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Abstract.

This PhD Thesis is devoted to various systems of partial differential equations describing
cellular movement. First, we consider a model of chemorepulsion. We prove global existence
and uniqueness of regular solutions in dimension 2. For dimensions 3 and 4 we prove the global
existence of weak solutions. The convergence to steady states is shown in all the cases. Fur-
thermore, in the two dimensional case we provide the explicit rate of convergence to the steady
states. Second, we perform an extensive study of existence, uniqueness and asymptotic behavior
in 2-dimensional domains for a reduced system of partial differential equations of degenerate
type describing tumour invasion. Moreover, we show all the possible positive solutions to the
stationary problem associated to such a system. Finally, we study the steady-states, global
well-possedness and asymptotic behaviour of some models related to tissue invasion that were
proposed in [A.J. Perumpanani, J. Norbury, J.A. Sherratt and H.M, A two parameter family of
travelling waves with a singular barrier arising from the modeling of matriz mediated malignant
invasion, Physica D 126 (1999) pp. 145-159] and [M.A.J. Chaplain, A.R.A. Anderson, Math-
ematical modelling of tissue invasion, in: L. Preziosi (Ed.), Cancer Modelling and Simulation,

Chapman & Hall/CRT, 2003, pp. 269-297].

AMS Classification. 35B40, 35K50, 35K57, 35K65, 92C17.
Keywords. Asymptotic behaviour, Chemotaxis, Global existence, Haptotaxis.



Abstrakt.

Rozprawa doktorska poswiecona jest badaniu kilku uktadéw réwnan rézniczkowych czastko-
wych (RRCz) opisujacych ruch komérek. W rozdziale 2 bada si¢ model chemorepulsji. Dowodzi
si¢ globalnego istnienia i jednoznacznodci regularnych rozwiazan w wymiarze 2. W wymiarach
314 dowodzi si¢ globalnego istnienia stabych rozwiazan. Zbieznoéé do rozwiazan stacjonarnych
pokazana jest w kazdym przypadku. Nastepnie, w przypadku 2—wymiarowym podaje sie jawnie
wspdlezynnik zbieznosci. W rozdziale 3 formuluje sie twierdzenia o istnieniu, jednoznacznosci
oraz zachowaniu asymptotycznym, w obszarach 2—-wymiarowych, dla zredukowanego uktadu
RRCz, typu zdegenerowanego, opisujacego inwazje nowotworu. Ponadto identyfikuje sie wszy-
stkie mozliwe dodatnie rozwiazania zagadnienia stacjonarnego. W rozdziale 4 bada si¢ rozwiaza-
nia stacjonarne, globalne istnienie, jednoznacznosé oraz zachowanie asymptotyczne dla pewnych
modeli opisujacych inwazje nowotworu na otaczajaca tkanke. Modele te byly zaproponowane w
pracach [A.J. Perumpanani et al, Physica D, (1999)] oraz [M.A.J. Chaplain, A.R.A. Anderson,
w: L. Preziosi (Ed.), Cancer Modelling and Simulation, Chapman & Hall/CRT, 2003.

Klasyfikacja AMS. 35B40, 35K50, 35K57, 35K65, 92C17.
Stowa kluczowe. Zachowanie asymptotyczne, Chemotaksja, Globalne istnienie, Haptotaksja.
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Notations
During this work we will use the following basic notations. Also, during this work, we will

introduce some additional notations. Sometimes, in order to allow a more fluent reading, we

will also remind some of these notations during the work.

N denotes the spatial dimension.

C denotes a positive constant that may vary from line to line.
IN stands for the natural numbers excluding the element zero.
If A is a set then A stands for the closure of A.

Q c RY denotes a bounded domain with regular boundary, C® will be enough during all
the text.

|Q2| stands for the N-dimensional Lebesgue measure of €.
Qr:=Q x (0,7).

C*(9) is the set of functions k— differentiable in €.

01 is the boundary of €.

|0€2| denotes the N — 1-dimensional Lebesgue measure of 0f2.
n stands for the outward unit normal vector to 0S.

WkP(Q) is the Sobolev Space of functions k— times differentiable in the distributional
sense whose derivatives are LP(£2). The Hilbert space W*2(Q) will be usually denoted by
HE(Q).

|| - |l stands for the norm in the space LP(€2), p € [1, c0].

|| - ||k, denotes the norm in the space W*P(Q).
. . _ 1
If u is a function in Q, w := —/ U.
€2 Ja

Let X a Banach space then LP(0,T; X) stands for the space of measurable functions from
(0,t) in X such that || - || x € LP(0,T).

Let X is a Banach space, C([0,T"); weak — X) denotes the space of measurable functions
from [0,7] in X which are continuous respect to time for the weak topology of X.

Coth(atk)/2(Qr) stands for the Holder space of exponents o+ k, (a + k) /2 with respect
to the spatial and time variables, respectively, in Q1 (see, preliminaries of Chapter 3).

Inequalities.
Here we collect various important inequalities that it will be used during this work. We will

frequently use the following Gagliardo-Nirenberg inequality (see [34,40])

(1)

N _ N

0 -0 . P
lwllp < Cllwlf ol with 6= 5"
2

3=
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which holds true for all w € HY(Q), p € [1,2N/(N —2)) and r € [1,p]. Also in various places
we will use the Csiszar-Kullback inequality (see [14])

1 9 U
- — 7 < —
(2) ZHHU al|] /Quln (u) dx

Finally, we state the Poincare-Wintinger inequality (see [10]). If © € W!P(Q), then there
exists a constant C' > 0 such that

(3) lu =all, < Cl[Vullp,

for all p € [1, +o0].



CHAPTER 1

Introduction

One of the most important features of living systems is that they interact with the envi-
ronment in which they reside. The way of interaction frequently involves movement toward or
away from an external stimulus, and such a response is called a taxis. Taxis can be positive or
negative, depending on whether it is toward or away from the external stimulus. Many different
types of taxis are known, for example aerotaxis, chemotaxis, haptotaxis, phototaxis... In many
cases, taxis can be considered as a survival mechanism (see [61]).

During this Ph.D. Thesis we will assume that the organisms respond to the spatial gradient
of the stimulus. Moreover, we will suppose that the organisms diffuse in the environment. In
some cases, we will assume a proliferative term, denoting the birth and death of the organisms.
To be more precise, throughout this work, the equation that describes the movement of the
organisms is given by !

Dif fusion Taxis Reaction

u : concentration of the organisms
v : concentration of the stimulus or signal

An extra equation for v is needed. We will consider a diffusive equation for v in Chapter 2
while in Chapters 3,4 we assume that v does not have diffusion.

While the taxis term can lead to aggregation, the diffusive term always has a dispersive
effect. Therefore, a natural question can be addressed: which term is the dominant, the taxis
term or the dispersive one?

!The precise properties of the real functions x and f will depend on the model, at this stage we skip these
properties.
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Probably one of the most famous models in mathematical biology is the Keller-Segel sys-
tem. Such a model was proposed in [44] in order to describe a very particular stage in the life
of many species of cellular slime molds, the aggregative stage. At this stage, the amoeba begin
to aggregate in a number of “collecting point” or centers. At each center a slug forms, migrates
and eventually forms a multicellular fruiting body ( [44] pg. 399). The aggregation is induced
by the presence of a chemical substance produced by some of the amoebas. This particular case
of taxis, the one induced by a chemical, is called chemotaxis.

The original model proposed by Keller-Segel consist of four equations, they proved insta-
bility results for a reduced system of two equations. A particular case of this reduced system
is the following one

{ ug =V - (Vu—uVe(v))

evy =Av—v+u

u : amoeba concentration
v : chemical concentration

It was not till 1992 when the first rigorous results for (1.1) with ¢ = 0 and ¢ a linear
function, called chemosensitivity, were given. In their paper [41] Jiger and Luckhaus showed
that the solutions to (1.1) may blow-up in finite time in the two-dimensional case. Later on,
in a series of papers [59,60,35,6,29] the different authors studied (1.1) for e = 0,1 with linear
chemosensitivity functions and in [7,65] for nonlinear chemosensitivity functions, mainly loga-

rithmic functions?.

In order to avoid the possibility of blow-up for the Keller-Segel system different mechanisms
have been proposed. The first one, called volume filling, was proposed by Hillen and Painter
in [36,37], see also [49,77,12,18]. Another way of preventing blow-up was to assume a stronger
diffusive effect for u, see for instance [46,71,13,9].

In other words, in the system (1.1) with linear chemosensitivity functions and spatial di-
mension two the diffusive term and the taxis term are in almost equilibrium i.e. global existence
or blow-up is possible and it depends on the initial concentration of u, i.e. ug.

While most of the authors have focused in the chemoattractive case, that is, the movement
is towards regions of high chemical concentration, only few results are known for the chemore-
pulsive one. In Chapter 2, motivated by [68], we deal with this case. To be more precise, in
Chapter 2 we study the following problem

2Tt should be noted that in [65] the author changed the second equation for v; = Av — v + ¢’ (v)u.



u= Au + V-(uVv) in Qx(0,7),
~ ——
Dif fusion Chemotaxis
Tuy= DAy — \ﬁi}/ + XL in Qx(0,7),
(12) Dif fusion Decay Production
ou  Ov
du _ v _, 89 x (0,
(u,v)(x,()) = (UO7UO)(‘%‘) in €,

where € is an open, bounded subset of RY with smooth boundary 92, n denotes the outward
unit normal vector to 9 and the parameters 7, D and (3 are positive real numbers.

If 7 = 0 (that is, there is no term v; in the second equation of (1.2)), it is quite easy to
see that no finite time blow-up can take place (at least for N < 3). In fact much more is true
and it was proved in [54,55] that solutions exist globally, are uniformly bounded and converge
with an exponential rate to the steady state. A similar result would be expected to be valid
for (1.2) but, surprisingly, does not seem to be so easy to prove due to the lack of estimates
on v;. In particular, global existence of solutions is established in [68] under rather artificial
conditions. Indeed, for N = 2, they require D and ||upl|1 to fulfil some conditions (cf. [68, A1-
A3)). These conditions allow them to construct a Lyapunov functional for (1.2) in the spirit of
that constructed in [29] for the chemoattractive case. For N > 3 solutions exist globally only
under a smallness condition on the initial data in LP(§2) with p > N/2 + 1. To the best of our
knowledge, no further result seems to be available for (1.2).

In Chapter 2 we improve the above-mentioned results in the following directions. First, in
space dimension N = 2 we prove the global existence and uniqueness of uniformly bounded
smooth classical solutions without any restriction on the initial data and parameters. In the
higher space dimension N = 3,4, we are only able to establish the global existence of weak
solutions. In addition, we prove that there exists a unique steady state up to the mass con-
straint and it is spatially homogeneous. Our approach relies on the observation that there is a
natural Lyapunov functional associated to (1.2), from which several estimates can be deduced.
However, it does not provide any control on vy and does not allow us to obtain smooth classical
solutions in space dimension N > 3.

Easily can be checked that our results remains true whatever the values of the positive real
numbers 7, D and 3 are, therefore, we set from now on

r=D=p=1,

Since the existence results depend strongly on the space dimension, we separate the statements
of the results according to the value of N (see, Theorem 2.15).

Theorem 1.1. Let N = 2. If (ug,vg) are non-negative functions in W10 (Q) for some pg > 2
then there exists a unique global in time smooth classical solution to (1.2). Moreover,

_ 1
lim (u,v)(-,t) = (@,0) in C*(GR?) with T1=7= —/ up dx.
t—+o0 19| Jo
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Furthermore, the rate of convergence is exponential.

The proof of Theorem 1.1 has various steps. First, based on the abstract theory for quasilin-
ear parabolic systems developed in [3] we prove local well-possedness of solutions. Then, using

’U2
F(u,v) :/Q<ulnu—i—|v2|>

we obtain some crucial estimates of solutions to (1.2) independently of time. Those estimates are

the Lyapunov functional

enough in the two dimensional case to show, based on the regularization of parabolic problems,
that the solutions are global and regular in time independently of the size of (ug, vg). Moreover,
the Lyapunov functional F' plays a fundamental role in the convergence to the steady-state.

The estimates provided by the Lyapunov functional F' does not seem enough in higher
dimensions to obtain global regular solutions (independently of the size of (ug,vg)). However,
the bounds given by the function F will allow us to prove existence of global weak L' solutions.
We recall the definition of global weak L' solutions here for the reader’s convenience (see
Definition 2.1).

Definition 1.2. A global weak solution to (1.2) is a pair of non-negative functions
(u,v) € C([0, 00); weak — L' (Q; R?))

such that
Vu, Vo, uVv € LY(Q x (0,T)),

and
/Q(U(t)—uo) SDdiU—I-/Ot/Q(Vu—i-u Vv) -V dzds = 0,
/Q(U(t)—vo) SOdﬁU—i-/Ot/Q(Vv-V<p+(v—u) ) deds = 0,
for each t > 0 and ¢ € Wh*°(Q) (we recall that =D = 3 =1).

Now, we formulate the precise statements in the higher dimensional case (see Theorems
2.18 and 2.19).

Theorem 1.3. Let N = 3. If (ug, vo) are non-negative functions in WHPo(Q) for some py > 3,
then there exists a global weak solution (u,v) to (1.2) which satisfies also

(u,v) € L¥*(0,T; WH/4(Q; R?))
for any T > 0. Moreover, recalling that @ and U are defined in Theorem 1.1, we have

lim
t——+o0

| @ =) ¢ da+juft) =Tl | =0

for each ¢ € L>(9Q).



Theorem 1.4. Let N = 4. If (ug,vg) are non-negative functions in WHP0(Q) for some pg > 4,
then there exists a global weak solution (u,v) to (1.2). Moreover,

lim
t—+o00

[ ) =) 6 do+ (o) — vla] =0
for each ¢ € L>°(Q).

In the proofs of Theorems 1.3 and 1.4 we will define a regularized problem to the original
problem (1.2), see (2.3), and we will show the existence of global solutions to (1.2) by a com-
pactness method.

Finally let us mention that the previous existence results do not seem to extend to space
dimension N > 5: this is due to the fact that we can not assure uVv € L1(Q x (0,T)), for every
T > 0if N > 5. In particular, if N = 4 then we only have uVv € L'(€2 x (0,T)). Therefore,
we will have to apply the Dunford-Pettis Theorem as well as the Vitali convergence Theorem
in the compactness method. Since, those results are not standard we will state them in the
beginning of Chapter 2.

In Chapter 2 the signal or stimulus diffuses in the environment, however there are cases in
which the stimulus is strictly localized, for example the ants, which follow trails left by prede-
cessors, myxobacteria (see, [61]) or in the cancer invasion. The chapters 3 and 4 are devoted to
study systems that share this property.

In Chapter 3 we will consider the following problem

up =V - (Vu—uVw)+du(l —u) in Q2 x (0,7),

Wy = —uUwW in Q x (0,7),
(1.3) ou ow
%—u%—o on 09 x (0,T),

(U(IL‘,O),’LU(.%',O)) = (UO(x>7w0(x)) in €,

with © C R? a bounded domain whose boundary is regular and § is a non-negative constant.
For § = 0 the problem (1.3), as we will see later on, can be consider as a simplified model of
invasion. Also (1.3) is a particular case of the models that were proposed in [42] in order to
describe bacterial movement. Previously, a version of the problem (1.3) was studied by Rascle
in [67] (see also [66]) with the boundary condition replaced by

ou
1.4 — =0.
(1.4) o
Additionally he takes a positive constant as initial condition for the function w, wo(z) = wy > 0
and the reaction term du(1—u) is substituted by a function f(u,w) which satisfies the following

condition
(1.5) L >0, Yu e R, Yw > 0, |f(u,w)| < L |u].

Under the previous hypothesis, it has been shown (see [66], [67]) that the problem (1.3) has a
unique classical global solution in the one-dimensional case.



6 Chapter — 1.  Introduction

In more than one-dimensional space there are some recent results concerning the existence
of global weak solutions when f = 0, Q = R and the initial data satisfy some conditions on
the size [20-22]. If the term —wuw, is replaced by a general function g(u,w) = ¢(u, w)h(u,w),
satisfying the following conditions

o(u,w) >0 if (u,w) € H := [uy, ug] X [wy,ws),

(1'6) h(ul,wl) = h(’LLQ,’lUQ) = 0,

for some constants 0 < uq < ug, w1 < we, furthermore,

o, heCl,

(1.7) oh oh  oh
on o W2 H
u " ow uau<01n ’

then, in [28] is shown the existence of a unique global classical solution for all initial data
(up,wg) € int (H). Moreover, if additionally ¢ = 1 then the solution for large times goes to
(ﬁ Jo o, ﬁ Jowo) in L? (without rate), where || denotes the N-dimensional Lebesgue mea-
sure of €. Finally, let us mention [32,33] where problems similar to (1.3) were studied on the
real line.

Our aim in Chapter 3 is to prove global existence and uniqueness of classical solution to
problem (1.3) in the two-dimensional case and also to present the asymptotic behaviour of the
solution. To be more precise we prove the following:

Theorem 1.5. Let 0 < | < 1, Q C R? be a bounded domain with C'*2 boundary 0Q. If
N2
(up, wp) € (Cl+2(Q)) ,ug =2 0, wg >0, ug # 0 and the compatibility condition

Ouo _ 9o

=u
on O on
is satisfied for every x € 0, then the problem (1.3) has a unique global positive solution

N2
defined on an interval [0,4+00) C R and (u,w) € (CHQ’Z/QH(Q X (O,t))) , for all t € [0, +00).
Moreover, if § =0, then

(1.8) Jim Jlu—afz=0,  lim fuwlz=0.

Furthermore, if ug > 0 then,

(1.9) lim ||u(t) —usly < Ce™ ", lim [|w]e < Ce ¥,
t—+00 t——+o0

where 0,0" are positive constants and

1
— f6=0
(1.10) us =14 9] /Quo $o=0,
1 if 6 > 0.

The proof of Theorem 1.5 is carried out as follows. First, we show local existence of solutions,
this is done in a similar way as in [66,67]. The main difficulty to overcame with respect to
those papers is the different boundary condition. Then, in order to obtain the global existence
theorem, suitable bounds of the solutions are given. However, by contrast with the chapter 2,



the lack of spatial regularization effect in the w-equation demands tedious estimates. In those
estimates as in the previous chapter the Lyapunov function

1
F(u,w):/ u(lnu—1)+§/ w | Vwl?
Q Q

associated to (1.3) plays an important role. For § = 0 such a Lyapunov function was introduced
in [20] although somehow is hidden in [67]. In the asymptotic behaviour of the solutions since,
for § > 0, the L'-norm of u is not preserved in time then the proof is more involved than in
the previous model. In fact, we are aware about few papers concerning the entropy method in
which the L' norms of the solutions is not preserved, for example [23,24]. We will show ex-
ponential decay towards a steady-state. Unfortunately we require ug > 0 and we do not know
how to avoid this assumption but we would like to remark that such an assumption has been
also encountered in [73]3.

