma yields
limsup | G(6+ 0, T + T¢) T dedt < / X : T4 dx dt. (6.3.25)
=00 Q3 s
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Since W4 belongs to L®(Q), then it belongs also to Ey(Q). By weak* convergence of {G(6 +
~ d .
Ors, T" + T )} in Ly (Q) we get

lim | GO+ 6, T +T%,): Widzdt = / i : Wedz dt. (6.3.26)
l—00 Qs ’ S
Now, we focus on the convergence of the sequence {G(6 + 0, T+ W)}, By pointwise conver-

~ ~d
gence of {0} we get pointwise convergence of {G(0 + 0y, T" + W?)}. Furthermore, from the
Assumption and non-negativity of N-functions we get

M* (2, G(0 + 0y, T + W)

]Td + Wi >e¢ R ]
G0+ 01, T + W)

(6.3.27)

Td + W belongs to LOO(Q,SS’) and M* is an N-function. This implies that the sequence
{G(0 + 0y, ¢+ W} belongs to L®(Q, S3) and by Lemma we obtain
G0 + Oy, 7+ w) M, G0 + by, 7+ w), (6.3.28)

modularly in Ly« (Q). Then

/ G0+ 031, T + W) (T, — W) — GO+ 6, T + W : (T — W)| da dt

<[
v

Finally, using Holder inequality (Lemma [6.1.2) we get

(G(é 4O, T+ W) — GO+ 0, T + Wd)) (T, — W dzdt (6.3.29)

GO+ 6, T" + W) : (T}, - T‘,f)‘ da dt.

/ GO+ 00 T+ W) = (T, — W) — G+ 6, T + W) - (T — W) da dt

5 ~d ~ ~d
<2GO+ 00, T+ W) — GO+ 0, T" + W | par- | TR — W s (6.3.30)

.

Since HT%J—WdHL,M is uniformly bounded, ||G( +9k71,Td+Wd)—G(9~+9k, Td—l-Wd)HL,M* —0

0
(M* satisfies Ag-condition and the sequence {G(6+ 0y, Td—l—Wd)} convergence to G(6+6, T4
Wd) in modular) and Tz,l —Tg — 0in L (@Q, Sg) as [ goes to 0o, the right-hand side of (6.3.30))

goes to 0 as [ goes to co and we obtain

GO+ 0, T + W) (T, —T{)|da dt

lim [ GO+ 0, T+ wd) (T8, - Whdedt = | G@+ 0, T + W) : (T — W) da dt
—00 Js ’ Qs
(6.3.31)

Therefore, passing to the limit with [ — oo in (6.3.24])), we get

/ (Xk G+ 6, T + Wd)> (T8 - Whdzdt >0  YWee LOQ°,8%).  (6.3.32)



100CHAPTER 6. MODELS WITH GROWTH CONDITIONS IN GENERALIZED ORLICZ SPACES

For j > 0 let us define the set
Q;={(t,x) €Q*: |TY <jae inQ}. (6.3.33)

Let us use the notation 1z for characteristic function of set H. Then, for arbitrary 0 < j < ¢
and h > 0 we define function

Wi = 7100, + Tig, + WU, (6.3.34)

where U € L>(Q, S3). We use this function as a test function in (6.3.32)) and get

« -d  =d
/ <Xk —GO+0,T —T 1gs\, +Tz1Qi + hUdej)) :

(6.3.35)
(T + T"19n0, — Tiq, - WU'1g,) dzdt > 0
Since Q; C Q; C Q° we get
—h/ (xk—G(é 40, T+ T8 + hUd)> . Uddzdt
Qj
= ~d

+/ (xk—G(G + 0, T + Tz)) (T¢ — T da dt (6.3.36)

Qi\Qj

+/ (Xk—G(éJr@k,O)) : (Ti+Td)d:cdtzo.
Q°\Qi
By Assumptions we know that G(0 + 6),0) = 0 a.e. in . Hence

h/ <Xk GO+ 0, T + T + hUd)> U d dt +/ xi (T4 + T dzdt > 0.
Qj Q\Q;
(6.3.37)

Moreover, from the definition of characteristic function
/ X, (T4 + T dzdt = / (Xk (T¢ + :i“d)) 1ge\g, dz dt. (6.3.38)
Q\Q; Q

. ~d ~d . .
Since fQ Xi : (T4 +T") < oo and (Xk; (T4 T )) 1gs\g, — 0 ae. in @ as i goes to oo,
Lebesgue’s dominated convergence theorem implies that

lim X, (T4 + T dzdt = 0. (6.3.39)
o0 JQ\Q:

