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Regularity and Singularities in Nonlinear Elliptic Systems:
A Study of n-Harmonic Maps
and H-Systems

Bogdan Petraszczuk

Abstract

In this work, we study the regularity of maps u € Wm(B™(0,1),R™) which are weak
solutions to nonlinear equations of critical growth:

—div(|Vu|""2Vu) = F(u, Vu),

where F' € L'. We investigate the regularity of weakly n-harmonic maps and H-systems
within the space W22 for n > 2, which is a subspace of W™, showing that the regularity
in the general W17 space is still unresolved (see Miskiewicz, Strzelecki, Petraszczuk [10,
Theorem 1.1 and 1.2]). We also extend J. Frehse’s example [1] of a one-point disconti-
nuity for the above differential equation with analytic F' to an arbitrary prescribed set of
singularities (see Petraszczuk [12, Theorem 1.1]).

Abstrakt

W niniejszej pracy badamy regularnogé przeksztatceii u € W1(B*(0,1),R™), ktore
sg stabymi rozwigzaniami nieliniowych réwnan rézniczkowych o krytycznym wzroscie:

—div(|Vu|" "2 Vu) = F(u, Vu),

gdzie F € L'. Analizujemy regularno$¢ przeksztalcen stabo n-harmonicznych i H-uktadow
w przestrzeni W% 2 dlan > 2, ktora jest podprzestrzeniag W™, pokazujac, ze regularnosé
w ogolnej przestrzeni W™ nadal pozostaje nierozwigzana (zob. Migkiewicz, Strzelecki, Pe-
traszczuk |10, Theorem 1.11 1.2]). Rozszerzamy rowniez przyktad J. Frehsego [1]| dotyczacy
jednopunktowej nieciagtosci dla powyzszego réwnania rézniczkowego z analityczna prawa
strona F' na dowolnie okreslony zbior osobliwosci (zob. Petraszczuk [12, Theorem 1.1]).
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Chapter 1

Introduction

1.0.1 Object of studies

In the broadest terms, the focus of this dissertation is on the study of maps
u: R™ D B"*(0,1) — R™ of the Sobolev class W™, which are weak solutions to nonlinear
elliptic equations of critical growth. Specifically, we examine regularity and irregularity of

solutions to equations of the form:
—div(|Vu|"2Vu) = F(u, Vu), (1.0.1)

where the nonlinear function F'(u, Vu) satisfies the growth condition |F(u, Vu)| < C|Vu|™.

Here are the main topics we work on:

e regularity of H-systems, i.e. maps u : B"(0,1) — R"*! 2 := (21,29,...,2,) which

are weak solutions of Equation (1.0.1) with the right hand side
F(u,Vu) = H(u)J(u),
where H : R*t! — R is Lipschitz continuous and

J(u) := 0, u X Opyt X ... X Og, U



is a normal vector to the image u(IB"(0,1)) at the point u(z).

e Regularity of weakly n-harmonic maps, i.e. maps u : B"(0,1) — N, where N' C R™
is a smooth closed Riemannian manifold isometrically embedded in R™, which satisfy

the Equation (1.0.1) for

F(u,Vu) = |Vu[" 24, (Vu, Vu)
in a weak sense. Here

Au(,) : TN X TN = (T N)*

is the second fundamental form of A.

e Irregularity of solutions of the general Equation (1.0.1) in two-dimensional case, i.e.

for n = 2.

1.0.2 Motivation

Apart from the obvious motivation of studying the regularity theory of differential equation
the initial motivation of above m-harmonic maps is rooted in physics. Each n-harmonic
map is the "energy" critical point (see M.Fuchs [3, Section 1.2]), meaning it is a critical

point of the F, functional with respect to variations in the range, i.e.

d

S| Ba(r(utte) =0,

t=0

where

E,(u) == / |Vu|" dz,
B"(0,1)

7 : Bs(N) — N is the standard nearest point projection of a tubular neighbourhood of
N, and ¢ € WOI’" N L*°(B™(0,1),R™). This serves as, for p = 2 a simplified model of the

stable configuration of the distortion energy in liquid crystals. In the case of maps into



the sphere (i.e. |u(z)| = 1) , physics has observed that such maps u (known as directors)
are smooth, except at certain points or, in some cases, along lines. These singularities are
known as defects in liquid crystals (for more information with further references see Brezis
[25]).

The motivation for studying H-systems lies in their ability to present the same theoret-
ical difficulties as n-harmonic maps but within a somewhat simplified framework. Specifi-
cally, the right-hand side of H-systems has a nice Jacobian structure, which is usually not
present in general n-harmonic maps.

To justify the last topic mentioned in our study, we emphasize the well-known fact (as
will be illustrated later) that there is no expectation for the solutions of Equation (1.0.1) to
be regular, even with the right-hand side F' is analytic. This naturally raises the following

two questions:
e What are the maximal and minimal sets of possible singularities?

e Can we somehow control the singular set of a solution? More precisely, can we
construct a solution u of Equation (1.0.1) with a singular set that is prescribed

earlier?

1.0.3 State of knowledge

The following list is far away from being complete.

The case of p-harmonic maps

We say that u € WHP(IB"(0,1),N) is weakly p-harmonic if u satisfies

—div(|VulP?Vu) = |Vu[P "2 A, (Vu, Vu)



weakly in B"(0,1). Equivalently, using density of smooth functions in WP, for each test

function ¢ € VVO1 P the solution u satisfies

/ |Vu|P2Vu - Vo dr = / \Vu|P~2 Ay (Vu, Vu) - ¢ da. (1.0.2)
B"(0,1) B"(0,1)

The future considerations are divided into three cases:

e If p > n then, by Sobolev embedding theorem, each function v € WP is Holder

continuous.

e If p < n then one cannot expect any regularity of p-harmonic maps. The traditional

T

= Tl which is weakly p-harmonic for

example is the map v : B"(0,1) — "1, u(x)
cach p € [1,n) and is singular at z = 0. The real situation is much worse: even for
n = 3 there exist everywhere discontinuous map 2-harmonic map u : B3(0,1) — S2

(see T.Riviere [15]).

e The case p = n (is also known as a critical case) is still unresolved and open for
n > 2. For n = 2 Fréderic Heléin [10] proved that each weakly harmonic map
u from planar domains, taking values in a arbitrary closed Riemannian manifold
N C R™, is smooth. If one assumes that the target manifold A is a sphere S™~!
then each n-harmonic map v € WH?(B"(0,1), 8™ 1) is locally Hélder continuous
(see e.g. P.Strzelecki [16], T.Toro and C.Y.Wang [19], L.Mou and P.Yang [21]). It
is also crucial to note that Martino and Schikorra [39, Theorem 1.2| proved the
continuity of weakly n—harmonic maps v € W™ under the additional assumption
that Vu € L2 Although this result does not resolve the problem in its entirety,
it is formally stronger than our results (c.f. Theorem 4.0.1 and Theorem 5.0.1), but

was obtained after our findings.



H-systems

The conformal solution w of the H-system, i.e.
—div(|Vu|["2Vu) = H(u)J(u) (1.0.3)

possesses a clear geometric property: it parameterize a surface M (in points where Ju(x) #
0) whose mean curvature in point u(z) is H(u(z)) (see |9, page 22|). If one defines the

volume of the cone over the image u(IB"(0, 1)) with its vertex at 0 € R™*! as

_ / u- J(u)de,
n—i—l B (0,1)

then the minimizer of the Dirichlet energy E,, under a prescribed boundary condition for

V(u)

u on 9B™(0,1) and prescribed volume V' (u), satisfies equation (1.0.3) for a constant H,
which is just an Euler-Lagrange multiplier.

For a constant H and conformal solution u € W™ of the H—system (1.0.3), it turns out
that w is continuous (see Mou, Yang [20]). For the non-constant Lipschitz H and general
u € W™ the problem remains to be unresolved yet. F.Bethuel [11] proved continuity of
weak solutions u € W12(B2(0,1),R3) of the H-system (1.0.3) under the assumption that
the function H : R® — R is bounded and Lipschitz. T.Riviére [15] proved a more general

result: weak solutions u € W12(B2(0,1),R™) of the following antisymmetric system
Vu=Q-Vu,

where € is an m x m antisymmetric matrix of two-forms in L2, are continuous. Unlike
n-harmonic maps, the assumption that u is also bounded trivializes the situation. More
precisely, if u € W5 N L™ is a solution of (2.5.36) and H € C%*, then u € C>* (for the

loc

sketch of the proof, for n = 4 see A.Schikorra and P.Strzelecki [37] Proposition 3.5).



Irregularity of solutions for a general F

The critical p = n and general F € L' does not guarantee any regularity for mappings

u € WHn(B"(0,1)) as solutions to equation
—div(|Vu|""2Vu) = F(u, Vu).

Indeed for n > 2 and u(z) = sin(log®(1/|z[)), where 0 < o < 1 — 2, one can show (see
N.Firoozye [17]) that u ¢ C° but div(|Vu|[*"2Vu) € L (R™). Another important example,
provided by J.Frehse [1], shows that there is no regularity even in the planar case n = 2,

analytic right-hand side F, and bounded u € W12 solutions.

1.0.4 Results of this work
H-systems and n-harmonic maps

We work here in a space W2 2 which is the subspace of general W', showing that
the general case is still unresolved. This extra assumption is stronger than W™ but from
the other side it does not trivialise the problem, since W"/22 is not a subspace of L or
CY. We proved the following two theorems (c.f. Miskiewicz, Strzelecki, Petraszczuk [10,

Theorem 1.1 and 1.2]).

Theorem 1.0.1 (H-systems). Letn > 2 be fired. Assume thatu € W™ 2(B"(0,1), R**1)
is the solution of H-system (1.0.3) for Lipschitz and bounded H : R — R. Then, after

the redefinition of u on a set of zero Lebesgue measure, u is locally Hélder continuous.

Theorem 1.0.2 (Weakly n-harmonic maps). Let n > 2 be fized. Ifu € W™%2(B™(0,1), N)
1s a weakly n-harmonic map, then, after the redefinition of u on a set of zero Lebesgue mea-

sure, u s locally Hélder continuous.

Note that for n = 2 we have W' = W™/2:2 which immediately translates to the above
mentioned result of Fréderic Heléin [10]. The extra assumption v € W"/%2 is needed only

for the following reason: the right-hand side R = Ry + Ra, where R; is "nice" (i.e. is in



H!, see Lemma 4.0.7) and Rj is small due to the assumption that u € Wn/22 (for more
details, see Note 2.6.9). We also note that, unlike in H-systems where boundedness of the
solution immediately implies regularity, the fact that w is bounded in Theorem 1.0.2 does

not trivialize the problem (see Chapter 5 for more). We prove regularity by showing that
/ [VulPde < Cr¥, p<n, u>n—p
B(a,r)

for small radii » > 0, B(a,r) C B"(0,1). Inspired by Iwaniec [12] and Iwaniec-Sbordone
[15] we work below the critical exponent p = n, i.e. we work with the Morrey norm
|Vul|pn—ce instead of ||Vu|rn, where € > 0 is fixed and small. Now, assuming that u
is already restricted to a ball B(a,r), we construct the test function ¢ as follows: define
F = |Vu|=¢PTVu, where P is a map into SO(m), such that VP € L™ (for H-systems we
set P = Id, see more in Riviére-Uhlenbeck decomposition 2.6.11 then Equation (5.0.12)
with further proof). The function ¢ is then taken as the gradient part of F. According
to Iwaniec [12], the divergence-free part of F' is small in the appropriate L?-norm, where
q > n, providing that F' is close to the gradient of the solution wu.

In the case of H-systems we show that the right hand side is small:

< small multiple of TEHVUHEZEs,s(B(a,T))-

‘ / Hw)J (u)é dz

This is shown by splitting the right hand side onto two parts:

H(u)dm =da + 55,

where part with da is a good part (it has a Jacobian structure) and part with 63 is a bad
part (the Jacobian structure is lost). Luckily, by the Coifman-Rochberg-Weiss commutator
estimate, ||d5]z» < ||H (w)||Bmo||dus || z», which shows that the bad part is small compared
to the ||du||;». Then to deal with |63|-|Vu|"~! on the right hand side, one needs the extra

assumption that v € W™/2 2. the Gagliardo-Nirenberg inequality (see P.Strzelecki [29] for



even n and Van Schaftingen [11] for odd n) with a BMO term gives us
IVullEn < OV Eallulliio

for even n and

IVulfn < CIVF U100 - lullfui

for odd n. Now, it turns out that both ||Vu"/2|]%2 and [Vku]%/vl/w are just error terms,

i.e. they are small in front of the ’bad’ term. This, together with the inequality,
[1H (u)[[B7mo + [[ullB7MO < Cl[Vul|pn—z

allows us to match the estimate of the right-hand side with estimate of the left-hand side,
providing, after a standard iterative argument, Hélder continuity of u.

In the case of n-harmonic maps the situation similar, however some technical details are
different. To deal somehow with the Riemannian structure of the right-hand side we apply
the antisymmetrization of the second fundamental form (see Fact 2.5.4). Then we apply
the Riviere—Uhlenbeck decomposition to get an equivalent equation with a counterpart
of Jacobian structure. The rest of the proof follows similarly to the approach used for

H-systems.

Irregularity for solutions for general F ¢ L'

As it was mentioned above, general solutions of the Equation (1.0.1) when the right-
hand side F' € L' can be irregular. The celebrated Frehse example demonstrates that
even bounded solutions of equation with an analytic right-hand side can fail to exhibit
regularity. However, his example (among others) exhibits a singularity at only a single
point. We have shown that, under the same assumptions as in J.Frehse work, the actual

situation is even more problematic.

Theorem 1.0.3. Fiz a small radius 0 < r < % and consider the ball B := B(0,r) C R2.
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For every compact subset K within the ball B, there exists a solution u € W12(B, R?)NL*>
to the nonlinear elliptic system:

Au = F(u, Vu), (1.0.4)

where

u1 + u2 QUL — U
F(u,Vu) = (Fy, F) = | —2|Vul|? 2|V .
(1,50 = (11, 1) = (-2IVaP e o=t )

This solution u is singular on K and smooth elsewhere in B.

The solution u can be constructed by a formula: we fix a countable dense subset

P ={p1,p2,...} C K and denote

R 1
fm:;Mm@Em)

where a; > 0, a; — 0 is a geometric sequence. The actual solution u = (u1, ug) is described
by the following formula

up = sinlog f,  us = coslog f.

Let us describe here the road-map of the proof. We work with approximations of u, namely:

u{v = sinlog fy, uév = coslog fn,

where
al 1
n= a; log < >
2
Let us denote the finite singular set as PV = {p1,p2,...,pn} and its complement as

BN := B\ PN. Here is the plan of the proof (for more details see section 3.0.1).

Step 1: uN solves the Equation (1.0.4) on B\ PY. This verification is trivial - one can
compute classical derivatives of u on BY and show that the differential equation (1.0.4)

holds (cf. Equations (3.0.6) - (3.0.8))

Step 2: Maps u™ and u are elements of Sobolev W12(B) space. This is highly technical
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and difficult part and the proof of it has to be done with care. Firstly we show an easier
part: for every non-sharp exponent p < 2 every u” € W1P(B). Moreover the sequence
{u™} yen is bounded in W1P(B). Then together with the Rellich-Kondrachov theorem, up
to a subsequence, u" — u and Vu — Vu almost everywhere on the ball B (see Lemma
3.0.2). After that we show that u indeed belongs to the Sobolev W12(B) (see Lemma

3.0.3).

Step 3: uN and u are weak solutions to the Equation (1.0.4). Here we use the fact that
W2 contains unbounded functions: because of that one can remove the singularity of u’v

at p; using cut-off functions produced by suitable truncations of loglog |z — pi|_1

Step 4: w is discontinuous at points of K and continuous on B\ K. Denote

h(z) :=log (Zai log 3:—1p]>
i=1 ‘

We show that for each § > 0 and each x € K the image of the ball B(x,d) under the
function h contains an interval I of length at least 2w. This will guarantee that sine and
cosine terms of the function h will take all values from the interval [—1,1]. Thus the
oscillation of v will be non-zero at each point z € K, showing the desired discontinuity.
To achieve this we construct in the ball B(z,d) two sets disjoint and measurable sets E, U

such that:

e |E| > 0 and values of h on E are relatively small, i.e. there is some fixed M > 0 such

that h|p < M.
e |U| > 0 and values of h on U are relatively big, i.e. h|y > M + 2.

The first set E exists because of the integrability of h on B. The second set U could be
defined as follows: inside of the region B(z,d) N K we choose an arbitrary p; € P and
we take such small radius § << § that a; log m%pj > M + 27 on the ball B(p;,d). This
together with the fact that h(x) > a;log x%pj shows the correctness of our choice of U.

Once this construction is done we apply the ACL property of W12 to the function h which



12

ensures that h is continuous on almost every line parallel to the coordinate axes (the result
remains true if we rotate the coordinate axes). Thus, along some of the lines connecting
sets E and U the function h has to change continuously from values M to M + 2xw. This

shows for each § > 0 we have u(B(z,d)) 2 [-1,1] x [-1,1].
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Chapter 2

Notation, basic tools, theorems and

facts

This chapter is, in a sense, preparatory — essential definitions and notations will be in-
troduced, and standard theorems used in this work will also be recalled. This chapter
will also contain information about genesis of n-harmonic maps, their basic properties and
difficulties.

We start with an outline of this chapter so that the reader can navigate it with ease:

e Holder and Lipschitz functions — In this section, the reader will find Jensen’s and
Young’s inequalities, along with basic definitions of Lipschitz and Hélder functions,

and their fundamental properties.

e Standard Sobolev W¥P spaces — Here, we recapitulate all the necessary theorems
and facts about standard Sobolev spaces and fractional Sobolev spaces. Additionally,
we introduce the crucial Van Schaftingen inequality (refer to 2.2.10), which is essential

for this work in odd dimensions n.

e BMO and Hardy H'-spaces — Here the BMO and #H' spaces are introduced. The
section also provides an explanation of why these spaces are necessary and useful for

this work, supported by examples.
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e Morrey spaces — This section contains Dirichlet-Growth theorem and basic infor-

mation about Morrey spaces.

e Riemannian manifolds, p-harmonic maps, second fundamental form, examples —
Here, the reader can find all the necessary facts about the second fundamental form
required in the subsequent chapters. Additionally, a historical note on n-harmonic

maps and H-systems is presented, along with an analysis of different cases.

e Analytical tools — In this section, we review different facts about differential forms
and Hodge decomposition. The commutator theorem and Uhlenbeck decomposition
are also revisited. Additionally, we recall the Gagliardo-Nirenberg inequality with
a BMO term, along with a note on how to combine it with J. Van Schaftingen’s

inequality for our purpose.

Notation 2.0.1.

e R"=R xR x ... xR stands for n-dimensional real space,

n times

o Forz,y € R" we write

n 1/2
w—yl= (Dl —ul?) "
=1

where x = (x1,x2, ..., %) and y = (Y1,Y2,- -+, Yn)-
;s _ _ alel —
e For a multi-index o = (1, a9, ..., ap) we denote Oy = BT o where |a| =
ar + ...+ ay.

e The space of Lebesgue measurable and p-integrable functions is denoted by LP.

e If it does not lead to misunderstanding, we write shortly:

HfHLP(Q) = ”f”p-

o S" ! stands for the n-dimensional unit sphere, i.e.

S li={zeR": |z| =1}
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e For any measurable set S of positive Lebesque measure, we set

]éf(av)dx ::|;|/Sf(a:)dx,

where |S| is the measure of S.

o The open ball centered at some point x € R™ with radius v > 0 will be denoted by

B(z,r) or By(x). In some cases, we write simply B, or B(r).

2.1 Holder and Lipschitz functions

Here we would like to gather basic useful facts on Holder and Lipschitz functions. Those
two kinds of spaces appear naturally in studying the regularity of solutions of differential
equations and the reason for that is quite simple — most of the time we can not solve these
equations but we can estimate the gradient of solution (if such exists). Taking into account

that the gradient of a function is associated with its oscillation through inequalities like
u(z + h) —u(z)] S h- [Vl

(possibly with various norms of the gradient, or with values of u at specific points replaced
by averages), it is clear that Lipschitz and Holder spaces will appear. This section uses
R.Fiorenza [30] as the main source.

Fix some open and connected subset 2 C R™ and function f : Q — R™. The function
f is Holder continuous with exponent a > 0, i.e. f € C%%(Q) if there exists a constant

C > 0 such that for each x,y € Q

[f(x) = fyl < C-fo —y[*

The function f is said to be Lipschitz continuous if f is Holder continuous with exponent

a = 1. Analogously we define the C**%(Q) as the space of those functions f : Q — R having
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continuous derivatives up through order k£ and such that the k-th partial derivatives are

Holder continuous with exponent «.. More precisely:

CH(Q) = {1 Q= R [ € CHQ), max [V Flcnnqey < o0},

where

Ifleoaiy = sup L@ =I@]

z,y€Qx#y ‘i[f - y‘a
Recall that if f € C%%(Q), then f € C%P(Q) for each 0 < 8 < a (see [36, Proposition

1.1.2]). The converse is not true (see |36, Example 1.1.4]).