In chapter 3, we also study the steady-state problem. In particular we give explicitly all the
solutions to the steady-state problem (see Section 3.4.1). More precisely:

Theorem 1.6. The positive solutions to the stationary problem associated to (1.3) are given
by

(v, w*) = (0,w), w € Po,

(u*,w*) = (1,0), ifd>0,

(’U,*,’U)*) = (k70)7 Zf5:07
where k > 0 is a constant and Po = {z € Wh®°(Q) : 2z >0, z # 0}.

Let us stress two facts. First, our concept of solutions to the steady-state problem demands
w € WH*(Q). Second, uw = 0 does not imply v = 0 or w = 0. A simple countersample is
provided by the the characteristic functions u = x[g 1), w = X[1,2 on the interval [0, 2].

Finally, the last chapter of the Ph.D. is devoted to a general model of cancer invasion that
covers the models presented in [63,15]. The model reads

u= pAu — V-(ux(0)Vv) + pu(l —u—v) in Qx(0,7),
—~—

Dif fusion Haptotaxis Proliferation
vp=—  ymuv in Qx(0,7),
——
Degradation
mi= Am — Om + oaug(v in Qx(0,7T),
(1.11) t B g(v) ( )

Dif fusion Decay Production

ou ov  Om
pa—n—ux(v)a—n:—zo on 00 x (0,7),

(u,v,m)(x,0) = (ug,vo, mo)(x) in Q,

u : concentration of cancer cells
v : concentration of the extracellular matrix (ECM)

3The key of such a restriction in [73] is in (5.4)
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m : concentration of the matrix degrading enzymes

where Q@ C R? is a bounded regular domain, g,x € C?(IRy) and «, 3,7, p denote positive
parameters. The interpretation of the model is as follows, cancer cells on contact with the
ECM produce matrix degrading enzymes which degrade the ECM. Then, the cancer cells move
towards the gradient of the matrix via a taxis movement called haptotaxis.

Observe that if the production and decay rates of the proteolytic enzymes, denoted by «
and [ respectively, are much faster than the motility, that is o > 1, 8 > 1, then dividing by
we get

7'y = B tAm —m + %ug(v)

and, since (3 is large then 37! is small. Therefore, heuristically, we can claim m ~ 2ug(v) and

IR

in the particular case g, x = 1 we recover (1.3).

In our knowledge, first models of tissue invasion were proposed in [30] and [62]. In [30] the
authors developed a Lotka-Volterra competition model for the cancer and normal cells. They
also considered the acidity of the microenvironment through a reaction-diffusion equation for
the ion H*. The paper [62] deals with a complex system of six reaction-diffusion equations with
transport terms. Later on, have appeared simpler models in a series of papers [64], [63], [53]
in which the authors study travelling waves or they perform some numerical simulations. In
the last years, Chaplain and Lolas proposed another models of tissue invasion in [16] and [17].
The main novelty of this papers is the inclusion of a chemotaxis term for the cancer cells and
a remodelling term for the ECM. Finally, more recently in [31] the authors consider a model
for tissue invasion that take into account the cell-cell adhesion via a nonlocal term in the hap-
totaxis term.

In most of the papers related to tissue invasion the authors solve the system numerically.
We are just aware about few papers that deal with the analytical properties of such systems.
In [72] and [57] the authors showed the existence of a local solution of some models of tissue
invasion that were proposed in [63] and [15] respectively. The paper [75] contains a global ex-
istence and uniqueness result for a simplified version of a model proposed by Anderson in [5]
and in [76] Walker has proved the global existence and uniqueness of a model of invasion that
also consider the age of the cells. Finally, in [47] the author showed mathematical relationships
between different scales of the model proposed in [15].

Concerning to the steady-state problem in chapter 4 we show explicitly, as we did in the
previous chapter, all positive solutions to (1.11), under the restriction v € W*°(Q), if g(s) = s
or g(s) =1 (see Section 4.3). To be more precise, we have:



Theorem 1.7. For g(v) = 1 the positive steady-states of (1.11) are given by

(u*,v*,m*) =(0,0,0), v € Py,

k
(u*,v*,m*) - (k707 ﬂa) ’ Zf p=0,
ot = (L0.2),ifu>o,

where k > 0 is a constant and Py =: {z € WH>®(Q) : 2> 0, z #0}.

Theorem 1.8. Assume g(v) = v, then the positive solutions to (1.11) are given by

where k > 0 is a constant.

For the local existence theorem of (1.11) we apply the theory of linear semigroups. We also
show the continuity of the solution respect to the initial data (see Corollary 4.7).

1 3
Theorem 1.9. Let v € (2 + 25’ 1), p € (3,6) and X, := D((—A + I)”). Suppose that the
p

initial data satisfies
Xo = (UO,'U(),m()) S Hl(Q) X Wl’OO(Q) X X;; =Y,
then there exists T(||xo||y) such that the problem (1.11) has a unique solution

u eC ([O?T]SHl(Q)) nct ((077-)5 Wl’OO(Q)) s
(1.12) v e C([0,7]; Wl’oo(Q)) nct ((0,7); Wl’OO(Q)) ,
m € C([0,7: X3) N C((0,7); Xp) N C ((0,7); WP(Q)) .

Moreover, the solution depends continuously on the initial data. Furthermore, if
uo(x), wo(x), mo(x) > 0 then u(x,t), w(x,t),m(x,t) > 0 for all (z,t) € Q x (0,7].

We would like to point out that a similar model of invasion was considered in [75]. However,
by contrast with [75, Lemma 2.1], the explicit knowledge of v is not used in the proof of the
local existence. Next, in order to show global existence in time of the solutions to (1.11), we
use suitable bounds of the solutions. It should be noted that the presence of the m-equation
provokes a faster way of improving the regularity than in the previous model. Therefore, by
contrast with the previous chapter, we will also show global existence independently of the size
of the initial data in the 3-dimensional case. In the asymptotic behaviour the solutions we will
focus on the cases g(s) = 1 and g(s) = s. The absence of a Lyapunov function for (1.11) causes
new difficulties. We overcame these difficulties thanks to a careful estimates of the solutions.
In particular, for the asymptotic behaviour, (see Theorems 4.23 and 4.25) we have:

Theorem 1.10. Let g(v) =1, 7 > 0, t > 7, any giwven initial data (ug,vo, mg) = 0, vo > 0,
ug > 0 in the class Y and vg < 1 if 4 > 0. Then the solution to (1.11) (u,v, m) satisfies that,



10 Chapter — 1.  Introduction

o if p=0,
(1.13)  Ju(t) —allxy < Ce ™, o)1 < Ce™,  [Im(t) = (B/a)]100 < Ce"
) _ 1
with 0,6,0' > 0 and u = —/ ug,
€] Jo
e if u>0,
119 el — kg <O, [o(t)lloo < Ce™,  [m(t) — B/all<Ce",
with p' > 0.

Theorem 1.11. Let g(v) = v, 7 > 0, t > 7 and any given initial data ug, vy, mg > 0, vg > 0,
ug > 0 in the class Y. Then the solution to (1.11) satisfies,

o if u=0,

(L15)  dim fu) -af=0, lm [o@lz=0, lim [lm(t)]3=0
e if u>0,

(L16)  Jim e =13 =0, Jim o =0. lim_|m(®]3=0,

under the additional condition vy < 1.



CHAPTER 2

A chemorepulsion system

Through this chapter we consider a model of chemorepulsion. We prove global existence
and uniqueness of regular solutions in dimension 2. For N = 3,4 we prove the global existence
of weak solutions. The convergence to steady states is shown in all the cases. Furthermore, in
the two dimensional case we provide the explicit rate of convergence to the steady states.

2.1. Preliminaries

In this chapter we consider a chemorepulsion model which is derived in [68] and reads

u= Au + V-(uVv) in Qx(0,7),
Dif fusion Chemotazxis
w= Av - v + u in Qx(0,7),
(21) Dif fusion Decay Production
ou Ov
on on 0 on O x (0, ),
(u,v)(2,0) = (ug, vo) () in 0,

where © is an open and bounded subset of RY with smooth boundary 9Q, N > 2 and n denotes
the outward unit normal vector to 0f2.

Let us first remind some notations. The norm in the space LP(Q2), 1 < p < oo, is denoted
by [I-[|,,- The classical Sobolev space is denoted by W™P(Q) for 1 < p < oo and m > 1
and the associated norm by || - ||;mp- The notation H'(Q) is also used for the Hilbert space
Wh2(Q). If X is a Banach space, X’ denotes its topological dual space. If k > 1, the set of
C*-smooth functions which vanish on the boundary of §2 is denoted by C¥(Q). Finally, if T > 0,
C([0, T); weak — L' (£2)) denotes the space of functions from [0, T'] in L'(€2) which are continuous
with respect to time for the weak topology of L().

Next, we remind the concept of global weak solution for (2.1).

11
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Definition 2.1. A global weak solution to (2.1) is a pair of non-negative functions
(u,v) € C(]0,00); weak — L' (Q; R?))

such that
Vu, Vo, uVv € L1((0,T) x Q),

and
/Q(u(t)—uo) © d:c+/0t/Q(Vu+u Vv) Ve dzds = 0,
/Q(v(t)—vo) 7 dm+/0t/Q(Vv-ch+(v—u) ¢) deds = 0,
for each t > 0 and ¢ € WH*°(Q).
From the Definition 2.1 easily follows that a global weak solution (u,v) to (2.1) satisfies
(22)  Ju@lh = uoli and o) = Joolly + (1 — ™) uolls for ¢ 0.

Since we will use the compactness method in the L' —setting. Let us state, for the reader’s
convenience, Dunford-Pettis Theorem and the Vitali convergence Theorem. In order to do that
the following definitions will be needed (see [27, section 2.1.2]).

Definition 2.2. Let (X, M,pu) be a measure space and let un,u : X — R be measurable
functions.

a) {uy} is said to converge to u almost uniformly if for every e > 0 there exists a set E C M
such that u(E) < € and {uyn} converges to u uniformly in X \ E;

b) {un} is said to converge to u in measure if for every e > 0,
Jim pu{r € X : |up(z) —u(x)| > €}) =0.
Remark 2.3. If {u,} converges to u almost uniformly, then it converges to u in measure.

Definition 2.4. Let (X, M,u) be a measure space. A family F of measurable functions u :
X — [—o0,00] is said to be

a) equi-integrable if for every e > 0 there exists 6 > 0 such that

/ luldp < €
E

for all w € F and for every measurable set E C X with u(E) < 9.
b) p-equi-integrable, p > 0, if the family of functions {|ulP : u € F} is equi-integrable.

Now, we state the following version of Dunford-Pettis Theorem, see [10], and the Vitali
convergence Theorem.

Theorem 2.5. Dunford-Pettis Theorem. Let (X, M, u) be a measure space with p finite.
A family F C LX) is relatively compact in the weak topology of L' if and only if F is

equi-integrable.
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Theorem 2.6. Vitali converge Theorem. Let (X, M, u) be a measure space, let 1 < p < 0o,
and let up,u : X — R be measurable functions. Then {u,} converges to u in LP() if and only

if
a) {un} converges to u in measure;
b) {un} is p-equi-integrable;

c) for every e > 0 there exists E C X with E € M such that u(E) < co and

/ un[Pdp < €
X\E

for all n.
Remark 2.7. Observe that condition iii) is satisfied if X has finite measure.

Remark 2.8. In our case we will apply Vitali convergence Theorem for X = Q x (0,T) and
w the Lebesgue measure. Taking into account that p(2 x (0,7")) < oo then if u, — u pointwise
almost everywhere we have, by the Eqoroff Theorem that such a convergence is, in fact, almost
uniformly and also in measure. Therefore, in our setting, if we want to show that a sequence
un of functions in L' converges to w in the strong topology of L' we have just to show the
equi-integrability and the pointwise convergence to u.

This chapter is organized as follows. The next section is devoted to the local existence and
positive steady states. In section 3 we deal with the two dimensional case and finally in section
4 we study the higher dimensional case.

2.2. Local well-posedness and positive steady-states.
First, for each € > 0, we define the following perturbation of (2.1):

uf = Au + V- (u(1 —eu)Vo) in Qx (0,7),

v§ = Av — v€ + uf in Q2 x(0,7),
2.3 ‘ ‘
(2.3) aal:l _ ?;; — on 99 x (0,7),
(u€, %) (w,0) = (uo, vo)(x) in .

Observe that (2.1) is obtained by taking e = 0 in (2.3).

Theorem 2.9. Let pg > n and consider the initial condition (ug,vo) € W5HPo(€;1R?) with
ug,vg = 0. Then the system (2.3) has a local unique classical solution

(uf,0%) € O x [0,67); R*) N C=(Q x (0,1F); R?)
and u(x,t),v(z,t) > 0 for each (x,t) € Q x [0,t), tF denoting the mazimal existence time.
Moreover, |[u¢(t)||1 and ||v¢(t)|1 satisfy (2.2) fort € [0,tF).
If there is a function w : (0,00) — (0,00) such that, for each T >0,
(ue(t), v(t)]|oo < w(T), 0<t<min{T, t}},

then tT = +o0. In particular, if € € (0,€0] with 1/eg = max {||upl|co, [[v0lloc} then 0 < uf,v¢ <
1/€ and thus t7 = +oo.
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Note that 1/¢p = max {||up]|oo, ||0]|cc} is finite thanks to the continuous embedding of
WhPo(Q) in L%°(Q). Therefore, given (ug,vp) € WHPo(Q;R?) with ug,vg > 0, (2.3) has a
global classical solution for € > 0 sufficiently small.

Proof. For § > 0 we define the set Dy := (=4, +00) x (=d,4+00), y = (v, 1), and aj;, €
COO(D07'C(IR'2))7 jvk n, by

1 0 o
a= Cljk(y) = (aglf;)lgr,s§2 = ( ue(l B eue) 1 > if j =k,

a;r(y) = 0if j # k. Next for z € Dy we introduce the operators

A(y)z = Z —8j(ajk(y)8kz), Z vy - a]k 8kz,

Ji:k=1 7,k=1

S

<
I

=

y(0) = (vo,uo).

Since (A, B) is of separated divergence form in the sense of [3, Example 4.3 (e)], then the
boundary-value operator (A, B) is normally elliptic. We can therefore apply [3, Theorem 14.4
and Corollary 14.7] to conclude that (2.3) has a unique maximal classical solution

y = (v5u) € C(2 x [0,£7); R?*) N C®(Q x (0,17); R?).

Moreover, since (with the notations of [3, Section 15]) Dy = (0, +00) x {0} and a3} = u(1—euc)
1<j<N, aﬁ = O,a},% =0for j#k,1<j k<N and all these coefficients vanish on Dy we
can apply [3, Theorem 15.1] to conclude that u¢(t) > 0 for [0,¢]). Next the non-negativity of
v¢ follows from the standard maximum principle for parabolic equations. The global existence
criterion can be deduced from [3, Theorem 15.5]. Finally, if € € (0,¢p), writing the equation
solved by —u‘ + 1/¢, we see that we are in a position to apply [3, Theorem 15.1] to establish
that u¢ < 1/e. The similar upper bound for v is then a straightforward consequence of the
classical comparison principle. m

We next turn to the existence of a Lyapunov functional for (2.3) which is the cornerstone
of our analysis.
Lemma 2.10. For e € [0,¢e0] and 0 < s < t <t} the solution (uf,v) to (2.3) satisfies the
following equality

ueZ
(2.4)  F(u(t),0°(t)) — F.(u(s) //g)(ujv |€u +\Aqf|2+|vm2> ddr
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where Fy is given by

€

2
Fo(u,v) :/Q (ulnu—l— N;’) .

Proof. On the one hand, multiplying the first equation of (2.3) by Inu® — In (1 — eu) and

o2
FE(UaU):/Q<U1nu+1(1—6u)ln(1—eu)+ |V2| >

if e >0 and

integrating with respect to space, we obtain

d 1 |Vue|?
2. — ‘lnu + —(1 — eu’) In(1 — eu’ =— | ————dr— [ Vu*- Vo dz.
(2.5) t/ (u nu 6( eu) In( €u )) dx / T dx / U v° dx

On the other hand, multiplying the second equation of (2.3) by —Av® and integrating with
respect to space, we obtain

1d
(2.6) f—/ |Voe|? da = —/ | Ave|? d:v—/ |Voe|? dac—i—/ Vu® - Vot dx.
2dt Ja Q Q Q

The expected result then follows by adding (2.5), (2.6) and integrating in time. "

As a consequence of Lemma 2.10 we have the following useful inequality.

Corollary 2.11. For e € [0,¢] and t € [0,t7), the solution (uf,v¢) to (2.3) satisfies

€ 2 t €2
/ (ue(t)| Inuf ()| + W) dx _|_/ / <|Vu| + |Ave? + |VUE|2> dxds < Cy,
Q 2 0 Ja Uuc

where Cy depends only on Q0 and Fy(ug, vo).

Proof. On the one hand, since

1 1
r+—-1—er)ln(l—er)>0 for 7’6[0,:|,
€ €

2
2rlnr > —— for re|[0,1],
e

we deduce from (2.2) that

2
ve(t)|?
> [, (rommaten B0 e (a4 2).

(&

e 2
FL(us (), v (1) > /Q <u€(t)1nuf(t)—uﬁ(t)+w> do

On the other hand,
Ve VP
u (1l — eus) us

and Corollary 2.11 follows from Lemma 2.10 and the previous two inequalities.

I

Next, for € = 0, we may proceed as in [29, Lemma 2.1] to establish a connection between
Fo(u®,2°) and the right-hand side of (2.4). "
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Lemma 2.12. If e =0, the condition

(2.7) sup w2 < A
tef0,td)

for some A > 0 ensures that the functional G given by

G(u,v)z/ﬂ(uln( ) /|Vv|2>

satisfies the following decay property

0 < Gul(t),0°(t)) < Glug,vo)e " for te0,t]),
the positive constant o depending only on 2 and A.

uO

Proof Taking ¢ = L and applying Jensen’s inequality with the probability measure du =

w0

dx we get
||u°|| &

(2.8) /Qu In (u )da:—”uoﬂl/golngod,u (/(;pdu)ln(/gcpdu) =0.