Passing to the limit with ¢ going to oo in (6.3.37) and by dividing by h we obtain

/ (Xk GO+ 0, T + T + hUd)) Ul dzdt < 0. (6.3.40)

J

Since T* +Ti +hU? goes to T —i—Tg a.e. in Q when h — 0T, {G(é—l—@k, T +Tg +hU } >0
is uniformly bounded in Lys+(Qj, S®), we conclude that

GO+ 0y, T" + T + hUY) —* G0 + 0, T + T (6.3.41)
k k
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in L+ (Q, S3) as h goes to 0F. Consequently, passing to the limit with h going to 0T in (6.3.40))
we obtain

/ (Xk — GO+ 0, T + T;;l)) Uz dt <0, (6.3.42)
Qj
for all U? € L>=(Q, S3), so taking

_ ] i d 7] I
Xk G(9+9k:T +Tk) when Xk ;é G(9 + 0k7 Td + Tz)’

U?={ xu—G0+6,.T"+T])] ] y (6.3.43)
0 when x, = G(0 + 0, T" + T9),
we obtain
/ ix — G0 + 0, T+ T9)| dw dt < 0, (6.3.44)
Qj

ie x5, =G0+ Hk,Td —I—Tﬁ) a.e. in Q. Arbitrary choice of j > 0 and of 0 < s < T implies that
~ - d
Xp = GO+ 0, T" +T}) ae. in Q.
Step 3. Limit of right-hand side of heat equations.
The idea how to prove the convergence of right-hand side of heat equation came from paper

of Gwiazda et al. [40]. Let us denote by > the biting limit used, cf. [§].

Definition 6.3.1 (Biting limit). Let {f“} be a bounded sequence in L'(Q). We say that f €

LY(Q) is a biting limit of subsequence {f"}, we denote f¥ LA f, if there exists nonincreasing
sequence {Ey} with Ey, C Q and limg_,o |Ex| = 0, such that f¥ convergence weakly to f in
LY(Q\ Ey) for every fized k.

The following Lemma and its proof came from [40].

Lemma 6.3.7 (Lemma 4.6 from [40]). Let a,, € L'(Q) and let 0 < ag € L(Q) and

an > —ag, an S e and limsup/ a,dzdt < / adzx dt (6.3.45)
n—oo Q Q
then
an — a  weakly in L'(Q). (6.3.46)

Proof. By [, Theorem 2.5] there exists subsequence {a,,,} which converges weakly* in M(Q)
to limsup,, fQ an dz dt, and also there exists a nonegative measure @ such that

Uny, = *a+a in M(Q). (6.3.47)

Then

/ansup dxdt—)/ admdt—i—/adxdt, (6.3.48)
Q Q Q

as Ngyp — 00. Since limsup,, fQ ap dzdt < fQ adz dt, we obtain that fQ adxdt = 0. There-

fore, @ = 0 as a measure. Thus, by [4, Theorem 2.9 (ii)| the sequence a,, converges weakly to a
in LY(Q) with n — oo. O

Lemma 6.3.8. For each k € N sequence {G(6 + Hkvl,Td + TzJ) : (Td + T?cl,l)}?il converges
weakly to G(0 + 0y, T+ T9) : (Td +T%) in LY(Q).
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Proof. Using the Assumption Frechet-Young inequality and convexity of N-functions, we
get
~d ~ ~d
o(M(@, T'+T]) + M (2, G0 + 04, T+ TY))

< GO+ 04, T +T%) (T + T

2 . d - - 6.3.49
< M(o, ST+ T) + M (2, 560 + 0. T + T1) (0:349)
2 d _ .
< M(w, ST+ T) + SM* (2, G0 + 040, T" + T})),
where d = min(e, 1). And finally
- 2% —d a - 2 -
Mz, T+ T + 2= M* (2, GO + 00, T + TY)) < M(z, = (T + TY). (6.3.50)

d

Hence the sequence {G(6 + 6y, T+ T%)} is uniformly bounded in Ljs+(Q).Using monotonicity
of function G(+,-) with respect to the second variable, we get

0< (G(é + 0k, T+ T — GO+ 0, T + Tﬁ)) (T, - TY). (6.3.51)

Right-hand side of abovmentioned inequality is uniformly bounded in L'(Q). Thus, there exists
the Young measure denoted by piz4(+,-), see Theorem such that the following converges
hold

. - d = - d
(G(0+0x0, T + Ti)) — GO+ 64, T" + TY)) : (Tf, - T})

b (6.3.52)

LN <G(s, A) - G(s, T + T,fg)) SO = (T + Ty (5, N).
RxR3%3

Using Lemma we obtain that the measure 1i5,¢(s, A) can be presented in the form d5,, ®
vz ¢+(X). Then