Definition 2.1.1 (Local Holder continuity). Let Q C R™ be open and let f : Q — R™.
We say that f is locally Hoélder continuous with exponent a > 0 if for each compact
K C € the function f is a-Hdlder on K. The space of locally a-Hélder is denoted by
CP(Q).

loc

Sometimes in PDE’s, we aim to extend the regularity of a solution (i.e. solution of
some differential equation) to the boundary. This extension might be a characteristic of
the functional space of the solution, but it could also be a property stemming from both
the differential equation describing the solution and its associated functional space. It
is a well known fact (cf. [36, Proposition 1.1.9]) that a function f € C%%(Q) can be
extended to f € C%*(Q2). This result breaks down when one assumes only the locality of
Holder continuity. Roughly speaking, local Holder continuity allows for singularities at the
boundary. In fact it is even worse — the assumption that function is continuous at the
boundary does not guarantee that it could be extended as a Holder continuous function to

the boundary (see example below).

Example 2.1.2. Let Q = (0,1) and f(z) = @ for x € (0,3). Clearly, with f(0) =0

and f(%) = 1%7% the function f is continuous on Q and is locally Holder continuous in

Q. Moreover in S the function f is locally Lipschitz continuous (on each compact set of Q
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the derivative of f is bounded). Given any compact set K CC Q containing x = 0, one

can show that there is no a such that f € CYY(K).

We will conclude this section with several well known inequalities which are useful in

this work.

Proposition 2.1.3 (Holder inequality). Let Q@ C R™ and f,g : Q@ — R™ be two functions

such that f € LP(Q) and g € L4(Q2), where p,q > 1 are Hélder conjugate, i.e.

Then f-g € LY(Q) and

1 - gl < Wfllee@) - l19llLa)- (2.1.1)

Proposition 2.1.4 (Young inequality). Let a,b > 0 be any two numbers and p,q > 1 be
Hélder conjugate. Then
1 1
ab < —aP + =b. (2.1.2)
p q

2.2 Sobolev and fractional Sobolev spaces

This is one of the most important technical sections in this work. Here the standard results
on Sobolev spaces needed in the Chapters 4, 5 are gathered. The part of this section
corresponding to fractional Sobolev spaces strongly relies on the so called Hitchhiker’s
guide [34] and Van Schaftingen [11], while the part corresponding to standard Sobolev

spaces mainly depends on Evans [31] (see Chapter 5) and Brezis [30] (see Chapters 8, 9).

1

1The [34] is roughly speaking an introduction to fractional Sobolev spaces with their standard applica-
tions and [11] is comparatively recent paper demonstrating one of the crucial higher-order fractional spaces
estimates.
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2.2.1 Standard Sobolev W*? spaces

For an open set 2 C R™ we say that a smooth function f : 2 — R™ is a test function if
there exists a compact subset K CC € such that supp f C K. The set of test functions
on  is denoted by D(2). Functionals over D(Q) are called distributions. The set of
distributions on {2 is denoted classically by D’(€). A distribution T' € D’(Q2) is regular or

represented by an f € LP(Q) if for each test function ¢ € D(€2) we have

T(9) = /Q f(2)$(x) de,

we also write then 7' = T'. For a given regular distribution 7" and the differential operator

0o we define 9, T € D'(2) by the formula:

0.T(¢) := (~1)*'T(9¢), ¢ € D().

Note that the derivative of a regular distribution does not have to be regular — it is enough

to take any "jump" function (see [31, Chapter 5, Example 2|).

Definition 2.2.1 (Sobolev space). Let Q@ C R™ be open. For k € N, p > 1 the Sobolev
WHP(Q) space is the space of those distributions 7" € D'(£2) which are together with all

their derivatives up to order k represented by some functions from LP(2). More precisely
WFP(Q) :={T € D'(Q) : V. o< If € LP(Q) 0T =Ty} (2.2.1)

From now on we identify functions f from LP(£2) with distributions 7. On the Wkp

space we define norm for 1 < p < o0

/
lullwro = (3 lowulss) " (2.2.2)

lal<k
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and for p = oo the above norm is just a L* norm of all derivatives, i.e.

\|U||Wk7°o(9) = Z ess supq|daul
la|<k
We also note that (W*P(Q), || - [wrr()) is a Banach space and that the space of smooth
functions is dense in W*P(Q) (see [31], Section (5.2), Theorem 2 and Section (5.3), Theorem
1 respectively). The closure of C§°(Q2) in the W¥P?(Q) norm is denoted by VV(;g P(Q).
For 2 C R™ our main focus lies in establishing a comprehensive characterization of the
Sobolev WP(Q) space. For a fixed 1 < p < n we define the Sobolev conjugate of p as

*

p* = %. Note that for those p we have p* > p.

Theorem 2.2.2 (Gagliardo—Nirenberg—Sobolev inequality for 1 < p < n). Let Q C R"
be open, bounded with smooth boundary. Assume 1 < p < n, and let u € WHP(Q). Then
u € LP () and

[ull Lo (@) < ClIVull o, (2.2.3)
where the constant C' depends only on n and S.

The proof can be found in [31] Section 5.6, Theorem 2 and Theorem 3 — for I/VO1 P
space. The estimate 2.2.3 is not explicitly stated in [31] but appears there in the proof

(the same note holds for Theorem 2.2.3).

Theorem 2.2.3 (Morrey’s inequality for n < p < 00). Assume n < p < oo and Q C R"
be open, bounded with smooth boundary. If u € WYP(Q), then, up to the modification of u

on set of zero measure, u € C*7(Q), for v =1 — %. Moreover
[ullcon ) < ClIVullLe(qy, (2.2.4)

where C' = C(n,p, Q).
For the proof see |31, Section 5.6, Theorem 5].

Theorem 2.2.4 (The borderline case p = n). Assume  C R™ is open, bounded with
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smooth boundary. If u € WE™(Q) then u is in every L1 for 1 < q < oo. Moreover u belongs

to the BMO space (cf. Section 2.3.2).

For finishing our analyzing of the W space, as the culmination, we state the Poincaré

inequality.

Theorem 2.2.5 (Generalized Poincaré inequality). Assume Q C R"™ is bounded, open,
convez, symmetric with respect to some point x € Q and assume u € WHP(Q). For each

V C Q with a non-zero measure we have

/ () — uy P dz < 2" (diam Q)P / Vu(z)|Pdz, (2.2.5)
Q V1 Ja

where uy = ﬁ [y w(z)dx is the mean value of u on V.

Whenever  is a ball B(z,r) C R™ and V = Q, we have then a standard Poincaré
inequality:

|u—upllLr(By < Crl|Vul|Lr(q)- (2.2.6)
At the end we state here the Sobolev embedding theorem (c.f. [25], Theorem 4.12).

Theorem 2.2.6 (The Sobolev Embedding Theorem). Assume B := B(z,r) C R" is
the n-dimensional ball centered at the point x € R™ with radius v > 0. Fizx two integers
j >0, m>1 and let moreover 1 < p < oo. Then if mp < n and either n — mp < n we

have

Witmp(B) < Wi(B), (2.2.7)

_ _np
Jorp<q<p* ==

Note 2.2.7. The above generalization gives us in particular that W51 (B) — W'(B),

where 1 € {1,...,n} . Indeed it is enough to put j := 1, m :=1—1. Taking |l = § we get

W"/%2(B) < W4™(B) for every even n > 0.
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2.2.2 Fractional Sobolev W**+5? spaces

Let us temporarily fix s € (0,1), p > 1 within the space W*P. The conventional definition
of Sobolev space 2.2.1 does not apply to such a parameter s. This prompts a natural
question: Can we extend the standard Sobolev space to a fractional Sobolev space?
Equally important is to ask: What does this extension mean, and how could it be used in
applications?

In this chapter we fix some open, bounded domain 2 C R"™. For most applications,
without loss of generality one may assume that €2 is in fact a ball B := B(x,r) centered in
some point z € R™ with radius 7 > 0. The Gagliardo semi-norm [ - Jys»(p) of function

u : B — R is defined in the following way:

[l (5 // [ ’x_ ’n+sg‘pdxdy)l/p. (2.2.8)

Each constant function v = const has a zero Gagliardo norm — this is the reason that
Gagliardo norm is in fact a semi-norm. Note that each smooth function ¢ : B — R has a
finite Gagliardo norm. Indeed such ¢ is in fact Lipschitz with constant C' := [|[Vé|| L (p)

and thus we have

(¢ y)IP //\x—y\p Vol Lo ()
% drdy < dx d
Woorirr= [, [, o e ooy W
:C’/B/B|$y|np(SH)dacdy<oo7

where in last inequality we used fact that the kernel k(z) = LI is in L*(B(0,1)) if and

(2.2.9)

|
only if p <n —1 (in our case p > 1 and s+ 1 > 1, therefore p(s + 1) > 1).

Definition 2.2.8 (Fractional Sobolev space for s € (0,1)). For s € (0,1), p > 1 we define

the fractional W*P?(Q) as

WP(Q) = {u € LX(Q) : [ulysp() < 00} (2.2.10)
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with a norm:

lallweony = (lalp iy + il )7 (2.2.11)

For every 0 < s < s’ < 1 we have W P(Q) < W*P(Q) and also W ?(Q) — WHP(Q)
(for the proof, see [31], Propositions 2.1, 2.2).
To substantiate that the selection in Definition 2.2.8 truly extends standard Sobolev spaces,
it is crucial to observe that as s approaches 1, we recover WP, and as s tends to 0, we
obtain LP. The case s — 1 is related to the following result holding for every u € W1 P(Q):

lim (1 = s)[ulwsr@) = C||Vull},; (2.2.12)

s—1—
for the proof see [23, Corollary 2 and Remark 5].
A similar result was proved by Maz’ya and Shaposhnikova |20]:

lim s[uyys.prn) = CHU”Z,(R”)- (2.2.13)

s—07F

Also the W#P space for non integer s > 1 is just the space of constant functions (see Brezis

[241]). To summarize, if we define an equivalent norm on W*P(R"):
[l s eny = (lullh + s(1 = 8)[ulwer)"/?, (2.2.14)

we obtain limg_,q- |||u|||wsr = ||u||lyre and Hmg_ o+ ||ul||lwse = ||u|Le-

It turns out that fractional Sobolev spaces have a lot of theoretical applications: they
appears as the natural spaces for describing traces of functions from W1P(Q) (see [34,
Comment after Remark 2.5 with furher references]), the space W*?2(R") is Hilbert and is
strictly related to the fractional Laplacian operator (see |34, Section 3, Proposition 3.6]).
For arbitrary k € Ry we write k = [k] + (k — [k]) := m + s where [k] is the integer part of

k. We generalize now the Definition (2.2.8) to the W% P gpace.

Definition 2.2.9 (Fractional Sobolev W *5? space). With notation as above the W™+ ()
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space is defined as follows
WmTsP(Q) = {u € W™P(Q) : dyu € W*P(Q) for any a s.t. |a| = m} (2.2.15)
with the norm

1
ullwesosi@) = (lullwmsiey + 32 1D ulBynpiy) " (2.2.16)
|a|=m
The general W™tSP gpace exhibits properties very similar to those of W*? (see for
example [34, Corollary 2.3 and Theorem 2.4|). At the end of this section we state a recent

result on embeddings between fractional Sobolev spaces and standard Sobolev spaces.

Theorem 2.2.10 (J.Shaftingen). Fiz arbitrary m € N\ {0}, s € (0,1) and p > 1 and

the function w € W™TSP(R™). Then if moreover v € BMO(R™) we have u € W™P1(R"),

(m+s)p

where p; = and

D™l gy < Cllull g ey O™l oy (2.2.17)

where C does not depend on u.

For the proof see Van Schaftingen [11], Section 4, Theorem 10.

2.3 BMO and Hardy #H!'-spaces

Hardy spaces are a class of function spaces that were introduced by G.H. Hardy in the
early 20th century. The study of that spaces plays a crucial role in harmonic analysis and
in PDE’s. It quickly becomes evident that the L' space is too large a functional space for
seeking certain regularities in differential equations: There is a well-known result, presented
by Fefferman around 1950s, indicating that controlling the Laplacian of a function in L!
does not imply the control of all second derivatives in L'. However, if L' space is replaced

by H' C L', then the desired estimate holds true. More precisely, for the Poisson equation
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on a unit ball B with right-hand side f being in L? space for 1 < p < oo
Au=f in B(0,1), wu=0ondB, (2.3.1)

if one assume u € W2(B(0,1)) and f € LP for 1 < p < oo then in fact u € W?P with the

estimate (c.f. Giaquinta, Martinazzi |35, Theorem 7.4|)
ID?ull e < 1 £l o (2.3.2)

This assertion does not hold true when considering the function f in either L' or L. In the
first scenario, it suffices to examine u(z) = loglog (I%\) which belongs to W(}’Z(BQ(O, 1))
with Au € L'. However, D?>u ¢ L'(B2%(0,1)) (see [35, Example 7.5]). In the second
case, let u : B2(0,1) — C with u(r, ¢) = r2log(r)e’®. As in the previous result, we have
Au € L™ but D?>u ¢ L (see [35, Example 7.6]). Assuming f € H! in the first case
ensures D?u € L', and similarly, if f € BMO, then D?u € L*. For both cases, we obtain
inequality (2.3.2) with appropriate norms on the left and right-hand sides.

It is noteworthy that the spaces BMO and H! play a crucial role in this work, offering
more insightful information compared to the spaces L' and L*>. These function spaces
provide additional details and nuances that contribute significantly to our analysis. We
now proceed to define these spaces, enumerating the most essential theorems required for

our investigation. We strongly rely here on E.M.Stein [11] Chapters, III, IV.

2.3.1 Hardy H! space

Here we slightly change the space of test functions described at the beginning of Section
2.2.1. Let S be the set of all ¢ : R™ — R that are together with all their derivatives smooth

and rapidly decreasing i.e. for any multi indices «, 8 the seminorm given by

[ ¢l := sup 2200 ()| (2.3.3)
reR™

is finite. Note that C5° C S.



25

Definition 2.3.1 (Maximal function). For a fixed ¢ € S and function f : R" — R we

define a maximal function represented by ¢

My(z) = Sup (¢ * f) ()], (2.3.4)

where ¢y () =t "¢(z/t).

Definition 2.3.2 (Hardy H? space). A function f : R™ — R belongs to the Hardy HP(R")
space for some fixed 0 < p < oo if and only if there exists a test function ¢ € S with

fRn ® dx # 0 such that My f € LP. We also define norm on ‘H? as the LP norm of Myf, i.e.

[ fll3e := (| Mg f| Lo rr) (2.3.5)

The norm defined in (2.3.5) remains independent of the choice of ¢ € S (see [11],
Chapter III, Remark 1 in Section 1.8). In the case of p > 1, the H? spaces coincide with
the LP spaces. This equivalence can be established by combining the results of Theorem
1 and Remark 1.2.1 in Chapter III of [14]. Unlike L' spaces, LP spaces show distinct
characteristics. This pattern holds true for HP and H' spaces as well. In the case of H'
we can show that it is a proper subspace of L', i.e. H!' C L', see Remarks 2.3.3 and
5.4, Chapter III in [11]. An interested reader is referred to [14], Sections 2.2 and 4.3 of
Chapter III, where the classic results on the atomic decomposition and Riesz representation
of Hardy spaces are demonstrated.

The Jacobian of the map u € W1 (R™,R") plays as a classical example of a function
from the Hardy H' space. An obvious L' estimate of the Jacobian is derived through the

Holder inequality, demonstrating

1T ()L = lldet(Vu)|[n < n- [[Vul[zn. (2.3.6)

Also using the Stokes theorem it is clear that [, J(u)dx = 0. This suggests that J(u),

because of its special structure, might belong to a slightly better space that the general
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L'. In 1993 R.Coifman, P.Lions, Y.Meller and S.Semmes in [13] proved that Ju € H?.

Theorem 2.3.3 (Coifman, Lions, Meller, Semmes). Let u € WI(R™ R") then J(u) €
HY(R™) and
17l < ClI Ve (23.7)

Moreover whenever V€ LP(R™,R™), W € L1(R"™,R™), where 1 < p < oo and % + % =1,
are two vector fields such that divV = 0 and curl W = 0 in the sense of distributions, one

has V- W € HY with estimate
[V - Wl < ClIVIp[[W g (2.3.8)

Note 2.3.4 (Jacobian in H-systems). In the H-systems (see 2.5.35) we deal with the Ja-
cobian structure of the map belonging to the W™ (R™, R"™). A pertinent question arises:
beyond the evident inclusion in the H' space, what specific improvements does Theorem
2.5.3 offer? The issue with f € L' arises in integral expressions of the type I = [ fgdz.
The trivial estimate I < ||fll1]|gllecc is unfortunately too weak—mainly because we often
don’t have a bounded function g, and this estimate overly relies on the ’absolute value’
behavior of both functions. However, what if f behaves like a combination of atoms (each
of them indeed has the cancellation moment), and g is 'nearly’ constant but unbounded?
In this case f is just an element from H' and g from BMO and thus the Fefferman-Stein

duality theorem 2.3.6 brings

1] < [fll32 lglBmo- (2.3.9)
We also need some useful lemma about Fourier transform of Hardy function.
Fact 2.3.5. Suppose f € H!(R"), then W}'(f) € LY (R").

The atom estimates in a less generality could be found in a preprint of Szarek and
Wolniewicz [13]. Additionally, a sketch of the proof for a more general result, known as the
extension of the Paley inequality, can be found in A.Torchinski [1] (Exercise 6.12). Given

the uncertainty about the specific location of the precise proof for this fact, we provide it
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here.

Proof. Every function from H! has an atomic decomposition

o
F=Y Aa, (2.3.10)
i=1
where aj € L are atoms, i.e.

e suppay C B(xg, 1),
e for almost x € B(w, ) it holds |a(x)| < |B(xg, r)| 71,
L] fB(xk,rk) ag dr = 0.

Thus it is enough to prove Fact 2.3.5 for atoms. Assume f = a. We write

[F(ar)(€)] =

/ e~y (z) dx / e Ty (z) — ap(z) dx
B(rk) B(rg)

— lowleioony [ e =1l do
B(rk)
grk”/ 1| da (2.3.11)
B(ry)
< [ el <rglen:
B(rx)
< Clel,
where C' is the maximum over |z| on B(rg). Note that the first equality stems from La-

grange’s mean value theorem (this is the reason why we subtract a(z) in the above equa-

tion). Fix small £ > 0 and big enough R (for example R > |B(x,)|) and write

1 1
I F @l = [ gl Fe©de

1
- e @ 3.12
/£|<€+/€<|5|<R+/|§I>R |§|n|‘7:( )(&)] d€ (2 )

=10+ 1+ I3.
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Note that I5 is trivially bounded. To estimate I; we use inequality 2.3.11 which avoids

the singularity of 1/|z|™ in zero, i.e.

1 1
I < —C|€ldE = —d . 2.3.13
1—/|5|<5 el = | gt e (2:3.13)

The estimation of I3 is much more easier - we use Schwartz inequality

fo= </|$>R §|12n dﬁ) " ( I€|>R }-(ak)Q d£> "

:=C< oo

< O F(an)?| r2n)

. (2.3.14)
Plancherel identity C | | a || 2
- L

Rn)
= Cllakllz2(B(ry)) < 00

This shows proves Fact 2.3.5 for any atom ag, hence it holds for any function from the

HL O

2.3.2 BMO spaces

Earlier, we mentioned that, much like how #' can stand in for L', BMO spaces do the
same for L>°. BMO spaces are good for handling functions that are ’almost’ constant,
meaning they stay close to their average value within every open ball. Let us fix a function
u € Li _(R™). We say that the function f has a bounded mean oscillation if there is a

loc

constant A > 0 such that for each ball B ¢ R™
1
/ lu—up|dxr < A (2.3.15)
B Jp

For such function u we write u € BMO(R"™) and also Equation (2.3.15) naturally define

the semi-norm on the BMO space as

It is clear that [u|gmo = 0 if and only if u is a constant. In the same spirit we define
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the BMO(€2) on every domain © C R™ as the supremum of (2.3.15) over all B C Q. The
triangle inequality applied to the expression (2.3.15) implies L C BMO. At the same
time a ’slowly’ increasing function u(x) = log(|z|) is an element of BMO. Therefore, the
inclusion is strict. Similarly, using the Poincare inequality in the expression (2.3.15) we
get WH7(Q) € BMO(2). Together with all observations made above (see also Note 2.3.4)
we come to the main result in this Section — duality between BMO and H' spaces (for

the proof we refer to Stein [11], Chapter IV, Section 1.2).

Theorem 2.3.6 (Fefferman-Stein duality theorem). If f € H'(R") and g € BMO(R"),

then

()= | fag)de (2.3.17)

R”

is an element of (H')* and
LT < Nl ey 9l Brio@n)- (2.3.18)
Moreover every 1 € (HY)* is of the above type, thus BMO = (H')*.

2.4 Morrey spaces

We start this section with a useful theorem (see R.Moser [27] Lemma 2.1).

Theorem 2.4.1 (Dirichlet Growth Theorem). Let o > 0 and p > 1. Let B(z,r) C R"

and u € WHP(B(xg, R)). If for each ball B(r) C B(z, R) we have
rp_”_o‘/B |VulP doe < C (2.4.1)
for some constant C, then for almost every x1,xs € B(xo, R),
lu(z1) — u(as)| < Clzy — o|P. (2.4.2)

Equation (2.4.1) could be read as follows: for some positive a and each ball B(r) C
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B(.’Bo, R)
rp"/ |Vu|P de < Cr?, (2.4.3)
B(r)

so if the gradient of u along with rpl,n on the ball B(r) exhibits behavior resembling the
radius 7 > 0 raised to a positive power « then u is considered to be regular.
The above theorem encourages the study of the so-called Morrey spaces. Let us fix

here some proper subset 2 of R” (one can assume that 2 is in fact ball B(x,r)).