Next, recalling that
rinr —r+1< (r—1)2% for r>0

and taking into account (2.2), we obtain from the Sobolev, Poincaré and Hoélder inequalities

that
0 u’(t) i u’(t)
/u (t)In | —= | dz < / -1+ |—=--1 dx
Q uY uO uY
1 — 12
0
< = [o-a,
0 [e—
< v (“ (t) —u )H2N/(N+2)
2
< C|y/ud(t) Vi/uO(t
Q Q 2N/(N+2)
2
< Ot H V/ud(t)
N/2 9
< AC / |V“
Consequently

a

1 [Vul(t)[?
Gl (1), (¢ <—/7 Vol ()? | dx, telo,th).
We then obtain from Lemma 2.10 that
d
gG(u v0) = —Fy(u®,v°) < —aG(u°,2°),

which completes the proof. n
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Theorem 2.13. The only non-negative stationary solutions to (2.1) in WHPo(Q) for pg > N
are the pairs (m,m) for m € [0, 00).

Proof. Assume that (u”,v%) € WHPo(Q;R?) for pg > N is a stationary solution to (2.1). Then
t& = +00 by Theorem 2.9 and it follows from Lemma 2.12 that 0 < G(u?,v%) < G(u®,v%)e=*
for each t > 0, whence G(u°,v°) = 0. Consequently,

0
u
Vo' =0 and «’ln () =0 ae.in
u
with @ = |[u®||1/|©|, from which we conclude that u® = 7 and v° is a constant. Taking into

account the second equation in (2.1) implies that (u°,v°) = (m, m) for some non-negative real
number m. L]

2.3. The two-dimensional case.

In this section, we assume that N = 2 and put (u,v) = (u®,v°) to simplify the notations,

(u®,v%) being the solution to (2.3) with € = 0 on [0,7) given by Theorem 2.9. We recall that,
thanks to Theorem 2.9, it is sufficient to establish L*>°-bounds for (u,v). The following lemma
is a first step in that direction.

Lemma 2.14. Let p > 2 and T > 0. Then there exists a positive constant Ci(p,T) depending
only on §, ug, vo, p, and T such that

|u(®)|l, < Ci(p, T) for te[0,t3)N[0,T].

Proof. We first observe that Lemma 2.10 implies that

‘ Q
(2.9) //|Av|2 dudt < Fo(uo,v0) + 0 for ¢ e [0,45).
0 JQ e

We next multiply the first equation of (2.1) by (p + 1)uP, integrate with respect to the space
variable and apply the Gagliardo-Nirenberg inequality (1). We thus obtain

e e o Al ] et |
< 2V p a2 sl
< 2V, p fu o] sl
< = [Tt a7z, o fut sl

Owing to (2.9) we may apply the Gronwall lemma and complete the proof of Lemma 2.14.
"

Theorem 2.15. Let N = 2. If (ug,vg) are non-negative functions in WP (Q) for some pg > 2
then there exists a unique global in time smooth classical solution to (2.1). Moreover,

lim (u,v)(-t) = (@,0) in C*({R?) with T1=7= |(12’/ up dz.
Q

t——+o0

Furthermore, the rate of convergence is exponential.
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Outline of the proof. Owing to Lemma 2.14 we may proceed as in [60, Section 4] and use
Moser’s iteration technique [1] to show that, for every T' > 0,

lu®)lloo + 0(®)lloe < C(T) for te[0,t5)N[0,T].

According to the global existence criterion from Theorem 2.9, we have thus shown that t{f =
400. In addition,
(u,v) € C(Q x [0,00); R?) N C™(Q x (0, 00); R?),

while LaSalle’s invariance principle and (2.2) ensure that (u(t),v(t)) converges towards (@, )
as t — oo. For the rate of convergence we may apply Lemma 2.12 thanks to (2.2) and use the
Csiszar-Kullback-Pinsker inequality (see, e.g., [14] and the references therein) to obtain

1
5z lu = allt < G(u(®), v(#)) < Gluo, vo)e™,

and hence the exponential convergence in L(€).

Since @ is a constant and V- (uVv) is bounded, the exponential convergence in L*>° may next
be proved by Moser’s iteration technique [1]. Parabolic estimates then yield the exponential
convergence in W2P(Q) for p > n. L]

2.4. Global weak solutions in higher space dimensions.

This section is devoted to the proofs of Theorems 1.3 and 1.4. Both are based on a com-
pactness method. Namely, we shall prove that at least a subsequence of the classical solutions
(u,v%) to (2.3) converge in suitable topologies towards a (weak) solution to (2.1) as € — 0. As
a first step we deduce some bounds on (u¢, v¢) from Corollary 2.11 and Sobolev embeddings.

Lemma 2.16. Let T' > 0. The sequences (u€), and (v°), enjoy the following properties:

(2.10) (uf), is bounded in LTI/ N+ (o 7, LN+ NH) (),
(2.11) (u§), s bounded in L(0,T;Cg(R)),

(2.12) (v9), s bounded in  LNT2A/N(0, 7, wAWNFD/N (),

(2.13) (v%), s bounded in  L°°(0,T; WH2(Q)) N L*(0, T; W2(Q)),
(2.14) (vf), s bounded in LNFI/N(Q x (0,T)),

(2.15) (usVve), s bounded in LENTYBN(Q 5 (0,T)).

Proof. Consider € € (0, €p). We first recall that
(2.16) lu(t)|1 < K for te|0,T]

by (2.2), where K denotes a constant independently of e and 7. Next, since V/u¢ = Vu¢/(2v/u€),
we have from (2.16) and Corollary 2.11 that

N

[ vy, a<x



2.4. Global weak solutions in higher space dimensions. 19

The continuous embedding of W12(Q) in L2V (N=2)(Q) then entails that

T
(217) e @l @ < K@),

Interpolating between (2.16) and (2.17) we obtain

T
(2.18) |1 @y dt < K@p) for pe (1],
In particular, the choice p = (N + 2)/N gives

(2.19) / / NN qodr < K(T).

Next, by Corollary 2.11, (2.19) and the Holder inequality, we have

T \V 6‘2 (N+2)/(2N+2) N/(2N+2)
/ /|vue|(N+2)/(N+1) < / / / N+2)/N
0o Jo

<

We have thus established (2.10). The bounds (2.12) and (2.14) follow from the second equation
of (2.3), (2.19) and classical parabolic regularity results (see, [50]) while Corollary 2.11 and
(2.2) ensure that (2.13) holds true. We then deduce from (2.13) and the Sobolev embedding
that (Vo©), is bounded in both L>(0,T; L2(Q)) and L?(0,T; L2N/(N=2)(Q2)), whence

(2.20) / va€||2Np/ (Np—a) At < K(T,p) for pe[2,00]

by interpolation. Combining this estimate for p = 2(/N + 2)/N with (2.19) yields (2.15).
Consider finally ¢ € C§(Q). It follows from the first equation of (2.3) and Corollary 2.11

that
) / uspdx
Q

< /\vue\ V| dm+/ (1 — eu)|Vor| V| do

Q Q
< CIVE gy pvsny 1V lloo + 6 1V 5 [V lloo
< ) (IVell sy vy + 16l ) 196l

Therefore,
il < OO (IV0 ooy o) + 4]

and the right-hand side of the above inequality is bounded in L'(0,T) by (2.17) since N/(N —
2) > 2 for N = 3,4. The proof of Lemma 2.16 is then complete. [

We next turn to the relative compactness of the sequences (u€), and (v€).. More specifically,
we have the following result:

Lemma 2.17. There are non-negative functions

w € LWF/WNED (o 1w W/ (0)) 0 ([0, T]; C3()),  u(0) = uo,
v e L®0,T; HY(Q)) N C([0,T]; L3(Q)) N L2(0, T; W22(Q)), v(0) = vy,
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and a subsequence of (u), and (v°), (not relabeled) such that

N+2)
N )

ut —u in LP(Qx (0,7))NC([0,T);CHQ)) for pe [1,
vC — v in L*0,T; HY(Q)) N C([0,T); L*(Q)),
and t
/Q(v(t)—vo) sz+/0 /Q(w-wﬂv—u) o) deds =0

for each t € [0,T) and p € W1H°(Q).

Proof. In view of (2.10) and (2.11), we see that (u¢), is relatively compact in LINF2/(N+1)(Q x
(0,7)) by the Aubin-Lions lemma [52, Théoreme 5.1]. In fact we can strengthen this claim due
to (2.19) and deduce that

N+2
(2.21) (uf), is relatively compact in LP(2 x (0,7")) for any p € [1, ;) )
Similarly, it follows from (2.13), (2.14), and [70, Corollary 4] that
(2.22) (v%), is relatively compact in C([0, T]; L*(2)) N L*(0, T; W'2(Q)).

Owing to (2.21) and (2.22) we easily obtain the convergences claimed in Lemma 2.17, the
convergence of (u€),_ in C([0,T]; C§(Q2)") being a consequence of (2.11), (2.16), and the Ascoli
theorem. It is then straightforward to pass to the limit as ¢ — 0 in the second equation of (2.3)
to deduce the last assertion of Lemma 2.17. L]

It remains to pass to the limit as ¢ — 0 in the first equation of (2.3), the main difficulty
being the nonlinear term u(1 —eu) Vo€, At this point the difference between N = 3 and N = 4
shows up: indeed, though we know that

(2.23) u(l — eu)Vo* — uVo ae.in Q x (0,7)

by Lemma 2.17 (after possibly extracting a further subsequence), we only have an L!-bound
for this term when N = 4 by (2.15) and this is not sufficient to have strong convergence. Such
a difficulty is not encountered when N = 3 and we now complete the proof of Theorem 2.18.

Theorem 2.18. Let N = 3. If (ug,vo) are non-negative functions in WP0(Q) for some py > 3,
then there exists a global weak solution (u,v) to (2.1) which satisfies also

(u,v) € L¥*(0,T; WH/4(Q; R?))
for any T > 0. Moreover, recalling that @ and T are defined in Theorem 2.15, we have

lim
t——+o0

| @ =) ¢ da+juft) Tl | =0
Q

for each ¢ € L>=(9).
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Proof. According to (2.15), the sequence (u(1 — eu¢)Vo©), is bounded in L'*/%(Q x (0,T))
and thus weakly compact in L'(Q x (0,7')). Since it also converges a.e. in Q x (0,7 by (2.23),
we are in a position to apply the Vitali theorem and conclude that

u(1 — eu’) Vot — uVo in LYQ x (0,7)).

In view of Lemma 2.17 it is then straightforward to let € — 0 in the first equation of (2.3) and
conclude that (u,v) is a weak solution to (2.1) in the sense of Definition 2.1.

We next turn to the convergence towards steady states. We first recall that the L'-norms
of (u,v) are given by (2.2). It follows from Lemma 2.17 and weak compactness arguments that
we may pass to the limit as € — 0 in the inequality stated in Corollary 2.11 to obtain that

t 2 t
(2.24) / (u(t)\ Inu(t)| + W) dx —|—/ / 4 (]Vﬁf + |Av]? + ]Vv\z) dxds < Cp.
Q 0 JQ
Next, we take 0 =ty < t1 < ... < 1} with ¢ — 400 and we define
uk(-,t) = u(~,t +tk)— <ug>, t€ (0, 1)

vp(,t) =v(t+tp)— <v(t+t) > te(0,1)

where < - > denotes the mean value. Therefore by the Dunford-Pettis Theorem and (2.24) we
infer

(2.25) (u(0), v£(0)) = (Uoo, Voo) Weak-L1(Q) x L?(12).

Then, taking into account that

2 2
</ |Vu|dx> < C'/ de
Q Q u

(2.26) (Vug, Vug) — (0,0) strong in L2(0,1; LY(Q)) x L2(0,1; H()).

and (2.24) we deduce

Hence by the Poincare-Wirtinger inequality
(2.27) (ug,vp) — (0,0) strong in L'(0,1; LY(Q)).

On the other hand, using the definition of a weak solution, the embeddings W'1(Q) in L*/3(Q),
Wh2(Q) in L?(2) and (2.26) we prove

(2.28) lim  sup / (u(t) — un(0))pdz| =0 Vo € Wh2(Q)
k—-o0 tefo,1] 1/

(2.29) lim sup /(vk(t) —vp(0)pdz| =0 Vo € Wheo(Q).
k=400 te(0,1] I/Q

In view of (2.28), (2.29) and a.e. convergence coming from (2.27) we can identify the limits in
(2.25) as zero. "
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Theorem 2.19. Let N = 4. If (ug, vo) are non-negative functions in W0 (Q) for some pg > 4,
then there exists a global weak solution (u,v) to (2.1). Moreover,

lim
t——o0

|t =) 6 da+ o)~ | =0
for each ¢ € L>=(9Q).

Proof. In that case the weak compactness in L'(Q x (0,7)) of (u¢(1 — eu¢)Vo©),_ is no longer
guaranteed by (2.15) and we thus have to find an alternative way to prove it. To this end,
we aim at applying the Dunford-Pettis theorem and first notice that (u€). actually enjoys a
stronger property than (2.2), namely

(2.30) sup {/ng(t)|lnue(t)| da:} < Cy

te[0,7

by Corollary 2.11. Thanks to this property, we can establish the uniform integrability of
(u(1 — eu)Vo©),. Indeed, let E C Q x (0,7) and R > 1. We obtain from (2.18) with p = 2,
(2.20) with p = 2, and (2.30) that

// u(1 — eu®)Vo© dedt < // u‘Vo© dadt

< R//Vv dacdt+//u1(Roo ) Vot dxdt
< CR|E]1/2+/ ooy ()] 190 e
1/2 € €
< CRIE| tS‘épT]{H Lreo) ()|, } 10l 20,2073y 1V 2200 738000
C
< CRIE[M? + — sup {|ju(t)|Inu(t)|[}
In R ie0,1
C
< 172 , >
CR|E]| R
where
u ifu>R
1 = ’
(Rto0) (1) { 0 ifu<Rqg

Letting first |[E| — 0 and then R — oo we end up with

lim {// (1 —eu)Vo© dardt}O
|E‘_’0€€ 060)

in L1(Q x (0,T)) by the Dunford-
Pettis theorem. Recalling (2.23) we may apply again the Vitali theorem to conclude that

which ensures the weak compactness of (u(1 — eu)Vo©),

u(1 — eu’)Vo© — uVo in LYQ x (0,T)).

We then argue as in the proof of Theorem 2.18 to show that (u,v) is a weak solution to (2.1)
in the sense of Definition 2.1 and that (u(t),v(t)) converges towards (@,v) in the expected
topologies. [



CHAPTER 3

The simplified invasion model

In this chapter we perform an extensive study of existence, uniqueness and asymptotic
behavior for (3.1)-(3.5) (see below) in 2-dimensional domains. Moreover, we show, under the
assumption w € W1°(Q), all the possible positive solutions to the stationary problem associ-
ated to (3.1)-(3.5).

3.1. Preliminaries

Let © ¢ RY be a domain with smooth boundary 99 € C!*2 (]RN*1> and T' > 0. We
consider the cylindrical domain denoted by Qr = € x (0,7) with lateral surface dQr =
o0 x (0,7).

In this chapter we are going to study a initial-boundary problem for a parabolic-degenerate
system of equations which have the general form:

(3.1) 8—1; = alAu — bV - (uw™*Vw) + f(u,w) reQ, teRy
(3.2) %tv = —kw’u re, teRy
ou _qO0w
u(z,0) =up(z) =0 te Ry
w(z,0) = wo(z) >0 te Ry

where a,b and k are positive constants, 5> 1, 3> a >0, @ C R" is a bounded domain with
smooth boundary 02 and n denotes the unit outward normal vector of 0f2.

We are using in this chapter the standard notation of functional spaces. LP(€2) and WP ()
with 1 < p < oo, m > 1 are the Lebesque and Sobolev spaces of functions in €2, respectively. For
a general Banach space X, its norm is denoted by ||-|| . The space LP(0,T; X) is the Banach
space of all Bochner measurable functions f : (0,¢) — X such that || f||y € LP(0,T).

23
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For 0 < I < 1 we denote by CHol/2+i/2(Q), i = 1,2 the Holder space of exponents
l+iand [/2 4 i/2 with respect to & and ¢ respectively of continuous and bounded functions
{f(z,t)} defined on Qp, provided with continuous and bounded derivatives {D} D f(z,t)} for
2r + |s| < i. It is endowed with the norm given by

141) r 1S l r 1S 1—2r—|s|)/24+1i/2
= X DFDiNC, + X (DiDAnG
2r+|s|=i max{0,i—1}<2r+|s|<i

+ > max |DiD;f]
0<2r+|s|<i (x,t)€Qr

where
: |f(z,) — f(@', )] 1/2 |f(,t) = f(,t)]
(Nigri= sw L DG = swp ECARY
(21),(2 1) €EQT |z — '] (z,t),(z,t' ) €EQp [t —t|
lz—2"|<po [t=t'|<po

The norm depends on pg, but changing this constant leads to an equivalent norm.

Throughout this chapter we denote by C, C; (i = 1,2,...) positive constants which are inde-
pendent of time, but we shall indicate explicitly on which other parameters they are dependent,
if it will be the case. The constants C' are not necessarily the same at different occurrences.

Some properties for the norms in the Holder spaces which will be used often in the next
section are given below. Since the proofs are standard, but tedious, we omit the details.

Lemma 3.1. If f(z,t) € CH2/241(Qr), 0 <1 < 1, then we have:
(i) g € C"2@Qr),
(ii) % 6 Cl+1’l/2+1/2(@T)’ j = ]" "'7N7
(iii) Af € CH7(Qr),
(iv) g—fl € CHL2H2(Q), where n denotes the unit outward normal vector of OS2

Lemma 3.2. If f(x,t) € CH2V/2H1(Qr), 0 <1 < 1, then F(x,t) = [} f(z,5)ds € CH2/2H1(Qy).
Moreover,

(1+2 _ (1+2) l
(3.6) Pl < Cmax {1, 70D f(, )]G + | f(2,0)](3),
Lemma 3.3. If f,g € C'T0/241/2(QL), 0 < 1 < 1, then fg € C'TH/24/2(Qr) and
(3.7) 1fglor) < OIS 1915
fori=0,1,2.