[ (66X =G T 4 Th) s (- (@4 T duns(s. N
RxR3%3

_ / (GE+0,0) = GO+ 0T +TH) - A= (T + Ty ()
Riaxs (6.3.53)
- GO+ 0, N) - (A — (T + TD)dvy 1 ()

R3x3

- GO+ 00, T" +T%) : (A — (T + TH)dv s (N).
R3x3
Since sequence {Td + Ti,l} generate the measure dv,4(-) then ngxg Advg (X)) = T + Tg. The
second term in abovementioned equation disappears. Indeed,
- G0+ 0, T" +T9) : (A — (T" + T))dv s (N)

R3%3

(6.3.54)

= GO+ 0,,T" +T%) - </R Advgs () — (Td+Ti)>.

3x3
Moreover, uniform boundedness of the sequence {G/(6+ 6}, Td—l—T%J) : (Td+Tgyl)} in L1(Q)
implies that

GO+ 0, T +TL) : (T +T¢,) 5 G(5, ) : Adjigs(s,\)
xR (6.3.55)
- G0+ 05, \) : Advas(N).

R3%3



6.3. PROOF OF THEOREM[6:21] 103
Hence, by positivity of G(6 + -, T4 ) (Td + -) and using Lemma we get

l—00

lim inf/ GO+ 6, T +TL) : (T" +T¢,) de dt > / G0 + 0, A) : Advgs () da dt.
Q Q JR3
(6.3.56)

Lemma and knowledge that x; = G( + 0y, T + TZ) a.e. in @ imply that

/ GO+ 0, T+ T . (T" + T da dt > / G0+ 0p,\) : Adv, (N dzdt.  (6.3.57)
Q Q JR3

Since G(0 + 0, T + T%) = s G(0 + O, N, 1 () and (6-3.51) holds, we obtain

(G(é + 0, T+ T ) — GO+ 65, T + Tg)) (T4, -TH % 0. (6.3.58)
Using biting limit once more we get
G(6+ 6, T +T) - (T}, - T} L0, (6.3.59)
with | — co. Hence
GO+ 6, T +TL) (T + T % GO+ 6, T + T - (T} +T%. (6.3.60)
with [ — co. Using Lemma [6.3.7] we complete the proof. O

Thus, we pass to the limit with [ — oo in (6.3.16))(5)

. T
_ /0 /Q Orvm (0a(t))e dz At + /Q Ox (2, 0)pa(x,0) dz + /O /Q VO - Vomepa(t) da dt 6:3.61)

T ~ o~
- / / To((T +T%) : GO+ 0,7 + T )omepa(t) da dt.
0 Q

We finish this section with two lemmas. We prove the uniform boundedness of the sequences
{eP} and {uy} in proper spaces. This allows us to make the limit passage with second parameter
in the next section.

Lemma 6.3.9. The sequence {€}} is uniformly bounded in L+ (Q,83). Moreover, sequence
{(e)e} is also uniformly bounded in Ly+(Q,S3).

Proof. Let us consider the equation for the evolution of the visco-elastic strain tensor
~ - d
(eR)e =GO+ 0,, T" +TY).

Hence .
ef(x,t) = e (2,0) + / (eR(x,5))s ds.
0

Integrating the value of M*(z, e} (x,t)) over cylinder @ and using Ag-condition of N-function

M* (6.1.5) we get

1
/M*(x,sg(m,t)) dedt < c/ M*(z, 555(:3,75)) dxdt—l—T/ h(z)dx
Q Q Q

1 1
:c/ M*(z, sE(w,O)—l—/ (e (2, 8))s ds) da:dt+T/ h(z)dz.
Q 2 2 Jo Q
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Using the convexity of M* we obtain

/QM*(x,sg(:c,t))dxdtg ;/QM*(:c,sg(a;,O))dxdt

t ~ ~
—i—;/QM* (m,/o G(0+9k,Td+Tﬁ)(:z:,s) ds) dxdt%—T/Qh(a:) dz.
(6.3.62)

Let us focus on the middle term on the right-hand side in abovementioned equation. Changing
variable 7 = % we obtain

//M* /G6+0k,T 1+ T8 (2, 5)ds) da dt

_T//M*< / Gl +6,,T —I—Tk)(acs)ds>dxdr.