Definition 2.4.2 (Morrey spaces). Let 1 < p < oo and A > 0. The Morrey space
LPA(Q) is defined as follows

PANQ) = {f € L/(Q): sup — / F@)P dy < oo}, (2.4.4)

A -
ze€Q,r>0T" JB(x,r)

where B(z,7) := QN B(x, ).
This is the Banach space with the norm

1 1/
llzraey = ( swp = [ 1)) (2.4.5)

A
zeQr>0 1" JB(z,r)

If A > n then we can write A = n + «, for some positive «, so for each ball B(y,r) C Q

1
— |f(x)|Pdx < Cre.
" JB(y.r)
The left hand side, as r — 07, reduces to | f(y)|P (by Lebesgue theorem), while the right-
hand side is zero. Consequently, almost everywhere in 2, we have f(y) = 0. Therefore, for

A > n the space LPA(Q) = {0} is trivial. If A = 0 we just get the standard LP space.
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2.5 Riemannian manifolds, p-harmonic maps, second funda-

mental form, examples

2.5.1 Riemannian manifolds, second fundamental form, examples

Let NV be a Riemannian manifold of class at least C? isometrically embedded into R™.
Throughout this work we additionally assume N is closed manifold, i.e. compact and
without boundary. Denote a tubular neighborhood of A by N. and recall that the projec-
tion operator m : Nz — N is well defined (i.e. for every z € N; the point y = 7(z) € N is
unique) and smooth. Taking now two vector fields v, w on N: such that they are tangential
vector fields on V. For any p € N one can show that V3 ,7(p) := v(p) - D*x(p) - w(p) is

the projection of the vector V,w(p) onto T,N*.

Definition 2.5.1. The second fundamental form of a manifold N is denoted by A and
is defined as follows

AP(U7w) = _v%,wﬂ—(p)v (251)
where p € N and v,w € T,N.

For a fixed point p € N the A, : TN x T,N — TplN is 2-linear and symmetric
transformation. The following note shows how to formally extend the second fundamental

form A, on the whole R". This type of extension will be useful in the Chapter 5.

Note 2.5.2 (Extension of A). Each vector v € R™ we can write as the sum v = vy + va,
where vi € TyN and vy € Tpl./\/'. Taking now two wvectors v,w € R™ we get as above

v1, Vg, w1, wo hence we define
Ap(v,w) = Ap(vr, wr). (2.5.2)

Also using smoothness of the projection operator m on Nz we naturally extend the definition
of Ap for p € Nz and then using a cut-off function ¢ € Cg°(R™) such that ¢ =1 on N, ),

and zero outside of N3 we extend Ay to a map p — Ap with a compact support.
4



32

Note 2.5.3 (Sphere case). In the case of a round sphere N' = 8"~ 1 embedded into R"™ the

second fundamental form is given by
Ap (v, w) = p{v, w). (2.5.3)

In the section 5 we strongly rely on the following fact.

Fact 2.5.4 (Antisymmetrization of A). Suppose that u : B(y,r) C R™ — N C R" be
some function (one can assume u € C*) and N be a Riemannian manifold. The derivative

Oau(r) belongs to the Ty,,) . Define for some fixed z € B(x,r)
Aij = Au(z)(el, ej) S TlﬂZI)N’ (2.5.4)

where e;, e; are standard vectors in R™ (see Note 2.5.2). Equation (2.5.4) together with

above observation on d,u implies
(Datt, Aij) = (Dau) ALy =0, (2.5.5)
=0

where the notation v* means the i-th coordinate of vector v. Because the above expression

is zero we can write as follows

a)* ) " (Oau) Al = (2.5.6)
=0

for arbitrary fixed k € {1,...,n}. Therefore

dau) AL =0. (2.5.7)
k=0 l:O

The above expression is equal to zero for each fixed a. Hence, by summing the left hand

sides of Equality (2.5.7) additionally with respect to the a, we still get zero as the result.
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More precisely

-y i(aau)k(aau)’Agj = 0. (2.5.8)
a=0k=0 I=0
Let
Au(x) (VU(.’IJ), V’U,(.%')) = Z Au(x) (aau(x)a Bau(x)) (259)
a=0

Let us work with i-th coordinate of A, ) (Vu(r), Vu(z)). Writing the vector in equa-

tion 2.5.9 in a standard basis and using Equation (2.5.8) we get

AZ (Vu, Vu) ZAZ oy O 1)

= Z A;,l(aau)j (8a“)l

a,j,l
= Z A;’,l(aau Z A 8 u a u)

o A o (2.5.10)
=Y (AL — AL (Oau)! (au)

a,j,l

= Z TDD (0au) (Oau)’

«

_Z ]l— Vuj V',

Denoting
Qij =y (A5, — Al )V (2.5.11)
!
we finally get
Al (Vu, Vu) ZQU V. (2.5.12)
Clearly, the matrix € is asymmetric, i.e. €;; = —£;;.

2.5.2 Harmonic and p-harmonic maps, H-systems

We say that u : R® — R is harmonic if for each point x € R”

Au(z) = 0. (2.5.13)
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The u is said to be weakly harmonic if the Laplace operator in the above equation is

distributional Laplacian meaning for each test function ¢ € D(R™)

Vu-Vodr =0. (2.5.14)
R”

Recall that harmonic maps are critical points of the Dirichlet energy E(u) = [ |Vul? dz. If
one imposes an extra constraint on the image of u, e.g. by requiring that u : R® — N C R™,

where ¢N is a Riemannian manifold, then critical points of F(u) satisfy
—Au = A, (Vu, Vu). (2.5.15)

If one defines p-Dirichlet energy functional E,(u) = [ |[VulP dz, then analogously if no

assumption on the image of u is made, Equation (2.5.14) becomes
div(|Vu[P~2Vu) = 0. (2.5.16)

For critical points of E,, p # 2 under the constraint u : R” — A we have that Equation

(2.5.15) becomes (see M.Fuchs [3] Section 1.2)
—div(|Vu|P2Vu) = |Vul[P2 A, (Vu, Vu). (2.5.17)

Definition 2.5.5 (weakly p-harmonic maps). Let u : B(z,r) C R® - N C R™ be a
function of the class W1(B(x,r),R™), where N is a closed Riemannian manifold. The u

is said to be weakly p-harmonic if
—div(|Vu|P2Vu) L TN (2.5.18)
in the sense of distributions, i.e. for each test function ¢ € D(B(z, 7))

/ |Vu|P2VuV ¢ dr = / \Vu|P~2 Ay (Vu, Vu)o d. (2.5.19)
B(z,r) B(=,r)
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The highly nonlinear structure of the above equation presents significant challenges:
even in the case of one-dimensional differential equations its nonlinear structure intro-
duces various difficulties such as non-existence of solutions, solution blow-up in finite time,
and simply difficulties in finding a direct solution. We focus on the Holder continuity of

n—harmonic maps and H-systems (see Chapters 4, 5).

e When p > n the u € WHP(R) is also Hoélder continuous, so in this case the regularity

of u follows directly from the assumptions.

e For p < n, the p-harmonic maps are, broadly speaking, not continuous in general
context — the map u : B"(0,1) — 8" ! u(z) = M7 is weakly p-harmonic for every
p € [1,n) and is singular at £ = 0. An additional classical example, demonstrating
that the situation is in fact even worse, is due to T. Riviére [18]: for n = 3 there
exist everywhere discontinuous weakly harmonic map v : B3(0,1) — S2. When
considering weakly p-harmonic maps that also act as minimizers of the p-Dirichlet
energy I, the situation becomes somewhat more favorable: stationary p-harmonic
maps u : R™ D> M — N C R"™ are Holder continuous, outside a set of Hausdorff
dimension m — [p] — 1 (see independent results by Hardt and Lin [5], Fuchs [8],
Luckhaus [6]).

e The critical case p = n is still unsolved within the widest scope of contexts. For
n = 2 Fréderic Heléin [10] proved that each weakly harmonic map u from planar
domains, taking values in a closed Riemannian manifold A' C R™, is smooth. For
arbitrary n > 2 if the target is in fact sphere, i.e. the weakly n-harmonic map
u € Wh(B"(0,1), 8™ 1) is locally Hélder continuous (see Pawet Strzelecki [16]).
More generally if A/ is compact homogeneous space with a left-invariant metric, then,
all n-harmonic maps u € W1n(B"(0,1), N) are locally of class C%%. Finally, we
note that Martino and Schikorra |39, Theorem 1.2] proved the continuity of weakly
n—harmonic maps u € W™ under the additional assumption that Vu is in Lorentz

L(™2) space. As it was mentioned in the Introduction, this result is formally stronger
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that ours (c.f. Theorem 4.0.1, Theorem 5.0.1), but it was proved after ours.

Note 2.5.6 (Why the general W case is indeed ’critical’?). Under the assumption

u € W the right-hand side of the n-harmonic Equation (2.5.17) is simply in L'. Indeed,
| Ay (Vu, V)| < ||Aul|Vul? < C(N)|Vul?, (2.5.20)

where the last inequality holds because Ay is continuous with respect to the p € N and N

is compact. In general, the solution u of the equation
—div(|Vu|"?Vu) = F (2.5.21)

for F € L' could be discontinuous: we saw already discontinuous solutions for n = 2,
u(z) = loglog(%) in Section 2.3. When n > 2, the function u(zx) = sin(log®(1/|z|)) for

O<a<l- %, satisfies:
u ¢ C° but div(|Vu"?Vu) € Hi..(R") C L'(R"). (2.5.22)

It shows that an approach based on the structure of F' is needed here.

Note 2.5.7 (Case n = 2). The ’planar’ case differs significantly from the scenario when
n > 2, primarily due to the disappearance of the nonlinear term |Vu|"~2. Consequently,
the left-hand side of 2-harmonic maps simplifies to a Poisson equation. What if the right-
hand side of Equation (2.5.14) is an element of Hardy H' space instead of general L'?
Equivalently, what if the map v € WY2(B) has additionally Au € H'(R™)? As mentioned
earlier, the H'norm of the Laplacian governs the L' norm of second derivatives. Indeed if

Vu € HY(R™), then

0?u(x)
= R;R;(Vu), 2.5.2
Dm0, R;R;(Vu) (2.5.23)
where R; is the Riesz transformation, i.e.
F(Riu)(z) = —i— (Fu)(a). (2.5.24)

]
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Using the fact that R; : H' — H' are continuous (in the broader context every Calderdn-
Zygmund operator with ‘proper’ kernels is continuous on H') we get that every second order
partial derivative is in L.

Remarkably, for n = 2, a more refined estimate holds: if the Laplacian of a planar function

f is in HY, then f is, in fact continuous. Indeed

F(Au)(z) = |2 F(u), (2.5.25)
thus using Fact 2.3.5 we get
1
Flu) = W]—"(Au)(x) c Ll (2.5.26)

The above equation implies that the Fourier transform of w is in L', hence u is continuous.
The right-hand side of the harmonic map equation is simply the second fundamental form,

which, as demonstrated in Fact 2.5.4, exhibits antisymmetry:

Au(Vu, VU,) =Q- VU, Qi,j = —Qj,i (2.5.27)

Unfortunately, the matriz € may not be divergence free and thus it is impossible to imme-
diately use Theorem 2.3.3. However, after an application of the Uhlenbeck—Riviére decom-
position (see Theorem 2.6.11) we can without loss of generality assume divQ = 0 in the

sense of distributions. Hence Q- Vu € H' which finishes the proof.

Note 2.5.8 (Sphere case N' = 8™ 1), Let u: WL(B"(0,1), S™ 1) satisfy

div(|Vu|""?*Vu) = [Vu[""? Ay (Vu, Vu). (2.5.28)

The second fundamental form of the round sphere (see Note 2.5.3) is of the form

Ay(Vu, Vu) = u - (Vu, Vu) = u - |Vul®. (2.5.29)
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Hence the above differential equation becomes

div(|Vu|"?Vu) = |Vu|"u. (2.5.30)

The crucial observation (initially noticed by F. Hélein for n = 2) is that by denoting
V; = |[Vu|""2Vu; one can show (c.f. P. Strzelecki [10, Equation 6] or Fact 2.5.4) that

divVi = Vg - (ugV; — uiVi) (2.5.31)
k=1
and that
div(uk‘/} — uZVk) = 0. (2.5.32)

For n =2 the above decomposition is even more straight:

m

|Vu|?u’ = Z(uiVuj — ! Vu') -V, (2.5.33)

Jj=1 =y

where the matriz Q is divergence free. By the extension argument [10, Corolarry 3/, the
right-hand side of Equation (3.0.26) turns out to be a restriction of a function h € H! to
B™(0,1). Together with Fact 2.3.5 we obtain the continuity of u for flat domains. For the
general case where n > 2, although the H' structure of the right-hand side is utilized, the

proof is not as straightforward as in the planar case.

2.5.3 H-systems

Definition 2.5.9 (H-systems). Let H : R"*! — R be bounded and v € W™(BB"(0,1), R**1)
be some vector function. Let us define the vector J(u(z)), perpendicular to the image of

u(B™) at the point u(x):

J(u(z)) = 8;;? « 8;;? % 6;;?.

(2.5.34)
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The map wu is said to be a weak solution to the H-system if
—div(|Vu|""?Vu) = H(u)J (u) (2.5.35)
in the sense of distributions D(IB™, R**1). In other words, for each ¢ € Wy (B", R*)

/ \Vu|"2VuVedr = | H(u)J(u)pdx (2.5.36)
B™ B™

It is clear that H-systems are closely related to n-harmonic maps but their prescribed
Jacobian structure on the right-hand side streamlines the investigation. However, they
lead to the same analytical difficulties. Equation (2.5.35) possesses a clear geometric
property. The conformal solutions of the H-system parameterize a surface M (in points
where Ju(z) # 0) whose mean curvature at the point u(x), is equal to H(u(z)) (see [9]
page 42). The existence of solutions with a Plateau boundary condition could be found

in F.Duzaar and J.Grotowski [22]. The following list of results is far from complete.

Note 2.5.10 (Planar case for H-systems). Similarly to Note 2.5.7 for n = 2 things trivi-

alise a bit. H-system becomes just a Poisson equation
Au = H(u)ug X uy. (2.5.37)

The Jacobian J(u) for functions from WL (R"™, R"™) is an element from the Hardy H'(R™)
space. This implies that if H is constant, then H(u)J(u) € H'(R?) and so u € C°,
Therefore constant H, all solutions of (2.5.37) are reqular. Unfortunately, for a non-
constant function H, things are not as straightforward. Omne of the reason is that the
product H(u)J(u) may not lie in H'(R™). For a bounded H any W12-solution u of (2.5.37)
is Holder continuous (see Riviére [15]). If one assumes H to be Lipschitz continuous then

every u € W2 N L™ solution belongs to C1 (see F.Tomi [7]).

Note 2.5.11 (Case n > 2). The high dimension case is much harder. For a general

w € WU and Lipschitz H, the problem is unsolved. Similarly to the planar case, each
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solution u € W™ of Equation (2.5.35), where the function H is constant, turns out to be
continuous (see Mou, Jang [20]).

It is crucial to note that the assumption that w is additionally bounded trivializes the entire
problem. More precisely, if u € Wh™ 0 L™ is a solution of 2.5.36 and H € C%®, then
U € Cloa’ca (for the sketch of the proof see A.Schikorra and P.Strzelecki [57] Proposition
3.5). The key point is that, since u is bounded, one can test equation (2.5.36) with a cut-
off version of u on some small ball B(a,2r) C B"(0,1) getting the "decay" inequality of
type

IVullpr(Bary) < TIVUllLn(Ba,2r) (2.5.38)

for some T € (0,1). The last fact implies Holder continuity of u due to scaling technique.

2.6 Analytical tools

2.6.1 Differential forms and Hodge star operator

We often employ differential forms as a convenient useful "language’ in which lengthy math-
ematical formulas become more visible and clear. Given the technical nature of this topic,
we aim to ensure clarity in the upcoming sections by briefly presenting some necessary
notation and examples.

The space of k-forms on an open set U C R™ is denoted by A¥(U). For arbitrary vector

v = (v1,...,v,) € R™ the projection on the i-th coordinate will be denoted by dz;, i.e.

dxz(v) = V;. (2.6.1)

The dz; is a 1-form. More generally, for a set of indices I = {iy,is,...,9x} € N¥ such

that 1 < iy <ig < ... <1 <n we define dzy : (R")* — R by the formula

dxj(vl, V2, ..., Uk) = det((vm,j)mj:lw’k). (2.6.2)

For two given forms o € A*(U) and 8 € AY(U) we denote their wedge product by
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a A B e AFYU). Recall that

dxp = dxiy Ndzi, N ... Ndz;,. (2.6.3)

Fix an open V C R™ and a function f : V' — U. The pullback of w € A*(U) via
function f is denoted by f*(w) and is defined as the form in A*(V') such that for arbitrary

vectors vy,...,vy € R™

ffw(z; v,...,08) == w(f(z), Df(x)v, Df(x)vay...,Df(x)vg). (2.6.4)

Similarly to Equation (2.6.3) we get

FrlanB) = f*(a) A fr(B) € AFFL(V). (2.6.5)

Note 2.6.1 (Jacobian in the language of forms). In the H-systems (see Equation 2.5.35) we
deal with Jacobian structure on the right-hand side. To see why it is linked with differential

forms let u(x) = (uy (), uza(z),us(x)) and observe
J(u) = du x Oou X O3u

Oruz  Orus q Oyuy  Orus 1 O1uy  Oyus (2.6.6)

= |det , —det , det
Ooug  Ogus Ouy  Oqus Oouy  Ogun

Every coordinate of J(u) has a Jacobian structure, i.e. J(u) is the determinant of Vu

without Vu;. We claim that for generaln € N
J(u)’dwl ANdxg N ... Ndzy =duy Adug A ... Aduj—q ANdujpg A oo A dupgr- (2.6.7)

Without loss of generality fix i = n + 1. It is enough to prove equation 2.6.7 evaluated on

standard vectors ey, es, ..., e, € R The left hand side is

J) " rdzy Adxa AL Adxg(er, e, ... en) = J(u)" Tt
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and the right-hand side

duy A dug A ... Ndug(er, e, ... e,) = Z sgn(o) - dui(eq(r)) - dua(eqs(2)) - - - - - dun(eq(n))

O'GS’VL
B san(o) ouq ' Ous ' ' Oouy,
forh 0%g(1) OTq(2) OZo(n)
=det(Vur | Vuy | ... | Vu") = J(u)"

(2.6.8)

We say that vol = dxy Adxa A ... Adx, € A"(R™) is the volume form. If w = f(z)dx;

is a differential form then

/ w = / f(z)dx; dxi, . . . dx, . (2.6.9)
U U

Hence

/ vol = [U]. (2.6.10)
U

The Hodge star operator of the form w € A*(U) is denoted by xw € A" *(U). Recall
that

w A *w = |f]?vol. (2.6.11)

Definition 2.6.2. The codifferential operator ¢ : Q¥(U) — QF~1(U) is a linear operator
satisfying
§=(—1)F+"tdx,

where d is the exterior derivative and % is the Hodge star operator.
Notation 2.6.3. We say that w = f(z)dzy € LP(U) if f € LP(U). Similarly if X is some
Banach space, then w € X if and only if f € X.

2.6.2 Hodge decomposition and stability theorem

Consider a vector field X : U C R™ — R"” defined on open set U. Let X € LP for 1 < p < oc.

It is known that X could be decomposed as follows
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X =Vu+Y, (2.6.12)

for some u € W1P(U) and divergence-free Y € LP(U) (see for example Moser [27] Theorem
2.2). This decomposition is called Hodge decomposition of X. Moreover it can be shown
that

IVull Loy + 1Y | ey < ClIX Lo (2.6.13)
where C' = C(n,p). It is worth noting that

e for p = 1 the Hodge decomposition is not continuous as the operator H : L' —

L' x L',

e if X is divergence-free, then Vu = 0. Similarly if X = Vw for some w : R" — R,

then Y is zero.

Let u : B"(z,7) C R" — R be fixed function of class WP for some 1 < p < oc. For a
fixed small € € (—1, p— 1) consider a vector field G = |Vu|*Vu € Ll%e(B"(x, r)). Clearly,
for e = 0 our G = Vu, so as it was mentioned above, the divergence free vector field Y in
the Hodge decomposition of u is zero. It turns out that if |¢| ~ 0 then the divergence-free
component V is small in LT+ norm, which shows that G is ’close’ to the gradient Vu. Such
vector fields were studied by Tadeusz Iwaniec in his research on quasiregular mappings.
They play a crucial role in our work. We give a precise quantitative statement of this fact

in the following theorem (for the proof see Iwaniec [12] Theorem 8.2).

Theorem 2.6.4 (Stability of Hodge decomposition of G). Let u € WYP(B(z,)) for some
p>1. Then
G=Va+V,

where a € WWP/U+e)(B(x, 7)), V € LP/A+)(B(x,r)) with divV = 0 in the sense of

distributions. Moreover

IV zorase By < C’€|HVU||1L§EB(I,T)) (2.6.14)



44

2.6.3 Commutator theorem

Definition 2.6.5. We say that K is a Calderon-Zygmund singular operator (or shortly, a

Calderon-Zygmund operator) if

(K f)(x) = lim(K.f)(z) := lim (i « U@ p.o)) (@)

ly|™
Oz —
= lim 7@ )
e=0 Jrm\B.(0) |7 — Y™

(2.6.15)
f(y) dy.