Lemma 3.4. ( [67], Lemma 1) Let o, : Qpr — K C RN, where K is a compact in RY, be two
__ AN _
functions in (Cl+2’l/2+1(QT)> and let f € C3(K). Then foyp and fop are in CH21/2+1(Q)

and we have

(3.8) Fo—Forlsr? <@llfllesi (I — w5

where v = min{l/2,1 — 1} and ® = <I)(|g0] (+2) Y] HQ)) is an increasing function on both its
arguments.
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The remaining of this section is devoted to some general results for the existence of solutions
for parabolic equations. We consider the problem:

ou

(3.9) en — Au + Zaz (x,t 38 +a(z,t)u = F(x,t) (x,t) € Qr
ou dg B

(3.10) o ua—n(ac,t) = G(x,1t) (x,t) € OQr

(3.11) u(z,0) = ug(x) x €

Let us remark that, if we make the change of variables
v(z,t) = u(z, t)e 9@

the system (3.9)-(3.11) becomes:

0 al 0 ~
(3.12) a%’ — Av+ ;bi(x,t)agi +b(z, t)o = F(z,t) (z,t) € Qr
(3.13) g:fl = G(z,1) (z,t) € OQr
(3.14) v(x,0) = vo(x) z €

where the coefficients are given by:

(3.15) bi(, 1) = ag(w, ) — 2§i(x,t), 1<i<N
X
_ 9y a ' dg N /89 2
(3.16) bast) =l 0) + g0 = Ao + L)l ) -3 (8% () t))
(3.17) F(x,t) = F(x,t)e 9@
(3.18) Gz, t) = Gz, t)e 9@H)
(3.19) vo(x) = ug(x)e 90

Theorem 3.5. ( [66], Theorem I1.2) Let0 <1 <1 and Q@ C RY be a domain with the boundary
00 € CH? and 0 < T < 0o. We suppose that the following hypothesis are satisfied:

e the coefficients bi(x,t) (1 <i < N), b(x,t) belong to the space CHY/%(Qr);
o F(x,t) € CY2(Qr), G(z,t) € CHY/2H/2(30r) and vo(x) € CH2(Q);

e the compatibility condition %($, 0) = é(l’, 0) is satisfied for every x € ON).

Then the problem (3.12)-(3.14) has a unique solution v(x,t) € C'*24/21(Qr) which verifies

(1+2) ~1(D) ~|(+1) (142)
(3.20) o <o <\F\QT |G+ ol

where © = O(T, u(T')) is an increasing function on T and on the quantity

Z]b (@, OIS, + [b(z,1)]3) .
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Theorem 3.6. Let 0 < [ < 1 and Q@ C RN be a domain with the boundary 0 € C**2 and
0 < T < oo. We suppose that the following hypothesis are satisfied:

o the coefficients a;(z,t) (1 <i < N), a(z,t) belong to the space CHV/2(Qr);

o F(x,t) € CY2(Qr), G(x,t) € CHY2H2(007), g(x,t) € CH22H1(D0r) and ug(z) €
CH—Q(Q)’.

e the compatibility condition % — g 8n 2(2,0) = G(x,0) is satisfies for every x € S).

Then the problem (3.9)-(3.11) has a unique solution u(x,t) € CH21/241(Qn) which satisfies

(3.21) [ulgr? <@ (11, + 1Gloar + luolg ™)

where ¥ = ¥ (T lg \(Hg) o (T)) is an increasing function in T, in ]g]g;r?) and in the quantity

N
W) =3 [bil, 1) 9+ b, )|,
=1

where bij(z,t) (1 <i< N), b(z,t) are given by (3.15), (3.16).

Proof. The existence and the uniqueness of the solution is proved in [48], Chapter IV, Theorem
5.3. The only thing that we want to point out is the increasing dependence of the function ¥
on its arguments.

From Lemma 3.3 we obtain

(1+2)

T

(1+2)

ufa, 0)lgy” = Jo(a, e
Qr

< Clo(a, 1) e
Now, taking into account (3.20) and Lemma 3.4, we obtain immediately the relation (3.21).
n

This chapter is organized as follows.

In Section 2, the proof of local existence in time and uniqueness of classical solution is
accomplished by applying a fixed point argument in a suitable functional space. In order to
prove the global existence in time of the classical solutions, in Section 4, we establish a priori
bounds of the solutions. The last section is devoted to study the steady-state problem and the
asymptotic behaviour of the solutions.

3.2. Local existence in time and uniqueness of classical solutions
In order to simplify the presentation of the results, we consider in what follows the case

a =0, 8 = 1. The more general case 3 > 1, § > a > 0 can be treated similarly, the estimates
being more tedious. We consider, without loss of generality, the normalized system (3.1)-(3.5),
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which means a = b = k = 1, with a logistic growing source term, more precisely

ou

(3.22) Frie Au—V - (uVw) + du(l — u) zeQ, teRy

(3.23) %—1: = —wu re, teRy
ou ow

(3.25) u(z,0) =ug(z) =20 te Ry

(3.26) w(z,0) = wo(x) >0 te Ry

where § > 0.

In this Section we follow the arguments of Rascle [66], [67], but because in our case the
boundary condition is different and the function f does not satisfy the condition (1.5), we

briefly give the proof for the local existence for the sake of completeness.

Let us remark that, we can rewrite the initial problem (3.22)-(3.26):

(3.27) 21: =V (Vu—u-V (we %))+ du (1 — gf)
(3.28) gz = uaan (woe™ %)

(3.29) u(z,0) = up(x)

(3.30) w= /0 u(x, s)ds

We consider now the following linear problem in the variable u

ou al ou

(3.31) i Au — Zz::lai(x,t)a—m —a(z, t)u re, teRy
ou dg

(3.33) u(z,0) =ug(z) =20 te Ry

where the coefficients are given by

(3.34) g(z,t) = (wo(x)e—go(a:,t)>

(3.35) i, 1) = 5 (wo(w)e=s=0) = g:i
a(z,t) =A (wo(x)e_“"(r’t)> —) (1 - gf(a:,t)> =
(3.36) =89-3 (1+47%)

Theorem 3.7. Let 0 <1< 1, Q C RN be a domain with C**2 boundary 0 and 0 < T < oo.
We suppose that the following hypothesis are satisfied:

o ¢ e CH22H(QL), wo € CH2(Q), ug € CH2(Q), ug > 0, wo = 0, ug # 0, wy # 0;

e the compatibility condition %(m) = uo(x)%(LO) is satisfied for every x € 0f).
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Then the problem (3.31)-(3.33) has a unique positive solution u(x,t) € CH2/2HL(Qr)
which verifies

1+2 1+2
(3.37) Jul G2 < W Jug|5
where ¥ = W (T 1916 (1+2) J 1 (T)) is an increasing function in T, in |g](l+ ) and in the quantity

(3.38) w(T) = ’azy(l) ’ B 5( _139) (;)

ot

Proof. Taking into account the properties of the norm in Holder spaces (see Lemma 3.1,
Lemma 3.4), we have

ai(w,t) € C"P(Qr),  i=1,..,N
a(z,t) € C"'*(Qr)
g(x,t) € CTHPNQy)

so by Theorem 3.6 we obtain that the problem (3.31)-(3.33) has a unique solution u(zx,t) €
CH2L241(Q). Moreover, taking into account (3.35), (3.36), this solution verifies (3.37).

The positivity of the solution is a consequence of the maximum principle for linear parabolic
equations. -

We shall prove now the local existence of the solution for the problem (3.1)-(3.5) using a
fixed point argument. We consider the set

(839)  X(T.o)={¢ € "7 @Qr); I8l <o 620, 6#0, é(-0) =0}

where ¢ is some positive constant. We define the following operators

S - X — Cl+2,l/2+1(QT)
S(¢) =u

where u is the unique solution of the problem (3.31)-(3.33), and

R Cl+2l/2+1(Q )_’Cl+2l/2+1(QT)
R(u) = ¢

where ¢ is given by the relation (3.30).

Let us observe that, in order to find a solution of the problem (3.27)-(3.30), it is enough to
find a fixed point for the application

RoS:X — Cl+2’l/2+1(@T)
(RoS)(¢) = R(u) =¢

Theorem 3.8. Let 0 < 1 < 1, Q € RY be a domain with C'*? boundary 0. We consider
satisfied the hypothesis of Theorem 3.7 and, moreover, we pick o > 0 such that |u0\g) < o/2.
Then for every ¢ > 0 there exists Ty > 0 such that, for all T € (0,Ty] the following properties
are true:
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(i) the closed set X (T,0) is invariant with respect to Ro S;

(ii) the operator RoS satisfies the following inequality in X (7, o) with respect the norm ||g—;2)

(3.40) (Ro8)(9) = (RoS) @) < ¢ (lo— vy

where v = min{l/2,1 — l}. Therefore, Ro S has a unique fized point ¢ in X (7,0).

Proof. (i) Let T' > 0, taking into account Lemma 3.2, for every 0 < 7 < T', we have
(1+2 (1+2) (142
(341) (R0 8) (@)6F = lolGH? < Cma {1072, 2 [uf§F) 4 Juol )

where C' is a constant independent on 7.

Because u(z,t) is the unique solution of problem (3.31)-(3.33) and taking into account
Theorem 3.7 and relation (3.37), we obtain from (3.41)

(R0 8)(9)6F" < Cmax {072 24w (7, |g(2, )| 1(r)) uolt,™ +
(3.42) + |u0\g)T

(1+2)

Now, in order to estimate the function ¥ ( | g\ (T )) which appears in (3.42), first we

estimate p(7). We obtain, taking into account Lemma 3.1,

(3.43) w(r) < ClglSF? + 6157 +

where C' is a constant independent on 7. The norm |g| gjz) can be estimated using Lemma 3.4
and finally we obtain

(3.44) 91577 < &1 (Jwo(@)| 57 + o)

where C = C’l(|w0(aj)\g—r2) ,o0) and v =min{l/2,1 —[}.
We obtain from (3.43) and (3.44)

(3.45) p(t) < Cy+do+ 46
where Cy = Cy (|w ()] l+2), )

From Theorem 3.7 we know that the function ¥ is increasing on 7, |¢| giﬂ) and p(7), so we
obtain from (3.44) and (3.45) for 0 < 7 < T

(346) ¥ (7 lg(x.0IG!  n(m) < (r.Cr (Juo@)§ + o), Co + 50 +6) = x(o)
Finally, from (3.42), we obtain

[(RoS) (¢ )](H_z) < C'max {T(l—l)/27 7'} x(o) ]u0\8+2) + ]uo\gi <
1
< C'max {T(l_l)/2,7'} x(o) |uo|8+2) + 2
It follows that for 7 > 0 sufficiently small X (7,0) is invariant with respect to R o S. Let
T; > 0 be sufficiently small, such that, for all 0 < 7 < 71, X(7,0) is invariant with respect to
RoS.
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(i) Let ¢, ¢ € X(T1,0) and

U=R()=(Ro$)(9)

U=R(u) = (RoS)(1)

It is easy to see that the function z = u — w satisfies the problem

0z al 0z

— = Az — i\Ly b)) 57— — ) F )
ey z ;a (x t)(?xi a(xz,t)z + F(x,t)
0z 09

=5, T G(z,t)

z(xz,0) =0

where
F(z,t)=Vu-V (w06_¢ - w06_¢> +
0
+TA (woe_‘l5 - woe_w) 6&5 (¢ — )

G(z,t) = ﬂ% (woe_d) - woe_d’)

Let us notice that

G(z,0) = v(z, 0)% (woe_‘p(x’o) - woe_w(m’o)) =0

so the function z(z,t) = (u — @) (x,t) satisfies the compatibility condition

0z dg
%(xa()) - Z(Q?,O)% - G(l’,O)

We obtain, taking into account the Theorem 3.6
_ gl
(Ro8)(#) — (Ro8) ()| < Cymax {70072, 71w (o) [uol ™ (16 — vl

where v = min {{/2,1 — [} and C3 = C3(0). By taking 7 sufficiently small the inequality (3.40)
follows. We choose Ty < T3 such that (i) and (ii) are fulfilled for all 7 € (0, 7).

Next we define the following two sequences

up = S(pn)
Pnt1 = R(un) = (Ro S)(pn)

where @9 € X (Tp,0). Then, from above considerations, the sequence (p,)nen is a Cauchy
sequence, so it converges to an element ¢, which is a fixed point of RoS. The inequality (3.40)
implies the uniqueness of this fixed point.

From the continuity of the application S we obtain that the sequence (uy)nen converges to

u = S(p). It is easy to see that (u, ) is the unique solution of the problem (3.27)-(3.30) on
the interval [0, Tp]. "
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Theorem 3.9. Let 0 < 1 < 1, Q € RN be a domain with C**? boundary 0. If (ug,wg) €
_\2
C”Q(Q)) ,ug = 0, wg =0, ug # 0, wyg # 0 and the compatibility condition % = uo% is

satisfied for every x € ON), then the problem (3.22)-(3.26) has a unique positive solution defined
N2
on an interval [0,T) C R and (u,w) € (CHQ’Z/QH(Qt)) , for allt € 0,T).

Proof. From Theorem 3.8 we deduce the existence and the uniqueness of the solution of the
problem (3.22)-(3.26) on Q x [0, 7] with 71 sufficiently small. Repeating the previous argument,
we can extend this solution on an interval [71, 2] and so on, each interval having the length
given by the fact that Ro S fulfill the conditions (i) and (i7) in Theorem 3.8. It is obvious that
the compatibility condition is satisfied at each step. We obtain in such a way a solution defined
in an interval [0,¢) C R, 0 < t < c0.

In order to prove the uniqueness of the solution, it is enough to notice that each classical
solution of the problem (3.22)-(3.26) can be regarded, locally, as a fixed point of a map analogue
to RoS. The uniqueness of such a fixed point implies the uniqueness of the solution. [

3.3. Global existence in time

In this Section we prove that the solution (u,w) of the problem (3.22)-(3.26) in a two-
dimensional bounded domain 2 C IR? is globally defined in time. For this we start calculating
a priori bounds. These bounds will be used for proving that the solution u of the system (3.31)-
(3.33) belong to a suitable Holder space. The regularity is then successively ameliorated until
obtaining a bound of |u(-, ) 8+2) < C(t), where C(t) < +o00 if t < Tpep- As the length of
the existence interval obtained in Theorem 3.7 depends uniformly on |ug| g”), this bound will
imply that the maximal interval of definition of the solution is [0, c0).

In what follows, sometimes the function arguments are omitted. Also, the variable ¢t belongs
to the maximal time interval of existence of the classical solution (u,v) of the problem (3.22)-
(3.26). Moreover, in this section, since we prolong the solution given by Theorem 3.7, we assume
the same conditions on the initial data as in Theorem 3.7.

3.3.1. A Lyapunov function for the system

The results obtained in this Subsection do not depend of the dimension of the space, they
are valid in a domain Q@ ¢ RN, N > 1.

Proposition 3.10. The total mass of the solution u is bounded
(3.47) / u(z)dr < max {1, Moy}

Q
where Mo = [o uo(z)dz = [luol| 1 (q) represents the initial mass.

Proof. Taking into account the boundary condition (3.24) and integrating the equation (3.22)
over {), we can easily deduce

g[ut(x,t)da: = (59/u(aﬁ,t)dw — 5!u2(x,t)dx,

and applying Jensen’s inequality and Gronwall lemma we obtain the estimate (3.47). [
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Remark 3.11. 1. Since the solution u is nonnegative, a consequence of the property (3.47) is
that u satisfies an a priori L' estimate uniform in time

WMwa¢¢uQ»“(H“Uﬂtmem%Q»)zg(h

for allt > 0, where Cy = max {1, My} > 0.
2. Let us observe that, from (3.23)

w(z,t) = wo(x)e” Jy wtas)ds
In particular, for wo(x) > 0 we obtain
0 < w(x,t) <w(x)
for all t > 0, which implies
[[0] Lo 0,400 (02)) < w0l oo (@) -
Let (u,v) be the solution of (3.22)-(3.26). We introduce the following two functionals
(3.48) F(u,w) := /Qu(lnu —1)dz + ;/Qw_l IVwl|? da
(3.49) D(u,w) := /Qu_l \Vul? de + g/ﬂuw_1 \Vw|? dzds + 5/Qu (u—1)Inudx

and we show that F'(u,w) is a Lyapunov function for the system (3.22)-(3.26).

Lemma 3.12. We have

(3.50) %F@wo:_pmmogo

and the functional F(u,w) is bounded from below, i.e. there is a constant C > 0 such that
(3.51) F(u,w) > —-C

for allt > 0.

Proof. We formally differentiate F' with respect to t:

1
dF(u,w):/ ut(lnu—l)dsv—{—/utdx—l—d/w_l \Vw|? da
Q Q 2dt Jo

Multiplying the equation (3.22) by Inu and formally integrating on Q (in fact we multiply by
In(u + ¢€), € > 0 and after integration e — 0), we obtain

/Qut(lnu — 1)dzx = /QAu(lnu —1)dz — /QV -(uVw)(Inu — 1)dx + 5/Qu(1 —u)(lnu —1)dz

and taking into account the equality

/utdaczé/u(l—u)dx
Q Q



3.3. Global existence in time 33

we obtain

/ut(lnu—l)dazz—/ uil\Vu|2dx—|—/ Vu-dex—l—5/ u(l—u)lnudaz—/ ugdx
Q Q Q Q

Q

We estimate now the second term from the right-hand side in the last equality taking into
account (3.23):

1d 1
/QVU -Vwdx = 5% /Q(uf1 IVwl|?) — i/Quuf1 [Vwl|?
so, we have

1 1
/ u(lnu — 1)dzx = —/ uwt |Vl de — d/(w_1 IVw|?) — 7/ ww ™ [Vw]? +
Q Q 2dt Jo 2 Jo

+5/u(1—u)lnudm—/utdm
Q Q

which means

d
%F(u w) =—D(u,w) <0
In order to prove (3.51), let us observe that for all w > 0, u (Inu — 1) > —1 holds and we obtain
1
(3.52) Fu, w) = / u(lnw — 1)dz + 5/ wl Vulde > — |9
Q Q
In fact, all terms in F are bounded from below (it is easy to see that ulnu > —e™1). L]

From now on we assume the following additional condition for the initial data:
(H) F(ugp,wp) < +00.
Proposition 3.13. If (H) is satisfied then there exists a positive constant Cs such that
(3.53) /Quln udr < Cs
where Cs = F(ug, wo) + max{1, [luo| z1(q)}
Proof. From (3.50) we obtain, after integration in [0, ¢]
(3.54) F(u,w) < F(ugp,wp)

and taking into account (3.47) we have

/ ulnudr <

ulnu—ld:c+2/w71|Vw| d:z—i—/uda:

{O\D\

up(Inug — 1)dx + = /wo |Vwo|* dac—l—max{l [woll L1 }

Remark 3.14. We point out that if [, uoInug is bounded, we also obtain ug € L*(Q) because

||u0||L1(Q) = /ﬂuodl‘ </Q(uo Inug+1)dz.
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Corollary 3.15. If (H) is satisfied then the functional F(u,w) and all its terms are bounded
independently of t > 0.