By Jensen inequality we get
1 t ~
T/ /M* (IL‘,/ G(c9—|—9k,Td+Tﬁ)(x,s)ds> dz dt
0 JQ 0
1 1 T
* n =d d
_T/O /7'T/0 M*(z,7TG(0 + 0, T + T})) dsdzdr
1 1 T B 4
ST/O /7'T/0 TM* (2, TG0 + 0, T" + T})) dsdz dr

1 T
= / / / M* (2, TG(0 + 6y, T+ T)) dsda dr.
0 QJO

There exists d € R such that 2¢ > T. Then, using the Ay-condition, coming back to original
variable and using the Fubini theorem we get

1 T _ _
/ // M* (2, TG(0 + 0, T + T%)) ds dz dr
0 QJ0
1 T B - d
g/ // M*(2,2°G(0 + 0y, T" + TY)) dsdzdr
0 QJ0O
1 T _ - d
gcd/ // M*(z,G(0+ 6, T +Tg))dsdxd¢+0(d)/h(x) dz  (6.3.63)
0 QJo Q
T t ~ 4
_/ // M*(z,G(0 + 0, T" +T§)) dsd:cdt—l—C(d)/h(x)dx
T Jo JalJo Q
T ~ ~
gcd/ /M*(x,G(9+0k,Td+Tg)) da:dt+C(d)/ h(z) dz.
0 Q Q
Coming back to (6.3.62)) we get
/M*(aﬁ,sg(x,t))dxdtg C;f/M*(a;,sg(af,O))dm
Q Q

T
+cd/ /M*(x,G(«9+9k,Td+Tz))dazdt+0(d)/ h(z) dz.
0 Q Q

Lemma and initial condition in L+ (€2, S3) complete the proof. O
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Lemma 6.3.10. The sequence {uy} is uniformly bounded in BD -+ (£, R3).

Proof. Let us start from showing the uniform boundedness of the sequence {e(uy)} in the space
L+ (Q). Using Ag-condition, convexity of N-function and Assumption we obtain

/QM*(gg,s(uk))dac'dtSC/QM*(gr;7 ;s(uk))dxdt—i-/Qh(ac)dmdt

1 1
= c/ M*(z, 5(s(uk) —eP)+ 555) dxdt—i—T/ h(z)dz
Q Q

IN

C/M*(w,e(uk)—sg)dxdt+c/ M*(m,e}:)dxdt—i-T/h(:r)da:
2 Q 2 Q Q

IN

;/ ]E(Uk)—sm?dxdt-i-g/ M*(x,sz)dazdt—i—T/h(x)dx
Q Q Q

IN

C/ |Tk|2dxdt+c/ M*(x,sg)ddeT/h(a;)dx.
2Jq 2Jq Q
(6.3.64)

Following Anzellotti and Giaquinta [7, Preposition 1.2 a)| we get the inequality

k@) < Clle(ur)lliq)

where C' is a constant depending on 2. Finally we get the estimates
ukllz1q) < CQ,M/ M*(z,e(uy)) dx dt,
Q

where constant Cg ys depends on N-function M and space-times cylinder ¢). This completes the
proof.
O

6.3.4 Limit passage k — oo

We start the second limit passage with short discussion about solution to heat equation. Since

{G(6+ 6, T4 TY) (Td +T%)} is uniformly bounded in L(Q), then there exists a measurable
function 6, see Lemma [3.2.1], such that 6; — 6 a.e. in Q.

Furthermore, uniform boundedness of approximate solutions sequences obtained in previous
sections imply the following convergences, passing to the subsequence if it is necessary,

up — U weakly in L1(Q,R3),
e(ug) —* e(u) weakly* in Ly (Q,R3),
T,—~T weakly in L?(Q, S?),
Tz Kk Td Weakly* in LM(Q,SS’), (6365)
G(0 + 0, T" +T%) —* x  weakly* in Ly (Q,S3),
(el)e =* (eP)y weakly* in Ly« (Q,S3).

Using these convergences in ([6.3.18)) ;) and (6.3.61), we get

/T:chd:z:dt:()
@ (6.3.66)
/(sp)t:¢dxdt:/xz¢dxdt
Q Q
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for o € C>°([0,T], L*(©,R3)) and v € Ly (Q,S?). To complete the limit passage in heat equation
and to deal with nonlinearities limits we should repeat the three-step method.

Lemma 6.3.11. The following inequality holds for the solution of approzimate systems.

to B B to
limsup/ /G(0+«9k,Td+Tz):ngxdtg/ /X:Tddmdt. (6.3.67)
Q 0 Q

k—o0

Proof. This proof is similar to proof of Lemma Using the lower semicontinuity in L?(Q)
we get

fmint [ Le Py d
im in i (e(ug),ep,) Yurdt
) . 1 T+p p
:h}ggfu/ & (e(ur), <B) () dt — lim &(e(ur), €R)(0) (6.3.68)
IRV P P
> M/T E(e(uy), ) (1) dt — E(e(u), eP)(0).