Here © is homogeneous of degree zero, such that it satisfies the cancellation condition

Jsn-1 Qdz =0 and |Q(z) — Qy)| < Clz —y| on S" 1.

The typical example is Q(z) = fc—‘ Recall that K with such smooth kernel 2 is

xT
an i-th Riesz transform (see another possible definition in Equation 2.5.24). Let us define

another operator known as the commutator operator: fix any b € BMO(R™) and Calderon-

Zygmund singular operator K. Let

C(f) = [b, K)(f) = bE(f) — K(b- f). (2.6.16)

R. R. Coifman, R. Rochberg and Guido Weiss (see 3] Theorem I) proved that the com-
mutator operator 2.6.16 is bounded from LP to itself for 1 < p < co. Equivalently (c.f. [13,

Equation 25|) for f € LP(R") and g € L4(R"™) it holds
(Kf)g+ f(K'g) € H'(R™), (2.6.17)

where K' is the transposed on K and p,q are Holder conjugate. For the proof see [13,
Theorem ITI.1 and Remark IT1.2]. We give the precise statement of that fact in the following

theorem.

Theorem 2.6.6 (Commutator theorem). Let b : R™ — R be a function from BMO(R™)

and K be a Calderon-Zygmund operator. Then the operator

C(f) = b K](f) (2.6.18)
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is bounded from LP to itself, for p € (1,00). Moreover

1Cllr—rr < C(K, p)|IbllBpo®n), (2.6.19)

where C(K,p) is a constant depending on K and p.

2.6.4 Gagliardo—Nirenberg inequalities with a BMO term

It is a known fact that from the information about a function being in W*P?(B™) | one
can infer the integrability of certain derivatives with a parameter even higher than p. This
type of information, coupled with appropriate inequalities, holds significant importance
in PDEs, as it enables working with higher integrability without imposing unnecessary
assumptions on the studied functions. In this work we need a following version of Gagliardo-
Nirenberg inequality involving the BMO-term proved by P.Strzelecki in [29] (see Theorem
1.2).

Theorem 2.6.7 (General version of Gagliardo-Nirenberg inequality with a BMO term).
Fiz somen,k,m € N such that 1 < m < k. Letu € Wk’p(R”) for some p > 1. If moreover

u € BMO(R"™), then V"u € LI(R"™), where q := %. It also holds

197 ull oy < Cllullpado | 7ol eny (2:6.20)

We give now two crucial notes.

Note 2.6.8 (Combining J.Shaftingen and G-N inequalities with BMO term). Let u €
W”/Q’Z(R") for some n > 2. If n is even, then this space is just a standard Sobolev space.

Applying Theorem 2.6.7 with parameters m = 1 we get ¢ = n and
17% n/2 %
HVUHL"(R") < CHUHBMO(RTL)HV u||L2(Rn)7 (2.6.21)

or equivalently

IVl Engny < Cllulftomn IV 0l 72 n, (2.6.22)
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Assume now that n > 2 is not even. Then we can write n = 2k + 1 for some natural k.
The space W™?%2(R™) becomes a fractional Sobolev W*t1/22(R™) space. Applying now
Theorem, 2.2.10 we firstly get that u € W™k (R") — WL™(R"). The second part of Van

Schaftingen inequality gives us

nM

n/k— 2

We want to combine inequalities (2.6.22) and (2.6.23) but technically, the k in the
above inequality is not the same as n/2 in 2.6.22. Hence we use again Theorem 2.6.7 to

the Wk’"/k(R”) with m =1 getting again ¢ = n and

[Vullng) < Cllul iyt |V ul s g (2.6.24)
Putting in above inequality the result from 2.6.23 we get
1-1 1—2k 1
||vu||L"(R") < ||u||B]\;O(Rn) : (H“HBMno(Rn) [vk ]W1/2 2(Rn))k
1—1 1_2 2
< CH“”BZ\?O(RW)HUHEM%(RTL)[vku]{}vuz,z(Rn) (2'6-25)
1-2 k, 15
< CHUHBMO(Rn)[V u]W1/2,2(Rn)'
Thus we finally get
HVUHL"(RTL < C”u”BMo(Rn)[v U]W1/2 2(Rn)* (2.6.26)

Note 2.6.9 (Why W"/22 instead of W'™). In Theorems 4.0.1, 5.0.1 we consider Sobolev
W22 space instead of general W™,  The right-hand side (further referred as RHS)
satisfies RHS = RHS, + RHS,, where RHS; € H! is a ’good’ part and RHS> is a ’bad’
part. Thanks to the assumption uw € W™?%2 and Coifman-Rochberg-Weiss commutator
theorem (see Theorem 2.6.6), the ’bad’ part RHS> turns out to be small. Technically,
we require inequalities (2.6.26) and (2.6.22) only in one specific part of the proofs. The

remainder of the proof proceeds under the general assumption of W™,
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2.6.5 Riviére-Uhlenbeck decomposition

The Riviére-Uhlenbeck decomposition of an antisymmetric matrix is one of the most im-
portant tools used in Chapter 5. Thus, we will provide additional details on this subject.
It has already been observed that in the case of A = S™~! the proof of regularity of
n-harmonic maps (see Note 2.5.8) relies on the crucial observation that the second fun-
damental form A of that sphere can be made divergence-free. This fact gives a batter
integrability of the right-hand side of the n-harmonic equations. However this condition is
too restrictive for general manifolds. The only attribute we have when working with sec-
ond fundamental form is its naturally occurring antisymmetric structure. The reasonable
question appears: is there any way to modify A such that it becomes divergence-free? How
will that change affect the solution, or in other words, what is the cost of the potential
modification? If the reader is interested only on the main result, everything in this section
except of Notation 2.6.10 and Theorem 2.6.11 could be skipped. Considering that almost
all operations are performed on vectors and matrices, we will significantly abbreviate the
notation. This can easily lead to confusion during formal derivative calculations. To avoid

such type of misunderstanding we introduce the notation firstly.

Notation 2.6.10. The space of all square m x m matrices is denoted by GL(m). The space
of all antisymmetric m x m matrices we denote by so(m). The special orthogonal group is
denoted by SO, i.e. SO(m) denotes the set of orthogonal matrices with determinant 1. With
that notation, the space of square antisymmetric matrices whose elements are one-forms on
R™ is just so(m)@A'R™. For two one-formswy = Y v, fidz;, we =Y 1 | gidz; € WIP(R™)
we write

W1 Wy = Z f,gzdl’Z (2.6.27)
=1

what corresponds to the scalar product for vectors. For a given operator P € W1P(R™, GL(m))
we write

VP = (dP;; € A'(R™))™

ij=1-

Hence, for P,A € WIP(R", GL(m)) by writing VP - VA we mean the standard matriz
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multiplication, where the multiplication of individual elements follows the method outlined

in Equation (2.6.27). Also we define the LP norm of a matriz in the following way

IAllLr == llaiyllze, (2.6.28)
i,J
where the sum goes through all elements of the matriz A. Hence by writing A € LP we

mean that the norm || Al|L» is finite.

2.6.6 Main decomposition theorem

This type of decomposition has its roots in differential geometry. When working with
connections V : TN x TN — TN on an n-dimensional Riemannian manifold A, and given
an orthonormal frame e;(x) chosen locally in T, N for some neighbourhood of z € N, one
can express this connection as an n x n antisymmetric matrix Q = (w; ;) of 1-forms. For
another orthonormal frame é;(x) one can describe the representation of this connection in

this new basis by the formula
Q=P ldP+ PlQp,

where P is orthogonal matrix representing the change of basis from e; to €;. The "good"
choice of a new orthonormal frame aims to satisfy 6Q = 0, known as the Coulumb condition.

This leads to the appearance of the nonlinear differential equation:
div(Q) =0
and it is no longer obvious when such a frame exists.

In this part of the section we will present important theorem that is used in Chap-
ter 5 (c.f. Miskiewicz, Strzelecki, Petraszczuk [10, Theorem 2.13]) . That theorem is

a modified version of the results presented in the paper of Pawel Goldstein and Anna
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Zatorska-Goldstein [38, Theorems 1.2, 1.3].

Theorem 2.6.11 (Riviére-Uhlenbeck decomposition). Let n > 2 and 1 < p < § be fized.
Let moreover 2 € L"(B(ag, Ry), so(m) ® R™) for some ball B := B(ag, Ry) C R™. There
exists eg(n,m) > 0 such that if

12| z~(By < €0

then there is a map P € WY (B,SO(m)) satisfying P|lapp = Id in the sense of trace, for

which the matriz Q = (W;;);;:
Q:=PldP + P'QP (2.6.29)
is divergence free in the sense of distributions. More precisely, for each form w; ; we have
dw; j =0 in the sense of distributions, (2.6.30)

where & denotes the codifferential operator (see Definition 2.6.2). Moreover, we have the

following estimates on dP:

[dP| () < C(n, m)||Q| Ln(5), (2.6.31)

||dP||Lp,n—p(B) S C(n,m)HQHLZp,anp(B). (2632)

Before we proceed to the proof, let us first examine how the Riviére-Uhlenbeck de-
composition works in the specific case of two dimensions, as this will provide a clearer

understanding.

Riviére—Uhlenbeck decomposition in 2-dimensions — special case

Here we would like to show that the Riviére-Uhlenbeck decomposition in the 2D case is

just a Hodge decomposition. Let Q : R™ — so(2) ® A'R”. We want to find an orthonormal



50

operator P : R™ — SO(2) such that the matrix

Q=rldr + PTQP

is divergence free. Note now that in that case ) has to be of the following form:

for some 1-form w. Note also that every element from SO(2) is in fact a rotation, i.e. for

some real variable function o : R — R

cosa —sina

sinav  cos«

With this we can compute the matrix Q:

—sina  —cos o
dP = da,
cosa —sina
SO
-1
Plap = dov
1 0
Also we compute
-1
pPrap = w
1 0
We finally get
~ 0 -1
0= (do+ w).
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Now the condition §Q = 0 reduces to

0(da+w) = 0. (2.6.33)

Thus for a given w € A'R™ we need to find o € A'R" such that Equation (2.6.33) holds —
this is just the Hodge decomposition. More precisely, applying the Hodge decomposition

to w we get w = df + dv. Thus taking da = —d3, Equation (2.6.33) becomes now

§(da +w) = 8(68) = %8 =0,

which shows that Riviére-Uhlenbeck decomposition in the 2D exists even without the small

energy assumption.

Proof of Theorem 2.6.11

The proof of the special case p = 2, using only elementary calculus methods, can be found

in A.Schikorra [32, Theorem 2.1]. Let us write the proof of the above theorem.

Proof. Without loss of generality we assume that B = B"™(0, 1). The reason why we can not
apply directly the decomposition described in [38, Theorem 1.2, Theorem 1.3] is that the
case 0 € L™ is not covered there. Specifically, Theorem 1.2 in [38] requires Q € W and
Theorem 1.3 in [38] requires € L% "~ and df) € L "~2P. Moreover, the issue arises
from the fact that inequality (2.6.31) appears in |38, Theorem 1.2] under the assumption
that § < p < n, while inequality (2.6.32) appears in [38, Theorem 1.3] under the disjoint
assumption 1 < p < 5. To resolve this issue, we take a smooth convolution kernel ¢. €

C§e(B"(0,1)) and set €2; := Qx ;. We are going to prove the following technical lemma.

Lemma 2.6.12. Q; defined as above is smooth in B™(0,1) and satisfies the following
mnequality

Proof. Such construction ensures that ; € C°°(B"(0,1)). To prove the next part we
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denote 7, : L™ — L™ such that (7yg)(x) := g(x — y) and recall that 7, is isometry and
that the operator R" > y — 7,9 € L" is continuous. Thus we can write for each scalar

functions f, g

(9% D) = [ (r)ahflo) dy

and so

gxf= / (r9) () dy.

This leads to the following estimation of €);:

12| LnBr 0,1)) = 12 * d1/illLn(Br(0,1)) < /Rn (75 2) b1/ (W) | L7 (B (0,1)) Y
= [ 1Dl 0)614(0) d
= /Rn ‘|Q||Ln(13n(0,1))¢1/z‘(l/) dy (2.6.35)
= (1l » (B 0,1)) /Rn b1/i(y) dy
= ||| L» B (0,1))
which ends the proof. O

Using the above Lemma and that € has regularity even more than required, we can
apply [38, Thorem 1.2| to the operator §2;. Because the referenced theorem is written in the
language of differential forms, and we are translating it into the language of derivatives,

we will provide a comment for clarification.

Note 2.6.13. The [35, Theorem 1.2] implies the existence of orthonormal operators P; €

W2P(B"(0,1),S0(m)) and antisymmetric operators of (n — 2)-forms
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GewW?rn Wol’p(]B"(O, 1), so(m) ® A"~2R™) for 5 < p <mn, such that

P7ldP + PO P = +d¢;  on B™(0,1),

dx( =0 on B"(0,1),
(2.6.36)
G=0 on 0B"(0,1),
P=1d ondB™0,1).
Moreover
IdGill Lrmn(0,1)) + I1dB | Lr(mr(0,1)) < C(n, m)[|Q]| Ln(mr(0,1)- (2.6.37)

Note now that the higher order estimates described in the [78, Theorem 1.2] will not hold
for initial Q (see further in the proof). We do the same note on operators P; and (; — in
the limit case we only control the WP of it (see further computations).
One can note that xd¢ could be identified with the matriz of divergence free one-forms.
Indeed
5(xd¢;) = (1) L xdxoxd¢ = (=1)F xd?¢; =0,

where k is some natural number depending on the sign m and we recall (%) = id, and
d? = 0. From now on we denote the divergence free matriz xd¢; by €.

The precise choice of parameter p will be presented in the Lemma 2.6.15.
One of the main points of that proof is the following lemma.

Lemma 2.6.14. There exists a subsequence P;, ,€);, and orthonormal operator

k?

P cwWbin(B™(0,1),S0(m)) such that
Oy, =P, 'dP, + P, 'Q; P, = P'dP + PT'QP :=Q (2.6.38)

weakly in L*(B™(0,1)). Moreover the matriz operator Q is divergence free in the sense of

distributions and ||dP||pn < ||| Ln.
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Proof.

P; are uniformly bounded in W1"

The key observation is that P; are uniformly bounded in W1"(B"(0,1)). Indeed, since P;
has values in SO(m), each column is an element of ™1, thus || B;||rn(pn(o,1y) < C(n).
The L™ norm of the derivative of P; is uniformly bounded because of inequalities (2.6.37)

and (2.6.34), i.e.

AP (B (0,1)) < 11Qll 2@ (0,1)) < QU Lr®R(0,1))-

In summary we get

| B[ wr1m (B (0,1)) < 00

Construction of P

The W™ space is reflexive so from each bounded set we can choose a weakly convergent
(to some element of W) subsequence P;, — P. That means VP, = VP and P, — P
weakly in L™. BY Rellich-Kondrachov theorem we get W™ & L for any ¢ > 1 and thus
P;, — P strongly in any L4. The strong convergence of P;, in L? implies the pointwise
convergence a.e. in B™ (upon passing to a subsequence). Without loss of generality we

denote P;, := P;. This shows in particular that the limit point P is also a map valued in
SO(m).
Showing that Q; — Q weakly in L’

Let us show two things: P 'dP; — P~'dP and P 'Q;P, - P7'QP weakly in L'. Let
¢ € L>*(B"(0,1)), we write
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I::/ Q—1~d3-¢dx—/ pP~1.dP- ¢dux
Bn(0,1) Bn(0,1)

:/ Pi_l-dPi-qﬁdx—/ P‘l-dPi-qﬁdx—i—/ P7l.dp; - ¢pdx
Bn(0,1) Bn(0,1) B"(0,1)

(2.6.39)
— / P l.dP - ¢dx
Bn(0,1)
= / dP;(P; ' — P Y)¢da +/ P~Y(dP;, — dP)¢ dx.
B"(0,1) B"(0,1)
Thus we can estimate
n<|f dnert - eds 4| [ PR - dP)ods
B™(0,1) B"(0,1)
< AP Lo @ 0,1 191 oo (B 0,1 |12 = Pl o (m 0.1 (2.6.40)

+|1PT || oo r(0.1)) -

/ (dP; — dP)¢ da
B (0,1)

= I* + 1T,

where the last inequality follows from the Holder inequality and the fact that P~ = PT.
Each of the terms I*, IT* converges to zero for ¢ — oo. The first convergence follows from
the fact that ||dP;|l, < C and that P; converges strongly to P in any LY. The second
term converges to zero because dP; — dP weakly in L™ (the bounded ¢ is also in any L?
for bounded domains, thus in particular ¢ € (L™)*). This concludes our demonstration
of weak convergence of the PdePZ- to PTdP. In the same way we show the convergence of

PleiPi — P71QP weakly in L' :

I[P P — PP = PP — BUIQP + BUIQP — PO
< PP~ QP + (BT — PTYQP| 1
(2.6.41)
< |[Bllz= 1P, = Pl + |PF = P7]| [P 1

= (%) + (xx).



56

The term (**) converges to zero because Q € L™ and P; — P strongly in any LY in

particular in L™. We estimate the first term as follows:

1P — QP|| 11 < [|Qu(P; — Pl + [|(Qi — Q)P 11
< ||l Lo |12 = Pllon + 119 — Q| Plloo (2.6.42)

— 0,

where the last convergence follows from the fact that €; — Q strongly in L'. Hence finally
we get as follows

weakly in L'(IB"(0,1)). Note that for the weak limit we have
1— 00

The last thing which is needed to be shown is that  is divergence free. This is a simple

consequence of the weak convergence of Q;. Indeed, let ¢ € C§°, then for each i we have

/Qi-Vd)dx:O.

Thus
lim [ Q; - Védr =0.

i—00

On the other hand, using the definition of the weak convergence we get the following

equalities
lim [ Q; Védr = /Q -Vodz =0.
1—00
This ends the proof of the lemma. O

At the end of the proof we have to justify the Morrey type inequality (2.6.32) for our

Q, Q and P from the previous lemma.

Lemma 2.6.15. Let 1 < g < 5. The orthonormal operator P, the antisymmetric operator
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Q and the divergence free operator Q defined in Lemma 2.6.1/ satisfy the following Morrey
type inequality
IV Pllan—a + |19l La.np < C(n, m)[|Q] L2002

Proof. The reason we cannot use [38, Theorem 1.3] for the operator €; is that there is
no clear way to justify that the decomposition will be the same as the one obtained in
the previous lemma. To avoid this kind of difficulty we need to operate with the same
sequences P; and ;. Therefore, we apply [38, Lemma 5.4| to the ;. Following [35], we
denote

V&= {f € L2n720T . df € L9720 || f|| p2am—20 < €},

where a > 0 is a small fixed parameter. Let us now prove that all assumptions of that

lemma are satisfied.

Step 1: every (); is in V*

For every function f, using the Holder inequality we get

I zsan-sesaq@oay < I gon, (2643

Hence, since 2; € C*° and df); we get

Q' n— [ n < Q n
H zHL% 2qta(Bn(0,1)) = H Z”L%(Bn(o,l)) < 0,

14| L2020+ (mn 0,1)) < A% 2ng @ =%

Taking now o = 0 we get

1€2%]] 20, n—20(mr (0,1)) < 12| L (B (0,1)) < €
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Step 2: P, are in L& % and ; € L9720+

We begin with demonstrating that P; € Lg’n72q+a, thus we need to show that VP; €

L9n—9t and that V2P, € L7 24+ From the first part we know that P, € W?2P for

arbitrary chosen § < p < n. Consequently, VP; € LP", where p* := %' As p approaches

n, p* — o0o. On the other hand, the La-a-norm of VP; controls its L&~ 9 % norm (see

inequality (2.6.43)). Therefore, it is sufficient to select p such that p* > q’i—qa. For small «,
q

the fraction ;—a ~ n, making such a choice of p possible. With the second derivative the

problem is even easier: we fix some ball B(a,r) C B™(0,1) and write

1 n
T ey / V2P| dx < C(n)/ V2P |7e da (2.6.44)
TR J Blagr) B(0,1)

d"  ~ 2. The above expression is
29—« 2

noting also that for small fixed value of a we have
also finite for the same reason presented earlier — we ensure the parameter p is close to n,
guaranteeing p > 3.

We handle the L(f’"72q+a norm of the €2; in a similar manner as above.

Step 3: the L?¢ " 2¢-smallness assumption on Qi and P

The L?%"~2¢_smallness assumption [38, Inequality 5.15] on Q; and P; is satisfied — this is
the direct consequence of inequality (2.6.43) and the fact that one can take € := k at the

start of the proof.