Proposition 3.16. If there exists a positive constant C such that the positive function u satisfy
/ ulnudx < C
Q
then
(3.55) A {fu]l gy =0
uniformly with respect to t > 0, where up, = (u — k).
Proof. Let k > 1. We define the set
Qe ={zeQ: ulx)>k}

we have
1
U = u—k daﬁé/ udr < — ulnudzr <
il = [ (u-kydo < [ wie < [0
1 1
< — /ulnudx—/ ulnudr | < Cg—-
Ink \Ja o\ Ink
where Cg = (C + e~ 1|Q]). The last inequality implies (3.55). "

3.3.2. Estimatesin [”, 1 <p <
Considering the following change of variables
v(z,t) = u(z, t)e @D

the system (3.22)-(3.26) becomes

(3.56) % = Av + Vo - Vw + e“v?w + dv(1 — ve®) xe, teRy

(3.57) 881;) = —e"wv re, teRy
ov

(3.58) o 0 red, teRy

(3.59) v(2,0) = ug(x)e” @) = yo(x) > 0 te Ry

(3.60) w(z,0) = wo(z) >0 te Ry

From now on, for simplicity of notation we write vy instead of (v — k), , where k& > 0.

—+
Moreover, we assume during the rest of the chapter that

(H2) Q@ c RY,with N < 2.
Proposition 3.17. If (H) and (H2) are satisfied then there exists a constant
C7 = C7(p, [voll Lo () » llwoll oo ()
independent of time such that the solution of the system (3.56)-(3.60) satisfies

||UHLP(Q) < Oy, 1<p<+oo.
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Proof. Testing the equation (3.56) with pviilew, k>0,p>1, gives
[ eher = b 1) [ (Va4 p [ o foe (1 - e
dt Jo Q Q

(3.61) +(p—-1) /962“’101)1,?“

Taking into account the identity

‘V (Uz/Z)r = vak |V

we obtain from (3.61)
d D ow __ 4(p — 1) w p/2 2
%/kae ——p/Qe ’V(vk )‘ +
+ /pkew [ke®w + 6 (1 — ke™)] v£_1+
—I-/ [(2p — 1)ke w + 0p (1 — 2ke™)] v+

(3.62) —I—/ 2w Jw — p| vy, P+l

Since 0 < w(z,t) < wo(z) and e¥@h > 1 for all t > 0, we obtain from (3.62)

iyt <2 e ()

(3.63) + Cg/ U, + 010/Q pHl

p—1

where Cg, Cy and Cp are given by

(3.64)
Cu = Cupy .ol ) = b [k (10 gl = 5L ) 45 (el 20
(3.65)
2p— 1, ( 2wl P ollwol k
Cy = Cy(p, k., 9, |lwol|je) =P k(e2lvollee |l oo —6——) +6 oll oo +
p p—1 -1
(3.66)

Cro = Cio(p; 0, lwol ) = (P — 1) <€2“w0L°° [[woll oo — 5})?1)

Adding the term o / v}, where o > 0 is a constant, on both sides of the last inequality, we
Q

obtain

jt/vke —|-U/Q’U£<_4 HV(p/Q) ()+C’s/ 4

(3.67) +[Cy + 0] /ka+Clo/Q Pt
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We estimate now the last two terms from (3.67) using Gagliardo-Nirenberg’s inequality and
taking into account the positivity of v. We have
2

P P P
(3.68) /vz,z = ||lvg < Cu(Q) ||v (i
Q L2(Q) H(Q) LY(Q)
p+1 e z|?
(3.69) /vk = |v¢]l 2000 < C12(Q) ||vg lvell L1 (e
0 L5 @) HI(9)

We put estimates (3.68), (3.69) on (3.67) and we apply the Cauchy’s inequality. We obtain

d [ pw P 4p-1) 2\ | p—1
@/ﬂvke +U/§zvk<_ P HV <Uk> LQ(Q)JFCEHUIc ‘Ll(Q)Jr

g2
Vi

2
[okll 10y <
H(Q)

v (vk>

p

p
2
Vi

+ C10C12
L2()

+ [Cg—i—a]

2

ol

_|_
L2(Q) LY()

P

2

2

+ C10Ch2 ||Uk||L1(Q)]
)

+Cp [Cg + 0+ C10C12 [[vkll 1 (q

v v <

"l
2

e

7 ()

12(Q) + Zlg {Cn [09 + 0+ C10Ch2 HkaLl(Q)} }2

+ C10Ch2 ”vk”Ll(Q) + E}

12(Q) LY(©)
2

P
(3.70) +el|vp

LY(Q)
In order to estimate the second term from the right-hand side of (3.70), we apply Young’s
inequality and we obtain for € > 0:

_ D
(3.71) Rty
T p

Now, choosing ¢ small enough such that ¢ < min {0/2,2(p — 1)/p} and putting (3.71) on (3.70),

we get
d o
%/Qvl,ze“’%—g/gvig

2 1
+ - PCs |9 +
L2(Q) P

<

(i)

2
50y + CuCis

+ C10C12 Hvk”Ll(Q) + 6:|

2
p—1 2
v

1
—i—{CH |:Cg+0‘+
4e

LY(Q)
Taking into account the Proposition 3.16, we can choose k sufficiently large such that the

NE
V(v,ﬁ)

coefficient of

is negative. In this way, the last inequality becomes

L2(Q)

d o |2 1
3.72 —/vpew+—/vp<0 V2 + —ePCs |0
(3.72) A 2 Jolk S Q| F s |92

where

C’13 = 013(paka53 ||w0||L00 ,0,E&, €, Q) =

1
= {011 l:Cg—f-O'—f—
4e

p—1

2
_p_
e7-1C3 + C19C12 ||Uk||L1(Q)] }
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Since / vhe? < ellwollze / v}, we obtain from the last inequality
Q Q

2

d D _w g / D _w g 1 —
— —— <C 2 —e PCy |2
dt/gvke + SoTwoli kae 13 ||vf L) + pe s |2
and applying Gronwall’s inequality
2ellwoll oo 2|2 1
(3.73) /vz < /Uie“’ < max {/ (vo — k)E e, “ Ci3 ||v? T e PCs |9
Q Q Q L@ P

We will show by induction for all p = 27, with j € IN, that

ok ()]l Lo () < C

where C' is a constant independent of t.

Let us remark that, taking into account Proposition 3.10, we have

(3.74) lon(®ll 10 < /udm < max {1, My}
Q

Let p = 27, and suppose that [0k (D)l 211 () = 10k (8) | Lo/ (@2) I8 uniformly bounded, the bound
being independent of ¢ > 0. We obtain from (3.73) that |[vk(#)]| ;s () 1s bounded, j € N. We
conclude, taking into account the imbedding of LP (§2) spaces, that

[0kl oo (0.4, () < Cha, for every 1 < p < oo

where Cq = C1a(p, [|lvoll o) » [woll () is a positive constant, independent of ¢ > 0.

Finally, we obtain
1/p
ol ey < 2 (o0 + 47 192])

and we conclude the proof of Proposition 3.17. [

Remark 3.18. The above estimates depends strongly on the dimension of the space.

The above estimates are done in the case when Cg, Cg, Cig are positive. If one or several
of these constants are negative (for example, when & > %eQHwOHUw lwollpoos p > 1), the result
remains true, the upper bound being slightly modified.

3.3.3. Estimates in L™

Proposition 3.19. If (H) and (H2) are satisfied then the solution to the system (3.56)-(3.60)
satisfies

0[] Lo (0,000 (2)) < €

where the constant C will be determined later.

Proof. We introduce the following sets

Qp(t) ={x € Q; v(x,t) >k}
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where k is a positive constant. Let us observe that, taking into account (3.74) and choosing
p = 2, the relation (3.70) becomes

iy ve i<
vre? V7. <
dt k UQk

< [=2+ CuoCu [vill gy + €] 1Ykl 200y + & loklFo) +

619+ {0t o lonlley [Cn (Cot o+ CuCra o))} Il s

We estimate the last term of the right-hand side of the last inequality using Holder’s inequality
and the Sobolev embedding

okl 21 @y < owll oy 19627 < Cs l[onll gy 192>

where C'15 is a constant independent of ¢. Using this inequality and Cauchy’s inequality, we
obtain from (3.75)

d 2
dt/vke +U/ka<

< [~2+ CroCus okl +& + €| IIVuRllF20) + (6 + &) okl 72 +

C3
(3.76) +15{08+ o6l 1y [C11 (Co + o + CroCz vkl 1 ey )] } %[>

We choose € and &' small enough such that € + ¢/ < min{1,0/2}. Taking into account the
Proposition 3.16, it follows that there exists a k1 > 0 sufficiently large such that, for every

p 2
v ()

d
(3.77) dt/vk 2/% Cre |/

k > k1, the coefficient of
(3.76)

is negative. Taking into account (3.74) we obtain from
L2(Q)

for all k£ > kq, where

016 - 016(k757 HwOHL"O 7M0) -
_Cfs

1 2
= 4—5/ {Cg + ZE max{l, Mo} [CH (Cg + o0+ C1oC12 max{l, Mo})]2}

Moreover /fuie“’ < e”wOHL"O/vz, so we obtain
Q Q
d o 2.0 < O 1032
(3.78) dt vke + m kae < 16’ k‘

One can notice, using (3.64), (3.65) and (3.66), that Ci¢ is a polynomial of degree 4 in k. Let
be the dominant coefficient. It is a constant depending only on the initial data of the system.
Now, we try to get rid the dependence on k of Cig. Representing the Li-norm with the use of
the level sets, we have (see [25,69])

o0
/qu“ <q+1>/0 1|0, ds, ¢>1
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We obtain, using these facts, a bound for the right-hand side of the inequality (3.78).
Namely, taking into account Proposition 3.17, we get

k ) 1 1
(k=11 < [ si0ulds < [ 5|0 ds = — ol g < O

where C17 is a constant independent of t. From the last inequality, taking ¢ = 16, we obtain
(k= 1" o]t < oyt
It follows that there exists ko > 0 such that for every k > ko,
Cue %74 < (a+1)C1L* = Cig

which implies, from (3.78)

d w a w
(379) 71)sz + m/ﬂvze < C18 |Qk|5/4

Since vy € L*®(Q), there exists k3 > 0 such that |Jvg(0)|| = 0 for all & > ks. For k >
max{k1, k2, k3}, we deduce from (3.79)

4
2 20 < ellwoll oo R Y o !
< 20 gelmolEee (1 e 2elwollL t) sup |Q ()]

3.80 |32 < |[e/ 2okt
(380) [0kl Faq) < |00 . o

On the other hand, taking into account that €; C Qg for I > k£ > 0, then

(3.51) e ey > [, | o> (=R 0]

(T

Taking the supremum on ¢ > 0 in the last relation, (3.80) implies

(1 —k)?sup | (t)] <
>0

2C el oo 5/4
wf sup [Q(t)]|

>0

for I > k > max{ki, k2, k3}. Obviously the function k — sup,> |2 (t)| is decreasing, so we can
apply [26, Lemma 4.1]. It follows that there exists

o1y, pllwoll oo \ 1/
ho:maX{k‘l,k‘g,k‘g}—F <Cl8€L |Q|1/8
g

such that

sup [Qx(t)| =0
>0

for all k£ > kg. This concludes the proof. n

Remark 3.20. The L bound can also be proved using the iterative technique of Alikakos [2].
We have chosen the method presented here (inspired by an idea of Gajewski and Zacharias [29])
mainly for aesthetic reasons.
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3.3.4. Estimates for Vv and Av
3.3.5. A priori estimates

Lemma 3.21. If the hypothesis (H) and (H2) are satisfied, then we have

Cao
Cyo forallt >0

(3.82) HthLQ(Qt)

<
(3.83) HV’UHLQ(Q) §

where Cyg is a constant independent on t.

Proof. Taking e"v; as test function in the equation (3.56) and integrating in space, we obtain

w, 2 __ 1 w8 2 w | w, 2 w
(3.84) /Qe vi=—g5 ) € &(|VU‘ )—i—/ﬁe [e v7w + dv (1 — ve )}vt

We estimate now every term of the right-hand side of (3.84). The first one is

1 wa 2\ _ 1d w 2 1 2w 2
3 Qe T (\Vv[)— th/ﬂ(e |Vv|) Q/QG vw [V

In order to estimate the last term we take into account the following inequalities

(3.85)

1 1 ow
2w, 2 2 2 oo 3
(3.86) /Qe Ywvtyy < 3 Qe“’vt ~ 3¢ lreollzoe ) HwOHLw(Q) HUHLOO(Q) o Ot
5 d J ow

w il w,2 Y Jlwollpeo 2 v

(3.87) ) o€ Vv < 2dt/ge VT = e U] e g o Ot
0 d

(3.88) -4 Qe2wv2vt < *5%/9621”2}3

Substituting (3.85), (3.86), (3.87) and (3.88) into (3.84), we have

w d w w oo w oo
et + 5 [ e 9ol < —el =@ ol g [l gl e ol ey +
d d 26 d
5L 52 [ ow 2_77/ 2w, 3
+]dt/Qw+ dt/gev ga) "

We integrate the last inequality with respect the time on [0, ] and we obtain

t td
(3.89) / /e“’v?—l—/ —/ e [Vo]? < Chg
0 Ja 0 dsJa

where

o0 2 oo
Cg = el [lv]|3 . poe gy [N ffwoll ooy 10 o 0,520 c2)) +
26

<Y 2w0,U3
3 Ja

+ 0] [ wo -+ el ol ol + 2 [ @

Finally, from (3.89) we obtain

t
//v§+/e“’]Vv|2</ew°|Vvo]2+Clg
0 Jo Q Q

1/2
The last inequality implies (3.82) and (3.83) where Cyy = (fQ o [Vug|® + Clg) / . n



3.3. Global existence in time 41

Lemma 3.22. If the hypothesis (H) and (H2) are satisfied, then we have
(3.90) 180l g0 sz < € 0+ DI(T))

for all t € [0,min{(n+1)Ty,T}], n € N, where k(Tp) is a constant independent on t which
will be given later.

Proof. From (3.56) we obtain

t t t t
390 [ 180l < [ ol + [ IV0- Vol + [ @0l

where
h(v,w) = e“v*w + sv(1 — ve®)

We estimate the first term in the right-hand side of (3.91) using (3.82) and the Holder inequality
! e ([ 2\ 1/2

(3.92) [ ol <82 ([ [ 10?) < Vet

We estimate the second term in the right-hand side of (3.91) with the Hélder inequality

(3.93) [Vw - Vvl 2y < [Vwll pao) [Vll 1oy

In what follows, we are going to obtain an estimate for || Vw|| ;4 () We deduce from the equation
(3.57) the relation
Vuw; = —ewvVw — e’vVw — ePwVu

Multiplying this last relation by Vw ]Vw|2 and after that integrating in ), we get

d
pr [Vwl[ gy < Co1 [V gy

where Cyy = ell“llzee @) [[wol[ 00 (- From the last inequality we obtain by integration

t
(394) IVl < Coa + Car [ 90l

where Coz = [[Vwo|| 4(q)- Taking into account (3.94), the estimate (3.93) becomes

Cord [ [ 2
(3.95) [Vw- Tl a0y < Caz V0l + - | [ 1900z

We estimate now every term in the last inequality. In order to estimate the first term of (3.95)
we use the Cauchy inequality and the Gagliardo-Nirenberg inequality

1/2 1/2 C22C3)°
(3.96)  Ca2[[Vl|pa(q) < C22Ch3 HA”HL/z(Q) HVUHL/Q(Q) <ellAvllpa gy + (46) IVl 22 ()

In order to estimate the second term of (3.95), we obtain from Hoélder inequality and (3.83)

t
[ 190l

t t 1/2 t
(3.7 <32 ([ 1avlizy ) ([ [ 196) " < Chi/Cant [ 180l

2 t 2
< Uo C23HAU”}:/22(Q) “VUH%Q(Q)} S
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Finally, after integration of (3.95) on [0, ¢] and taking into account (3.96) and (3.97), we obtain

¢ ¢ CooCo2)? [t
[ 190 Vol < [ 1803y + 2L [ 19050, +

C21C33+/C. t
(3.98) + wt/ 1AV 12(q)
0
We estimate the last term of (3.91) with the use of Proposition 3.17.

t t t
L1 w)lzagay < P gl [ ol +5 [ Tollagy + 561 [ ol =
t
(3.99) = / [0l 2y + eMN=@) 5+ [lwo| o gy | / [0]17 4 < Chat

where Coq = 00| 12(0) + elwollzoo o) [5 + [lwol| oo Q)} HU”L4

Taking into account (3.92), (3.98) and (3.99) we estimate now HA’UHLQ from (3.91)

t t CooCo2)? [t
[ 180l < Vot + ¢ [ Ndollgay + S [0 +

021023\/02 / 1A] 2y + Caat

or, thanks to (3.83)

2 t C C
(3.100) (1 —e— % vCQ%)/ 1A 20y < V/Coot"? + 1 224 23)° VCoo + Cay
0
We take € = % and ¢ sufficiently small such that
C210%51/C 1 1
l—e——"—t2>2-—=t< ———F——= =1
€ 2 2 20210223 Cy 0
which implies from (3.100)
t
(3.101) /0 1Al 20y < 2v/Cant " + 2 [(CoaCs)? /T + Coa] £ = k(1)

In this way we have obtained the boundedness of [J || Av|| r2(q) for all ¢ € [0, min {To, T'}]. This
bound depends on the initial data considered in 79 = 0. We can repeat the same procedure
taking the initial data on a generic 7. We obtain

(3.102)
Cy1C2,\/C 022023
<1_ 21 223 20 >/||Av||L2 \\/7(15—7)1/2-1-@—7) ( ) VO + Cay
where
(3.103) Cor = M@ (2, 7)|| oo ) < O
(3.104) Cap = [IVw(@, )|l 140

(3.105) Coy =6 [0l 200y + ellv@mllzee @) [5 + ”w(qu)”LOO(Q)} ||UH%4(Q) &2
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If Ty < T let us take 7 = Tp. Taking into account (3.94) (which is true for all ¢ € [0,Tp]) and
(3.97), we have

2

To To
(3100) % = IVta Tl < |Cot O [ 190l <208+ O [ 1y

Using (3.103), (3.105), and(3.106), the inequality (3.102) becomes

21033/ C
(1_5_ T )/ 180 20y < Voo (£ = T0) +

2
C3,\/C To
(3.107) + (t — Tp) {234520 [2C§2+021/0 18| 20

+ C24}

We take € = % and t sufficiently small such that

C21C%51/Cap 1 1
1 —e— ZHEBVEN (4 Ty s Sl 4 Ty = 2T,
c 2 (t=To) 23 2051 C /Ty 07 200
which implies, from (3.107)
1 To
[ 18l < bl =Ty 7 6= ) [ el

The last relation is true for all ¢ € [T, min {27, T'}]. More generally, we obtain

t n nTy
(3.108) [ 18vllgagy <kt =)+ 7t =nTo) [ 18] 120
nTo 0 0

for all t € [nTp, min {(n + 1) Ty, T'}], if n € N is such that nTy < T.