We use ¢ = ((e(ur) * Me)tL(, 1)) * Me as a test function in (6.3.66), where 7 is a standard
mollifier with respect to time, then

to
/ / D(e(u) — €P) x e : (e(ug) *ne)¢ dadt = 0. (6.3.69)
t1 Q
Moreover, we use 9 = (T% x Nel(t, 1)) * Me as a test function in (6.3.19). Then
to t2 ~ ~d
/ /(eg*ne)t:T*nedxdt:/ / GO+ 60, T +T9) *n : T *neda dt. (6.3.70)
t1 Q t1 Q
Products in (6.3.70)) are well defined. Subtracting these two equations we get
to t2 ~ ~d

/ / T xne : (e(ug) —€ef)pxnedadt = —/ / GO+0,, T +T%) xn. : T?xn.dzdt. (6.3.71)

t1 Q Q

For every € > 0 the sequence {(e(uy) —€¥)¢ *nc} belongs to L?(Q, S?) and is uniformly bounded
in L2(Q,S?) with respect to k, hence we pass to the limit with & — co and we obtain

to
/ /T*ne. ) —eP)xnededt = / /X*Tle T * e dz dt.

Using the properties of convolution we get
t2
—/ /X*nE:Td*nedmdt.
t1 Q

In the same way as in the previous section we pass to the limit with ¢ — 0 and then with ¢; — 0

to
/ /x T dz dt. (6.3.72)

We multiply (6.3.72) by + and integrate over (1,7 + p) and proceed now in the same manner as
in the proof of Lemma [4.3.6] ]

/T*ne. —sp)*ned:):

/D(e(u)—ep) : (e(u) — &P) dx
Q
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The second and the third step of this method are followed in the same way as in the limit
passage with [ — co. Hence, we omit this calculations. Using Minty-Browder trick we obtain

X =G(6+06,T" +T%, (6.3.73)

a.e. in ). Moreover, using Young measures tools we may pass to the limit in right-hand side
term of heat equation. Repeating the procedure from the previous limit passage we obtain

T(T"+ T : G+ 60, T" +TD) ~ (T + T : G(6 +0,T" + T?), (6.3.74)

weakly in L'(Q). Weak convergence of right-hand sides of heat equation and strong convergence
of initial conditions imply that there exists a renormalised solution to heat equation €, see Section

such that for every K € N holds

Ti (0r) — T (0) weakly in L2(0, T, W12(Q)),

O — 0 a.e. in Q. (6.3.75)

Taking S'(0)¢ as a test function in (6.3.61), where S is a C°°(R) function, such that S’ has a
compact support we obtain

—/st)‘gf dxdt—/QS(eo—éo)qs(x,O) d:r:+/QS’(9)V9-V¢dxdt

(6.3.76)

+/ S”(9)|V0\2¢dxdt:/ GO+0, 7"+ T : (T" + TS (0)¢ dz dt.
Q Q

Since § = 6 — 0 we may rewrite ((6.3.76]) in the following form:

9 _ P
—/QS(e—e)atdxdt—/ﬂswo—90)¢(x,0)dm+/Qs(e—e)we—e)-w)dmdt

+/ S"(@ — 6)|V(0 — 0)*¢ dz dt = / GO +0, T + 1% : (T + THS' @ - 6)pdzdt,
Q Q
(6.3.77)

where 6 is a solution of (6.3.2), § is a solution to full thermo-visco-elastic model and (6.3.77)
hold for every test function ¢ € C°([—o0,T),C*(92)). Moreover, using the solution to problem

(6.3.1) we obtain

/OT/Q(TJrT):Vgoda:dt:/oT/ﬂf,(dedt, (6.3.78)

T = D(e(u) — €P), (6.3.79)

and (6.3.78)) holds for every test function ¢ € C*°([0,T],C°(Q, R?)).
This completes the proof of Theorem [6.2.1]

where
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List of Notations

point in the reference configuration

time moment

displacement

temperature

visco-elastic strain tensor

linear, positively definite and bounded operator
symmetric gradient of displacement u
visco-elastic constitutive function

space of symmetric matrices 3 x 3

space of traceless symmetric matrices 3 x 3
deviatoric part of tensor T’

identity matrix form S3

density

thermal expansion

standard mollifire with respect to the time
Cauchy stress tensor

density of heat sources

reference temperature

material’s conductivity

material’s capacity or constant

arbitrary subset of (2

space {u e W' (Q,R3) :u =g on 89}
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