Therefore, once the assumptions of the referenced Lemma are satisfied, one obtains,

for each 1 <p < 3
IV Billpons + [[Ql| Lon—r < C(n,m) || 2vn2, (2.6.45)

in particular

||VP@'||Lp,nfp S C(n,m)HQiHLZn,anp. (2646)
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Now we need to show that the same inequality holds in the limit case, i.e.
VP pn—p < C(n,m)||| f2p.n—2p.
For this, we are going to prove that
IVP| rpn—p < liminf [|VE;||rpn-p < liminf ||Q;] r20n-20 < ||| 120,n—20. (2.6.47)

The first inequality could be proved as follows: pick arbitrary ball B(a,r) C B™(0,1)
and note that VP, — VP weakly in LP(B"(0,1)) for each p < n. Thus in partic-
ular we get VP, — VP weakly in LP(B(a,r)). The last show that fB(a ") IVPPPdx <

liminf [ Blar) | VEiIP dz so trivially we get the following inequality

1 1
— / VPP de < liminf —— / VPP dz.
rnP B(a,r) rnTP B(a,r)

As the consequence we get

The second inequality in (2.6.47) follows from inequality (2.6.46). The last inequality is

derived from Lemma 2.6.12. Here is the reasoning:

HQiHLp(B(CL,T)) < HQ||LP(B(a,r))~

By employing the methods used to prove the first inequality of (2.6.47), we finally get

1€ ]| 20.n—20 (Bn (0,1)) < || L2pn—2p(Br (0,1))-

The proof of the lemma is complete now. O

Combining results of Lemmas 2.6.14, 2.6.15, we finish the proof of Theorem 2.6.11. [
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Chapter 3

Prescribing singularities for a

nonlinear elliptic system in the plane

This chapter, based on author’s paper [12], stands somewhat independently from the fol-
lowing two chapters and serves as a valuable introduction to them: it shows how crucial
the structure of nonlinearity of the right-hand side is for the geometry of singularities. On
one hand, we have the celebrated Hélein [10] result, which shows that weakly harmonic
maps u: R? D Q — N C R™, where AV is a closed Riemannian manifold, are smooth. On
the other hand, in 1973, J.Frehse [1], provided an illustrative example of a two-dimensional
solution to the equation

Au = F(u,Vu), (3.0.1)

where F'is an analytic function with quadratic growth in Vu, which is bounded and discon-
tinuous in singe point. Here, we aim to extend the Frehse one-point singularity example,
showing that solutions of the general equation (3.0.1) could have highly intricate singular-
ity structure. More precisely, for the ball B := B2(0, e™!) and v € W2 N L>®(B,R?) with
the right hand side F' defined as follows

Ul + u2 QU — U2
F(u,Vu) = (F1, F) = | =2|Vu|?*——=, 2|Vu]?*— |. 3.0.2
(V0 = (7,7 = (-2vePi e Pt o)
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and u defined by the equations:
uy(z) = sin(loglog(|z| ™)),  ua(z) = cos(loglog(|z| ™)), (3.0.3)

it can be demonstrated that Au = F'(u, Vu) holds weakly in B. Using the same right hand
side F' as in (3.0.2) and modifying u in (3.0.3), we demonstrate a method to prescribe

singularities on any predetermined compact subset of the domain (see next Theorem).

Theorem 3.0.1. Fiz a small radius 0 < r < % and consider the ball B := B(0,r) C R2.
For every compact subset K within the ball B, there exists a solution v € W12(B, R2)NL>

to a nonlinear elliptic system:

Au = F(u,Vu), (3.0.4)
where F defined in (3.0.2). This solution u is singular on K and smooth elsewhere.

In higher-dimensional case, the substitute of Equation (3.0.1), i.e. the p-Laplace elliptic

differential equation of type
—div(|VulP~2Vu) = F(u, Vu),

where |F(u, Vu)| < C|VulP and u € WP, as it was mentioned in Section 2.5.2 also can
exhibit solutions with singularities. Below we will prove the main theorem relying on the

author’s accepted paper [12].

Proof. Let us fix a countable dense subset P := {p1,p2,...} C K. We provide an exact

formula for a solution wu, which is singular in P = K and smooth in B := B \ P.

3.0.1 The structure of the proof

In the spirit of 1], we denote

f(x) = log(1/]x]).
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Recall that f is harmonic outside of the origin and
Af = =2mdy

in the sense of distributions D’(B). Let u be defined as in (3.0.3). The most natural
approach to extending the singularity of such u to all points of a set P could seem to

define

o0
E a;u(x — p;),

i=1
where a; > 0 is a sequence decreasing sufficiently fast (e.g., geometrically) to zero. It
is then straightforward to demonstrate that @ € W%2(B). Unfortunately, due to the
nonlinear structure of the right-hand side (3.0.2), verifying Aé = F(a, Vi), where F
exhibits quadratic growth in the gradient, becomes a highly intricate task. To solve this

issue, we actually change u in a different way, by modifying the function f first. We set

Zalbg(]az—pﬁ)

With this new f, we consider
u; = sinlog f,  ug = coslog f, (3.0.5)
and their approximations
N

uj = sinlog fn, uév = coslog fy,

where

fN—Zazlog< _p’)

Before proceeding with further computations, we present a road-map for the whole argu-
ment which consists of four main steps.

Everywhere below, we write PV := {p;,...,p,} and BN := B\ PV.
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Our first step is to show that each u” is a classical solution to Equation (3.0.4) within
BN This verification is straightforward: one can directly compute the derivatives on BY
and check that the equation holds.

Next, in the second step, we prove that all the maps "V and their limit u belong to the
Sobolev space W12(B,R?), as stated in Lemma 3.0.3. This is one of the most technically
challenging parts of the proof. To achieve this, we verify that u is well defined and that,

N — w4 and Vu — Vu almost everywhere (see

up to the choice of a subsequence, u
Lemma 3.0.2). This pointwise convergence is, in turn, proved by demonstrating that all
u belong to WHP(B) for every p < 2, cf. the computations following Equation (3.0.13),
and the sequence Vu! is bounded in LP(B), cf. Equation (3.0.12). Then we apply the
Rellich-Kondrachov theorem to deduce the existence of such a subsequence u” .

We then show that the map u indeed does belong to W2(B) (see Lemma 3.0.3). Here

is the mechanism behind the computations: we use the fact, see (3.0.6),
Vu € L*(B) < |Vf|*/f* € L}(B)

and that, cf. (3.0.16)—(3.0.17),

o0

VI < (Z _pl,)

The key idea is to first consider the case of a single singularity P = {p;}, where

2 2
azlz — p;l 1
IVfI?/f? = - —5 = :
(ailoglz —pi| ~1)? |2 — pi|2log? | — p]

For any fixed € > 0, we compute:

1 1
2 2 + ) 3 dx
B(0,1) |7 — pi|*log Ix—pz B(pic) Bpie)’ |2 — pil?log® [z — pi

1
/ + dr < oo.
0 c rlog T
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The last inequality holds due to the Cauchy condensation test, as the related sum

(e o]

1
<
Z nlog®n >

n=1

converges for all s > 1. Once this special case is handled, we apply standard techniques to
estimate |Vu|? for P = {p1, po, ...}.

The third step is to show that both ¥ and u are weak solutions to (3.0.4) on the the
entire domain B (see Lemma 3.0.4). The argument here uses the fact that W2 contains
unbounded functions; because of that one can remove the singularity of u’V at p; using
cut-off functions produced by suitable truncations of loglog |z — pi|_1.

Finally, in Lemma 3.0.5 we show that u is discontinuous at points of K and continuous
on B. The continuity at points z € B \ K follows from the uniform convergence of the
defining series in a neighbourhood of each of these x. However, proving discontinuity at
each x € K is more subtle. It is not enough to show discontinuity of the function inside
the sine or cosine term, as the composition with periodic functions could, theoretically at

least, mask such a discontinuity. To address this, let

1

h(z) :=log (iai log 7>
i=1

|z — pil

The core of the argument is to show that for every x € K and for arbitrarily small § > 0,
the image h(B(z,d)) contains an interval I of length at least 27. This is achieved through
an application of the ACL property of functions in W2(B), cf. Ziemer [7, Theorem 2.4.4],
as follows. Within each B(z, ), we find two disjoint measurable sets E,U C B(x,d) such

that:
e |E| > 0 and h|g < M for some constant M > 0,
e hly > M+2m, withU = B(pj,g), where p; € P, |[z—pj| < § for asmall §,0 < & < 4.

The existence of E follows just from the integrability of h. By [7, Theorem 2.4.4|, h is

of class W12 — and therefore Holder continuous! — on almost every line parallel to the
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coordinate axes (also if we rotate the coordinate system). Therefore, along some of the
lines connecting E to U the function A must continuously change from M to M’ > M + 2.
This implies that for each § > 0 the image u(B(z, )) contains the full range [—1, 1] x[—1, 1].

For more details, see the proof of Lemma 3.0.5.

3.0.2 The details of the proof.
We now proceed with the detailed computations and estimates.

Step 1: uN solves the equation on B\ PV. Computing derivatives of u*V in BN =B \ PV,
we get

&XUiV = f;,l(aafN)coslong,
Doty = —f5" (Dafn)sinlog fv.

In the same way we compute the second derivatives

Pul = fr (0% fn) coslog fv — fn2(Oafn)?(coslog fn + sinlog fi),

Pud = — 1 (92 fn) sinlog fx + fr2(9afn)*(sinlog fi — coslog f).

Now we can compute |Vu|? and Aud¥, Au as follows:

VUl |2 = [Vl |2 + [Vud |2
= NIV fn|? cos® log v + f2 |V fv|? sin® log fa (3.0.6)

= IV In,

Au]lv = f;llAfN coslog fn — f§2|VfN\2(cos log fn + sinlog fn)
. (3.0.7)

= 9|V N2/, N Ni’
| u | (ul +U2)1—|—|’U,N|2

Aud = flAfnsinlog fv + f32|V fn|*(sinlog fy — coslog fx)
. (3.0.8)

— 92|V N2, N N )
| u |(’LL1 UQ)1+|UN‘2
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The last equation holds on BN since |[u’¥| =1 and Afy = 0.

Step 2: Sobolev space estimates for uN and u. It is necessary to verify that each u” and
v = limu” indeed belong to W12 N L™ on the entire ball B, and that both «" and u
serve as weak solutions to Equation (3.0.4) within B. Before proceeding with that proof,

we will first establish the following technical lemma, as previously mentioned.

Lemma 3.0.2. Let N € N and 1 < p < 2 be fired. Let moreover a, \ 0 be a geometric
sequence of positive numbers. Then, the function v’ belongs to the WYP(B). Moreover,

we have the following pointwise convergences

u

N(z) = u(x), (3.0.9)

Vul (z) — Vu(z) (3.0.10)
for almost every x € B.

Proof. In the first part of the proof, we will show that «” € WHP(B). It is sufficient to
demonstrate that u € W1P(B), as the proof for u} follows in the same manner. The

function u! is bounded on B, which implies ul € LP(B). On BV, we have

N N

1 1 T —p;
Vul = cos (log g a;log ) : . E a——. (3.0.11)
i=1 ' |z — pil sz\il ailog‘x—pi’_l i=1 Z

For each = € B, we have |z —p;| < r < % Thus, p := inf; (infmeg log Flpﬂ) > 0. Using

this, we get
1 N T — p; N 1
IVud oy € —— D @i || <0 q||l——
) pZﬁl a; ; |z — pil? LP(B) ; |z — pil LP(B)

(3.0.12)

oo
<C)Y a4 <0 <o,
i=1

for some constant C. This shows that the sequence Vu!' is bounded in LP(B). Next, let

us fix an arbitrary test function ¢ € C§°(B). To complete the proof that u{ belongs to
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the Sobolev WP space, we need to show that
/ ul - Veodr = —/ Vul - ¢ dx. (3.0.13)
B B
To do this, we write
/ u]1V~ngdm:—/ Vu]lv-gbda:—l—/ ul - ¢-vdr (3.0.14)
B\UB:(p:) B\UBc(p;) dUBc(p;)
where v denotes the unit normal vector to d(UB:(p;)). Now we estimate:
< Jlud foollgllocl¥ oo - 27N e — 0.

/ u ¢ vdr
BUBE(]JL‘)

Thus, by letting ¢ — 0 in Equation (3.0.14), we obtain that condition (3.0.13) is satisfied.

Next, we prove the pointwise convergences stated in (3.0.9), (3.0.10). The first con-
verges is straightforward: since the sequence fy is bounded in W1P(B), by the Rellich-

Kondrachov theorem, we can write (after possibly passing to a subsequence) that fxy — f

in LY(B), where ¢ = 3 > 1. In particular fy — f almost everywhere. This shows that
ul = sin(log fn) — sin(log f) = uy (3.0.15)

almost everywhere. To prove the pointwise convergence of the gradients (3.0.10), we first
choose a subsequence of fV such that the pointwise convergence (3.0.15) holds, and denote
this subsequence again by fV. This ensures the following convergence for almost every

r € B:
! R
fN(z) flz

Thus, to show the pointwise convergence of Vu” described in (3.0.11), it is sufficient to

cos(log fN (z)) - — cos(log f(z)) -

~—

show that (up to a subsequence)

=3 ath
Z\m—pP
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converges to

Zaz T — P

|z — pil?

almost everywhere. It is clear that g% is a Cauchy sequence in L'(B): for fixed N, M € N

such that N < M, using the fact that the sequence of functions h;(z) = L il is bounded

|z—

in LP(B), we obtain the following inequality

M M
T —p;
g™ = g™l L1 (s = Z a;||——3 < CZai.
i=N+1 |z~ pil LY(B) N

This shows that the above difference can be made arbitrary small. Since L'(B) is com-
plete, ¢V converges (possibly up to a subsequence) to a limit in L. Clearly, the limit is
exactly the function g. The L!-convergence implies the pointwise convergence of ¢™¥ to g.

Consequently, for that subsequence, we have Vu — Vu almost everywhere in B. ]

Lemma 3.0.3. Let u : B — R? be the function defined in Equation (3.0.5). Assuming

that a, \, 0 is a geometric sequence of positive numbers, it follows that u € W12 N L>®(B).

Proof. The fact that u is bounded and that u € L?(B) is obvious. Unlike the straightfor-
ward proof for Vu € LP when p < 2 (as discussed in Lemma 3.0.2), demonstrating that
Vu € L?(B) requires a more delicate argument. Using computations in Equation (3.0.6)

we need to prove that |V f|?/f? € L'(B). Using an elementary computation we get

Ouf = Zal _py2 (3.0.16)

Hence

2 — 2
. .0.1
Vit s (X =) (3.0.17)

We fix some small positive § > 0 and use Cauchy-Schwartz inequality to get

(S n) = (St = (2) 3 s
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We know that

C=)a <. (3.0.18)
Thus we get
iR/ < SZEr el
_— 0o _ 2
(Zj 0“110g|$—pj| 1)

Since the ball B is small enough, we can assume that each term a; logm_ilp,| is strictly
J

positive. This observation allows us to estimate the denominator M as follows

1
log .
|z —pi| 7 |x—p1]

M > a? log2 —— + 2a;aq log

|z — pil

Assuming a1 = 1, p; = 0 and denoting A := inf,cp(log Ell) > 0 we get

M > a? log? ——— + 2\a; log

FEr ol
We fix p,q > 1 such that % + % = 1 and recall that for each numbers x,y > 0 the next
inequality holds
-y < £p+£ S:rp—i—yq.
p q

Thus, by applying the aforementioned inequalities, we obtain

23 1

0 2
) <
>
oo 2-28
a; 1
= : ' 3.0.19
Z |z — pil? (a210g2 |z — ps|~1)1/a - (2)a; log | — p;|~1)L/P ( )

G281/
Z

pil? a2log? v — pi| 1+ 2\a; log |z — pif !

1+1/q

Y | — p; |2log |z — pi| =1
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Writing

1
b; ::/ dx
Blr— pi\Qlong/q | — pi| L

and integrating the above inequality over the ball B, we obtain

o0 o0

- _oa_ 1 1-28—-1/

S a 1/‘1/ dr =Y aq, b, (3.0.20)
i=1 ' B |z — pi’2 10g1+1/q |z — pi‘_l i=1 '

Note that the whole sequence b; is bounded. Indeed each of the b; is finite because 1—&—% > 1.
Let us fix arbitrary index ¢ and radius 7 << r, let moreover B; := B(p;,7). Using the

change of variable we write

b — /+/ ! dx
’ B JB\B ) v — pi2log V9 |z — ps| 1

1 1
= dﬂc+/
/B(O,f) ]2 Log!+ 1/ | =1 B\B; |& — pi|2log! /% |z — pi| 1

=T141I.

dx

The first term I is bounded by constant C' = C(7). The second term II is also bounded

because each = € B\ B; satisfy
O<e<|x—pi|<r
for some fixed constant £ > 0 and so

1
- <
= /B g2 log1+1/‘1 el dv < Cle,r).

Hence by combining those two inequalities it follows that b; < C(e,r,7). These constant
is independent of index ¢ and so the sequence b; is bounded. In that case the expression
in (3.0.20) is bounded if

S a < o, (3.0.21)
i=1

To ensure that it is possible to find such parameters /3, ¢, p that (3.0.21) and (3.0.18) are
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satisfied, one might choose 8 = i and ¢ = 6, leading to 1 —28 —1/q = 1/3. Consequently,

a; must fulfill the conditions
o0 o0
Za;/Z < 00, z:ai/‘3 < 00. (3.0.22)
i=1 i=1

Observe that if a; = ¢' for a certain ¢ € (0, 1), then both a3/2 = (¢*/?)" and a3/3 = (¢'/3)
form geometric sequence with ¢'/2 € (0,1) and ¢/3 € (0,1), respectively. Consequently,
this ensures that the conditions in (3.0.22) are satisfied.

Similarly to Lemma 3.0.2, we need to show that for each test function ¢ € C§°(B), the

following equation is satisfied:

/ u-Vodr = —/ Vu- ¢dx. (3.0.23)
B B

Using the fact that u” is bounded and that the sequence Vu! is bounded in LP for every

p < 2, we can write:

= imu® (z) - z)dz =lim | uN(z)- x)dx
[ ut@)-Vo@)de = [ timu¥ (@) Vo) e =t [ () Vo(a)a
= li]{[n BVuN(x)-dJ(a:) dx = /Blij{[nVuN(:U)'qS(x) dx (3.0.24)

:/ Vu(z) - ¢p(x) dx.
B
Hence u € W2 on the whole ball B. O

Step 3: removal of singularities. Now we prove that v and u are weak solutions to

Equation (3.0.4) on the whole ball B.

Lemma 3.0.4. Assume u defined in Equation (3.0.5) satisfies Lemma 3.0.3. Then, for

each ¢ € C§°(B) the next equation holds

/ Vu-Vodr = / F(u,Vu)¢dzx, (3.0.25)
B B
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where F is defined in (3.0.2).

Proof. Firstly we show that u’¥ satisfies (3.0.25) with
FN = F(uN, vul).

We take advantage of the fact that W2 includes unbounded functions. Recall that the
function

loglog —1— lz —pi| < 1
Gi(z) == el ‘
0 lx—pi| >

belongs to W12(B) for i € {1,..., N}. We construct the sequence ¢¥ € WH2(B) for k € N

in the following way:

¢k (z) == max{min{¢;(z) — k, 1}, 0}.

Note that ¢¥(z) # 0 on the ball B(p;,ry) for ry == e=" and ¢¥(pi) = 1. Also we note that

Vi if ¢Ge(k k+1),
vk =

0 elsewhere.

For each x € B we have a pointwise convergence Czk(:c) — 0 and

IV = [ 1VeHPda

IVCF2 de 222 0.

B /B(pi,rk)\B(pimkH)

In the same way we show that

k—oo
It = [ It dn= [ ks =0
B B(pi,rk
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Hence ¢* £220 0 in WL2(B). Let
=G R

It is worth noticing that for k > 0 large enough, all Cf, 1 =1,..., N have disjoint supports.

Now we decompose each ¢ € C§°(B) as follows
0 =C"o+9(1- ")
—_———
supported in BN

We write u?¥ = ul¥ = sinlog [le\il a; log ﬁ and FY = F}¥ because proving that the

weak Equation (3.0.25) holds for the entire vector u” = (u},u’) and F is equivalent to

proving it for the first coordinate.

/}VuNV¢dx—-/1VuNV«f¢+¢ml—Cﬂ)¢t
B B
:/ VuNV(¢F ) d:v+/ VuNV(p(1 - ¢F)) da
B B

= I + IIg.

The support of ¢(1 — ¢*) is contained in BY. Hence

I, = / FNo(1 — %) de 222 / FNodz.
B B
By computing the derivative in the first term and using Holder inequality we get

I, = / vulN oV ek dz + / VulV PV da
B B

k—00

< 18lloo IVuN | 221V EF | 12 + 1V @loo [V | 22 [1¢F]|l2 = 0.

This shows that, for each finite N, Equation (3.0.25) holds in a weak sense, i.e.

/VuNngd:n:/ FN¢dz. (3.0.26)
B B
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To show that the same holds for initial v = lim u®

N—oo

theorem. For almost every x € B we have u™ (z) — wu(z) and Vu™(z) — Vu(z) (see

we use a dominated convergence

Lemma 3.0.2). Firstly we show that there exists a function g € L'(B) such that for almost

every x € B and every N € N

[N (2)] < g(2).
Indeed, using the fact that sinx, cosz < 1 it follows

N | N
o U7 + Uy

FN(2)| = 2|vuN
| ()| |“’1+|uN|2

< 2|Vl 2.

So, by estimating ]VUNP, we can estimate FV. We proceed in the same way as in the

proof of Lemma 3.0.3. Equation (3.0.19) gives us

Vi al 28-1/q
Vu <C
| | Z \x—p \210g1+1/q|w—pi\_1
1 26-1/q 1 (3.0.27)
CZ |x —p; |210g1+1/q |2 —pi|_1 = ®(z) € L'(B),

where last inequality holds because every |z — p;|? log!t1/a Flp'l >0 on B.