Let us observe that

t —nT
To( nTp) <

and for the function k(t) given by (3.101) we have

k(t —nTp) < k(To)

for all t € [nTp, min {(n + 1) Tp, T'}]. Thus, the inequality (3.108) becomes

t nTo
| 180y < KT+ [ A0 20y
nio

for all t € [nTp, min{(n + 1) Ty, T'}].
Finally, for all ¢t € [0, min {(n + 1) Tp, T'}], taking into account (3.101), we obtain

t 1 1 t

<(n+1)! (1 bt (n+11)'> k(To) < e (n + 1)k(Th)
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Remark 3.23. This inequality holds for all 0 < t < T, and n is mazximal with the property
nly < t. We emphasize that the bound in terms of n is equivalent with a bound in terms of t,
of the same type. Hence we obtain

t
(3.109) | 18020y < w02

where W is a increasing function of the time t having the properties %{%\I/(t) =0, th/nzlp\If(t) < 00

for all'T finite.

Henceforth ¥ will stand for a generic function of ¢ having the above properties.

Lemma 3.24. If the hypothesis (H) and (H2) are satisfied, then we have
t
| 190l < ¥
for2 <p < oo.

Proof. Taking into account the Gagliardo-Nirenberg inequality and the Cauchy inequality we
obtain the following estimate

t t e
L1900 10y < [ 1800y + 2 [ 190001

for 7 = 2,3,.... The last inequality implies

c2.\J1

t 1—(=5 t
4 C3

/ uwnmj(m<1( C) / umuwm( ) L1905
T4

From (3.83) and (3.90) we obtain for j = 2,3, ... and for all ¢t € [0, min{(n + 1) 7o, T'}]
t
HVUHLP(Q) < V()
0
for 2 < p < . [
Lemma 3.25. If the hypothesis (H) and (H2) are satisfied, then we have
t
IVl o) < (1)
0
forl <p < 0.
Proof. We deduce from the equation (3.57)
Vw; = —ewvVw — e¥vVw — e“Vu
Multiplying this last relation by Vw |[Vw[P™2 and after that integrating in Q, we have
d
7 IVl oy < elle@ ]| oo o) V0l ooy
From the last inequality we obtain by integration in time
t
IV 500y < 17000 oy + €1 gy | 19011010

which proves the lemma. [
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Lemma 3.26. If the hypothesis (H) and (H2) are satisfied then

(3.110) u e COtHtN2(@L), for every T > 0.

Proof. We consider the equation (3.56) together with (3.58) and (3.59) as a linear problem in
the general form (3.12)-(3.14), considering

ow
8:1:i
b(x,t) = e“wv + 6(1 — ve?)

F(z,t) = G(z,t) =0

bz(xat) = (.’L',t), 1=1,2

The above estimates show that the hypothesis of , [48, Chapter 4, Theorem 9.1]) are fulfilled,
see also [66, Theorem II.3]. This implies that for ¢ > 2 we have

(3.111) ve Crial=2a ()

Thanks to the Sobolev embedding, w € L>(0,T; C%(Q)). Therefore,
t
Hw(t)”cua(ﬁ) < HwOHCHa(ﬁ) +/0 HewaUHCHa@)
t
(3.112) < ||w0||cl+a(§) + C/O ||eww’3‘|cl+a(§)||UH01+Q(§)

t
< wollonsa + €O [ Iwllcrsn

Next, Gronwall’s Lemma entails w € C([0,T]; C**1(Q)). This fact together with
wy € C([0,T]); C*T1(Q)), that is a consequence of the equality w; = —e%vw, assures w €
Ca+1,(a+1)/2(©T)‘ [ |

Now g—;‘i € C**/2(Qr) and thanks to [48, Chapter 4, section 5] v € C+t2(@+2)/2(Q.).

Next we can argue as in (3.112) and get w € C*T2(+2)/2(Q),.). Therefore we have reached the

desired bound of |u] gj2).

3.4. Steady states and asymptotic behaviour of global solutions

3.4.1. Steady states

In this Section we study the steady states of (3.22)-(3.23) with the no-flux boundary con-
dition (3.24). So, we consider the following stationary problem:

(3.113) 0=Au—V-(uVw)+ du(l —u) re, teRy
(3.114) 0 =wu re, teRy
ou

(3.115) I =0 xed, teR;
Observe that, after the change of variables, v = e”"u the system (3.113) - (3.115) reads
(3.116) —Av —Vw - Vv =0v(l —ve") xef, teRy

(3.117) vew =0 reQ, teRy

0
(3.118) ) xedQ, teR,

o =
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Definition 3.27. We say that (v, w) are positive solutions to (3.116) - (3.118) if (3.116) -
(3.118) are satisfied a.e. and
(v,w) € (PLU{0}) x (P2U{0}), (v,w) # (0,0),

with

P o= {z€W2’p(Q) : p>N, 220, z#0, g—fl:O onaﬁ}

Py i={zeWh®(Q): 2>0, z # 0},
for some p > N.
Remark 3.28. Assume w # 0, 6 > 0 then the positive solutions to (3.116)- (3.118) satisfies

0z

(3.119) LYw)z:= —Az = Vz-Vw+e vz >0, e 0.
n

Moreover,

(3.120) o1 (LY (w)) = o1 (LA (w) + e7Wv) > oy (L*(w)) = 0,

where o1(L'(w)) stands for the principal eigenvalue of L'(w) with Neumann boundary condi-
tion. Thanks to (3.119) and (3.120) the strong mazimum principle (Theorem 2.4 in [4]) entails
NS int('Pl).

Theorem 3.29. The positive solutions to (3.116)-(3.118) are given by

(v, w*) = (0,w), w € Py,
(v*,w*) - (170)7 Zf5>07
(v, w*) = (k,0), if6=0.

where k is a positive constant.
Proof. Case 1.- Assume w = 0 then

o if 6 = 0 taking v as a test function in (3.116) we obtain that v = k, £k > 0 any constant.
e if § > 0 v =1 is a positive solution to (3.116). Moreover, since the function
f:]0,00) = R, f(s) =46ds(1l —5s)

is continuous on [0,00) and the function u — f(s)/s, 6 > 0 is decreasing on (0, 00).
Then, thanks to Lemma 1 in [11], is the only possible positive solution.

Case 2.- Assume w # 0 then

e if 6 = 0 taking v as a test function in (3.116) we get v = k, k > 0. Therefore, if k # 0 the
condition (3.117) can not be satisfied and if £k = 0 any w € Ps is a positive solution.

e if § > 0 then either v = 0 or, thanks to Remark 3.28, v € int(Ps).

— if v = 0 then any w € P; is a positive solution.
— if v € int(Pz) then, from (3.117) we get w = 0 a contradiction with the assumption.
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3.4.2. Asymptotic behaviour

The purpose of this section is to study the large time behaviour of the solutions to (3.22)-
(3.23). In particular we will concentrate on the large time behaviour of the trajectories of such
a system. The key property for our results is the “energy” equality (3.50).

Remark 3.30. The equality (3.50) provides us, under the condition F(ug,wy) < 400, with
the estimates

t t
(3.121) / / uw V> < C, / / u |Vl < O, Vit > 0.
0 Jo 0 Ja

Thanks to (3.121) and the estimates w < wg, u < C we obtain

t t
(3.122) / / u|Vw|* < C, / / Vul> <C,  Vt>0.
0 JQ 0 JQ

Lemma 3.31. Let 7,k > 0 and y € C(1,+00) N L (1, +00), 3 € L (7, +o0). If

t+k
lim (ly(s)] + 19/ (s))ds = 0

t——+o0 t

then tl}+moo ly(t)| = 0.
Proof. Assume tlir+n ly(t)| # 0, then there exists a sequence {t, }nenN, tn — +00, such that
— 100

ly(tn)] > C >0, Vn > ne.

We pick 0 < 6 < k, then for all n > ng we have

tn+0 , tntk ,
lytta -+ 0 = a(ta)l| < Iyt +0) ~wt) < [ W @las< [ ly(s)lds

Therefore |y(s)| > C/2 for all s € [t,,t, + k|, n > ng. The last inequality is a contradiction

with
tntk
lim ly(s)|ds = 0.

n—+oo J¢.

N2
Theorem 3.32. Let 6 = 0, if (up,wp) € (CQ“"‘(Q)) , up = 0, wg > 0 with F(up,wp) < +00
then,

(3.123) lim |lu—al2 =0, [wl[2 = 0.

lim |
t—+o00 t—+o00

Proof. We are going to apply Lemma 3.31 with y(t) = [o(u — @)?(t)dz. Taking into account
the Poincare-Wintinger inequality and Remark 3.30 we get

(3.124) /OOO/Q(u—u)2 < C/OOO/vauF <C.
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On the other hand, thanks to the Holder’s inequality, Young’s inequality and the uniform bound
in L* of u, we have

Qddt/g(u—u)Q

:‘/ |Vu|2—|—/uVu-Vw‘
Q Q

</ \Vu|2—|—/ |luVu - V|
Q Q

1 1
</ \Vu|2—|—f/u\Vu|2+f/u|Vw\2
Q 2 Ja 2 Jo

1
< (1+0)/ \Vu|2+f/ Vw2,
Q 2 Jo

(3.125)

so, thanks to Lemma 3.31, we infer that for ¢ — +oo, u(-,t) — @ in L?(£2). From (3.23) we

have
2ddt/ﬂw2+u/ﬂw2:/9(u_u)w2
1/2 1/2
(3.126) < (/Q(u_u>2) 1(/2/9 w4> y
(o) ([

<C’/(u—ﬂ)2+e/w2.
Q Q

Therefore, after integrating (3.126) in time, we infer

(3.127) / /w2 <G,
0 Q

Moreover, arguing as in (3.126) we get

% | d
12 — 2
(3.128) /0 dt/ﬂw

Hence, for t — +o0, w(-,t) — 0 in L?(). "

< C.

In what follows we will study also the case § > 0 and we will provide an estimate of the
rate of convergence to the equilibrium.

_\2

Lemma 3.33. Let (ug, o) € (C*%())", wo > 0. [fug > 0 then u(t) > 0 for all t > 0.
Proof. We know that

(3.129) vy =e V- (V) + 6v(1 — ve®) + v2evw.

On multiplying (3.129) by e (v — k)_ with k a positive constant to be fixed later on, we get
d

—/ v —k)2 = —/ eC|V(v—k)_|*+ (5/ e’(v—k)_v(l —wve")+

2dt Jo Q Q

1
+/ v2e?w(v —k)_ — f/ eXu(v — k)2,
Q 2 Ja

In order to show that the right-hand side of (3.130) is non-negative it is enough to prove that

(3.130)

(3.131) de’ (v —k)_v(l —ve”) <O0.
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Observe that for k sufficiently small ke < 1, therefore (3.131) is true for such a choice of k.
Since the right-hand side of (3.130) we obtain

(3.132) O u(t) — k)2 < e (v — k).

Taking into account that ug > 0 then vy > 0. Hence vg > 6 > 0 and for 0 < k < 0 we get
v(t) > 0. "

Theorem 3.34. Assume the same hypothesis as in Theorem 8.32 together with the additional
condition ug > 0 then

(3.133) lim ||lu(t) —al|; < Ce™®, [w]loe < Ce™ ",

lim
t—4o0 t——+o0

for any 6,6 > 0.

t

Proof. Observe that w(x,t) = wo(z)e” Jo “ thus, applying Lemma 3.33 we get

. —0't
A wlleo < e

For the convergence of u we use the following argument. It is not difficult to infer that

(3.134) %G(u(t), w(t)) = —D(u(t), w(t))
with
(3.135) Glu(t), w(t)) = /Q u(t) In (“2”) dz + % /Q w(t) V() 2dz

and D was defined in (3.49). We know that for » > 0
(3.136) rinr — 147 < (r—1)>2

Therefore, putting r = u/u and thanks to the Poincare-Wintinger inequality we have

/Quln(Z) :ﬂ/ernr—i—ﬂ/Q(r—l)
<ﬂ/ﬂ(r—1)2
> [w—wp
(3.137) <pr</9|vu|)2

u

2
_ 4Cpr </ ’U1/2VU1/2|>
U Q

<5 (h) (frewr)

= 190G | w7 Vuf?
Q

On the other hand, taking ¢ = w/u and applying Jensen’s inequality with the probability
measure du = ﬁdw we get

(3.138) /Quln (Z) dx:HUHl/nglngpdu} (/ngdu) In (/ngd,u> =0
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Hence, thanks to (3.137), (3.138) and Lemma 3.33 we obtain

(3.139) min {|mlcpw p} Glu(t), w(t)) < D(u(t), v(t))

with u(t) > p. Finally the statement of the Theorem follows from the Csiszar-Kullback inequal-
ity. [

_\2

Theorem 3.35. Assume 6 > 0, (ug,wp) € <02+O‘(Q)) , ug >0, wg > 0. Then,

(3.140) Jim fu— 1|2 < Ce -0 lim [wl|s < Ce %Y,
t—+o00

for any 6',0" > 0.

Proof. The convergence for w is exactly as in Theorem 3.34. We know that

d

(3.141) dtH( ) =—D(t)
with
(3.142) H(u,w) = /Qu(lnu -1)+1+ ;/lew?

Taking into account Lemma 3.33 we have u(t) > p. This fact together with the inequality
Ins < s —1 for s > 0 provide us with the following

D(u,w) > g/ wHVwl* 4+ 6p(u — 1) Inu
(3.143) @
> g/ w™ [Vwl® +6p(u(lnu — 1) + 1) > min{p, 6p} H (u(t), w(t))
Q
Therefore, H(t) < H(0)e ", 3 = min{p, §p}. In particular, since u(lnu — 1) + 1 > 0 we have
(3.144) / w | Vw|* < H(0)e
Q

Let 0 < 6" < min{dp, 3}. On multiplying (3.22) by u — 1 and integrating in the space variable

;lt/ u—1) :—2/|Vu\2+2/uVu Vw—Z/ (u—1)*

(3.145) < (60—2)/ |Vu|2+0/ w Vw2 —9"/(u_ )2
Q Q Q

< Ce Pt — 0"/(u —1)2
Q

we obtain

From (3.145) it is not difficult to conclude the Theorem. n



CHAPTER 4

The invasion model

The aim of this chapter is to study the steady-states, global well-possedness and asymptotic
behaviour of some models related to tissue invasion that were proposed in [63] and [15]. Basically
we prove local well-possedness with the use of semigroup theory, we prolong the solutions via
a suitable bounds on the solutions and for the asymptotic behaviour we use again suitable
estimates on the solutions.

4.1. Introduction

In this chapter we will focus on some models of tissue invasion, more concretively we will
study in detail the models proposed in [63] and [15].

Along the chapter Q C R? is a region in which the tumour cells, ECM and proteolytic
enzymes lies. We assume that €2 is bounded, connected and has a regular boundary. We denote
by u, v and m the concentration of cancer cells, ECM and proteolytic enzymes respectively.
The model reads

up = é’q/ — V- (ux(v)Vv) + pu(l —u—wv) in Qx(0,7),
Dif fusion Haptotaxis Proliferation

ve=— mu in Qx(0,7),

-
Degradation
(4.1) my= Am  — an, + ug(v) in Qx(0,7),

Dif fusion Decay Production

ou ov  Om

2 =20 o x (0, T

an UX(U) an 8” on X ( Y )’

(u,U,m)(ﬂ?,O) = (U(),'l)(),m())(-'lf) in Qv

where x and g are given functions the following conditions

(4.2) x € CY(R), ¥, is globally Lipchitz, x > 0

o1
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and
(4.3) g € C(R), g is globally Lipchitz, g > 0

It should be noted that we are assuming that many of the biological parameters are just 1. The
only reason for that is the simplification of the notation. Most of our results does not depend
on those parameters, we will just point out the differences, if there any, for different values of
the parameters.

The chapter is organized as follows. In section 2 we give some preliminaries and notations.
Section 3 is devoted to the stationary problem associated to (4.1). In section 4 we prove local
existence and the non-negative of solutions for non-negative initial data. In section 5 we show
that the solution constructed in the previous section can be prolonged in time till infinity. In the
last section we show the convergence to the steady-states even with explicit rate of convergence
in some cases.

4.2. Preliminaries and notations

In this section we collect some tools and notations that will be used along the chapter. We
denote by C¥(Q) the space of Holder continuous functions. By LP(£2), W*P(2), p > 1 we denote
the Lebesgue space and Sobolev spaces of functions on € with the usual norms || - ||, || - ||z, and
WHk2(Q) = H*(Q). If X is a Banach space with norm ||-||x, for T > 0 we denotes by LP(0,T; X)
the Banach space of all measurable functions u : (0,7') — X such that [|u(-)||x € LP(0,T).
If G is an interval of real numbers, the notation C'(G, X) stands for the space of continuous
functions with values in X. If f € L'(Q) then % denotes the mean value, i.e. f := ﬁ Jo f- The
principal eigenvalue to the problem

g—iz() on 0f).

{ —A¢+a(z)p = Ao in €,

is denoted by o1(—A+a(x), N'). Throughout the chapter C' will denote a generic constant that
may vary from line to line.