To estimate the left hand side of (3.0.26) we firstly recall that it is enough to show that

< 00.

sup
N

/ Vul'Vo da
B

We write

sup | [ Vu¥Vods| < sup [ Ve iz IVl iz
N B N

(3.0.28)
<C@)®PllL1 ()

where C(¢) is a constant depending on ¢. This completes the proof of Lemma 3.0.4. [

Step 4: the pointwise behavior of u on K and on B\ K. To complete the whole proof, we

need the following.
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Lemma 3.0.5. Let v : B — R? be defined by 3.0.5. Then, u is discontinuous at each

x € K and continuous on B\ K.

Proof. Denote

|z — pil

al 1
Y :=log Z a; log (7>,
i=1

and its limit

> 1
hzlogZaﬂog( ),
i=1 [z = pil

recall also the notation

al 1
= a-log( >
28

We are going to split the proof of the lemma onto two parts: continuity of u on B\ K and

discontinuity of « in every point of K.

Continuity of u on B\ K.
Here the situation is easier because of the fact that each point from B \ K has an
open neighborhood disjoint with K. More precisely we proceed as follows. Each of the

terms log ( is continuous on B\ {p;}, and thus its final sum f" is continuous on

1
B\ {p1,p2,...,pn}. In particular each of fV is continuous on B\ K. Let z € B\ K
be fixed and because of the fact that B\ K is an open set we get the existence of ball

B(z,R) C B\ K. For arbitrary y € B(x, R) we write

P —pi|>| < 3 ales()|-0 wom)
Note that

— | > inf |y —p;| = inf |y — 2| > inf — 2| = dist(K, B =5 >0.
|y pzl_pliréply il Zngly Z|_zeK,ylgB(x,R)‘y z| = dist(K, B(z, R)) >0

Hence for each y € B(z, R) and each p; € P we get

1
log ()‘ < I
’y_pz’
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As a result we derive

(%) < Cl{ai}Zslln = € < o0,

where constant C' is independent on y € B(z, R). This shows that the sequence fV con-
verges uniformly to f on the ball B(z, R) and thus f is continuous on the whole B(x, R).
Thus for each z € B\ K the function f is the limit of continuous functions £V, and therefor

is continuous on all of B\ K. As a conclusion

u(x) = (cos h(x), sinh(x))

is also continuous on B\ K as the composition of continuous functions.

Discontinuity of u in every point x € K. Showing the discontinuity of u via the disconti-
nuity of A requires additional care, since trigonometric functions such as sin and cos can
mask discontinuities due to their periodicity. In fact this is the main problem here. Let
us fix now x € K. The goal is now to show the following: there exists ¢’ > 0 such that for
every 6 < ¢ the image of the ball B(x, ) under h satisfies h(B(x,0)) D I, where I C R is
an interval with length || > 27. This ensures that u takes every value of [—1,1] x [—1, 1]
on the ball B(x,d), and hence u is discontinuous at x. We fix some small 6 > 0 and the
ball B(z,d) such that B(z,d) C B. Here is the argument of the proof:

We will construct two measurable sets E,U C B(x,d) such that h|g takes only small val-
ues, while h|y takes sufficiently large values. Then, using the ACL (absolutely continuous
on lines) characterization of Sobolev functions, we will conclude that there exists a line
segment [ connecting a point in £ to a point in U, along which h is continuous. This will
imply that h varies continuously along [, transitioning from small values on E to large
values on U. We now proceed with a careful and precise argument. Recall that from the
proof in Lemma 3.0.3 we have that h € W12(B). To construct the first measurable set
we proceed as follows: since h € LY(B(z,d)), there exists a measurable set E C B(x,d)
with |E| > 0, and a constant M > 0, such that h|g < M almost everywhere. To construct

the second measurable set we rely on density of P in K. Since P is dense in K there
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exists p; € PN B(x,0). Using the fact that each term a;log Wlpw is strictly positive (see

argument in Lemma 3.0.3), we obtain the estimate:

[e.e]
1 1
h(z) = log a; log (7> > log (a-logi).
) ; N\ z -y T | -yl

Now fix M’ = M + 2x. Since the right-hand side becomes arbitrary large as z — p;, we
can choose a sufficiently small radius 6 > 0 such that hl Bp;5) > M’ almost everywhere.
We then define the second measurable set as U := B(p;,0).

From the ACL characterization (see first Ziemer |7, Theorem 2.1.4 and Remark 2.1.5])

we know that h € W12(1) for almost all line segments [ € B(x, §) parallel to the coordinate

axis.

Figure 1: Tllustration related to Lemma 3.0.5. The sets E,U C B(z,d) represent regions where the func-
tion h attains relatively small and large values, respectively. The point p; € P lies at the center of the ball

U = B(pj,d). The bold line £ is one along which h is continuous, while the dashed parallel lines indicate

a slicing family of B aligned with ¢.
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This result remains valid under arbitrary rotations of the family of lines, since the
Sobolev WP space is invariant under rotations. Let us now construct such the rotation
a such that the resulting family of lines L = {l/;}; € J indexed by a set J of positive
measure, satisfies the following: each line /; starts in E, ends in U, and h]lj is continuous
for every j € J. The construction is easy: We cover the whole ball B by the finite number
of balls B; with radius § (it is possible due to the compactness of B), denote F = {B;}™,.
There exists a ball By € F such that By N E # 0 and |By N E| > 0; otherwise, this
would contradict the fact that E has a positive measure. Now it is enough to take the line
going through centres of sets U and Bj. This line defines the angle o for which the above
construction holds.

Now, take an arbitrary such line [ € L. By the ACL characterization, we know that
h € WY2(I N B). Since [ is one dimensional, the Sobolev embedding theorem gives the
embedding W12(1) < C/? (see Ziemer |7, Theorem 2.4.4]). Thus, h is continuous along
the line I, and hence h|jnp varies continuously from M to M’ > M + 27. As a result, for
each small 0 > 0 we have u(B(z,d)) = [-1,1] x [-1,1]. This shows that u is discontinuous

at each point x € K. [

O]
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Chapter 4

Regularity of H-systems

Theorem 4.0.1. Let n > 2 be fized. Let u € W™22(B"(0,1), R**1) be a solution of
H-system equation (2.5.36) for Lipschitz and bounded H : R"T! — R. More precisely for

arbitrary test function ¢ € D(B"™(0,1),R*"*1) the following equation holds

/ |Vu|"2VuVedr = / H(u)J (u)¢ dx. (4.0.1)
B"(0,1) B"(0,1)

Then u s locally Holder continuous.

The space W™/22 is a subspace of W1" (see Note 2.6.9) and, importantly, is not a
subspace of L, so the problem does not trivialise like in Note 2.5.11 (i.e. one cannot test
Equation (4.0.1) by its solution).

To show the Hélder continuity of a solution u, we will use the Dirichlet Growth Theorem
described in Theorem 2.4.1. Therefore, our analysis reduces to studying the local behaviour

of the gradient of the solution. Specifically, we aim to establish the inequality of the form
/ |VulPde <%, p<n, a>n-—p.
B(a,r)

We work under the critical integrability exponent p = n: we fix ¢ > 0 and we show that

the [|[Vul[gn—ce(p(a,r)) decays like r® for some s > 0.

Note 4.0.2. To avoid any miscommunication that may arise from a choice of parameter
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g, we would like to make the following note: the precise value of € is specified in inequality

(4.0.54) at the end of the proof, and this value does not depend on the solution u.

For that, inspired by Iwaniec [12], assuming that u has been already cut on the ball
B(a,r), we define the vector field G = |Vu|*Vu. Due to the stability theorem 2.6.4 one
show that G = V¢ 4+ V, where V is small in L?-norm for ¢ > n. We choose ¢ as the test
function to Equation (4.0.1). Applying the Morrey embedding theorem one shows that the

left hand side satisfies

/ |Vu|"2VuVe¢dr > / |Vu|"¢ dz + small other terms.
B"(0,1) B(a,r)

Then the right hand side satisfies

< small multiple of TEHVUHZZEs,s(B(a,gr))-

'/H(u)J(u)qﬁda:

To demonstrate this, we decompose the right-hand side by Hodge decomposition into two
parts: the Jacobian part (the 'good’ part), which has one coordinate in L? for ¢ > n, and
the 'bad’ part, which does not have a Jacobian structure. The Jacobian structure of the
'good’ part allows us to use H!'— BMO duality theorem to obtain more refined estimates.
We estimate the 'bad’ part using the commutator theorem. The assumption v € W™/22

is needed to estimate the critical norm ||Vu||}., which appears on the right-hand side.

Proof. Fix some point a € B"(0,1) and small radius 0 < r < %dist(a, 0B™(0,1)). Let
¢ € C§°(B(a,3r)) be a cut-off function, i.e. ( =1 on B(a,2r), ( =0 on R™\ B(a,3r) and

V(| < % for some constant C > 0. Define now a cut off version of u as follows

U= C(u - [U]B(a,&"))a (402)

where [u] B(a3r) = fB(a 3r) udx. Before delving into the proof, it is necessary to establish

the following useful lemma.
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Lemma 4.0.3. Under the notation as above, we have

IVl Legny < C(p,n)||Vull Lo (B(a,3r)) (4.0.3)

for some constant C(p,n).

Proof.

IVl sy = [ [Val"do = IV(C(u — [u]a))” dz
(®") R" B(a,3r)

— [ - WV CTuP da (4.0.4)
B(a,3r)

C\p
<(S) [ uetars [ vapde= (o)
r B(a,3r) B(a,3r)
Applying the Poincaré inequality to the first term we get the following inequality

(x) < (C)prp/ |Vul? dx +/ |VulP dx
r B(a,3r) B(a,3r)

(4.0.5)
< C(p,n)/ |VulP dz.
B(a,3r)

O

In order to find a proper test function ¢ for Equation (4.0.1) we define a vector field

G = |Va|~ ¢V for some fixed € > 0 (the precise value of parameter € will be given at the

end of the proof). Applying Hodge decomposition to the vector field G and using Theorem
2.6.4 we get

G=Vo+V, (4.0.6)

for some ¢ € WH(R"™) and divergence free V € L(R™), where 1 < ¢ < 7"-. We use the

cut-off version of ¢ on the B(a,2r) to test Equation (4.0.1) (see the argument below).

Properties of the test function ¢

To justify our choice, we first observe that ¢ > n, implying that ¢ is Holder continuous

n

on R™ with the exponent 1 — 7 (see Theorem 2.2.3). Secondly, by employing inequality
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(2.6.13) and acknowledging the continuity of the Hodge decomposition, we deduce that
IVollLa@ny + 1VIze < C(n, )G Loy < C(R)IG | agrn)

for some general constant C'(n) that depends only on n. Given that the balls are for now
centered at the point a, we will simply denote B(r) := B(a,r) for convenience. With that

notation, using Lemma 4.0.3, we get

G Lo ey = /]R (IVal~#|val)! do = /B 3 V@)1= dy
e (4.0.7)

< C(a,n)/ |Vu|1=9) dg < C(n)/ |Vu|1=9 dg,
B(3r) B(3r)

where the last inequality follows from following computations: by computing the precise
value of C(e,n) one gets C(e,n) = 14+n -2/, The function f(e,n) = 1+n- 2%/ (=)
is continuous on the compact set [0, 1] x [n — e, -], thus it attains the supremum C(n).

Thus the function ¢ satisfies

e 1/q
196 gz < Cln)( / Va9 (4.0.8)

B(3r)

Holder continuity of ¢ on R™ leads to the boundedness of ¢ within the ball B(3r). Before
we proceed to estimate the supremum norm of the function ¢ on the ball B(3r) we make

a technical note.

Note 4.0.4. Because the function ¢ is defined as the gradient part of the vector G in
(4.0.6) we observe that ¢ is defined up to a constant. We use that property by considering

¢ of zero mean value on the ball B(3r), i.e. [#]pyy = 0. Indeed if this is not the case, we

define then
d(z) = d(z) — [BlB(3r)-

Thus from here on we assume that ¢ has a zero mean value on the ball B(3r).
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Lemma 4.0.5.

6l zm(an) < Cn el ITull 1% s (409)

where C(n,e) could potentially approach infinity as € tends toward zero, i.e.

lilrn0 C(n,e) = 0o for every unbounded solution u.
E—r
Proof. O

Using the Morrey embedding Theorem 2.2.3 we get

[9llcoeBEr) < Cn,e)lIVollLapar))-

The zero mean value of ¢ together with continuity of ¢ implies that the function ¢ has a

zero value, for instance, ¢(y) = 0 for some y € B(3r).

|9l Lo (B(3rY) = es;g)ww)lé €s}gg)|¢(56)—¢(y)|+|cz5(y)l

< sup | 6]l coeB@mle —yl' e

2€B(3r (4.0.10)

< C(n,e)3r)' 7|Vl Lagsan)

. Y
< Cln,e)(3r)' % (/B(3 | V0= ) ",

If one sets ¢ = 77, the above inequality will contain the L™-norm of the gradient of u,
rendering it ineffective. One of the reason is that the critical exponent does not allow to

efficiently manipulate Holder inequalities. To avoid that problem we put ¢ = 3=2 > n,
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getting

_n(-e) e (1—¢)/(n—¢)
6l oy < )32 ([ (wulr <)

(1=¢)/(n—e)
= Ol ([ g a) T

— O(n,e) - 1e - (rF) 19/ (n=2) . ( / Vul"% dz 4.0.11)

B(3r)
1
=C(n,e)r® (F / |Vu|""¢ dx
B(3r)

) (1=2)/(n—e)
< C(n,e)r* |Vl 25 e (s

)<1—a>/<n—e> (

The above constant C(n,¢) also depends on ¢, as setting € = 0 yields ¢ = u € Wb,
where ¢ may become unbounded. Moreover in such scenario, the constant C(n,e) could

potentially approach infinity as e tends toward zero, as Wh™ ¢ L.

Estimation of the left hand side
We prove the following lemma.

Lemma 4.0.6. Let ¢ be a function described in Equation (4.0.6) and (1 be a cut-off
function on the ball B(a,2r), i.e. (1 € C*®(B(a,2r)), (1 =1 on the ball B(a,r), (1 =0 on

c
R™\ B(a,2r), and |V(i| < % for some constant C. Then

1
/ Vu"?Vuv(G1é) de > / |Vul*~ da— - / Vul" de—C(n) / V| da,
B™(0,1) B(a,r) ) B(a,3r) A
(4.0.12)
where A := B(a,2r)\ B(a,r).

Proof. The proof is straightforward - it is enough to compute the gradient of (¢ and to
estimate each of the terms using Holder and Poincaré inequalities. The reason we introduce
the new cut-off function (; has a technical nature - all computations of the left hand side
will be localized to the ball B(a,2r), which is crucial for getting the final decay inequality
(see Equation (4.0.55)). More precisely, in the calculations below we use the identity

V¢ = G — V. While the vector G is supported in B(a,3r) the same is not true for V,
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whose support generally extends beyond B(a, 3r). By introducing the new cut-off function
(1, it is now possible to substitute Vu on V4 on the support of (;. Here is the way we

handle computations:

|Vu|"2(Vu Ve da
~—~
=G-V

/ |Vu|"2VuV((1¢) de = / |Vu|"2¢Vu - V¢ dx + /
B (0,1) B(2r)

B(2r)
—/ |Vu"2¢pVu - V( dx—l—/ |Vu""2(,Vu - G da
B(2r) B(2r)
—/ |Vu|" 2V - Vde := T4 11+ 111
B(2r)

(4.0.13)

We are going to estimate each of the above terms separately. For the term II we just write

1= / |Vu|""2¢ Vu - |Vu| *Vu dx
B(2r)

= / |Vul""¢¢ do > / |Vu|""¢¢ do (4.0.14)
B(2r) B(r)

> / |Vu|""¢ dx.
B(r)

We are going to estimate the term III by applying the T.Iwaniec stability theorem (see

Theorem 2.6.4). Indeed by inequality (2.6.14) we get
IVl ooy < CEINVUIE 5o (4.0.15)

consequently recalling the fact that (; < 1 and using Holder inequality with parameters
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IHS/ \vu|”2\g1\|vuuwdx§/ V" V| dz
B(2r)

B(2r)
= N
< (/B(%) |Vu|" ¢ dm) - </B(27~) V| d:c) ) .
C

1
(n)le| |Vul" " de < — |Vu|""¢ dx
B(2r) 10 JB(2r)

for £ > 0 sufficiently small (depending only on n). For the last term we observe that the
support of V( is A := B(2r) \ B(r) and there it holds |V(1| < % Applying additionally
the Poicaré and Holder inequalities to the term I and Note (4.0.4) we get the following

inequalities:

I< f/ANuW‘w du < S(A|vu|n—edx) Zi(A‘¢|“dx)w

1—¢

< ([ 19up o) - (/Bm 6~ [8]an | do) ™

n—1 l1—¢

< c(/AWU\H dx) e (/B(w V|1~ dw) " (4.0.17)
. 1,

Inequality (4.0.8) bt 1
<o / [Vl )" ( / V<)
B(3r)

/|Vu|” 6(1:134—/ |Vu|""¢ dz,
B(3r)

where last inequality is the Young inequality (see Evans [31]|, Appendix B.2., inequality

d.). Combining aforementioned estimates we finally get

/ |Vu|["2VuV(¢1¢) dr > 1 — [TIT| — [1|
B (0,1)

> / |Vu|"" ¢ de — L |Vu|"" ¢ dx — C(n)/ |Vu|""¢ dx
B(r) 10 JB(2r) A (4.0.18)
) 0.

- — Vu|"" ¢ dx
10 JB(3r) [Vl

2/ |Vu\”5d:1:—1/ \Vu|”€da:—C'(n)/ |Vu|"¢ dx.
B(r) 5 JB(3r) A
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Estimation of the right hand side

Unlike the approach taken to estimate the left-hand side, where the entire system was
considered, in this instance, we will focus on a specific coordinate of the right-hand side
vector. This is because the proof for other coordinates follows similarly. The right hand
side (or shortly R) of Equation (4.0.1) is the vector field in R™*! such that for each

i=1,...,n+1it holds (cf. Note 2.6.1)
(Ju)idxl/\.../\d:cn =duy N...ANduj—1 Ndujp1 Ao Adupyg.

We fix now ¢ = n + 1 and write

/ H) (Ju)nsr - C1 - s dar = / HW)C - duprdur Ao Adun.  (4.0.19)
B"(0,1) B"(0,1)

Denote b := H(u)(; and recall that di = du on the ball B(a,2r), we simply get

R:/ ¢n+1bdﬂ1/\.../\dan:/ ¢n+1(b'd(ﬂ1))/\.../\dan
Bla2r) B(a,2r)

:/ i1 da/\.../\dan—l—/ G108 A ... Adily, (4.0.20)
B(a,2r) B(a,2r)

= Rl + R27

where b - diiy = da + §8 is the Hodge decomposition. We are going to prove the following

lemma.

Lemma 4.0.7.

Ry| < CVull o (5asn) /B( [l e (4.0.21)

a,3

|Ra| < C(n,6)7“‘5HVuHZ;fEYE(B(a&))\I/(a,3r), (4.0.22)

where U : B"(0,1) x (0,1) — R is an absolutely continuous function (see inequality

(4.0.51)).
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Let us highlight the primary challenge in estimating R; and Ry. The term R; does
not deviate significantly from the general right-hand side R, as it also encompasses the
Jacobian structure, which facilitates the application of the Fefferman—Stein duality the-
orem—effectively addressing the issue. Conversely, the term Rs, unlike Ry, lacks the
Jacobian structure, thereby precluding a straightforward application of the H!-BMO dual-
ity theorem. Fortunately, in our scenario, it is possible to represent co-differential part 65
as a commutator operator, represented by an element from the BMO space. This allows
for the application of the commutator theorem to effectively estimate the L™ norm of it.

We write the precise proof below.