Let p € (1,00), we define the operator
Apu == —Au+u

with domain

D(A,) = {u € W2P(Q) : gz =0on 89}

Since Re 0(A,) > 1, where 0(A,) stands for the spectrum of A4,, then A, possesses fractional
powers, Ag . Let

XP = D(AD),

then the following embedding properties are known, (see, [34, Theorem 1.6.1])

B k, _d _ N
(4.4) X%%qu(Q) for k-9 <20 A q=>p
X, = C"(Q) for 0<wv<26-7.
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Since A, is a sectorial operator, then
S(t) := e t»
defines an analytical semigroup in LP(£2). The operator S(t) has the following properties,
1) In [34, Theorem 1.3.4] it is stated that
(4.5) 1S £re,rry < Ce™ 0,
with § € (0, 1).
2) We have
(4.6) AZS(t) = S(t)A, on D(A5),
Moreover, combining (4.6) with (4.5) we obtain
—ot
(4.7) ||S(t)||£(X5’X5) < Ce ™.
3) For u € LP(9), (see, [34, Theorem 1.4.3]), we have
(4.8) ISt ull s < Cat e ull,, t>0, §€(0,1).
p
4.3. Positive steady-states
In this section we will describe the positive solutions to
0=V (Vu—ux(v)Vv) + pu(l —u—wv) in Q,
0=—mv in ,
(4.9) 0=Am—m+ ug(v) in Q,
ou ov  Om
—_— — —_— = — = Q-
o uX(U)@n o 0 on 0
Observe that after the change of variables
(4.10) w = uz, 2= e Jo X()ds,
the system (4.9) reads
0=Aw+x)Vw- Vv +pw(l —z"w—v) in Q,
0=mv in €,
(4.11) 0=Am—m+wz 'g(v) in Q,
ow Om
2" _ o9.
on  On on
Since we are interested basically in the models given in [15] and [63] we assume that g(v) = 1

and g(v) = v respectively.
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Definition 4.1. We say that (w,v,m) are positive solutions to (4.11) if
(w,v,m) € (P1U{0}) x (P2 U{0}) x (PLU{0}), (w,v,m)# (0,0,0),
with
P o= {ZEWQ’p(Q) : p>N, 220, z#0, %:O onaﬁ}
Py ={zeWh®(Q): 2>0, 2 #0}

Theorem 4.2. Assume g(v) =1, then the positive solutions to (4.11) are given by

(w*,v*,m*) = (0,0,0), v € Py,
(w*,v*,m*) = (k,0,k), ifu=0,
(', v*,m*) = (1,0,1), if jp>0.

where k > 0 is any constant.

Proof. Case 1.- Assume w = 0. Taking into account that o1(—A + 1, N') > 0 then the unique
solution to (4.11)3 is m = 0. Now, for u > 0 we can see that (0,7,0) with v € Py are positive
solutions to (4.11).

Case 2.- Assume u # 0. Applying the strong maximum principle to (4.11)s, see for instance [4,
Theorem 2.4], we deduce m € int(P1), then from (4.9)2, we get v = 0. Now, we distinguish

between two cases.

o If =0, then from (4.11); we have

(4.12) {—Aw:O in Q

g—;’;:() on 0f)

Taking w as a test function in (4.12), we obtain that w = k is constant. Finally, from
(4.11)3 we get m = k. Therefore, (k,0, k) are positive solutions to (4.11).

o If 1o > 0, then it is clear that w = 1 is a solution to (4.9)3. The uniqueness of positive
solution follows by a standard result, see for example [56, Theorem 2]. Therefore, (1,0, 1)
is a positive solution to (4.11).

Theorem 4.3. Assume g(v) = v, then the positive solutions to (4.11) are given by
(w*,v*,m*) = (0,0 v € Po,
(w*,v*,m*) = (k‘,0,0), if p=0,
(w ", m*) = (1,0,0), if p>0.

<
(==}
~—

where k > 0 is any constant.

Proof. Case 1.- wz~!v = 0 then m = 0, therefore mv = 0 independently of v. Let us observe
that w satisfies (mv = 0).

(4.13) V- (z7'Vw) = pwz" (1 —wz™t), g—: =0.

Now, we consider two cases,
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e 1 = 0. Taking w as a test function in the weak formulation of (4.13) we obtain w = k,
k> 0.
— if k =0 then v € Ps. So, (0,v,0), v € Py are solutions to (4.11).
k

— if k > 0. Then, taking into account that keJo X()ds,, _ 0, then v = 0. Therefore,

(k,0,0) with k£ > 0 are solutions to (4.11).
o 1> 0.

— If w =0 then (0,7,0) with v € Py are solutions to (4.11).

— If w # 0 then from the strong maximum principle w € int(P;). Therefore we have
to take v = 0 in order to fulfill wz~'v = 0. Then reasoning as in Theorem 4.2 we
conclude w = 1. So, (1,0,0) is a solution to (4.11).

Case 2.- wz~'v # 0 is exactly as in the case 2.- in Theorem 4.2. [

Remark 4.4. From Theorems 4.2, 4.3 we can easily recover the steady-states for the system

(4.9).
Remark 4.5. We would like to point out that if the m-equation i.e. (4.9)3 is of the form
my = Am — Om + au with o > 0, B > 0 then the steady-states differs from the case that we
have treated in Theorem 4.2 (o = 3 = 1). In this case the positive steady-states of (4.9) are
given by

(u*,v*,m*) = (0,0,0), U € Py,

k
ot = (0. 25) i =,
oot = (L0.2) . if o

The proof of this fact easily follows from Theorem 4.2.

4.4. Local existence and non-negativity

As we did for the steady-states problem it is convenient to transform the system (4.1) in
the following manner

(4.14) w = uz, 2= e Jo X()ds,

Therefore, in terms of the variables w, v, m the system (4.1) becomes

w; = Aw + x(v)Vw - Vo + pw(l — 2z 'w —v) + wx(v)mv  in Qx (0,7),

vy = —mu in Qx(0,7),

my = Am —m +wz"'g(v) in Qx(0,7),
(4.15)

g::?;;::o on 00 x (0,7),

(w,v,m)(z,0) = (uoe fovox,vo,mg> (z) in Q.

Next, the local existence theorem for (4.15) is formulated.
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1 3
Theorem 4.6. Let v € (2 + 2 1), p € (3,6). Suppose that the initial data satisfies
p

yo i= (wo,v0,mp) € Y i= X3/2 x Wh(Q) x X7,

then there exists T(||yo||y) such that the problem (4.15) has a unique solution
w € C([0,71:X,2) N CL((0,7); X5'%) N C((0,7); WP (9)),
(4.16) v C ([0, 7]; Wheo(Q)) N C ((0,7); WH(Q)) ,

m ec([o,f],xg)mcl(( )Xv) C ((0,7); W2P(Q)) .

Moreover, the solution depends continuously on the initial data, i.e. if u(ug) and u(dp) are the

solutions to (4.15) with initial data ug and Wy respectively then

< — Uy .
[o,T];X;/Q)xC([o,T];WLoo(Q))xc([o,T];X;) Cllao = Tolly

[[u(uo) — u(ﬁO)HC(

Proof. The proof of the theorem it is based on a standard contraction argument. Let T" > 0,
t<T,R>0and
(4.17) 0(w,v,m) == w + x(v)Vw - Vv + pw(l — 27w — v) + wx(v)mv

We consider the spaces

Xr =0 ([0,7);%,%)
Yr =C([0,T];Wh>(Q)) ,
Zp = C([ T]; Xp) ;
the operator
Fi(w,v,m)
F(w,v,m) :=| Fy(w,v,m)
Fs3(w,v,m)

with FY, Fy, F3 given by

Fi(w,v,m) :=S(t)wy + /Ot S(t —s)0(w,v,m)ds,

Fy(w,v,m) := vg—/o mu ds,

Fs(w,v,m) :=S(t)mo+ /Ot S(t—s) (wz_lg(v)) ds.
and the closed set

Bl = {(w,v,m) € Xp x Y7 x Zr + |lw = wolxz + |lv = volly + [ m —mollz, <R}.

For a fixed R we try to find 7y such that F(BRY) C BR. Let (w,v,m) € B}, and t < T. Having
in mind that wg € X21/2 and (4.8), we obtain

/ I18(t = $)0(w,0,m) | v
/(t—s) 1/2=8=9) 6w, v, m) .

| F1(w,v,m) — wp| ,1/2 < — —I—
(4.18) X2 }%
Ty
4
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Thanks to (4.2), (4.4) and taking into account that X21/2 = HY(Q), we estimate

R
(4.19) 11 (w, v,m) = wollxy < o + C(R, [woll12, [[vo]l1,00, lmo| ;)T

Also, we have
t
B v.m) = vollo < [ ol
Therefore, by (4.4) we deduce

(4.20) | Fa(w,v,m) — volly, < C(R,|vo

1,009 HmOHX;)T
In the same manner, by (4.3) and the embedding H!(Q) — LP(£)), we obtain

R C(R,|lwoll1,2, [|voll1,00s Mol x>
(4.21) 1E5(w, v,m) —wollzz < o + (&, ol 1”’7 lll HXP)TI’T

Finally, thanks to (4.19), (4.20) and (4.21) we can choose 0 < T' = 7 small enough in order to
obtain F(BY) C BY. Moreover, if t < 7 then F(BY%) C B,

In what follows we try to have the following estimate
(4.22) [F(u) - F(a)llx < Cflu-1ulx,

where C' < 1, X := X; X ¥} X Z; and u,u € X. Basically the proof is as the proof of F(BY%) C
(BL). We have

(4.23) 1F1 (w, v,m) — Fy(w,0,m)|[x, < t2C(R, |[woll1,2, [[voll1,00, 1m0l ;) [u = Wx,
(4.24) [ (w,v,m) = Fa(w,v,m)||x, <tC(R, [[vo]1,00, [mollxy) |l —ulx,

C(R, |lwoll1,2, [[voll1,00, [mollxy)
(4.25) || F3(w,v,m) — Fs(w,0,m)|x, <\~ s > 2 lu - |x.

Thus, choosing ¢ = 7 small enough we obtain the estimate (4.22).

Let to € (0,7) fixed, then [34, Lemma 3.5.2] entails

d d
4.2 —w(-,t X5 —
( 6) dtw( ) 0) 6 2> dt
for any a < 1. Therefore, by (4.26) we obtain

m(', to) S Xg

(w,m) € C1((0,7): X3"%) x C'((0,7): X7).
Next, we rewrite the first equation of (4.15) in the following form
(4.27) —“Aw—-b-Vut+w=f—-—

with b € (L®(2))Y and f € L?(Q). Therefore, from the elliptic regularity, we get w(-,ty) €
H?(Q2). Now, with the estimate w(-,tg) € H?(f2), and the Sobolev embedding, we can repeat
again the same procedure, but with f € LP(£2), thus

w e C(0,7); WHP(Q)).
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In the same manner we have

m € C((0,7); W?P(Q)).

Now, we prove the continuity of the solutions respect to the initial data. Let R > 0 large
enough to have u(up), u(tp) € Bf. We have

lu(uo) — u(To)llx < [S()(wo —wo)llx, + [[vo = olly. + [[S() (1m0 — o)l 2, +
+ [[F(u(uo)) — F(u(do))]|x-

Taking into account (4.7) and the contractivity of F we get

(4.28)

(4.29) [lu(uo) —u(uo)fx < Cllug — Tolly + Klju(uo) — u(uo)|x,
with K < 1. Thus, the proof is finished. [

From Theorem 4.6 we easily get the local existence Theorem for the original system (4.1).
We have just to observe that
w(z,t) = u(z, t)z(x,t).

Therefore wy € H(Q), if up € Xl/2 HY(Q) and vy € WH*°(Q). Then we apply Theorem 4.6

obtaining the regularity on (w,v, m). Finally the regularity of u can be recover having in mind
that, for ¢ > 0
u(z,t) = w(z, t)z(x,t),

with w(-,t), z(-, t) € WH™(Q).
1
Corollary 4.7. Let v € (2 + 23, 1), p € (3,6). Suppose that the initial data satisfies
P

xo = (g, vo,mp) € H'(Q) x WH™(Q) x X7,
then there exists T(||xo||y) such that the problem (4.1) has a unique solution

u € C([0,7]; HY(Q)) N CL ((0,7); WL>=(Q)) ,
(4.30) v €C([0,7];Wh(Q)) N C*((0,7); Whee(Q))
m € C([0,7:X7) Nt ((0,7); X ) C ((0,7); W2P(Q)) .

Moreover, the solution depends continuously on the initial data.

Remark 4.8. We would like to point out that in our proof of local existence, by contrast with
[75, Lemma 2.1], we are not using the explicit knowledge of v. In particular, our method still
valid for v-equations of the form vy = f(m,v), with f satisfying suitable reqularity assumptions.

In rest of the section we will show the non-negativity of the solutions to (4.1) for non-
negative initial conditions.

Theorem 4.9. Let T < Tz, with Tia, the mazimal existence time of the solutions to (4.1)
in the sense given in Corollary 4.7. If up(x),vo(x), mo(z) = 0 then

u(z,t),v(x,t),m(z,t) >0, V(z,t) € Qr.
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Proof. We take, as a test function u_, in the weak formulation of the first equation of (4.1),
then

d
—/uz_:—/ \Vu_\Q—l—/u_V%Vu_—i-uuz_—,uui
2dt Jo 9) Q

1 1
<—= [ |Vu_p 2V /27/3'
5 IV Gt 5190l [0t = [t

In order to estimate the last term in the right-hand side of (4.31) we use Gagliardo-Nirenberg

(4.31)

and Young inequalities. Thus,

(4.32) lu— 13 < el Va3 + ellu—l|3 + C(e) u—]l5.
Finally, taking into account that Hu_H%’QT < C, we can put the estimate (4.32) in (4.31) and
conclude with Gronwall Lemma that v = 0 in Q. Next, we know that
! d
(4.33) vz, t) = vo(a)e Jo m@ds,

therefore v(x,t) > 0 in Q7. Finally, since ug(v) > 0, the non-negativity of m follows from the
standard maximum principle for parabolic equations. [

From now on, in the rest of the chapter we will assume that (ug(x), vo(z), mo(x)) > 0.

4.5. Global Existence

In order to show that T},4, = +00, where T4, denotes the maximal interval of existence,
we have just to show that

(4‘34) ||(u7v7m)HXT><YT><ZT < C(T)v

with C(T') < oo, for all T' > 0. Basically the method is the following. We apply the Corollary
4.7, this gives us a solution till a time ¢; > 0, then we can apply again the Corollary 4.7 with
initial data

(UQ, Vo, mo) = (U(, tl), U(', tl), m(-, tl)).

Therefore, recursively we have an increasing sequence of times t;, k € IN and thanks to (4.34)
t — +o0. This method provides us with the existence of solution on [0, 7. It should be stressed
that, a priori, we do not have uniqueness of solution on [0, 7] for any given T > 0 because the
Corollary 4.7 just assure uniqueness in BY, for ¢ small. However, this difficulty can be solved
with the following argument. Let uj, uz two solutions of (4.1). We define the set A by

A:={te0,T]: ui(-t) #uz(-t)in Y}.

Assume A # @, then there exists t* = inf A and t* > 0, thanks to Corollary 4.7. Hence, t* — € ¢
A, for all € > 0. Now, applying Corollary 4.7 at time t* — € we obtain that uy (-,t) = ua(:,t) for
all t € [0,t* + k] with & > 0, contradicting the definition of t*. Therefore A = &, concluding
the uniqueness result.

Lemma 4.10. For every t € (0, Tpaz), we have
[u@®)[lr < max{|Q,[[uoll1}, [[v(®)lloo < volloo, [w(®)]1 <C, [Im@)]le<C,

for all 6 < 3.
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Proof. Integrating (4.1); in space we get

(4.35) C;lt/gu:u/gu(l—u—v).

Having in mind that v > 0, v > 0 and the inequality
lull? < [lull3]€2],

we have from (4.35) that

(4.36) %HU(t)Hl < pllu@®)ly = ﬁHU(t)H%

Finally, solving the differential inequality (4.36) we have the boundedness of u. The boundedness
of v cames from the fact that v; < 0. Taking into account that w = uz, we obtain

lw(@l < flu@)1]l2(8)]loo-

Since [|2(f)]lcoc < 1 we get the boundedness of w. The last bound it is just the parabolic
regularity, see for instance, [40, Lemma 4.1]. n

Lemma 4.11. Let 7 > 0 as in Corollary 4.7. Then for every t € (7/2,Tmaez) and every
€ (1,00) we have

(4.37) [u(®)[l, < C(p)-

Proof. From (4.15)1, we know that

(4.38) wy = 2V - (27 'Vw) + pw(l — w2t = v) + wx(v)mu.

On multiplying (4.38) by pwP~'z~! we get

(4.39) wipwP 127 = V- (27 Vw)pwP ! 4 ppwP 21— 27w — ) + pwPx(v)muz Tt

After integrating (4.39) in space, we deduce
Alp—1
j/ P = _(p)/ 2 VwP/?)? —i—up/ wPz (1 — 27w — v)+
(4.40) o poJa 0
+(p— 1)/ 2 Iy (v)wPmo.
Q

Having in mind that 27! > 1 and the estimate ||v(t)|s < C then,

(4.41) o / P < — /]pr/2|2+,up/ wp+C'(p—1)/wpm.
Q

In what follows we estimate the last integral in the right-hand side with the use of Holder and
Gagliardo-Nirenberg inequalities

pp [ wPm < ppl|wP/?([3;]lm];
Q
9 2(1-6
(4.42) < C w3y w35 mll

2(1-6)\ ¢
< e[}, + C (w35 ")
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where 6 € (0,1) and ¢/, j' stands for the dual exponents of ¢ and j respectively. Observe that
in order to fulfill the requirements of the Gagliardo-Nirenberg inequality we have to pick j < 3.
On the other hand, from Lemma 4.10 we should take j > 3/2, thus 5 € (3/2,3) and

(4.43) ap [ wPm < e[, + C.
Q
Adding k||w?/?||3 on both sides of (4.41) and thanks to the estimate (4.43) we get
d 4p—1
(4.44) % /Q 27 hwP + kfJwP?|3 < (6 — %>> Vw23 + (upC + k + €)|wP/?||3 + C.

In order to have uniform estimates in time we apply again Gagliardo-Nirenberg inequality
together with the young inequality to the last term in (4.44), this gives us

d k 4(p—1
(4.45) o | e twr - 23 < (26 - =D )) [Vu?[3 + C.
Q p

Finally using the fact that 1 < 27! < C we obtain

d

(4.46) -

/ z_lwp+C’1/ 2wl < Oy

Q Q

with C7, Cy positive constants. Hence

(4.47) / SO () < C, VEE (12, Toas)-
Q

Taking into account that 2~ > 1, we conclude the proof. [

Remark 4.12. In order to cover the case p = oo in Lemma 4.11 we can use the Moser’s
technique, see [2]. Since, such a technique is standard and we have done something similar with
a different method in the previous chapter we skip the proof.

Lemma 4.13. Let p,v as in Corollary 4.7. Then, for every t € (7/2, Timaz) we have
(4.48) Im(®)lx; < C.