Proof. We start with an examination of the simpler term, R;. To aid the reader’s com-
prehension, we include a brief technical note on our approach to analyzing this term. One
might initially consider directly applying the Fefferman-Stein (F-S) duality theorem to the

unmodified form of R, resulting in the inequality

R < HQZ)HBMQ”da/\ /\dﬂnHHL (4-0-23)

However, this strategy is fundamentally flawed as it does not provide a sufficiently good
method to further estimate the ! norm of the Jacobian introduced. The core issue arises
because da along with all coordinates of du reside in L™, which restricts the use of the
Holder inequality with parameters pi,p2,...,pn = % To solve that issue, we perform
integration by parts on Ry replacing ¢ on @, (no boundary values appear) and then we use

the fact that V¢ € LY for ¢ > n which permits operations beyond the critical exponent.
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Here is the detailed method by which we proceed:

Rlz_/ @ da ANdi® AL ATV A den T
B"(0,1)

< ||’anHBMO(]R")HdO‘ A dﬁz VANRRAAN dﬁ”_l A d¢n+1||Hl(Rn)

(4.0.24)
< ||ﬂn||BM0(Rn)HV¢||Lq £ R ||V al|y > &) llde]| Ln—c(mn)
1—
< C)@ I aogn ( /B o T d) V252 g
where the last inequality follows from Equation (4.0.8). We now note that
datl| pn—e@ny < ||b- dir]|gn—<(B(3r)) < bl BE) IVl L0 (B3
S C(n, H)HV’IZHL"*E(B(Z’W)) (4025)

< C(n, H)||Vullpn——<(B(3r)-

The last inequality follows from the Lemma 4.0.3. Hence, by utilizing the Sobolev embed-

ding theorem BMO < W we arrive at the final estimation of R;:

Ry < C(n, H) il mogn / Vu[" de
B(3r)
< CIValpgery [ VU da (4.0.26)
B(3r)

< IVl sy | P

Let us now take care of Re which is a more complicated term. Estimating this term cannot
be approached in the same manner as R; due to the absence of the Jacobian structure.
Consequently, integrating by parts or applying the Holder inequality to achieve similar
outcomes is not feasible. To express the co-differential part §8 as a commutator operator,
we introduce the projection onto the gradient part operator. Specifically, for every vector
field X in LP we define

T(X)=T(da+d8) =

The operator T is a Calderon-Zygmund operator — it can be shown that a(y) = V'« X (y),
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where I' = ﬁ&’i@ is the fundamental solution of Laplace’s equation. Hence (cf. Definition
2.6.5)
do= VT X(y) = <C|'(|7;Ll)) * X (y).
x

With this notation we express the co-differential part 63 as follows

(5ﬁ =do — bdﬁl = T(bdﬂl) — bT(d’ELl)
(4.0.27)

= [b,T)(duy).
We estimate the L™ norm of 3 using Coifman-Rochberg-Weiss commutator theorem 2.6.6
getting

1681 Lr gny = 116, TH(dti1) | Lr(eny < N[0, T | it || Lo (rem)
(4.0.28)

< C|Ibllmo(wn) i | pn )

Now we can write

Ry < C|o|| o= |Vl 2 168
(4.0.29)

< Cl|oll L[ VaZalbl Bmo-
Note that when using C-R-W commutator theorem instead of trivially estimating 63 by
the L™ norm of the Va, there appears an extra term ||b||gmo. The supremum norm of ¢
will be estimated by Lemma 4.0.5, so the last thing we need to show is that ||b||gmo is

small enough. To do so we write

[0llBmo®ny = 11 H (u)l|BMO(B(a,2r)
< [IG1llBmoB @2 IH ()l Lo (Ba,2r)) + 1€l oo (Ba,2r ) 1 H (@) | BMO(B(a,2r)

= (x).
(4.0.30)
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Functions H and (; are bounded also the BMO norm of (; is bounded by a constant:

C 1
G IBMO(B(a2r) < IVCillzn(Ba,2r)) < ﬁ‘B(aa 2r)|~ < C. (4.0.31)

The BMO norm of H(u) will be estimated as follows: by leveraging the assumption that

H is Lipschitz continuous, we obtain

1H () [yt s = Sup ][ H(u

BCB(a,2r)

= sup H(u(y)) dy| dz
BCB(a,2r)

< sup ffw <wwwx
BCB(a,2r)

< Lip(H) sup 7[ ][ ‘ dy dz

BCB (a,2r)
sup £ 4 Juta) [b—MM@M
BCB (a,2r)

B§%Tff} MA@M+££@@—M4@M)

< Cllullsmo(B(a,2r))-

The last thing needed to be shown is that the BMO norm of u on ball B(a, 2r) is estimated
by the Morrey L™ %¢ norm of the gradient of u. Indeed, applying Holder inequality and

then the Gagliardo-Nirenberg-Sobolev inequality (Theorem 2.2.3) with parameters p* = n
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and p = n we get the following inequality

elbviorsiaan = s [ute) ~ bl ds
BCB(a,2r)
n 1/n
< sup ][‘ dm)
BCB(a?r
_l n/2 2/n
<C sup |B|™» |Vul dx)
BCB(a,2r) B

2/n
<C sup ’B| n [ / ’Vu‘n ¢ d )2(n E)’B|2<” E)]
BCB(a,2r)

. (4.0.32)
=C sup |B|_% / |Vu|" ™ dx) ("75)|B|n(n76)
BCB(a,2r) B
1
=C sup |B| 709 (/ V| dac) e
BCB(a,2r)
<C sup 71 / |Vu|"~ sd:c
BCB(a,2r)
1
=C sup 7“_‘E |Vu|"™* dx) " < COIVull g s (B(a,2r))-
BCB(a,Qr) B
Thus, turning back to the initial inequality (4.0.30) we get
[bllBMo®n) < ClIVullpn-—c.«(B(a,2r) (4.0.33)
and so by combining inequalities (4.0.29), (4.0.33), (4.0.9) we have
|Ra| < C(n, e)r||Vul|Z,= e Bz VU Lr (B(a2r)- (4.0.34)

For now, let us divide our analysis into two parts, focusing separately on odd and even

dimensions n.

e The number n is even: using here inequality (2.6.22) in Note 2.6.8 the estimate of

Rs becomes

|Ro| < Cn,e)r (Ve 725 s 1l Bnio sasm IV 2@llTe (). (4:0.35)
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Initially we note that

HfLHBMO(B(a,sr)) < C(n)HVUHL"*E’E(B(a,?)r))' (4.0.36)

Indeed, by substituting 4 into inequality (4.0.32) and approaching the estimations in the

same manner as demonstrated in that inequality, using also Lemma 4.0.3, we obtain

n d:c) 1/n

lillsvosaay < sw (4 fata)

BCB(a,3r)

2/n
<C sup |B|—% /\vm”/?dx)
B

BCB(a,sr) (4.0.37)

2/n
<C sup |B|711(/ \Vu|"/2dx>
BCB(a,3r) B

< C||Vul|pn-c.c(B(a,3r))-

We also need to ensure that the last term of inequality (4.0.35) is an error term, i.e. to
show that the function r — ||V 211]\%2( B(a3r) is absolutely continuous. Applying the

Leibniz rule to the higher order partial derivative we can write

n « 2
A4 /2“HL2 Blagr) = | > \ CvﬁuHLQ(B(a,Sr))
{a.B:]al+|Bl=n/2}
< Z HVQCV/BUHLQ B(a,3r) (4.0.38)

{p:|al+|8]=n/2)
= (%).

Slightly abusing notation and recalling that all norms on R"™ are equivalent, we can
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rewrite (x) as follows:

n/2
() = Z v/ Va“”%?(B(a,:ar))
a=0
n/2
C «

< Z rn—2a Hv UH%Q(B(a,?)r))

a=0

C n/2
— a, 12
_,TnH“_[ U] B(a,3r) ”L2(Ba3r +Z7m 2a/(a3r |VYu|* dz

a, |n/a 7 ;2a
< IVl iy 3 o sz ([, 97w d) " (B
n/2
< VUl + S CONT U e
la|=1

n/2
< |Z CO)IVull} e 330y = Pla: 37,

al=1

(4.0.39)
Thus finally we get
|Ra| < C(n,e)rf||Vull}.S e (a73r))\lf(a,3r). (4.0.40)

e The number n is odd: let in this case n = 2k + 1 for some k£ > 1. Using inequality

(2.6.26) we have
Hva”zn(Rn) < CH{LH%R/E()(Rn) : [vka]%‘/l/z,z(Rn)-

We denote for s € (0,1) the space H® := W*P. Like in the previous case we have to show

that the term [Vkﬂ]Hl/z(Rn) is an error term, i.e. we want to show that the function
k ~
®(a,r) := [V*U g1/2(gny

satisfies lim, o ®(a,r) = 0. This case is more complicated than the previous one because
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of the non-trivial norm structure of H*. We proceed similarly to [33, Proposition 3.5],
with slight modifications. Here is the precise way we take a facile approach to this

problem:

[V 0 s gy = [VF(C(w = CNpsey <Y (V¢ ViUl sy, (4.0.41)
a+pB=k

We denote

w(z) == V(z) - Viu(z).
The support of w contains in the ball B(a, 3r) and moreover
C
(@) < V(@)

Note 4.0.8. We are working on the ball B(a,4r) instead of the ball B(a,3r) mainly
because the integral 4.0.43 explodes for x near by boundary. Hence, by this extension we

omit this problem simply because the function w is zero outside of the ball B(a,3r).
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Using the definition of the H® norm we write

2
w(z) — w(y
W] /2 (mny = /n /n dedy
w(z) —w(y)?
W) = WYV gedy
/” / B(a,4r) \/]R"\B(a4r) |LE* ‘nJrl )
()| / / w(@) —w(y)?
dxdy + dxdy
/” /B(a 4r) |:II - y|n+1 n JR™\ B(a,4r) ’ZE - y|n+1
_ 2
/ Loy e,
B(a,4r) "\ B(a,4r) B(a,4r) ’H? - y’n
B(a,4r) R™\ B(a,4r) R™\ B(a,4r) ’.ﬁU - y|n+1
_ 2 _ 2
:/ [ WOy [ e,
B(aar) JB(aar) T —y[" B(aar) JRMB(aar) T —y|™
2
R A
R™\B(a,4r) R”\Ba4r) lz —yl

/ / lwlz) = wiy)” WF 4, dy+2/ / )’il dady
B(a,4r) J B(a,4r) ’(L’— ’n B(a,4r) JR™\ B(a,4r) ‘l’— ’n

w(@) —w(y)? / / 1
2 dxdy + 2 w(z ———— dydz
/B(a 4r) / (a,dr) ’.’L‘ - y’n—i-l B(a,4r) | ( )| R"\ B(a,4r) |I’ - y‘n—&—l

=1+ 2IL

(4.0.42)

Let us firstly take care of the second term II. One can show (see for example |33, Propo-

sition 3.3|) that
1
- ay<orh 4.0.43
/R"\B(a,élr) |z — y|" ( )

Thus we write

11} < CT_I/ lw(z)|* de < C’r_l/ za]VB (z)|? dx
B(a,4r) B(adr) "

C C
_ = B 2 _ B 2
< Batl /B(a,4r) |VPu(x)|* dx = SO—A /B(a,4'r) |VPu(z)|” dx (4.0.44)

= |
= —7F Viu(z)|? de = ().
o [ VR = ()

Note that this kind of expressions we got in the even dimension case. Applying Hélder
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inequality to the above integral to eliminate Tn%zﬁ we obtain

)QW. (4.0.45)

() < / VPu(a)|? de

B(a,r)
Now we have to ensure that the above integral is finite. This can be done as follows: the
last’ derivative of u belongs to the HY/2, i.e. VFu € H'/2, thus the Sobolev embedding
theorem for the fractional H*® space (s.f. [34, Theorem 6.5]) implies V*u € LP", where

p* = n:”;p. In our case s = %, p = 2 and so p* = % > 2 — this is the improvement

2n 2n
we were searching. Hence V¥u € L#—1 which implies inductively that V*~1u € wh a1,

Again using the Sobolev embedding theorem 2.2.3 we get V¥~ lu € LP", where this time

p* = %. Hence
2
= = .
n—ﬁ n—3

2n
This gives us again that V¥~ € wha-s. By the induction we show that
. 2n
Vk=iy € L7,

Therefore we write 8 = k — j, for some j € N, so

2n 2n n
Vﬂu c Ln=1=2j = [[n—2(k-B)-1 = L;a’

where the last equality follows from the assumption n = 2k + 1.

To estimate the first term I we write

w(x) —w(y)| = |V¢(z) - VPu(z) — V¢(y) - Viuly)]
= |V*¢(z) - VPu(z) — V¢(z) - VPuly) + V¢(x) - Viuly) — V*¢(y) - Viu(y)|
< V()] - [VPu(z) = Vou(y)l + [Vou(y)] - [V¥¢(x) = V()]

C
< ﬁ|vﬁu($) = Vou(y)| + [VPu(y)| - Jz =yl - [Vl
C

ra+1

C
< r—a|VBu(a:) — Viu(y)| + |z — y||VPu(y)| = II; + . (4.0.46)
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Note that for some constant C' > 0 we have |w(z) —w(y)|> < C(II3 +113). With this we

estimate II as follows

B B
H< / / [Viulz ZJF?( )l dzxdy
B(a,r) B(a4r |.’L'— |
1
b / Vou(z)? / . dyde = (x
r2o+2 B(a,47‘)| ( )| B(a,dr) ‘J} - y‘n—l ( )

The second term H% is easy, indeed

(4.0.47)

1
/ T dydl' S CT,
B(a,4r) |:1: - y|

thus

26
I3 < é \VAu(z)[>de < C \VPu(z)|? de) " < oo.
2 n—2p8
r B(a,4r) B(a,4r)

To estimate the first part I1? we distinguish here two cases & = 0 and a # 0. When

a =0 we have § = k and so

VFhu( Fu(y)[?
12 = / / | dxdy < 0.
B(a,4r) J B(a,4r) |IE - |n+1

Therefore, due to the absolute continuity of the integral, the above expression is abso-

lutely continuous with respect to r. If a # 0, then the singular term TQ% appears. In
order to estimate it properly we need the following estimate on convex domains (for the

proof see |33, Proposition 3.1]).

Fact 4.0.9. Let D be a convex domain and let s > 1. Assume u € H*(D), then the

following estimate holds true

// |u|:z:— rE= dxdy<C’7“/\Vu )|? da.
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Applying this fact we get

C C
I < 2&7«/ VA () |? do = Qa_l/ |VA*u(z))? dz
r B(a,4r) r B(a,4r)
o (4.0.48)
= m ]Vf3+1u(x)|2dx < 00,

B(a,4r)

where the last inequality follows in the same way as inequality (4.0.45). Clearly, ®(a,r) =
[Vkﬁ] H/2(RP) is absolutely continuous due to the absolutely continuity of the above

estimations. Hence

|Ro| < C(n,e)r®||Vul7.2 e U(a,3r), (4.0.49)

B(a,3r))

where U(a,r) is the upper bound of ®(a,3r) derived from the previous computations.
This ends the proof of the Lemma 4.0.7. O

Thus we have the following / final inequality on the right hand side

(R = [Ba| + | Ra| < O, ) [Vl o 0y a0 37), (4.0.50)
where
\i/(a, 37’) = HVuH?zn(B(a’ST)) + \If(a, 3?”) (4051)
Last step — choice of ¢ and decay inequality

Combining the lower bound estimate of the left hand side (see inequality (4.0.12)) and

upper bound estimate of the right hand side (see inequality (4.0.50)) we obtain

1
/ |Vul"dr — - / |Vul""¢dx — C(n)/ |Vu|""¢ dz
B(a,r) 5 B(a,3r) A

< C(n,e)rf||Vull}.5e . U(a,3r), (4.0.52)

(B(a,3r))
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hence

1
/ |Vu|""¢de < C(n)/ |Vu|""¢ dz + / |Vu|""¢ dx
B(a,r) A 5 B(a,3r)

+ C(n,e)rf||Vu 12 “(B(W))\if(a, 3r). (4.0.53)

Now we recall that A := B(a,2r) \ B(a,r), so the integral over A could be rewritten as
J Bla2r) ~ J B(ay)- Laking the integral over the ball B (a,r) on the left hand side and using

the monotonicity of the integral, i.e. [ B(a,2r) <[ Blaar) Ve get the following inequality

1
(1+ C’(n))/ |Vul"cde < (7 + C(n)) / |Vu|""¢ dx
B(a,r) b B(a,3r)
O, IVl sy (0, 37)
Dividing both sides on 1 + C(n) and noting that A := %izc(g) < 1 we get

/ [Vu|" ¢ dx < )\/ |Vul""% dz + C(n, e)r||Vu|7,.< e (B(a,3r) T(a, 3r).
B(a,r) B(a,3r)

Now we divide by ¢, getting

1 €
— |Vu|""dx < A3 -
™ JB(a,r) (BT)

/ Vul" da + C(n, &) |Vl 5.« 50,3y P (5 37)-
B(a,3r)

We choose € > 0 such that

AL i=3FA< 1L (4.0.54)

The e chosen in that way depends only on n. Hence the above inequality is now of the

form

1
o [Val*™ de < M ||Vul7.2

¢ JB(a,r)

+ C(n,e)¥(a, 3r)||Vu| ™

B(a,3r)) L" &:¢(B(a,3r))"
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The above gives us

1
— |[Vu|""¢de < (A + C(n, E) (a,3r)[|Vul|7.= e

e Blar) B(a,3r))’

hence using the absolute continuity of the function \if(a, 3r) we choose r > 0 so small that
Ao = A1 + C(n,a)\fl(a, 37) < 1 holds for each ball B(a,37), where 0 < 7 < r. With this

notation we write
1

= DUl e < XVl
a,r

B(a,3r))*

Using the fact that if B(z,p) C B(a,r) then B(z,3p) C B(a,3r), we can in fact take the
supremum of the left hand side. In this way we obtain decay inequality of the following
form

IVl

< o[ Vul|7, (4.0.55)

L" &:.¢(B(a,r)) L" :¢(B(a,3r))"

Now, we have to make one more standard technical step to finish the proof. Applying the

above decay inequality k-times we get

HVUHL" 55 < AQHVUHLH ss

B(a,r)) B(a,3%r))"

Let k be the largest "correct" iteration, i.e. Ry := 3Fr < %dist(a, oB™(0,1)) but 3+ >

Ldist(a, 0B™(0,1)). We write

)\126 _ (3k>10g3 A2 <3krk)log3 )\grflog,g )\2.

Denoting now p := —logs Ay we get
)\IQC = R7#rt = Cr#,

where C' > 0 is constant. The above decay inequality gives us now that (noting also that

[ Vull7 In— EE(B(O 1)) < 00)

HquLn e < Crht.

B(a,r))
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Turning back to the definition of the Morrey’s norm we obtain that for each sufficiently
small ball B(a,r)
/ |Vu|" ¢ do < Creth,
B(a,r)

Therefore by the Dirichlet Growth theorem 2.4.1 the map w is locally Holder continuous.
O
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Chapter 5

Regularity of n-harmonic maps

Theorem 5.0.1. Let N be a Riemannian manifold isometrically embedded into R™,
u e W22(B"(0,1), N) be a weakly n-harmonic map for some fized natural n > 2, i.e. u

is a weak solution of the differential equation
—div(|Vu|"2Vu) = |Vu|" 2 A, (Vu, Vu), (5.0.1)

where Ay : TuN x TN — TN is the second fundamental form of N'. More precisely for

each test function ¢ € WOI’"(]B"(O, 1), R™) the following equation is satisfied

/ |Vu|"2VuV¢ dz —/ (V|2 Ay (Vu, Vu) ¢ da. (5.0.2)
B"(0,1) B"(0,1)

Then u s locally Holder continuous.

The strategy of that proof is the same as in the proof of H-systems: we aim to show

that a solution u of Equation (5.0.1) satisfies locally the following inequality

/ |Vu|Pde < Crt.
B(a,r)

The main difference here lies in the structure of the right hand side, where the Jacobian

structure is lost. Now because u is bounded, one could try to use the solution u as the test
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function to equation 5.0.2. However, the naive L' estimate of the right hand side together

with [|ulec < C < o0 is useless:
V2 :/|Vu]"2Vu-Vudx :/|Vu|"2Au(Vu,Vu)uda: < OV

In order to find a better estimate of the right hand side, one has to exploit its struc-
ture. Using the antisymmetrization trick of the bilinear form A (see Fact 2.5.4), we write
A(Vu,Vu) = QVu, where Q; ; = ZZ(A;Z - Agl)Vul is an ’almost’ gradient field. More
precisely, the L™-norm of the divergence-free ’error’ part of the Hodge decomposition of €2
is small by the Coifman—Rochberg—Weiss commutator. The antisymmetric structure of the
right-hand side provides hope for further improvements. Applying the Riviére-Uhlenbeck
decomposition to the € (see Theorem 2.6.11) we can replace the matrix Q with a diver-
gence free matrix  given by the formula Q = PTVP + PTQP, where P is some SO(R™)

valued function. This leads to the modified equation of the form
div(|Vu|"2PTVu) = |[Vu|"2Q - PTVuy

see Lemma 5.0.3 below in the proof. The L™-norm of new matrix @ is also small, i.e. one
can show that [|Q||z» < ||lullBmol|Vul[z» (see Lemma 5.0.6). This significantly improves
the L! estimate of the right hand side — testing by the solution « now produces much more
refined estimate than its trivial || Vul||}.. However, the following problem arises: testing
the left-hand side of the new equation with the solution w does not yield ||Vu||}.. To
achieve this, one has to test with a map w such that P7Vu = Vw + V. Unfortunately, this
introduces a new problem: Vwu is not necessarily bounded, and consequently, w also can
be unbounded. The solution, with a slight modification, of this problem is the same as
for the H-systems: we fix some small parameter € > 0 and, inspired by Iwaniec-Sbordone
[15], work under the critical exponent by testing the equation with the gradient part of
G= \Vu]*EPTVu. With this choice, we can properly estimate both the left-hand side and

the right-hand side, so that an application of Dirichlet Growth Theorem is finally possible.
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Proof. Antisymmetrization of the right hand side, extensions

We start with analyzing the right hand side of Equation (5.0.1). Following Note (2.5.2)
we extend the second fundamental form A, to the bilinear form on whole R™ x R™ for
each fixed p € N. Also we extend A, with respect to the p variable to a function C§°(R™).

Using the antisymmetric structure of the operator A, (c.f. Fact 2.5.4) we can write
Ay (Vu,Vu) = Q- Vu,

where Q: R” — so(m) ® A'R” is an antisymmetric matrix of one-forms. More precisely,

by denoting A, (e;, e;) := A; ;, elements of ) are defined as follows

n

Qiﬂ' = Z( ;’,l — Ag’l)Vul.
=1

In that way Equation (5.0.1) reduces to the following equation:
—div(|Vu|"2Vu) = |Vu|"2Q - Vu. (5.0.3)

Cutting a solution u, further estimates on 2

Fix a point @ € B" and let r < gdist(a, 8B"(0,1)). Let ¢ € C§°(R") be a cutoff function
such that ¢ = 1 on B(a,2r), ¢ = 0 outside of the B(a,3r) and |Vi((z)| < TQZ for each

x € B(a,3r). Similarly to the proof of regularity for H-systems we define a the cutoff

version of u on the ball B(a,3r) in the following way

w(z) = ((2)(u(@) = [ulB(asr) + [UlBasr): (5.0.4)

However there is a small difference between this cutoff function and the one described in
Equation (4.0.2): this function @ is equal to the original solution u on the ball B(a,2r),

not just their derivatives. With that we redefine §2; ; by putting instead of u the function
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Qij = D (Aj(@) — Al (@) Vi, (5.0.5)
=1

where A;;(u) := Ag(ej,e;). Thanks to the extensions of A, all €;; are well defined.
Observe that Equation (5.0.3) still holds on the ball B(a,2r). The advantage of such
redefining is that now © = 0 outside of the ball B(a, 3r), hence we localize the investigation

locally to that ball. We are going to prove here the following very useful lemma.