Proof. For t € (7/2, Tinaz) we know that

(4.49) m(t) = S(t)m(r/2) + /22 S(t — s)ug(v) ds.

Therefore,

)]s < 1AZS@m(r/2ly + [ 145(E = syugo)] s

(4.50) 5 .
T —3,—68(t—s)
<CO(5)  lmr/2)]p + /2(t —s)"e [ug(v)|p ds.
Finally, taking into account Lemma 4.11 we can easily conclude the Lemma. L]

Lemma 4.14. For every t € (0, Tyqz) we have

(4.51) lv(t)]1,00 < Ct.
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Proof. Calculating explicitly the solution to (4.1)y we get

(4.52) v(z,t) = vo(z)e” Jom.
Thus,
(4.53) Vov=e" Jom <Vvo — /Ot Vm) )

Next, taking into account Lemma 4.13 and the local existence Theorem, we can obtain the
desired result bounding (4.52) and (4.53) in L*°(2 X (0, Tiax))- "

In order to proof the last Lemma of the section we will use the following generalization of
Gronwall Lemma. This Lemma can be found, for example in [74]. We state it for the reader’s
convenience.

Lemma 4.15. For allt > 0, let three functions A, ¢, u be given such that X\ is integrable and
nonnegative, ¢ is absolutely continuous and u is continuous. If u(t) < ¢(t) + fOtA(s)u(s)ds,
then

u(t) < /Ot ¢ (s)exp (/st A(r)dr) ds + ¢(0)exp (/Ot A(r)dr) .
Lemma 4.16. Fort € (7/2,Tinaz) we have
(4.54) [u(t)[[1,2 < C().

Proof. First we observe that since u = wz and ||2(t)|[1,00 < C for all t € (0, T)nqz) then it is
enough to prove that [|w(t)||12 < C for all t € (7/2, Tinaz). Next, we know that for ¢ > 7/2 we
have

t
(4.55) w(z,t) = S(Hw(r/2) + / S(t — $)0(w, v, m) ds,
T/2
with € given in (4.17). Then, thanks to the information provided by the preceding lemmas, we
obtain
t
lwhe < C+ [ (=872 0w, v m) | ds
T/2
t
(4.56) <O+ Gy / (t — )" 2e3=9) 5|V ds
T/2

< C1+Cy /t (t —5) Y270 g|w|| o ds.
T/2
Finally the result follows from the generalized Gronwall Lemma.
Remark 4.17. A particular consequence of the previous lemmas are the uniform bounds in
time
[ull Lo @x(0,00)) S C5 [Vllze(@x(0,00) S C ML (x(0,00)) < C-
Therefore, it is not possible to have blow-up in L*°-norm even at infinity.

Remark 4.18. Under the assumption
(T) m(z,t) > >0 for all (x,t) € Q x [1,4+00).

all the bounds of the previous Lemmas are independent of time. In fact, as we will see in the
next section, under the assumption (T') we will prove even more.
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4.6. Asymptotic behaviour

In order to prove the convergence to the steady states, we will need an additional estimate
on the solutions to (4.1). Basically, the key of this convergence is the strong decay of || Vv(t)||3
in time. In the proof of this decay we will use a tricky calculus that unfortunately oblige us to
pick vo(x) > 0 for all x € 2. Moreover we assume and additional hypothesis. Later on, we will
provide sufficient conditions on the initial data ug in order to fulfill this additional hypothesis.

Lemma 4.19. Let 7 > 0, vg > 0. Assume that

(4.57) m(z,t) >0 >0, Vt>T1
then for all t > 7 we have

(4.58) /Q |Vo(t)|3 < Ce ™,
for all 0 < k < 9.

Proof. On one hand, from (4.1); we know

d
(4.59) @/ |Vol/2)? = —/ m|Vol/?)? — /vm Vo.
Q Q
On the other hand from (4.1)3 we have
(4.60) /mtv: —/ Vm-VU—/ mv—i—/ ug(v)v
Q Q Q Q

Therefore,

1 d 1 1 1
(4.61) §/QVm-Vv—2—dt/va—§/Qvtm+§ va—g/ﬂug(v)v.

Using (4.61) in (4.59) we get

d

(4.62) a/Q]Vvl/Q]z—F/QmWUUQF ﬁ/ /m v+ 2/mv—f/ ug(v
Now, thanks to (4.57), (4.62) is estimated as follows
d d kt kt kt
p (ekt/Q]Vvl/2|2> <ekt£/ﬂmv+%/ﬂm2v+ef/ mv — e—/ng(v)v

<d(ekt/mv>+ekt mv—i——/mv

S odt Q 2
After integrating between 7 and ¢ (4.63) we obtain

kt/ Vol /2(¢)|? <ek’r/ Vol /2(7)2 + /mv——/
(4.64)
+ */ (/ mgv> e*sds + f/ </ mv) erds.
2 T Q 2 T Q

t
Since v(z,t) = v(z, T)e" Jom and m(x,t) > 0 then

(4.63)

(4.65) v(z,t) < Ce o,
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Putting the estimate (4.65) in (4.64) and keeping in mind the uniform estimates of m in
L>(Q x (0,400)) we get

(4.66) M / IVol/2(1))? < C.
Q

Finally, from (4.66) and taking into account that 1/v > 1/M, with M = supg, vo(x) we conclude
the Lemma. -

Lemma 4.20. Let g(v) = 1.
o If n=0 and ug > € > 0 then (4.57) is satisfied.
o If u>0,uy>e>0andvy <1 then (4.57) is satisfied.
Proof. We know that
(4.67) wy = 2V - (27 'Vw) + pw(l — wz=t = v) + wx(v)mu.

Let us take § > 0, a constant to be fixed later on. On multiplying (4.67) by (w — ¢)_ and
integrating in the space variable we get

(w68) Qddt/gzz_l(w —0)2 = — /Q NV (w—68)_|? + M/sz_l(w —0)_(1 —wz™t —v)+
+ / wx (v)mvz ™ (w — §)_ — % 2 Iy (v)ymu(w — 6)%.
Q Q

Assume g = 0 then the right-hand side of (4.68) is nonpositive, thus

(4.69) 2(t) 7 (w(t) — 0)% < 2wy — 8)%.

Since ug > € > 0 then wy > ¢ > 0. Thus, taking § = ¢ we get w(t) > € for all t > 0. So
u(t) > € for all t > 0.
Assume p > 0. In order to show that u(t) > € for all ¢ > 0 we have just to prove that

(4.70) pwz H(w—6)_(1 —wz"t —v) 0.

Observe that we can claim that wz~! < € just taking ¢ sufficiently small. Otherwise, the left-
hand side of (4.70) would be zero. Therefore if vg < 1 then v9+e¢ < 1 and v+¢ < 1 because v is
non-increasing in time. Thus, we have proved (4.70). Next, thanks to the property u(t) > ¢ > 0
for all ¢ > 0 we can conclude, from the maximum principle that m > m with m the solution to
the parabolic problem

me—Am+m=¢ inQ x (0,00),
(4.71) gm = on 9N x (0,00),
m(z,0) = mo(z) in Q.

Now, (4.57) holds taking into account that m > ¢ for all ¢ > 7 > 0 because of the strong
maximum principle. [

Remark 4.21. Let us point out that in Lemma 4.20 we have proved additionally that under
conditions ug > 0 and 0 < vg < 1 if u # 0 then u(t) > € independently of the value of g.
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Now, we state our first large time behaviour result that refers to the case g(v) =1

Theorem 4.22. Let g(v) =1, 7 > 0, t > 7, any gwen initial data (ug,vy, mg) = 0, vo > 0,
ug > 0 in the class Y and vo < 1 if > 0. Then the solution to (4.1) (u,v,m) satisfies that,

o if p=0,
(4.72) lu(t) —all; < Ce™, Jo(t)]lo < Ce™,  |m(t) — a3 < Ce™®*
1
with 0,0, > 0 and u = —/ ug,
€ Jo
o if u>0,
(4.73) lu(t) = 1[5 < Ce™,  [lu(t)llo < Ce™,  [Im(t) — 1|5 < Ce™,
with p > 0.

Proof. First, Lemma 4.20 gives us (4.57) and from there, using the explicit formula of v we
get v(z,t) < vo(z)e . In what follows we distinguish between two cases.
Case 1.- Assume p = 0. We know that

(4.74) (u—1u) =V - (Vu—ux(v)Vo).

On multiplying (4.74) by v — w and integrating in space we get

Y T - 2 / .
T, /Q(u u)” = /Q\Vu| + qu(v)Vv Vu

(4.75)
< (6—1)/Q|vu|2+c/9|vv|2.

Next, the Poincare-Wintinger inequality gives us
2(1 —
(4.76) Al=¢) / (u—1u)%<2(1 - e)/ |Vul)?,
Cpoin Q Q

where Coin is a constant coming from the Poincare inequality. Putting the estimate (4.76) in
(4.75) we obtain

d
(4.77) —/(u—ﬂ)2+0/(u—ﬂ)2 <0/ Vo2
dt Ja Q Q
with 6 < min{k, %} Therefore, owing to Lemma 4.19, we obtain
d ( o 32 (O—k)t
(4.78) — e /(u —-u)° ) <e .
dt Q

Since, 6 < k then
(4.79) Ju(t) —a||3 < Ce™.
From (4.1)3 we have

(4.80) (m—1u)y=Am—(m—1u)+u—7.
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After multiplying (4.80) by m — u and applying Holder inequality we get
d
—/(m—ﬂ)z—i-a/(m—ﬁ)Q < o/(u—a)2,
dt Jo 9 Q

with o < min{1, #}. Now, this case can be easily concluded if we take into account (4.79).

(4.81)

Case 2.- g > 0. On multiplying (4.1); by u — 1 and integrating in the space variable we obtain

(4.82) ;th/g(u_l)Q:_/Q|vu’2+/QuX(U)VU'VU_N/QU(U—1)2_N/Qu2v—|—u/ﬂuv

<(e—1)/Q|vu\2+0/9|vv|2—Ma/Q(u—1)2+C/Qe*5t.

Owing to Lemma 4.20 we have

(4.83) d (e‘)t / (u— 1)2> < Celf=R)t 4 el0-0)t,
dt Q

For any 6 < min{ud, k}. Next, (4.83) leads us to

(4.84) Ju—1)3 < Ce™?

For the estimates on m we have just to repeat the calculations that we have done for the case
w=0. [

The next Theorem shows that the convergence to the steady-states is, in fact, in stronger

norms.

Theorem 4.23. Let g(v) = 1, p € (2,40), f < 1 and p > 0 then, under conditions of
Theorem 4.22, we have

(4.85) Im = uull o5 < Ce ™, vl < Ce™, Jlu—uuli0 < Ce™®, t>7>0.
for any 0,6 > 0 and
zZ ifpu=0,
4.86 =
(4:36) * { 1 if > 0.

Proof. We will provide the proof only for > 0. The case u = 0 follows in a similar way. From
the uniform bound in L for m we get

(4.87) Im(t) — 1[2 = /Q Im(t) — 1P < C/Q Im(t) — 12 < Ce™

Observe that arguing in the same manner for u we obtain |lu(t) — 1||} < e7*. Since 1 is the
solution to

z1—Az+2z=1 in Q x (0,400),

g—z:O on 99 x (0, +00),

z(x,0) =1 in Q.

then 1 = S(t)1 + [' S(t — s)1. Therefore,
t
Im(t) = 1l g < O m(r) = 1+ [ 15~ )(w =1l

t
< Or P +/ t—s)Pe % u—1
s j (t—s) | ll»
. t
<Ot Pe % L Ce™ m1n{5,0}t/ (t — s)_’B

T

< CrPed 4 CemmintOft (g — 1)1=0,
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Since, for p > 3 and 3 € (% + %, 1), XI? < C1(Q) then
(4.89) |Vm||o < Ce™*,

with k& < min{4, #}. For v, we know that v < vpe ™. On the other hand,

t t
(4.90) Vo=e bom (Vvo — Uo/ Vm) .
0
Therefore, taking into account (4.89), we have
- Cllvolloo -
(4.91) [Vl < e <HVUO||OO + |/<:0||(1 —e kt)) .

We claim that there exist 8’ > 0 such that
(4.92) Jw— 1]3 < Ce?".
Observe that it is enough to prove that ||w — ul|3 < Ce=?"* for any 6” > 0.

/ (w—u)? = / w?(1 — 2712

Q Q
<C / (1—21)2
Q

(4.93) C/Q(e 0ot -e)

</QC/0vx(s)d32

2
< C ma. S v?
/Q (se[O,maxsi(vo(ﬂf)} X )>

and thanks to (4.73), the estimate(4.92) holds. Thus,

(4.94) |w — 1|, < Ce "
Moreover, we know that
t
(4.95) w(t) —1=50)(w(r) —1) +/ S(t— s)(0(w,v,m) — 1)ds,

where 0 was defined in (4.17). Now, we pick p > 3 and (§ < 1 such that Xf — W1o°(Q), then
(4.96)

t
lw =1l xy < CT~Pe™ |lw(r) — 1], + C/ (t = 5) P70 (w, v,m) — 1 ds
t
<Cr e+ C/ (t =) eI (Jlw = Ly + [Volloo + 11 = ullp + 2]0]l)ds
and from (4.96) it is not difficult to deduce that

lu — 11,00 < Cce ",
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Remark 4.24. We point out that if the m-equation i.e. (4.9)3 is of the form m; = Am—pm+au
with o > 0, B > 0 then, Theorem 4.23 differs slightly. In particular, we have

(4.97)  |lm— (B/@)uullxs < Ce™, vl < Ce™, flu—uyllio < Ce™™, t>7>0.

In the rest of the section we deal with the case g(v) = v. By contrast with the case g(v) =1
we will just prove convergence to the steady-states without any rate. In order to do that we
will use the Lemma 3.31.

Theorem 4.25. Let g(v) =v, 7 > 0, t > 7 and any given initial data ug, vy, mg > 0, vy > 0,
ug > 0 in the class Y. Then the solution to (4.1) satisfies,

o if p=0,

(4.98) i u(t) - all3 =0, Jim o)l =0, lim lm(t)]5 = 0
o if p >0,

(4.99) i u(t) — 1)3 =0, Jim fo(@)fl2 =0, lim Im(8)[|5 = 0,

under the additional condition vy < 1.

Proof. On multiplying (4.1)3 by m and thanks to the uniform bound on u in L (€2 x (7, 4+00))
we obtain

(4.100) d/ m2+/ m2+/ V)2 <C/ um.
2dt Jo Q Q Q

Next, taking into account that mv = —v, we can integrate (4.100) in (7, 4+00) and obtain

+o0 +oo
(4.101) / / m? < C, / / Vm|> < C.
T Q T Q

From (4.101) easily follows

+oo d
4.102 — 2 <
(4.102) /T dt /Qm

Therefore, thanks to (4.101) and (4.102), we can apply Lemma 3.31 with y(t) = [, m?. For the
convergence of v we take (4.62)

d d 1
i1 1/2)2 / 2 / 1/22 _ / 7/ 2 / ‘
(4.103) dt/Q|VU |+ qu + Qm]Vv | ¥ va+2 Qm v+ va

Thanks to the uniform bound of m in L>°(Q x (7,4+00)) we can argue exactly as in (4.100) and
we deduce that

+o0
(4.104) / / uw? < C.
T Q

Now, having in mind Remark 4.21, we get from (4.104)

+oo
(4.105) / / v? < C.
T Q

C




4.6. Asymptotic behaviour

The bound (4.105) together with

4.106 | d 2l I <C
(4.106) L hahe<e) s

and Lemma 4.21 conclude that tlir+n |lv(t)||3 = 0. Now, we distinguish between two cases.
—T 00
Case 1.- 4 = 0. We know that w satisfies

(4.107) (w—T); = 2V - (27 'Vw) + pw(l —wz™! —v) + wx(v)mo.

On multiplying (4.107) by w — @ and integrating in space we get

d
—/ 7w —1u)? = —/ 2 HVw|? —i—/ wz " x(v)ymu(w — T)—
2dt Jo Q Q
1
(4.108) — — [ 2 Yx(v)mv(w —w)?
2 Ja
<—/zﬂwwﬁ+a/nw
Q Q
Taking into account that mv = —uv; then, after integrating in time (4.108), we have
+oo
(4.109) / /z*1|Vw|2 <C.
T Q
Having in mind (4.109) it is not difficult to obtain
> ld
(4.110) / —/ 7w —-7)? < C.
T dt Q
Since 1 < z < M, then in order to apply Lemma 3.31 it is enough to prove
+oo
(4.111) / /(w —7)%
0 Q

In fact, having in mind that

+o0 9 +oo 9 +o0o 9
(4.112) / /(w—u+u—w) </ /(w—w) +/ /(u—w)
T Q 0 Q 0 Q
we have just to show that [T [, (7 — w)? < C. Therefore
+oo 1 “+oo 2
a2 — 1
[t (o)
C +oo 1o
< 1-—
CUAN
C “+o0 v
(4.113) _ !QI/ /Q(efo X (02
C +oo v
< ]Q‘/ /QC /0 x(s)ds

C [Tt
< — Cv?
rm/T /Q

From (4.113) and taking into account (4.105) we conclude

2

(4.114) lim |lw— |3 = 0.

t——+o0
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Finally, since w — u strong in L? then u — @ strong in L2
Case 2.- £ > 0. On multiplying (4.67) by w — 1 we obtain

(4.115)
Qddt/gz_l(wl) —/ 1|Vw|2+,u/ 1 —we ! — o) (w— 1)+
/ wz mu(w — 1) — % 2 Iy (v)ymu(w — 1)

<—/ _1]Vw|2 /wz —|—,u/wz — _1)(71)—1)_
—M/wz w—1) —|—C/—vt

Having in mind that w > 6 > 0 (see Remark 4.21) and applying Young’s inequality in (4.108)

d 1 -1 2 /
N — — — <
2dt/gz (w—1)% 4 (uf 26)/ 1) +/ |[Vw|* < C
JrC’/ v +C/ —y.
Q Q

After integrating (4.116) in time and owing to (4.113), (4.105) we infer

we get

(4.116)

+o00 +o0
(4.117) / / 2w — 1) +/ / Ve <O
T Q T Q
From (4.117) and (4.115) we can deduce
*|d -1 —\2
(4.118) / 7/ M w—m)?| < C
T dt Q

and conclude, thanks to Lemma 3.31, that w — 1 strong in L?. Finally, the convergence of w
together with the strong convergence in L? of w to u finishes the proof of the Theorem.
L]
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