Lemma 5.0.2 (Estimation on ). With the notation as above we have
12 zn@ny < C(n, NIV prwny < C(n, N)IIVUll Ln(B(a,3r)) (5.0.6)
and for fixed p > 0
19| pr-pprny < C(n, NIV prpwgny < C(n, N)IVUll pn-pr(B(0,3r)) (5.0.7)

where C'(n,N) is the constant depending on n and manifold N .

Proof. The first equation follows from the Lemma 4.0.3 and the fact that the second
fundamental form A, is smooth and compactly supported. More precisely, for fixed indices

1,7 > 0 we write

192 5l ey < Y II(AL (@) — AL (@) V| o gy
=1

<) AL () — AL (@) ]| oo @) | V| 1 (e
=1

n

< CM)|IVullpn Bz Y (1Aalej, )l oo ey + | Aa(ei, €)oo rny )
-1

< C(n, M) IVl n @n).-

Hence the whole norm ||| zn(gny == 37, ; |25l Ln(&n) is bounded by C(n, N)[|Vul| n gn)-
The proof of inequality (5.0.7) is a bit more complicated. As we saw above we have the

pointwise inequality |Q(z)| < C(n,N)|Vu(z)|, thus the first part of the inequality is trivial.



107

Let us prove now that

IVa|l po-rpo@ny < C()[[ VUl La-pr(B(a,3r))-

We write

V]| pr-po@ny = [[V(C(u = [ul B(a,3r)) || Ln-pp (m7)

IN

(u— [U]B(a,i’)r))VCHL"*P#’(R") + HCVUHL”*%P(R") (5.0.8)

v — [u] Ba,3r) | Ln—rr(Ba,3r)) + VUl Lrp0(B(a,3r)>

where last inequality follows from the fact that |V¢| < % and from the fact that for each

function f : R™ — R such that f = 0 outside of B(a,r) C R™ it holds

I fllzes ®ry = | fllLoss (Bar))-

To estimate the Morrey norm of u — [u]g(4,3,) We perform the same steps as in inequality
(4.0.32), i.e. we firstly apply the Holder inequality and then the Gagliardo-Nirenberg-

Sobolev inequality (c.f. Theorem 2.2.3) getting the following inequality

1 / _ —
u— (U] Basmll Lr-ro(Blasr) = sup — u — [ulg(asm|" Pdx
lu=lilpanlisreean = swp (5[ fu=llssn]" o)

1/n
<cw s ([ ju s lde)
7>0,y€B(a,3r) B(y,7)

n 1/n
<[ =l ')
1 7 _1
< C(n)r( — |Vul? dx) nr
TP B(a,3r)

: =
< C(n)r sup ~/ e — [u] g | P ) "
7>0, y€B(a,3r) (Tp B(y,7) [ ]B( 3 )‘ )

= C(n)r||Vull Ln-rp(B(a,3r)-
(5.0.9)
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Hence Equation (5.0.8) reduces to the following

IVl ooy < ClIVUl v (5030 (5.0.10)

which ends the proof of the lemma. O

Riviére—Uhlenbeck decomposition of antisymmetric matrix 2

We improve the structure of the right hand side of Equation (5.0.3) by using Theorem
2.6.11 to the operator 2. Here is the precise way we do that.

Small energy assumption: Firstly, we assume that the condition of small energy,

2 Lrmny < €0 (5.0.11)

is met. This assumption holds true since the L™-norm of the €2 is entirely controlled by
the L™-norm of the Vu within the corresponding ball (see Lemma 5.0.2, Equation 5.0.6).
Hence, if this condition (5.0.11) does not hold on the ball B(a,3r) we simply take smaller
radius 0 < 7 << r and a corresponding cut-off function ¢ such that ||| ngny < 0. The
selection of 7 and ¢ remains independent of the point a € B™(0, 1), due to the absolute
continuity of integration.

n—e

Choice of p: Fix some small parameter ¢ > 0 and let p = “5=. We apply the Riviere—

Uhlenbeck decomposition 2.6.11 to the matrix-valued operator € on the ball B(a,3r)

getting P € WbH(B(a, 3r), SO(m)), P = Id on dB(a, 3r) such that the matrix

Q=P ldP + P'QP (5.0.12)

is divergence free. We set P = Id outside of the ball B(a, 3r), resulting Q = Q = 0 outside

of B(a,3r). Moreover we have the following estimates

1P| zr(B(a,3r)) < C(nsm) || Ln(B(a,3r) (5.0.13)
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HdPHLp,nfp(B(a’g,q)) < C(n,m) ||| p2p.m—20(B(asr) - (5.0.14)

Combining Lemma 5.0.2 with the zero extension of dP outside of the ball B(a, 3r), we get
|dP|[ngny < C(n,m)[|Q rgny < C(n,m, N[Vl Lo(B(a,zr)) (5.0.15)

and

[P sy < C )9 arn-zoqzny < O, M| Vel pen—spiasry-  (5.016)

Connection of the new Q) with Equation (5.0.3): the following lemma shows how to

involve the new matrix Q to Equation (5.0.3).

Lemma 5.0.3. The new map P~'Vu satisfies:

—div(|P~ V" 2P V) = |[P7IVu" 20 - P71V (5.0.17)

weakly in B"(a,3r). Equivalently, by recalling that P is orthogonal a.e. in B(a,3r) and

that P~ = PT we write

—div(|Vu["2PT . Vu) = [Vu|"2Q - PTVu. (5.0.18)

Proof. The proof relies on elementary computations. Firstly we are going to prove that

—div(|Vu["?PT . Vu) = |Vu|["2(PTQ - VPT) . Vu, (5.0.19)
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weakly in B(a, 3r). To be rigorous we actually computes for ¢ € C§°(B(a, 3r))

/ |Vu|"2PT . Vu - Vodx :/ \Vu|" 2V (PT¢) - Vudz
B(a,3r) B(a,3r)

—/ |Vu|" 2V PT . Vu - ¢dax
B(a,3r)

(5.0.20)

:/ |Vu]"2PT¢~Q‘Vu—/ \Vu|"2VPT . Vu - ¢dx
B(a,3r) B(a,3r)

= / |Vu|"2(PTQ — VPT)Vu - ¢ de,
B(a,3r)
where the first equality follows from the differentiation by parts
V(PTy) = oV PT + PTV.

To finish the proof of this lemma, we need to express the gradient of the PT. By differen-

tiation the identity PPT = Id we obtain

vp. P+ pvPT =0,
which implies

vpPT = —pT.vp.pT
Hence Equation (5.0.19) is now of the following form

—div(|Vu[" 2P . Vu) = |[Vu|"2(PTQ - VPT) . Vu

= |Vu|" 2(PTQ+ PT . VP P")Vu
(5.0.21)
= |Vu["2(PTQP + PT . VP)PTVu

= |Vu|"2Q - PTVu.
O

Note 5.0.4. We now focus on studying Equation (5.0.17). The regularity of solutions to

this new equation tmplies the regularity of the initial solution u due to the norm equality
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|PTVu| = |Vul.

Now that the structure of the equation is established, it is time to select an appropriate

test function.

Selecting the test function ¢

We proceed similarly to the case of H-systems: define the vector field

G" = |va| = (PTVa)",

where £k = 1,...n and € > 0 will be chosen, independently of u (see inequality (4.0.54)),
at the end of the proof. Without loss of generality we skip writing G* and instead we

write just G. Ome can check that G € L" for 1 < r < ;%-. In particular G € L7 for

n

1—= > n. Applying the Hodge decomposition to the vector field G we get

q:=
G=Vo+V,

where ¢ € Wll’q(R”), and V € L9(R",R") is divergence free in the sense of distributions.

ocC

Moreover by inequality (2.6.13) and Lemma 4.0.3 we show that

L \(1=9)/(ne)
IVéllawny + IVIILa@n) < ClGllLa@ny < C( e |Vul da:) . (5.0.22)
Using Lemma 4.0.9 we get that
(e L \(1=9)/(n=s)
16l o (B(a,3r)) < C(e)r (r / |Vl dar) : (5.0.23)
B(a,3r)

where the constant C'(g) — oo as € — 07. As the final step of this section we introduce
another cut-off function (; € C§°(B(a, 2r)) such that (; = 1 on the ball B(a,r) and (; =0
outside of the ball B(a,2r). Similarly to the case of H-systems, we will test Equation
(5.0.17) by the function (;¢.
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Estimation of the left hand side

Lemma 5.0.5. The left hand side of Equation (5.0.18) is bounded from the below by

fB(a ") |Vu|" ¢ dx, up to some less important terms. More precisely we have

[ e PV Vo de > [ v
B~(0,1) B(a,r)

1
—C(n)/ |Vu]"€dm—/ |Vu|""¢ dz.
A o B(a,3r)

(5.0.24)

The main problem here is to estimate the divergence free part V, showing that this
map is actually small enough. This is mainly due to the fact that there is no trivial way to
represent V' as the commutator operator as we did in the H-systems. Also the estimation
5.0.22 is too crude for this case (i.e. that it will not combine well with the estimation of
the right hand side). To resolve the issue, we will use a more general theorem than the

commutators theorem — the Iwaniec-Sbordone stability estimate (c.f. [15, Theorem 4]).

Proof. Differentiating by parts and then using that V¢ = G — V', we get

/ \Vu|"2PT - Vu-V((1¢) de = / \Vu|"2PTVu - ¢ -V d
B"(0,1) B(a,2r)

+/ \Vu|"—2-PTvu-g1~de—/ \Vu"2PTVu- ¢ - Vda (5.0.25)
B(a,2r) B(a,2r)

=14 1T+ II1.

Now we are going to estimate each term independently. We start with the second term.

Note firstly that on the ball B(a,2r) the map u and its cut version @ coincide, i.e. u = 4.
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We write

II:/ ]Vu\”_ZPTVwCﬂVu\_EPTVudx:/ |Vu|""27¢ . ¢y - |PTVul? da
B(a,2r) B(a,2r)

= / |Vu|""%(1 do
B(a,2r)

> / |Vu|" "¢ dx.
B(a,r)

(5.0.26)

Let us now estimate the I term. By applying the Hoélder and Poincaré inequalities we get

C o
n<? / IVl 1\¢|dm

<7 /yvu|" “ do) /|¢y<n /12 gy )

1—¢

<S( [ v ) ( [ gl an)
r A B(a,2r)

n—1

()™, e

Similarly to the H-systems we use the Young inequality to obtain

(5.0.27)

I < C(n / [Vu|""¢ dz + / |Vul""¢ dz.
B(a,3r)

The last step is to estimate the term III. We start with Holder inequality applied to III,

getting the following inequality

m< [ o [T T VI S IV 0 [V -0 0y (5:0:29)

Now the whole difficulty lies in the estimating of the L("=)/(1=¢)_norm of V. To do this,
we define two operators: T is the projection on a divergence free part and S¢(f) :=
| fll5—z1fI~¢f. The main point is the Iwaniec-Sbordone stability theorem (see [15, Theorem
4]), which implies

[TS7(f) = SETH g < C)le][ fllzn-e. (5.0.29)
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If we put f = PTVi, the term V appears then in the TS f). Indeed,
T(S°f) = T(I el /175 F) = | Valls_.T(IVal~*PTVa) = |[Val;_. - V. (5.0.30)

We additionally denote

PIVi=Vw+W,

where W is divergence free. Now estimate V in the following way:

VIin—e)/a-e) = IValEc IVl IV [ (n—e) /1—¢)) = IVElRENT (S Ol (n—e)/(1—e)
= | VallZ T (S5 f) = SUTf) + S*(TH)lln-e)/(1—e)
< |[IVall,Z. (TS f) = SHT )l (n-e)/1—e) + 1S (TH)ll(n—e)/(1-¢))
< Vil (C)el| flln-e + 155 (T(PT V@)l n—s) /(1<)
< |Vall,Z(C(n) el Vull n—e(Basr) + 195 (W )l n—e)/(1—2)
= |Vl £ (Cn)[ell[Vull Lr-e(Basr) + IWln—lWI™ W ln—c)/a-e))
= IVl 2 (Cn)ellVull e (a3 + W ln—el W25
= Vil 2 (C(n) el Vull Lr—e(Bazr) + W [ln-c)-
(5.0.31)

We estimate the L™ ¢-norm of W using the commutator theorem: let T be the projection

operator on the gradient part, then

W ln—e = [|PTV = V|ln—c = [T, TYVE)|In—c
< |1PT|Bmo | Vil|n—e
(5.0.32)
< C(n,m, N)|IV P pr—<c(Ba3r) VUl Lr—<(B(a,3r))

< |IVullpn-ce(Ba3m) VUl Lr-<(B(a,3r))

where last two inequalities follow from inequality (4.0.32) and inequality (5.0.16). This
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gives us finally the estimation of V:

IV lln-e)/1-e) < IVl pn-s (503 (CElI VUl Ln-c(Ba,3r)
+ Cl|[Vul pr-<c(B(a,3r) I VUl L2 (B(a,3r)))

< CIVulEE oy (€] + 1Vl mee(piaany) - (5.033)

B(a,3r)

With this estimate on V', inequality (5.0.28) takes of the following form:

|IH| < CHVU| Ln— s(B(a o )HquLn <(B(a,3r)) (’5‘ + HVUHL" &g ( (a,3r)))

< CHVU| Ln ¢(B(a,3r)) (|€| + ”VUHL" ¢:¢(B(a, 37"))) (5034)
— O] + |Vl g 5oy / Vu|"* da
B(a,3r)

Now we choose £ > 0 and the radius 7 > 0 so small that C(|e| + || Vul| pn—c.c(B(a3r)) < 15-

Hence, we finally get the desired estimation of III

1
) < = / V| da (5.0.35)
10 B(a,3r)

Combining all the previous estimates on the I, IT and III we estimate the left hand side of

Equation (5.0.18) from below in the following way:
/ |Vu|"2PT . Vu - V(¢1¢) dx > 1T — |T] — |II1|
B"(0,1)

) (5.0.36)
:/ V" dz — C(n)/ IVl d — / V"< da.
B(a,r) A i) B(a,3r)

Estimation of the right hand side

Similarly to the H-systems, our goal is to properly estimate the right hand side from above.

As will become clear later, the main issue lies in estimating the L™-norm of . The trivial



116

approach
12 < 12]ln < [[Vulln

leads to the

1V aul*72Q - PTVl| prsn 0,1)) < IVl En (5050

However, the above estimate is useless — one can not obtain a 'decay’ inequality (see in-
equality (5.0.47)) from that. Fortunately, the commutator theorem provides a significantly
better estimate for 2, showing it to be much smaller than the previous naive estimate.
We start with a straightforward approach:

/ |Vur"‘2Q-PTVu-c1¢dxs/ (V" 2|0 - [P [Vul - |G - o] da
B7(0,1) Bn(

)

<[ IvurR ol de
B(a,2r)

< 16l (Basm) / (V0] da

< 19l oo (B(a,zm) IVull 7 agr))HQHL"(B(a,Qr))y

(5.0.37)

where the last inequality follows from the Hélder inequality with parameters n, -*5. We

estimate the L°°-norm of the ¢ by using inequality (5.0.23)

1 (1—e)/(n—e)
Bl (B(a3r)) < Cle)re / Vu|""¢ dx
I6limasny < CE° (5 [ IVl ds)
(1—e)/(n—e)
SC(€)T€< sup / |Vu|"™ 8alyc) o (5.0.38)
B(z,7)CB(a,3r) (x,7)

= OO IVull e ey

Now it is time to estimate L"-norm of .

Lemma 5.0.6. The L"-norm of the Q satisfies the following inequality

Q| £r ey < ClIVUll <o (Bazr) |Vl Lo ey (5.0.39)
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Proof. The key trick here lies in the commutator theorem. As usually let T be a projection

on the divergence-free part operator. Now because the matrix € is divergence-free we have

On the other hand, Q = PTdP + PTQP, hence we obtain
Q=17(Q) =T(PTdP + PTQP) = T(PTdP) + T(PTQP).
Taking the L™ norm of  and using the triangle inequality,
Q| o ey < N T(PTAP) || pn(meny + IT(PTQP) || 1wy,

We are going to estimate each of the norms independently. This is a perfect moment to

make a technical note.

Note 5.0.7. Assume F = bVg, where b € BMO and g € WP for some p > 1. Using the
Hodge decomposition we obtain F = Vf + F. In order to estimate the LP norm of F we

write

F=bVg—Vf=0bT(Vg)~T(bVg) = [b,T|(Vg),

where, unlike the previous definition, T' temporarily denotes the projection operator on the

gradient part. Thus the commutator theorem gives us the proper estimate on F':
IElp < ClbllBmol Vllg-

We start with the first term. Note firstly that P = Id outside of the ball B(a,3r)
implies dP = 0 outside of B(a,3r). Using now the above note we estimate T(PTdP) as

follows

|T(PTdP)|| 1n®n) < ClIPllemo(B(a3) 4P| 1n(B(a,3r)-

Combining again the estimate ||P||pmo < [|[VP|[pn-ce (see first 4.0.32) and then the in-
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equality || P|[zn—=c < [[Vul[gn—<c (see inequality 5.0.16), and also [|[VP||p» < [|[Va||zn (see

inequality (5.0.15)) we get
IT(PTdP)| pr@ry < VUl e (80,30 | Vll Lr @) (5.0.40)

Thus the estimate of the first term has the form we need.
Let us now take care of the second term. In fact it behaves similarly to the previous
term. To see this we note that (PTQP);; = >, t P <825+ P ;. Recall that

Qij =>4 ;l(ﬂ) - Ail(&))Vﬁ , SO NOW we can write

(PTQP); =Y PLP (A () — ALy (a) Vil (5.0.41)

s,t,1

Abusing the notation, we note that b := PT oPuj (A7 (@) — AL (@) € L, and hence it is
an element of BMO space. Once again, we can apply the C.R.W. commutator theorem as

in Note 5.0.7, to obtain

IT(PTQP)||n < Y IPL P (A7, (7) — AL (@) lBMo [V . (5.0.42)

s,t,l

We deal with above BMO norm as usually — firstly we estimate it by the L™%¢ secondly,
by applying the integration by parts, we estimate each of the P; ; and Az , separately. Here

is the precise way we do that

1P P (A () — A(@))llBmo < IV (PP (AF)(7) — AL y(@)))]| pn-sc

< (1P (A5 (@) — AL (@) |20 IV PL N pr-ee + 1 PL (A (@) — AL (@) | 200 IV Pl pr-ene
+ Py Plllee |V (A7 (@) — AL (@) [| po-sc

S IVPL e + IV Pyl e + IV (AZ (@) — A5 ()| pr-eee

< IVullpn-2(B(asry) + [IVA@) [ Lnce-

(5.0.43)
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Using the chain rule, we can write V(A(Va)) = VA(Va) - Va. As it was said at the
beginning of the whole proof, A is a smooth function, so its gradient is bounded by some

constant depending only on the manifold A/. Hence
IV(A(Va))| < CVal.
This also implies that
IV(A(VE))|[pn-ce < OVl pn-ce(B(a,3r))-
We showed finally that
1P P (A (@) — AL (@) IBMo < IV ull pn—ce(B(a3r))»

hence the whole L™ norm of T(PTQP) is bounded by [[Vull pn—z.c(p(a3m) - IVl agny. O

Using estimate given in the above Lemma and inequality (5.0.38), inequality (5.0.37)

becomes

‘/ |Vu|"2Q - PTVu - ¢ pdx
B”(0,1)

< C( ) EHquLn Es(B(a 37“ ||vu”zn(3(a,37.)) (5044)

Estimating the L™-norm of Vu in the same way as in the H-systems we finally get

n—20 T ~
‘/n(m [Vul"7*Q - P*Vu - (odx| < C(n, E)HVuHLn ss(B,(a3T))<I>(a,37“), (5.0.45)

where ®(a,r) is the absolutely continuous function precisely described in section 4.

Last step — choice of ¢ and decay inequality

This section holds the same strategy and computations as in the correspond section in

H-systems. Here are only the main steps. Combining inequality (5.0.45) and inequality
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(5.0.24) we get

1
/ V" d — C(n)/ V" dz — / V" da
Blar) A 5 JBasn)

< C(n,e)||Vull7. ®(a,3r). (5.0.46)

L" €:¢(B(a,3r))

By a hole filling trick we obtain a decay inequality of the following form

IVullf e (Blarm < MVullpie (5.0.47)

B(a,r B(a,3r))

for some A < 1, € = ¢(n) > 0 small and all » < ro(¢). By iterating the above inequality we
get
/ |Vu|"~¢ dx < Crie,
B(a,r)

where © = —logs A\. Hence, applying the Dirichlet Growth Theorem 2.4.1 one obtain the

local Holder continuity of u. O
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